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Project 3: Percolation

In this project, we will develop the tools and knowhow necessary to study
scaling in numerical, experimental and real-world data. You will gain
experience with image analysis, discrete models for phase transitions,
finite size scaling models, the geometry of percolation clusters including
subset geometry, and dynamic processes on fractals, with particular
emphasis on the dynamics of a random walker on a self-similar fractal:
the percolation cluster.

Generating percolation cluster. First, we use Python to generate and
visualize percolation cluster. We generate an L x L matrix of uniformly
distributed random numbers, and introduce the tools necessary to visu-
alize and analyze the clusters.

We generate the percolation matrix consisting of occupied (1) and
unoccupied (0) sites, using

import numpy as np
import matplotlib.pyplot as plt

L =20
p =0.5
z = np.random.rand(L,L)

m z<p

plt.imshow(m, origin=’lower’)

from scipy.ndimage import measurements
lw, num = measurements.label (m)

We have then produced the array 1w that contains labels for each of the
connected clusters, and the variable num that contains the number of
clusters.

We can examine the array directly by mapping the labels onto a
color-map:

b = np.arange(lw.max() + 1)
np.random.shuffle(b)

shuffledLw = b[1lw]
plt.imshow(shuffledlLw, origin=’lower’)

We can extract information about the labeled image using measurements,
for example, we can extract an array of the areas of the clusters using
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labellist = arange(lw.max() + 1)
area = measurements.sum(m, lw, labelList)

You can also extract information about the clusters using the ‘skim-
age.measure module. This provides a powerful set of tools that can be
used to characterize the clusters in the system. For example, you can
determine if a system is percolating by looking at the extent of a cluster.
If the extent in any direction is equal to L, then the cluster is spanning
the system. We can use this to find the area of the spanning cluster or
to mark if there is a spanning cluster:
import skimage
props = skimage.measure.regionprops (1w)
spanning = False
for prop in props:
if (prop.bbox[2]-prop.bbox[0]==L or prop.bbox[3]-prop.bbox[1]==L):
# This cluster is percolating
area = prop.area

spanning = True
break

a) Using these features, you should make a program to calculate P(p, L)
for various p. How robust is your algorithm to changes in boundary
conditions? Could you do a rectangular grid where L, > L,7 Could you
do a more complicated set of boundaries? Can you think of a simple
method to ensure that you can calculate P for any boundary geometry?

(Optional) The behavior of II(p, L) and P(p, L).

b) Write a program to find P(p,L) and II(p,L) for L =
2,4,8,16, 32,64, 128. Comment on the number of samples you need to
make to det a good estimate for P and I1.

c) We know that when p > p,, the probability P(p, L) for a given site
to belong to the percolation cluster, has the form

P(p,L) ~ (p—pc)” . (0.28)

Use your program to find an expression for §. For this you may need
that p. = 0.59275.
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Determining the exponent of power-law distributions. First, we need
to develop tools to analyse power-law type probability densities.
Generate the following set of data-points in Matlab:

from pylab import *
z = rand(1e6)**(-3+1)

Your task is to determine the distribution function fz(z) for this distri-
bution.
Hint: The distribution is on the form f(u) o u®.

d) Find the cumulative distribution, that is, P(Z > z). You can then
find the actual distribution from

dP(Z > z)

fz(z) = — (0.29)

e) Generate a method to do logarithmic binning in Matlab. That is, you
estimate the density by doing a histogram with bin-sizes that increase
exponentially in size.

Hint. Remember to divide by the correct bin-size.

Cluster number density n(s,p). We will generate the cluster number
density n(s,p) from the two-dimensional data-set.

f) Estimate n(s,p) for a sequence of p values approaching p, = 0.59275
from above and below.

Hint 1. The cluster sizes are extracted as described in a previous exercise.
Hint 2. Remember to remove the percolating cluster.
Hint 3. Use logarithmic binning.

g) Estimate n(s,pe; L) for L = 2F for k = 4,...,9. Use this plot to
estimate 7.

h) Can you estimate the scaling of s¢ ~ |p — p.| ™/ using this data-set?

Hint. Use n(s,p)/n(s,pc) = F(s/s¢) = 0.5 as the definition of s¢.

Mass scaling of percolating cluster.
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i) Find the mass M (L) of the percolating cluster at p = p. as a function
of L, for L =2% k=4,... 11. Plot log(M) as a function of log(L) and
determine the exponent D.

(Optional) Correlation function.

j) Write a program to find the correlation function, g(r, p, L) for L = 256.
Plot g(r,p, L) for p = 0.55 to p = 0.65 for L = 256.

k) Find the correlation length &(p, L) for L = 256 for the p-values used
above. Plot £ as a fuction of p — p., and determine v.

Finite Size Scaling. In this exercise we will use a finite size scaling ansatz
to provide estimates of v, p., and the average percolation probability (p)
in a system of size L.

We define pr—, so that

(pn=2) = =, (0.30)

notice that pr—, is a function of system size L used for the simulation.

1) Find py—, for x = 0.8 and = = 0.3 for L = 25,50, 100, 200, 400, 800.
Plot py7—; as a function of L.
According to the scaling theory we have

le _p172 = (Cm - C$2>L—1/V . (031)

m) log(prr—o.s — pr—o0.3) as a function of log(L) to estimate the exponent
v. How does it compare to the exact results.

In the following, please use the exact value of v.

The scaling theory also predicted that

Pii—e = Pe + Co L7V (0.32)

n) Plot py—, as a function of L~1/% to estimate p.. Generate a data-

collapse plot for I1(p,L) to find the function @(u) from the lecture
notes.

o) (Optional) Plot IT'(p, L) as a function of p for the various L values.
Generate a data-collapse plot of II'(p, L). Find (p) and plot (p) as a
function of L=/* to find p..
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Fig. 0.8 Illustration of a
left-right-turning walker.
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Singly connected bonds. We have provided a subroutine and an ex-
ample program that implements the left /right-turning walker algorithm.
The algorithm works on a given clusters. From one end of the cluster,
two walkers are started. The walkers can only walk according to the
connectivity rules on the lattice. That is, for a nearest-neighbor lattice,
they can only walk to their nearest neighbors. The left-turning walker
always tries to turn left from its previous direction. If this site is empty,
it tries the next-best site, which is to continue straight ahead. If that is
empty, it tries to move right, and if that is empty, it moves back along
the direction it came. The right-turning walker follows a similar rule, but
prefers to turn right in each step. The first walker to reach the other end
of the cluster stops, and the other walker stops when it reaches this site.
The path of the two walkers is illustrated in the figure below. The
sites that are visited by both walkers consitute the singly connected
bonds. The union of the two walks consitutes what is called the external
perimeter (Hull) of the cluster.
p) Run the program exwalk.py to visualize the singly connected bonds.
Can you understand how this algorithm finds the singly connected bonds?
Why are some of the bonds of a different color?
q) Find the mass, Mgc, of the singly connected bonds as a function
of system size L for p = p. and use this to estimate the exponent Dgc:
Mge o< LPse . Can you find the behavior of Pgo = MSC/Ld as a function
of p—= pc?

Random walks on the spanning cluster. In this exercise we will use
and modify the program testpercwalk.py to study random walks in
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percolation systems, and on the spanning cluster in particular. We want
to find the dimension d,, of a two-dimensional random walk on the
spanning cluster.

r) Find the distance (R?) as a function of the number of steps N for
random walks on the spanning cluster for p > p.. Plot log(R?) as a
function of N for various values of p. Can you produce a data-collapse
plot for (R?) as a function of N?

s) Can you find the behavior of the correlation length £ from this plot?
Discuss the behavior of the characteristic cross-over time tg based on the
plot. Find the dimension, d,, of the walk, from the relation (R?) oc N/dw.

t) Find the distribution P(R, N) for the position R as a function of the
number of steps N for a random walker on the spanning cluster.

u) (Advanced and optional) Can you produce a data-collapse for the
distribution P(R, N). Can you determine the functional form of the
distributoin P(R, N). Is it a Gaussian?



