Part III

Rounding
Curve-fitting
Multivariate Gaussian
Confidence limits
Pearson’s chi-squared

Nuisance parameters
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o There is an art to rounding numbers. Several conventions exist.

» The PDG convention is widely used in HEP (see Sec. 5.3 of
)

o Results and errors should be rounded to compatible significant digits

o Number of significant digits of the uncertainty should not exceed 2
(uncertainty of the uncertainty should not be overstated).

o If the next digit is 0-4, then keep the last digit

o If the next digit is 5-9, increase last digit by 1

o 1.23456 can be rounded to 1, 1.2, 1.23, 1.235, 1.2346
- Examples: 23 + 2,1.74 4 0.04, (3.1415 + 0.0009)x10~*3,10400 + 600
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https://no.wikipedia.org/wiki/Avrunding
https://pdg.lbl.gov/2016/reviews/rpp2016-rev-rpp-intro.pdf
https://pdg.lbl.gov/2016/reviews/rpp2016-rev-rpp-intro.pdf
https://pdg.lbl.gov/2016/reviews/rpp2016-rev-rpp-intro.pdf
https://pdg.lbl.gov/2016/reviews/rpp2016-rev-rpp-intro.pdf
https://pdg.lbl.gov/2016/reviews/rpp2016-rev-rpp-intro.pdf
https://pdg.lbl.gov/2016/reviews/rpp2016-rev-rpp-intro.pdf
https://pdg.lbl.gov/2016/reviews/rpp2016-rev-rpp-intro.pdf

Rounding

» When you round, don’t round 1 digit at a time!
» Leo’s example: 2.346 — 2.35 — 2.4, compared to 2.346 — 2.3

o Whatever your convention, use it consistently.
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Rounding (PDG-style)

The basic rule states that if the three highest order digits of the error lie between 100
and 354, we round to two significant digits. If they lie between 355 and 949, we round
to one significant digit. Finally, if they lie between 950 and 999, we round up to 1000
and keep two significant digits. In all cases, the central value is given with a precision
that matches that of the error. So, for example, the result (coming from an average)

0.827 & 0.119 would appear as 0.83 + 0.12, while 0.827 + 0.367 would turn into 0.8 £ 0.4.

100 — 354 - 2digits
355 —-949 - 1digit
950 — 999 — 10(00)
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Curve-fitting (examples)

¢ Data
——— Sig+Bkg Fit (m_=126.5 GeV)
Bkg (4th order polynomial)

Events/ 2 GeV

Vs=7 TeV, det=4.8fb"
1s=8 TeV, [Ldt=5.9fb" H—=yy

Events - Bkg

Extracting information about a
signal from a fit of data to a
o Following particles through an parametric statistical model
experiment (charged particles in a

magnetic field) 5
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] Fitted noisy data around a straight line ¢ *
=== Model

Fit o,(x)
¢ Toydata

How is the green band calculated?
How are the contours of constant y? found?
How do we expect the points (m,b) to be distributed? This

determines the uncertainties we quote for a single observed
dataseft.

o This is directly related to the previous question and two
additional questions:

» What are the variances on m and b?

» What is the covariance between m and b? It's clearly
neither zero nor maximal covariance.
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Curve fitting - the green band

The green band answers the question about how much the fitted line could vary at
any given x.

The fit is our best estimate of where the line is, so:
P=f(x)=mmx+b

We have to propagate uncertainty, but we can’t neglect the covariance:

o= (55) i+ (55) 8 +2 (R () eovemn

02 = x%0% + of + 2x - cov(m, b)
The fitting-software will typically return information about the covariance matrix:

cov(m,b)

2
Sis Om POmOp
OmOp

9 ] where p =
POmOp Op
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Curve fitting - the green band

o The fitting-software will typically return information about the
covariance matrix:

c=[ ok pon

cov(m,b)

OmOp

2 ], where p =
POmOp Op

» P.S. Some software may also return or display the correlation matrix,
where all the elements of the covariance matrix are divided by the
relevant 0;0;. The diagonal terms of the correlation matrix are all 1
and the p; ; are all between *1, e.g.

L P12l
p(3X3) =[p21 1 P23

P31 P32 .
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Curve fitting by hand

To gain understanding, let’s do the minimization by hand...

Oy 2 s ;
67— 0 for all ]

20 % (Yi_f('xi»ﬂ) 0 x> ]

2
— and minimize: =) y.e

i . 2 n
x2 (yl (mXﬁb)) = _21 017(3712 + m2x? + b2 + 2mx;b — 2mx;y; — 2y;b)
= l

i=1 2

0;

n .
X% = Ayy + mPAy, + b2Ay + 2mBA, — 2mA,,, — 2A;b, where A= >
=1

s 2 o~
= 2y + 2bAx — 20y = 0 = = 2B, + 27A, — 24\,

2 equations, 2 unknowns, solve for [, b| with linear matrix algebra
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Curve fitting by hand

. Solve |, b] n\x" ﬁx] ]
i 1

3 Ay AT
o (B = [ty 1|7 0

o We still need to find the uncertainties,
including the covariance, and relate these to
contours of constant y? and the bivariate

distribution of @i and b...
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Multivariate gaussian
(normal) distribution

2

1 dN 4 el ko)

-D: = o 202
1-D: L N dx V2mo? € i

’ _ 1 (%02 3-y0)?_, (x-%0)y=¥0))
2.D: [ — 1 d°N 1 il 1 2a-p®)\ 20% 20% 2050y

N dxdy \/Zna,% \/211032, J1-p?

LA N R T O )
e e o
length n and X is the nxn covariance matrix Z; ; = ((x; — w) (% — 1))

, Where x and u are vectors of

If we can identify 271 or X for our curve fit, we have everything we need.

—2InL = (x— w2 Y (x — p) + constants = y? + constants
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Parameters of multi-dimensional
parabola

In 2-D a general parabola is
Z* Za(0=m)° T by — Vo) + ol %)y o) Pl 20) 3060y — y0) + 75
dz4 8 02>

We are at the minimum [x,, yol, where e 0,sod=e=0

- We also see that both a and b must be positive.

aZZZ aZZZ aZZZ
ax2 2a, ay2 2b, dxdy ¢
In other words, we can find the parameters of the 2-D parabola from the
second derivatives! It can be shown that this applies to n-D for n > 1.
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Parameters of multi-dimensional
parabola

Let’s take the second derivatives of y* = Ay, + m*A,, + b*A; + 2mbA, — 2mA,,

62)(2
om?2

aZXZ -

= 2y, S =

: ~1[A Aylmm —m
So, we can write y? = —A,b—b[xx x] :
0, we ca e y2=|m-m ] Wiy [b—b

Ay

And identify [’1\\” ] = -1
X
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Parameters of multi-dimensional
parabola

P.S. For this problem

2. doesn’t depend on y!!
» We take the inverse of both sides:

) Axx Ax]_l_ 1

1
Ax A1 AxxAl_Aazc [ x Axx ] [pO’mO'b

pamab]

> We have everything we need! Now we can draw contours of constant y?°
the (m, b) plane!
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Alternate calculation

A more direct, but complicated, approach is to start from
X2 =hyt meA Eh R RIBA 2,

Substitute with the equations we got from the
minimization: i
2l gy + 2BA, — 27y, = 0 = 2bA; + 27N, — 24,

_Or_
Ay = by + DAy, Ay = bA; + A,

Complete the squares fo get terms proportional to
(m—m)?, (b—b)", and (m —m)(b — b)

One can show that all the other terms cancel and what is
left is the same result:

X2 = Ay (m — )2 + Ay (b — B)” + 2A,(m — m)(b — b)
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Probability density of
m, b

o We can integrate the 2-D normal distribution between
elliptical contours of constant density given by

1 dewtew_ 1 _ep

JCO | 2o

s This is mathematically equivalent to integrating the y* for
2 dof (m and b)!
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intercept

Fitted noisy data around a straight line

— Fit
=== Model
Fit o,(x)
¢ Toy data

Fit result for 1 toy (1-3 "¢” contours of \?)

Curve-fitting

intercept

Fit results for toy ensemble (1-6 """ contours of \?)

Toys
@ Model

Probability

Test of \? distribution for line fits (10-2 dof)

1200 H

1000 1

600 4

an ensemble of «toys»

A. Read, U. Oslo

Il Toy (MC) data
— dP(x3)/dy?




x* probability for 2 dof

Test of \* distribution for line fits w.r.t. model (2 dof)

chi-squared
chi-squared
chi-squared
chi-squared
chi-squared

fraction
fraction
fraction
fraction
fraction

3.14e-01
4.50e-082
3.20e-083
3.080e-04
9.080e+00

R Toy (MC) data

— APz )/dY"

4.64e-083
2.87e-83
5.65e-84
1.73e-04
9.00e+00
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Projections

Fitted slopes Fitted intercepts . Fit results for toy ensemble (1-6 "o contours of \?)

B Toy (MC) data ‘ BN Toy (MC) data
= Predicted for G(m,om) - Predicted for G(b,as)

-
a
@

S -
]
2
1

If we project the pdf of the multivariate normal distribution on 1 axis at a time,
we get the 1-D normal distribution with mean u; and variance o7 for each axis i.

It's only when we plot 2 dimensions at a time that we see the effect of the

covariance, i.e., the size of the covariance (value of correlation p) doesn’t affect
the projections.
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Interpreting x2: and x2 (i) - review

Combining 3 measurements L 20V er 2
: = i : The black x“(u) is the sum of the red, green, and blue x*(u)’s: x

! — '3 §5 N g

\ [ = =1 (6 — 1)?*/0;

| |
—— Measurement 1 e oS
_ Measurement 2 The value of u at the minimum of the black curve (i) is our
that combines the 3 individual measurements.

—— Measurement 3
== Combined measurement
The value of the black curve at the minimum (x2;,) is called the
and tells us how compatible the distribution of
measurements is with our hypothesis that all 3 have a common
mean. A very large value of X2inwould speak against this
hypothesis. The observed value of ~3, which is of order 3-1=2 (dof),
speaks in its favor.

The
We can either find out where the black curve has increased by 1

above the minimum, x% = 2., + 1, or exploit that GMLZ= GZZ—(For

normally distributed data and approximately for many other 1-D
likelihoods).

Finally, we could calculate a

. As an example, let’s say some theory predicts u
= 6, where y* =~ 28. The p-value is P(y* > 28|2 dof) = 8.3x1077,
which tells us that it is exceedingly unlikely to observe such a high
x? (or higher) if the prediction is to be correct.
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Fitted noisy data around a straight line s Fit result for 1 toy (1-3 "0" contours of \*)
— Fit
=== Model
Fit o, (z)
$  Toydata

8
3
g
2
]

Test of \? distribution for line fits w.r.t. model (2 dof)
B Toy (MC) data
— dP(y3)/d\? Em Toy (MC) data

— apr(d)/a¢

Probability
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Summary of covariance matrix

o The inverse of the covariance matrix X is the expec’rahon value of the second

derivatives of the negative log-likelihood. The y* comes from —2log £ and ignoring the
constant terms.

= 1/ 0% yx?
In other words Z; 1 = —< >
7 LI 2 \opou;

2,,2

. For our straight-line fit the %

- is independent of the data (y;), so the average is
KiOpj

trivial.

+ Even for most cases with data-dependent derivatives, a single =< _—with the
iOH;

observed data is an acceptable approximation of the expectation value.

aZ

92 y2
» We found W: ZAxx, abz

=2 a ab = 2A, for the line-fit, giving 271 = lA Axl

Ny My
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Confidence limits

o In HEP and NP there are many examples of experiments with null
results, e.g., Higgs boson searches before 2012

Suppose one searches for an exotic nucleus or a new particle, say a
charged Higgs boson of a particular mass, and observes zero events. How
high can the predicted counting rate be before it becomes very unlikely
to not observe candidates in the data?
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Confidence limits

- The probability of observing zero events from a Poisson process Counting experiment (Poisson likelihood)

—u,n 0
P(n|p) = < n!” is Pm=0|u) =e™* I(;T: e

To set a 95% confidence level upper limit on the counting rate

we solve for

e ™ =1-0.95 = 0.05, i.e. we solve for the rate that gives a
probability of seeing zero events of 5%.

> In other words, we most likely (95%) would have observed at
least 1 exotic nucleus or HE.

Another way to think about it, is that if nature does happen to

be *at* the limit on U, we are guaranteeing that on average 1
out of 20 experiments will falsely exclude it (i.e. observe zero

H?).
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Confidence limits

o It turns out that u = 3 for e # = 5%.

o In HEP U often consists of a product of integrated luminosity, detection

efficiency, and a predicted cross-section, so we can interpret the upper limit on
as an upper limit on the cross-section.

If the predicted rate is higher than 3, then the probability of observing zero is
less than 5%.

- Similar considerations can be used to set on nuclear or particle (e.g.
proton) lifetimes if no decays are observed during a certain exposure time of the
experiment (see Leo).

Life gets very interesting when the estimated background is of the same order as
the hypothetical signal being searched for and more than zero events are observed
(see, e.g., the pdg review of statistics)
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Pearson’s y?*

Very often we fit curves to binned data (histograms), where the error
naively should be the uncertainty on the number of counts in that bin.

N

225 ; 2
It can be shown that Pearson's y* = Y. Wi/ Gk

distribution with N — m degrees of freedom, where u has dimension m,

gives a x?

f(xi1))?
Vi

N o
- whereas y* = ) &4 does not.
=

Note that the number of counts in every bin should be y; >~ 5 for
this to be a good approximation.

This example is without a fit, so N, ¢ degrees of freedom

Number of events

Probability

1

Binned data

345 6 7 8 9101112
Bin
Pearson’s x>

[ Toy data
- apeGya’
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Pearson’s y*

Line fitted to one MC dataset Data fitted to line (2 dof)

¢ MC data [ Toy data
— 1) RO

2 2
——dP(x ,)/dx

\®]
S

[E—
W
T

(w
o -
5

p—
> s
G (v}
° S
5 at
..a A
=
Z

0.4 0.6
X (no units)
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Nuisance parameters (NP)

fLdt=45 o' Vs =7 TeV ATLAS
fLdt=203 o', Vs =8 TeV 4 Data

S/B weighted
weighted sum — Signal+background

o Parameters of a model that need to
be fitted but that are not of primary
interest: NP

Signal strength categories

E weights / GeV

===+ Background
— Signal
my, =125.4 GeV

o Example: H - yy

s Amount of signal (Gaussian-like

pea k) is of Prl mary interest - POI Phys.Rev.D 90 (2014) 11, 112015,
DOI: 10.1103/PhysRevD.90.112015

Amount and distribution of
background (exponential of
polynomial: 2-3 parameters) is of

necessary but secondary interest -
NP

E weights - fitted bkg
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https://doi.org/10.1103/PhysRevD.90.112015

Nuisance parameters

CMS preliminary \s=7TeV,L=5.1fb"\s=8TeV,L=19.6 b

NP’s often associated to
systematic uncertainties

_ m,, 8 m, KD (no syst.)
—— m,, 8 m, KD (with syst.)

NP’s broaden the log-likelihod
profile

Multiplicative NP’s introduce
non-linearity (numerical
solution)

0
9
8
7
6
5
4
3
2

1
0

Additive NP’s can sometimes be
treated analytically
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Nuisance parameters

> Simple additive example: o Away from minimum § = &(u):

Tyl T (TR
Xzz(x_(ﬂ+5))2+52 02 _(02+052)6

o2 o2

Solve for §(u) and replace in y*

» W is parameter of interest (POI) 5
51 g (x—u)
02 +02!

One page later... y

» 0 is nuisance paramter (NP) of 5

; : : 2
systematic uncertainty o l.e. 0% > 0" + 0Og

In other words, the introduction
of the additive systematic
uncertainty on u gives

0% > g%+ 0

N

» = fA=x,6=0 (global minimum)
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Nuisance parameters (details)

- 5 _ (x—w)? | o0%+0f (x-w)? oo (x—p)? o202

-4 2 e
5 (x—u) o“oé o2 g2q2 o4 2.1 27 o o02+0?
0-2 o-2+0-2 S (O- +O—S) S

S

B 2 2
—u)=612 = Os 5. Og
¥2 = [(x—p)—-38] n X _1 + T ZUHMSZ

g2

ro2 2 R
5> (x—p)? B 82  28(x—u) 4 52 s o +c75+0's2 205 |
e = = -2 e |2 1

2 07402 _ ., (=) (x=pp) o°02

o202 o2 % a?+o?
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Nuisance parameters

2] In ther WOI"dS, fhe infrOdUC'I'ion OF fhe ] CMS preliminary \s=7TeV,L=5.1fb"\s=8TeV,L=19.6 b
additive systematic uncertainty on u i My dm, KD (no syst)
. 2 2 2 i ——m,,dm, KD (with syst.)
glves 0“ = 0° + oy : :

0
9
8
7
6
5
4
3
2

1
0
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