Entropy and entropic
forces



Focus question

* Biological question: if energy is always conserved,
how can some devices be more efficient than
others?

* Physical idea: Order controls when energy can do
useful work. Order is not conserved.



Recap thermal physics

* Micro- and macro states

* Multiplicity

 Fundamental assumption of statistical mechanics
e Equilibrium from probability

* Entropy and equilibrium conditions

* Thermodynamic identity

* Mixtures and chemical potential

* Helmholtz and Gibbs free energy

* Boltzmann statistics

* Biological examples
* Quiz



Microstates and macrostates “, 8

* What is the most likely outcome of tossing 3 coins?

 Microstates: state of all coins
* heads: si=1, tails: si=0

i:123 n

* all microstates are equally likely 000 O
100 1

 Macrostate: sum of states 010 1
° r]:z:i Si(= 0’1’2’3) 001 1
110 2

* Which is the most likely macrostate 101 2
3 : . 011 2

e 8 = 2° possible microstates 111 3

 Probabilities: n=0:P=1/8
n=1: P=4/8
n=2: P=4/8
n=3: P=1/8



Microstates and macrostates

* Box with left and right side

|
 Example: N =5 ° :
|
 Particles can be distinguished !
(i=1, 2,.. 5) :
* Particle state s;: 00000
 left: s=1 e 00001
° rlght Si:O e 00010
* Macrostates n=2.s.(=0,1,2, ..5) * 00100
* List the possible microstates of * 01000
macrostate n=1 e 10000

5 microstates => multiplicity 1(n,N) of macrostate n=1is (1,5) =5



Multiplicity of macrostates

n=0 n=1

00000 00001
00010
00100
01000
10000

Q(0,5)=1 Q(0,5)=5

General formula for multiplicity: Q(n, N) =

Number of possible microstates: O, = Y>_, Q(n) = 32(= 2°)

n=2

00011
00101
01001
10001
00110
01010
01100
10010
10100
11000

Q(0,5)=10 €©(0,5)=10 Q(4,5)=5 Q(5,5)=1

n=3

11100
11010
10110
01110
11001
10101
10011
01101
01011
00111

n=4

11110
11101
11011
10111
01111

(N—-n)!n!

Probability of macrostates: P(n, N) = Q(n, N)/2V

n=5
11111

Q(2,5) =

2N
- (N—-n)'n!

10




“undament of statistical
mechanics

Fundamental assumption of statistical mechanics:
In an isolated system, all accessible microstates are
equally probable.

An isolated system will evolve towards the most
probable state = macrostate with the highest
multiplicity. We call this the equilibrium state.



Equilibrium between two systems

Na Ng
* Canvary one of the threea € (N,V, U), Va Vo
* keeping the other 2 constant & =

System: can contain “anything”
* keep total constant: « = a4 + ag = const.

* Multiplicity Qo = Q4Qp is maximum
* =most likely state
* =equilibrium state

) 2Q
maximum when —2£ = (

aCZA
'Qtotal
d(Q408) _q d0Qg a0, _ 0 0
aOfA - aaA B aaA B thOt/d =0
-10Q5 109,

= — +
daA daB ‘Q‘B aaB 'Q‘A 50(A

dInQp dInQy,

Equilibrium condition:
dag day




Boltzmann’s Entropy

S=klnQ
Relates
* the number of microstates (multiplicity) and
* the thermodynamic (macroscopic) state of the system

et .. d0ln Q dln Q
Equilibrium condition: B — A

dqp 044
9Sa _ 9Sp
0qa 0qp

All systems move towards most probable states =
equilibrium

AS = k In—inal

Qinitial

Second law of thermodynamics: ASior = 0

i INDWIG
BOLTZNANN [EEOETZ
| (54 ~ 1006 Ry

All real processes are irreversible
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Equilibrium between two systems

* N=N,+Ng V=V,+Vy U=U,+Up, all (N,V,U) constant

* Canvary one of the threea € (N,V, U),
* keeping the other 2 constant
* keep total constant: a = a4 + ag = const.

* Sior = Sy + Sp is maximum in equilibrium

Equilibrium criterium:

dSp 0S5, A
dag Oay Vs

Entropy: S = kIn Q(N,V,U)

. . 0S4 _ 0Sp 1_ ,0S [S] JK1
Thermal equilibrium: 30, 30, - = ( )NV, o=
0S4, 0Sg [Pl _ ]

Mechanical equilibrium: eV P = T( )N U T = miK
: .. . 0Ss _ 0Sp _ T
Chemical equilibrium: N, — N, U= T( )UV T = K




Why do your eyes hurt in fresh water?
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Inside your cells Outside your cells
Water

Movement
of water
molecules

Semi-permeable cell membrane .




Chemical equilibrium

The two halves of a sealed container are separated by a fixed semi-permeable
membrane. There are two species of molecules in the container, C (cubes) and
D(disks). The membrane is permeable to the disks only. Each half of this system has
two different chemical potentials, one for disks and one for cubes: uy and p.

Given the constraints imposed, does this system appear to be in equilibrium?
(Hint: How do the u¢’s on the right and left compare? What about the uy’s?)

A) Yes, it looks close to equilibrium

B) No, it is obviously way out of equilibrium, so the system will look different a
short time later.



Osmosis: ideal gas model

[ A * Fixed volume V, V=V =V/2
" C 5-—;‘4 ‘ * Semipermeable membrane separates volumes
e e " 4 ‘ , K * Black (1, solvent, water) can penetrate
P °*:*’ ; ‘ * Red (2, solute) stuck
® v . =, - X . . N2<<N1
——————] -

 How will water particles distribute?
* Type 1: QO max when Ny =N, ¢
* dilute: ideal solution => P, =P, ¢

* What is the effect of N, excess particles on right side?
* Dilute: red particles do not interact => Ideal gas
* Solute ideal gas: P,V,=N,kT
« AP=P, —Py=P, =1‘\/'—ikT

* Counting: N, is the number of free, ideal gas particles
« AP = %kT = ic,RT

47

e j=dissociation factor
* N, = number of dry substance particles



Temperature

Consider the following graph of entropy S vs. energy U for a particular system. How
does the temperature at point 1 compare to the temperature at point 2°?

2

1 AT,=T, B)T;>T, O T,<T,

U

According to the following graph of entropy vs. energy, the
temperature of the system, in the limit U — 0, is approaching...

A) zero  B) a non-zero, finite constant
C) infinity D) a negative value(!)




Thermodynamic identity v

Change in entropy due to energy, volume, particle number

has a total differential:

ds = (55) dU++(aS) dV—k(aS) N
U/ y v v N

Use definitions: %— ( )NV, P = T( )N u, U= —T( )UV
ds = —du +oav - Lan
T T T

=> Thermodynamic identity for U(S,V,N)

dU = TdS — PdV + udN

The thermodynamic identity holds true for any infinitesimal
change in a system



Entropy and heat

Two systems, A and B, initially at different temperatures with
T, > Ty, are brought into thermal contact. It is observed that
some amount of heat flows from a system A to system B.

A Q B

:> LowT

High T

What happened to S,,; =S, + Sg as a result of the heat transfer?
A) S, increased B) S, decreased C) Si,t remained constant

As a result of this heat flow, which is larger, |AS,| or |ASg]| ?
A) |AS,]| B)| ASg| C) Neither, |AS,|=]|ASg]|

dU =dQ+ dW =TdS - PdV, dS=dQ/T



Entropy and internal energy

The entropies vs. energy for two systems in thermal contact are

shown in the graph. U,+Ug = U, =fixed

Sa

0 —U,

tot U

Where on the graph is the equilibrium of U,?
A) somewhere in region 1

B) at point 2, where the curves cross

C) somewhere in region 2

Utot
0

In region 3, which system is hotter?
A) System A is hotter.
B) System B is hotter.
C) Impossible to tell.
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“...eliminating the depletion zone
would increase the entropy and
lower the free energy.”
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particles into contact. The pressure is the change of free energy per change of volume (Equation 7.2).
As we bring the surfaces into contact, the volume of the depletion zone between them shrinks from

2aA to zero. Multiplying this change by the pressure drop ckp7’ in the zone gives

(AF)/A = ckpT x 2a. (7.10)



glass cover slip

Figure 7.4: (Schematic; experimental data.) (a) Experimental setup of an experiment to measure depletion
interactions. A microscope looks at the central plane of a rigid vesicle containing a polystyrene sphere (the “sheep”)
of radius 0.237 um. (b) Histogram of the measured location of the large sphere’s center over 2000 observations. The
solvent in this case contained no smaller objects. Instead of displaying frequencies by the height of bars, the figure
instead shows how often the sphere was found in each location by the color of the spot at that position; lighter colors
denote places where the sphere was more often found. The dashed line represents the actual edge of the vesicle; the
sphere can come no closer than its radius. (c) As (b), but this time the vesicle contained a suspension of smaller,
0.04 um spheres (“sheepdogs”) with volume fraction about 30%. Though the “sheepdogs” are not optically visible,
they cause the “sheep” to spend most of its time clinging to the wall of the chamber. [Digital image kindly supplied

by A. Dinsmore; see Dinsmore et al., 1998.]



Problems

6.6 Polymer mesh

Recently D. Discher studied the mechanical character of the red blood cell cytoskeleton, a polymer
network attached to its inner membrane. Discher attached a bead of diameter 40 nm to this network
(Figure 6.12a)). The network acts as a spring, constraining the free motion of the bead. He then
asked, “What is the stiffness (spring constant) of this spring?”

In the macroworld we’d answer this question by applying a known force to the bead, measuring
the displacement Ax in the = direction, and using f = kAz. But it’s not easy to apply a known
force to such a tiny object. Instead Discher just passively observed the thermal motion of the bead
(Figure 6.12b). He found the bead’s root-mean-square deviation from its equilibrium position, at
room temperature, to be \/((Az)?) = 35nm, and from this he computed the spring constant k.
What value did he find?

time, s

Figure 6.12: (Schematic; optical micrograph; experimental data.) (a) Attachment of a single fluorescent nanoparti-
cle to actin in the red blood cell cortex. (b) The red cell, with attached particle, is immobilized by partially sucking it
into a micropipette (right) of diameter 1 um. (c) Tracking of the thermal motion of the nanoparticle gives information
about the elastic properties of the cortex. [Digital image kindly supplied by D. Discher; see Discher, 2000.]



6.7 Inner ear

A. J. Hudspeth and coauthors found a surprising phenomenon while studying signal transduction

by the inner ear. Figure 6.13a shows a bundle of stiff fibers (“stereocilia”) projecting from a sensory
cell. The fibers sway when the surrounding inner-ear fluid moves. Other micrographs (not shown)
revealed thin, flexible filaments (“tip links”) joining each fiber in the bundle to its neighbor (wiggly
line in the sketch, panel (b)).

The experimenters measured the force-displacement relation for the bundle by using a tiny glass
fiber to poke it. A feedback circuit maintained a fixed displacement for the bundle’s tip, and
reported back the force needed to maintain this displacement. The surprise is that the experiments
gave the complex curve shown in panel (c). A simple spring has a stiffness k = % that is constant
(independent of z). The diagram shows that the bundle of stereocilia behaves as a simple spring
at large deflections, but in the middle it has a region of negative stiffness!
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Figure 6.13: (Scanning electron micrograph; diagram; experimental data; diagram) (a) Bundle of stereocilia
projecting from an auditory hair cell. [Digital image kindly supplied by A. J. Hudspeth.] (b) Pushing the bundle to
the right causes a relative motion between two neighboring stereocilia in the bundle, stretching the tip link, a thin
filament joining them. At large enough displacement the tension in the tip link can open a “trap door.” (c) Force
that must be applied to a hair bundle to get various displacements. Positive values of f correspond to forces directed

to the left in (b); positive values of x correspond to displacements to the right. [Data from Martin et al., 2000.]

displacement, nm

of these units in parallel.

(d) Mechanical model for stereocilia. The left spring represents the tip link. The spring on the right represents the
stiffness of the attachment point where the stereocilium joins the main body of the hair cell. The model envisions N



Interpretation and use of the potentials, “free energy”

The potentials represent the energy necessary to create the system
from nothing, keeping the natural variables (of that potential)
constant.

Or, conversely: The energy that is “free” to be used when the
system is annihilated.

» V/ constant: U — energy to create a system
» P constant: H — energy to create a system and the work to
make space for it
» Normal conditions in a lab
» Enthalpy of reaction, formation, melting, vaporization,
mixing...
» Measured and tabulated for most substances!
» [ constant: F — energy to create a system minus the heat

from the surroundings.
» P. T constant: G — energy to create a system and the work to
make space for it minus the heat from the surroundings.
» Measured and tabulated for many substances!
» A process is spontaneous when the Gibbs free energy of the
reactants is larger than that of the products.



hermodynamic potentials

Internal energy: U = U(S, V, N)
Enthalpy: H= U+ PV = H(S, P, N)
Helmholtz: F= U - TS = F(T,V,N)
Gibbs: G=U- TS+ PV =G(T,P,N)
Grand: =U—-TS —uN =¢(V, T, pu)

vvyvyyvyy

Thermodynamic -T S

potentials are
useful for the
description of l l F
non-cyclic =U-TS
processes. Internal Helmholtz
energy free energy
U = energy needed to F = energy needed to
create a system create a system
minus the energy
+ you can get from
the environment.
Y I I: U+PV G = UsPV-TS
They are used Enthalpy Gibbs
along with the free energy
First Law of H=energy neededto | G =total energy needed
Thermodynamics. create a system to create a system
plus the work and make room for
System work and needed to make it minus the energy
room for it can get from
entropy play a rhogenvirgztmem.
major role.




What are the fundamental principles of
equilibrium?

Thermodynamics

maximize entropy
(minimize F or G)

Mechanics
ZiFi — —ZiVUi — O
minimize energy

particle number

identical, coloured, dU=0 = = ds>0, [y = U,

The two principles are related by TDI

dF = —SdT — PdV + pdN
dG = —SdT + VdP + udN

G (06) B (GF)
B GT N,P B GT N,V



What is the chemical potential?

From

dF = —SdT — PdV + udN
dG = —SdT + VdP + pudN

_ (5_0) _ (f’_F)
H o ON P,T_ ON V.T
Most useful definitions
F=U-TS energy to create a system minus the energy from the environment
G=U+PV-TS energy to create a system and make room for it minus the energy from the environment

OK, but how do we calculate or measure this?



Chemical potential of ideal gas

(thermodynamics)

Ideal gas: PV = NkT
- _ (95 _(%F
expression for u: U= (aN)P,T— (aN)V,T
We need some relation between energies, G or Fand BV,N,T
TDI (F): dF = —5d7 — PdV
TDI (G): dG = — + VdP

=>atconstantT& N: dG =VdP, dF = —PdV

NKT NKT
4G = VdP = ——dP dF = —PdV = ——dV
dp p v %
fdG:G_GOZNka?:NlenP_O _]dF:F_FO:_NkTJVZ_NlenVO
3G p oF v p
"= (6_N)p,T = o + KTin g y = (G_N)V,T = o — KTny- = o + KTln gy



Chemical potential of ideal gas

(stat. mech. of quantum ideal gas)

Helmholtz free energy of quantum ideal gas:

4
Fy(T,V) = —=NKT [ln (NUQ> + 1]

OF

The chemical potential u = (a_zv)
V,T

u= (2—1’3)V’T = —kT [ln (NZ ) ] + NkT ||

,u=—len( ) VO—NvQ ng=vy"

0
1 = kTIn (i)
nq

w=kTin(r), Po= anT



Chemical potential of ideal mixtures

v, v,
Nl NZ
I, = 1T,
P, = P = w(P,T) = u3 (P, T) _
e e S Ideal mixture:
(] { e '. ° N1 Nz N1 + NZ
e o ... ® ; = =
= V., Vo, Vi+V,
N o is independent of
oo o %o Ry
.0 > ee 00 : Remove wall: V=V, +V/, mixture composition
4 vV, + V.
H= o~ KTiny, Ay = —kTln——=

1

—

V1+V2_N1+N2_1
4} - N, _xl

Apq = kTinxq

w;(P,T,x;) = u(P,T) +kTInx;



Potential energy and the chemical potential

0 o centrifuge
e et ®
—
h U(h) = U(0) + Nmah
Where should F(hy=U(h) —TS
v we add mah? F(h) = U(0) + Nmah — TS

F(h) = F(0) + Nmah

U= (Z—II:,)V’T = u(0) + mah

Utot = Hint + Hext
Barometric pressure: Can we use this to calculate p(z)?

equilibrium:  u(z) = puy = Yo + len? + mgz
0

P(z) — o~MYz/kT — ,-2z/zc

Py

z. = kT /mg

Nitrogen (m=28) z,.=8.5km, Oxygen (m=32) z. = 7.4 km, Mount Everest: P =0.37 P(0)

=>



Open systems

i
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Isolated system (left)

Firstlaw AU =Q + W =TAS — PAV

Adiabatic compression: Q=0
AV <0, AN =0, AU =7?
Heat: Q=TAS =0
SW,V,N) =k |[NInV +Zin U + f(V)
Entropy: AS =k [Nln %+?ln% =0
1 1
SmZ=_m2
2 Uy 2
Up _ T _ ()

U1_T1

With thermal reservoir:
(NVT) constant instead of (NVU) constant

T, =T, => Q=TAS <O
how can AS < 0?
2nd Jaw: ASior = AS +ASp =0

ASp =7
TDI dU = TdS — PdV + udN
1 1
ds, —;ilUR = 2dU
F=U-TS, dF =dU —TdS — SdT

=>

=> 2"d |]aw using only system variables: dF < 0



A ball is rolling back and forth in a valley, which is part of the (infinitely massive)

earth. Everything starts at temperature T. Eventually, the ball rolls to a stop and
reaches equilibrium with the Earth.

b\ f
— - 7 | N 7\

Moral: The reason that balls always roll to a stop (instead of speeding up from rest) is that

this minimizes the free energy

(F=U-TS) which is the same as maximizing the entropy of the universe.

The temperature of the ball

A) increased B) decreased C) stayed the same

Answer: stayed the same

The entropy of the earth

A) increased B) decreased C) stayed the same

answer: increased [AS = Q/T, and the earth received a non-zero Q. The heat Q came from the
(KE+PE) of the ball.]

The entropy of the ball

A) increased B) decreased C) stayed the same

answer: stayed the same. Same ball, same temperature.

The free energy (F = U-TS) of the ball

A) increased B) decreased C) stayed the same

answer: decreased. U decreased since the ball lost its mechanical energy, but T and S remained
constant.




2. law for other natural variables than (N,V,U)

When a system is not isolated the entropy of the surroundings
(reservoir) must be accounted for:

» dSr = dUr/Tr + PrdVRr/Tr — urdNRr/ Tr (TDI)
» (NVT) constant:
» dSg =dUr/Tr=—-dU/T Tr=T, dUr = —dU

> dSir = dS —dU/T = (TdS — dU)/T
> dStot — —dF/T
>

» (NPT) constant:

> dSg = dUg/Tr — PrdVr/Tr = —dU/T — PdV/ /T

= Tr=T, Pr = P dUg = —dU
> dSe = (TdS — dU — PdV)/T

> dG = dU — TdS — SdT + PdV + VdP, dT = 0,dP =0
> dSi = —dG/T

>

>

Spontaneous prosesses go from high to low Gibbs energy



Thermodynamic potentials and identities

Internal energy

> dU = TdS — PdV + udN

Gibbs free energy

» G=U+PV-TS=H-TS5
» dG =dU + PdV + VdP — TdS — S5dT

> dG = (38

%)
> V= (g_G)N,T’ S=—(5% NP B (a_)T,P



Probability of jumping people

To states: 1) On the floor, 2) on red box
P(v)
MB velocity/\
[

distr.

\Y;
Mean kinetic energy

m<v2>/2 = kT
Mean potential energy
. mg<h> = m<v2>/2

Relative probability

P(2)/P(1) = exp(-Ah/<h>)

= exp(-mgAh/kT)
= exp(-AE/KT)
TAh P(2)/P(1) = exp(-E2/kT)/exp(-E1/KT)

= exp(-(E2-E1)/kT)




Boltzmann-statistics

e Reservoir + small system => NVT for the small
* Probability for a state i, €; Ex=E;-€..

* P(i) = C Qr(Eq-€;), multiplisity of the reservoir
* & << E,, expand

* P(i) = exp(-&/kT)/Z  Boltzmannfactor



Boltzman probabilities: The probability for a system S described
by N, V., T, to be in a state ¢ with energy ¢; is given as

(7.17)

where the system is in equilibrium.

Partition function: The sum Z = Z(N,V,T) is called the parti-
tion function. The sum is over all the states 7 of the system:

Z(N,V,T) Ze—ez/’“T (7.18)

The average of a quantity ();, which depends on the state 7 of a
canonical system with given N, V', T, is:

Qi = Zp(i) Qi = (1/2) Z Q; e/ (7.20)




Two-state system

Two-state systems Here's an immediate example. Suppose the small system has only two
allowed states, and that their energies differ by an amount AE = E5 — E. The probabilities to be

in these states must obey both P, + P, = 1 and

Pl e—El/kBT
D, o (BitAE)kaT gkl simple 2-state system. (6.24)
2 e
Solving, we find
! 1
ke Py (6.25)

T 1+ e—AE/ksT T 1+ eAE/ksT
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P rOte 1N fO | d N g © Reversible Unfolding of Single RNA Molecules by
Mechanical Force
v

Jan Liphardt"”, Bibiana Onoa’, Steven B. SmithZ, Ignacio Tinoco Jr.", Carlos Bustamante'-2*

trap bead

trap bead

laser trap handle

RNA

/ moleculd

actuator
bead

actuator

actuator bead

Figure 6.9: (Schematic.) Optical tweezer apparatus. A piezo-electric actuator controls the position of the bottom
bead. The top bead is captured in an optical trap formed by two opposing lasers, and the force exterted on the
polymer connecting the two beads is measured from the change in momentum of light that exits the optical trap.
Molecules are stretched by moving the bottom bead vertically. The end-to-end length of the molecule is obtained as
the difference of the position of the bottom bead and the top bead. Inset: The RNA molecule of interest is coupled to
the two beads via molecular “handles.” The handles end in chemical groups that stick to complementary groups on
the bead. Compared to the diameter of the beads (& 3000 nm), the RNA is tiny (= 20 nm). [Figure kindly supplied
by J. Liphardt.]
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Pressure and diffusion

The thermodynamic identity is dU =T dS — p dV, which implies that U = U(S,V) (N
is assumed fixed.) What is the relationship between pressure p and energy U?
A) P=-(dU/dV); B) P=-(dU/dS)y  C) Neither of these is correct.

The diameter of a room is doubled (at constant temperature, constant pressure).
What happens to the (average) time required for a molecule to diffuse across the
room?

A: time doubles B: time increases by factor of 4 C: some other answer

The diameter of a room is doubled (at constant temperature, constant NUMBER OF
PARTICLES). What happens to the (average) time required for a molecule to diffuse
across the room?

A: time doubles B: time increases by factor of 4 C: some other answer



The “cool-down time” of a building is how long it takes for the temperature
difference between inside and outside to fall to (1/e) of its initial value once the
heat goes off. (Assume it’s winter.) Mean heat flow I= (energy change AU)/(time
At) so At = AU/|q. Consider a cubical building. If the edge length L is decreased by
a factor of 2. What happens to the cool-down time?

A) increases by 2 (takes longer to cool) B) decreases by 2 (cools faster) C)
decreases by 4 D) increases by 4 E) some other answer

“~r

The thickness of the insulation in the walls/roof of a building is doubled. What
happens to the cool-down time?

A) increases by 2 B) increases by 4 C) increases by 8 D) increases by 16 E) some
other answer



