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Entropy and entropic
forces
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Focus question 

• Biological question: if energy is always conserved, 
how can some devices be more efficient than 
others?
• Physical idea: Order controls when energy can do 

useful work. Order is not conserved.
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What are the fundamental principles of 
equilibrium?

Mechanics
Σ!𝐹! = −Σ!∇𝑈! = 0

minimize energy

Thermodynamics
maximize entropy

The two principles are related by TDI
𝑑𝑈 = 𝑇𝑑𝑆 − 𝑃𝑑𝑉 + 𝜇𝑑𝑁
𝑑𝐻 = 𝑇𝑑𝑆 + 𝑉𝑑𝑃 + 𝜇𝑑𝑁
𝑑𝐹 = −𝑆𝑑𝑇 − 𝑃𝑑𝑉 + 𝜇𝑑𝑁
𝑑𝐺 = −𝑆𝑑𝑇 + 𝑉𝑑𝑃 + 𝜇𝑑𝑁

𝑆 = −
𝜕𝐺
𝜕𝑇 ",$

= −
𝜕𝐹
𝜕𝑇 ",%

identical, coloured, dU=0 dS>0,   𝜇& = 𝜇'

particle number

(minimize F or G)
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Entropic force

• 𝑓 = − ()
(*

    𝑃 = +)
(, -,/

• Entropic force is a derivative of a free energy
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What is the chemical potential?

𝜇 ≡ −𝑇 ()
(" *,%

= (+
(" $,,

= (-
(" %,,

= (.
(" ),$

= (*
(" ),%

From
𝑑𝑈 = 𝑇𝑑𝑆 − 𝑃𝑑𝑉 + 𝜇𝑑𝑁
𝑑𝐻 = 𝑇𝑑𝑆 + 𝑉𝑑𝑃 + 𝜇𝑑𝑁
𝑑𝐹 = −𝑆𝑑𝑇 − 𝑃𝑑𝑉 + 𝜇𝑑𝑁
𝑑𝐺 = −𝑆𝑑𝑇 + 𝑉𝑑𝑃 + 𝜇𝑑𝑁

Most useful definitions
F=U-TS  energy to create a system minus the energy from the environment
G=U+PV-TS energy to create a system and make room for it minus the energy from the environment

OK, but how do we calculate or measure this?
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Chemical potential of ideal gas
(thermodynamics)

Ideal gas: 𝑃𝑉 = 𝑁𝑘𝑇
expression for 𝜇:  𝜇 = (+

(" $,,
= (-

(" %,,
We need some relation between energies, G or F and P,V,N,T
TDI (F): 𝑑𝐹 = −𝑆𝑑𝑇 − 𝑃𝑑𝑉 + 𝜇𝑑𝑁
TDI (G): 𝑑𝐺 = −𝑆𝑑𝑇 + 𝑉𝑑𝑃 + 𝜇𝑑𝑁
=> at constant T & N: 𝑑𝐺 = 𝑉𝑑𝑃, 𝑑𝐹 = −𝑃𝑑𝑉

𝑑𝐺 = 𝑉𝑑𝑃 =
𝑁𝑘𝑇
𝑃 𝑑𝑃

)𝑑𝐺 = 𝐺 − 𝐺! = 𝑁𝑘𝑇)
𝑑𝑃
𝑃 = 𝑁𝑘𝑇𝑙𝑛

𝑃
𝑃!

𝜇 =
𝜕𝐺
𝜕𝑁 ",$

= 𝜇! + 𝑘𝑇𝑙𝑛
𝑃
𝑃!

𝑑𝐹 = −𝑃𝑑𝑉 =
𝑁𝑘𝑇
𝑉

𝑑𝑉

)𝑑𝐹 = 𝐹 − 𝐹! = −𝑁𝑘𝑇)
𝑑𝑉
𝑉
= −𝑁𝑘𝑇𝑙𝑛

𝑉
𝑉!

𝜇 =
𝜕𝐹
𝜕𝑁 %,$

= 𝜇! − 𝑘𝑇𝑙𝑛
𝑉
𝑉!
= 𝜇! + 𝑘𝑇𝑙𝑛

𝑃
𝑃!
,

𝑉
𝑉!
=
𝑃!
𝑃
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Chemical potential of ideal gas
(stat. mech. of quantum ideal gas)

Helmholtz free energy of quantum ideal gas:

𝐹" 𝑇, 𝑉 = −𝑁𝑘𝑇 𝑙𝑛
𝑉
𝑁𝑣=

+ 1

The chemical potential 𝜇 = (-
(" %,,

   𝜇 = (-
(" %,,

= −𝑘𝑇 𝑙𝑛 %
">!

+ 1 + 𝑁𝑘𝑇 ?@A"
?"

   𝜇 = −𝑘𝑇𝑙𝑛 %
%"

, 𝑉B = 𝑁𝑣=, 𝑛== 𝑣=C&

   𝜇 = 𝑘𝑇𝑙𝑛 A
A!

, 𝑛 = "
%

   𝜇 = 𝑘𝑇𝑙𝑛 $
$"

, 𝑃B = 𝑛=𝑘𝑇

7

Chemical potential of ideal mixtures
V1           V2

N1           N2

T1     =     T2

P1     =     P2         =>    𝜇&B 𝑃, 𝑇 = 𝜇'B 𝑃, 𝑇

Remove wall: V=V1+V2

Ideal mixture:
𝑁&
𝑉&
=
𝑁'
𝑉'
=
𝑁& + 𝑁'
𝑉& + 𝑉'

is independent of
mixture composition

𝜇 = 𝜇# − 𝑘𝑇𝑙𝑛
𝑉
𝑉# Δ𝜇& = −𝑘𝑇𝑙𝑛

𝑉& + 𝑉'
𝑉&

𝑉& + 𝑉'
𝑉&

=
𝑁& + 𝑁'
𝑁&

=
1
𝑥&

Δ𝜇& = 𝑘𝑇𝑙𝑛𝑥&

𝜇! 𝑃, 𝑇, 𝑥! = 𝜇!B 𝑃, 𝑇 +𝑘𝑇𝑙𝑛𝑥!
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Potential energy and the chemical potential

centrifuge
a

v

𝑈 ℎ = 𝑈 0 + 𝑁𝑚𝑎ℎ
𝐹 ℎ = 𝑈 ℎ − 𝑇𝑆
𝐹 ℎ = 𝑈 0 + 𝑁𝑚𝑎ℎ − 𝑇𝑆
𝐹 ℎ = 𝐹 0 + 𝑁𝑚𝑎ℎ

 𝜇 = (-
(" %,,

= 𝜇 0 +𝑚𝑎ℎ

𝜇GHG = 𝜇!AG + 𝜇IJG

h

Barometric pressure: Can we use this to calculate p(z)?

equilibrium: 𝜇(𝑧) = 𝜇B = 𝜇B + 𝑘𝑇𝑙𝑛
$(L)
$"

+𝑚𝑔𝑧

=>  $(L)
$"

= 𝑒CNOL/Q, = 𝑒CL/L$

𝑧R = 𝑘𝑇/𝑚𝑔
Nitrogen (m=28) zc=8.5km, Oxygen (m=32) zc = 7.4 km, Mount Everest: P = 0.37 P(0) 

Where should
we add mah?
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Boltzmann-statistics

• Reservoir + small system => NVT for the small
• Probability for a state i, ei; ER=E0-ei.
• P(i) = C ΩR(E0-ei), multiplisity of the reservoir
• ei << E0, expand

• P(i) = exp(-ei/kT)/Z      Boltzmannfactor
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Two-state system
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Protein folding
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small system in thermal
equilibrium with large
Þ (NVT) => F

What is the most 
important 
information to arrive 
to figure b?
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P(f)=1/(1+exp(DE-fDz)/kT)
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small system in thermal
equilibrium with large
Þ (NVT) => F
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Problems
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