
Problem sheet 2
FYS5120-Advanced Quantum Field Theory

Lasse Lorentz Braseth & Jonas Eidesen

 These problems are scheduled for discussion on Wednesday, 2 February 2022.
If you spot any typos and/or mistakes please send an email to lasselb@fys.uio.no or
jonaeid@math.uio.no.

Problem 4: Complex Gaussian integrals
The types of integrals you performed in the last problem sheet are highly relevant when
we do QFT with real scalar fields. However, if we are to do calculations with complex
scalar fields there are some key differences you should explore. In the complex case one
of the most important distinctions we make is to consider the vector z† as completely
separate from the vector z and not simply as ”the dagger of z”. One reason for this is
that the function z 7→ z† is not differentiable. Therefore when we define the generating
function for complex vectors we introduce two source vectors, J and J† to be able to
extract both z and z†.

a) Compute ∫
Cn

dz exp
(
−z†Az + J†z + z†J

)
.

b) What assumptions did you have to make about the complex matrix A?

c) Compute the following expectation values:

〈zizj〉, 〈z†i zj〉, 〈z†i z
†
j 〉

Recall that the definition is given by

〈(...)〉 =
∫
Cn dz(...) exp

(
−z†Az

)∫
Cn dz exp(−z†Az)

,

and this is most easily calculated by defining an appropriate generating function
Z(J, J†).
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Problem 5: Anti-commuting Gaussian integrals
To describe fermionic fields we introduce the (hopefully familiar) Grassmann algebra.
Formally a Grassmann algebra is a complex vector space G with a multiplication map
G × G → G that is anti-symmetric, i.e. for any θ, η ∈ G we have that θη = −ηθ.
We usually call η and θ for Grassmann numbers. It is these objects we will build our
fermionic fields with so it is useful to derive some properties of Grassmann numbers.

a) Prove that for any Grassmann number θ ∈ G,

θ2 = 0.

Using this show that
exp(θ) = 1 + θ

where exp is formally defined by its Taylor series.
For a Grassmann algebra with one Grassmann number θ, a general element can be
written as

a+ bθ, a, b ∈ C.
For a Grassmann algebra with two Grassmann numbers θ, η, a general element can be
written as

a+ bθ + cη + dθη, a, b, c, d ∈ C,
and so on for Grassmann algebras with more Grassmann numbers.
The obvious way of defining differentiation is that

d

dθ
(a+ bθ) = b,

so this is how we define it. For a Grassmann algebra with multiple Grassmann numbers
{θi}ni=1 we define partial differentiation by only allowing the differential operator to act
from the left, i.e. to evaluate

∂

∂θi
θjθi

we first swap the order θjθi = −θiθj and then differentiate
∂

∂θi
(−θiθj) = −θj .

b) Show the following:
∂

∂θ1
θ3θ2θ1 = −θ2θ3,

∂

∂θ2
θ2θ1θ2 = 0,

∂

∂θ2

∂

∂θ1
θ2θ1 = −1

c) The best way to define integration is to actually set∫
dθ =

d

dθ
.

With this in mind show that∫
dθ1dθ2 exp(−θ1A12θ2) = A12.
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d) Now consider a Grassmann algebra with Grassmann numbers {θi, θ̄i}ni=1 and let A
be some n× n complex matrix. Show that∫

dθ̄1dθ1...dθ̄ndθn exp
(
−θ̄iAijθj

)
= det(A).

Remark: This holds for any matrix A but if you find it difficult to prove for a
general matrix try proving it for an anti-Hermitian matrix instead.

e) To compactify the notation a bit we let θ and θ̄ be vectors where the i-th elements
are the Grassmann numbers θi and θ̄i respectively. Now the bar in θ̄ also indicates
that we take the transpose of the vector such that products like θ̄Aθ make sense
for a matrix A. By introducing more Grassmann numbers {ηi, η̄i}ni=1 show that∫

dθ̄dθ exp
(
−θ̄Aθ + η̄θ + θ̄η

)
= det(A) exp

(
η̄A−1η

)
.

f) Compute the expectation values

〈θiθj〉, 〈θ̄iθj〉, 〈θ̄iθ̄j〉.

Problem 6: Field theory
In problem sheet 1 you arrived at the result

G(xf , tf ;xi, ti) =

∫
Dx exp(iS[x]).

We make the transition to a field theory by the (not so) trivial change from x to ϕ(xµ).
This can be derived properly but you may take this as a definition in QFT:

〈0, tf |0, ti〉 =
∫

Dϕ exp(iS[ϕ])

To do a proper S-matrix expansion we would like to take the limits tf → ∞ and ti →
−∞. Then

S[ϕ] =

∫
d4xL[ϕ]

becomes an integral over all of space-time. One really important note is that the fields
in this expression are classical, there is nothing ”quantum” about them in any shape or
form, so you do not have to worry about any commutation relations or anything of that
sort. Furthermore, we define expectation values in a similar manner to what we have
been doing so far, namely by:

〈Ω|T{ϕ(x)ϕ(y)} |Ω〉 =
∫
Dϕϕ(x)ϕ(y) exp(iS[ϕ])∫

Dϕ exp(iS[ϕ])
(1)

a) Argue why we get time ordering in eqn.(1).
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b) Let
L =

1

2
(∂µϕ)

2 − 1

2
m2ϕ2

be the Lagrangian for a free, real scalar theory (again the ϕ fields are classical).
We define the generating functional for this theory to be

Z[J ] =

∫
Dϕ exp

(
iS[ϕ] + i

∫
d4xJ(x)ϕ(x)

)
.

Use this to show that

〈Ω|T{ϕ(x)ϕ(y)} |Ω〉 = DF (x− y).

Where DF is the Feynman propagator. (Check the solutions for problem 1d to see
why we get the Feynman prescription automatically).

Hint: Recall that functional derivatives are defined by

δ

δJ(y)
J(x) = δ(x− y) ⇒

(
−i δ

δJ(y)

)
i

∫
d4xJ(x)ϕ(x) = ϕ(y).

It is useful the get the action on the form∫
d4x

[
−1

2
ϕ(x)(�+m2)ϕ(x)

]
and recall that the inverse of a differential operator is given by a Green’s function.

c) Now consider the Lagrangian

L = |∂µϕ|2 −m2ϕ†ϕ

where ϕ is now a complex scalar field. The generating functional for this theory is
given by

Z[J†, J ] =

∫
Dϕ†Dϕ exp

(
iS[ϕ†, ϕ] + i

∫
d4x(J†(x)ϕ(x) + ϕ†(x)J(x))

)
.

Use this to compute
〈Ω|T{ϕ†(x)ϕ(y)} |Ω〉 .

d) We introduce fermionic fields as functions ψ, ψ̄ : R1,3 → G taking input from space-
time and giving us a Grassmann number in some Grassmann algebra G as output.
Thus we get that for example ψ(x)ψ(y) = −ψ(y)ψ(x) but not necessarily zero,
and ψ(x)ψ̄(x) = −ψ̄(x)ψ(x) and also not necessarily zero. We call these fields for
Grassmann fields.
Consider the Lagrangian

L = ψ̄(i/∂ −m)ψ.
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The generating functional for this theory is given by

Z[η̄, η] =

∫
Dψ̄Dψ exp

(
iS[ψ̄, ψ] + i

∫
d4x(η̄(x)ψ(x) + ψ̄(x)η(x))

)
.

where η and η̄ are also Grassmann fields. Use this to compute

〈Ω|T{ψ̄(x)ψ(y)} |Ω〉 .

Remark: As with Grassmann numbers, functional derivatives of Grassmann fields
need to be taken in the correct order.
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