Chapter 4

Construction of a low-energy
supersymmetric Lagrangian

We would now like to construct models, in the form of a field theory Lagrangians, that are
invariant under supersymmetry transformations, much in the same way that the Standard
Model Lagrangian is invariant under Poincaré transformations. However, just as for ordinary
quantum field theory Lagrangians we will need to be able to impose gauge invariance for a
choice of gauge group, and we want to limit the models to models that are renormalisable, i.e.
models where any infinities can be cancelled by a finite number of counter-terms. Along the
way we will also find a way to deal with the problem of equal masses for the particles in an
irreducible representation — in other words, where are all the supersymmetric partners of the
Standard Model particles? — taking inspiration from the Standard Model Higgs mechanism
using spontaneous symmetry breaking.

4.1 Supersymmetry invariant Lagrangians and actions

As should be well known the relativistic field theory action

SE/d4x£, (4.1)
R

is invariant under supersymmetry transformations if this transforms the Lagrangian by a total
derivative term £ — L' = L+ 0" f(z), where f(xz) — 0 on the surface S(R) of the integration
region R. The question then becomes: how can we construct a Lagrangian from superfields
with this property?

An infinitesimal supersymmetry transformation of a function on superspace F(z, 8, )
can be written as

F'(2,0,0) = exp(iaQ + iaQ)F(x,0,0) ~ F(x,0,0) + (iaQ + iaQ)F(x,0,0), (4.2)

where a? and & i are the infinitesimal parameters of the transformation. If these parameters
are constant then we say that this is a global supersymmetry transformation which is what
we are (mostly) going to concern ourselves with in these notes. Replacing o — «a(x) gives a
local supersymmetry transformation Here we have ignored the action of the P, operators

! Allowing for local supersymmetry transformations leads to a gauge theory of supersymmetry called super-
gravity, which can incorporate gravity in a natural way.
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since they commute with all the @s, so that this part of the group acts independently, and
only results in a translation of the Minkowski coordinate. The total change in the function
under the supersymmetry transformation is ,F = F' — F, where

§s = i(aQ + aQ). (4.3)

We can show that the highest order component fields in 6 and 6 of a superfield always
transform as a total derivative under dg, e.g. for the general superfield the highest order
component field d(x) transforms aﬁ

dsd(z) = d'(z) — d(x) = %(auw(x)o“& — A (z)o* ), (4.4)

and the same is naturally true for the D component-field of a vector superfield. For a scalar
superfield it is the F-field which has this property:

05 F () = —iv20,%(x)o" . (4.5)

These highest power #-components can be isolated by using the projection property of
integration in Grassmann calculus writing

S:/d‘*z/d‘*@ﬁ,
R

where the Lagrangian density £, which is a function of superfields, is guaranteed to give a
supersymmetry invariant action. Note that this constitutes a redefinition of what we mean
by the Lagrangian £ when working with superfields. We should in particular be careful
when counting the dimension of terms. We have, see Section 0] = M —1/2_ which, since
[dOo = 1, leads to [[df] = M2 We then have [[d*d] = M2. Since we must have
[[d*0 L] = M* for the action to be dimensionless, we need [£] = M?, which is different from
the standard field theory Lagrangian with dimension M*.

We can now write down the generic form for a supersymmetric Lagrangian consisting of
scalar superfields, where the indices indicate the highest power of ¢ in the term:

L = Lyggg +00Ls5 + ée_ﬁgg.

Here Lgpp (Lzz) is a function of only left-handed (right-handed) scalar superfields where we
project out the F-field by multiplying by 00 (#6) and integrating over all the 6. These terms
form what we call the superpotential. Meanwhile, the L4455 term is a real valued function
of the superfields where we project out the d-field, called the Kahler potential.

The requirement of renormalisability puts further restrictions on the fields in £. We
can at most have three factors of scalar superfields in each term of the superpotential, for
details see e.g. Wess & Bagger [7]@ Since the action must be real, the (almost) most general
supersymmetry Lagrangian that can be written in terms of scalar superfields is:

L = ®Id; + 00W D] + 00W [®T].

2A word of warning: we really have to be slightly more careful here with the supersymmetry transformation
since the superfields are operator valued functions acting on a state-space. A unitary transformation Uly) of
the state implies a unitary transformation Ut AU of an operator A on that state.

3The argument is similar to ordinary quantum field theory, terms with couplings with negative mass di-
mension is forbidden.
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Here the first term is called the kinetic term and W is the symbol for the superpotential,
which by renormalisability is restricted to

W[®] = gi®; + mij®;®j + \ijr ;@ Op. (4.6)

This means that to specify a supersymmetric Lagrangian we only need to specify the superfield
content of the model and the form of the superpotential.

Dimension counting, starting from [£] = M? and [®] = 1, means that the superpotential
terms must each be M3, for the couplings this gives [g;] = M2, [m;;] = M and [\;j;] = 1.
Notice also that m;; and A;;; must be symmetric since the superfields commute.

4.2 Abelian gauge theories

We will of course require not only a supersymmetry invariant Lagrangian, but also a gauge
invariant Lagrangian, and we start with the requirements for an abelian gauge group.

Let us first look at the transformation of the superpotential W under the gauge transfor-
mation of the scalar superfields in :

WD) — W[D'] = gie 0D, 4+ myje @A, B 4 \jje 6T UHIAD, &,y

Requiring gauge invariance, W[®] = W[®'], we must have:

¢ = 0 org =0, (4.7)
q; + q; = 0 or mij; = 0, (48)
gG+q+a = 0 or Ajr=0. (4.9)

This puts great restrictions on the form of the superpotential and the charge assignments of
the superfields, as in ordinary gauge theories.
What then about the kinetic term? This transforms as

Oid; — ol eiahp, = (N -Nplg,

As in ordinary gauge theories we can introduce a gauge compensating vector (super)field
V with the appropriate gauge transformation to make the kinetic term invariant under su-
persymmetry transformations. We write the kinetic term instead as @16‘”‘/@, which gives us
an invariant term#’

) ig: AT a; iA—iAT) —igs .
(I)je‘hvéi — q)zeuh/\ te(V'i"LA A )6 Z%Aq)i — (I)j:efhv(bl.‘

This definition of gauge transformation can be shown to recover the Standard Model
minimal coupling for the component fields through the covariant derivative

; l
_DL == 8M - 5(]1‘/;“

where V), is the vector component field of the vector superfield.

4The constant in front of this term can always be chosen to be one because we can rescale the whole
Lagrangian. It is possible to start from more general Kahler potentials, but this is mostly beyond the scope
of these notes, although we will return to modify this term to account for gauge invariance.

5In case you were worried: we can use the WZ gauge to show that the new kinetic term @Ie‘“vfbi has no
term with dimension higher then four, and is thus renormalizable.
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4.3 Non-Abelian gauge theories

How do we extend the above to deal with the much more complicated non-abelian gauge
theories? Let us take a gauge group G with the Lie algebra of group generators ¢, in the
fundamental representation

[ta, tb] = ifabctc, (4.10)

where f,,¢ are the structure constants. For an element ¢ in the group G we want to write down
a unitaryﬁ representation U(g) that transforms a scalar superfield ¥ by ¥ — ¥/ = U(g)\Ilm
With an exponential map we can write this representation as U(g) = ¢"*"«, where A% are the
parameters, as you may perhaps have expected.

Thus, as in ordinary gauge theories, we simply copy the structure of the abelian gauge
transformation, and transform superfields as

U ¥ = M oy,

where ¢ is the charge of ¥ under G. At this point we can choose a representation different
from the fundamental, reflected in a different choice for the generators which we write as 7.
Since for gauge groups we are almost exclusively interested in groups defined by a matrix
representation U(g) will be a matrix with dimension fixed by the dimension chosen for the
representation. Again we can easily show that we must require that the A® are left-handed
scalar superfields for ¥ to transform to a left-handed scalar superfield.

For the superpotential to be invariant we must now have:

giUi» = g or g; =0, (4.11)
mijUirUjs = Myps OT Myj; = 0, (4.12)
AijkUirUjsUge = Apst Or Ajjp = 0, (4.13)

where the indices on U are its matrix indices.

We also want a similar construction for the kinetic terms as for abelian gauge theories,
Ute?V*Tay | to be invariant under non-abelian gauge transformations. Now, using that we
write the generators ¢, as hermitian operators,

a la : at la i a
UletV Tay — g'tedV" Tagy! — gieiah" Ta oV Tap=iah Ta gy

so we have to require that the vector superfield V' transforms as

la _ at a ; a
qu Ta _ e iqAN* Ty 6qV T, equ Ta. (414)
When we look at this as an infinitesimal transformation in A we can show that

1
Ve =V (A% — AT) — 3 qfLVP (AT + A) + O(A?),

5By unitary we mean, as usual, that UT = U™! so that UTU = 1.

7Of, course, you may ask, how do we even know that we can find a unitary representation for a particular
Lie group? For the unitary group this is by definition, but is it possible in general? It turns out that this
is always true for a subset of Lie groups, called compact Lie groups. These are the Lie groups where the
parameters vary over a closed interval.

8This is independent of our choice of representation for the gauge group for the supergauge transformation.
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which reduces to the definition for abelian groups in (3.28) since all the higher order terms
contain the structure constant f;., which is zero for abelian groups. If we look at the compo-
nent vector fields, V', these transform just like in a standard non-abelian gauge theory:

Ve = Vit =V +i0, (A" — A™) — qffVI(AC — A7),

in the adjoint representation of the gauge group.
The supergauge transformations of vector superfields can be written more efficiently in a

representation independent way as

VI gmiAT Vi

€ ’

and the inverse transformation is then given by

_v! —GA — iAT
GVZG’LAG V61A7

where A = gA°T, and V = ¢qV*T,, such that e e = Ve V' = 1E|

4.4 Supersymmetric field strength

There is one type of term missing from the supersymmetric Lagrangian we are constructing,
namely field strength terms that make the gauge fields dynamical, e.g. terms to describe the
electromagnetic field strength —%F W, in QED.

Definition: The supersymmetric field strength for a vector superfield V' is
defined by the spinor (matrix) scalar superfields W, and W, given by

1__
Wa —ZDDe—VDAeV,

and

Wy

1 _
—ZDDe_VD e’

where V = V°T,.

For an abelian gauge field this definition reduces to

1_ _
Wa = —;DDD4V,
B 1 _

Wi = —;DDD;V,

where V is simply the vector superfield of the gauge group.
We can show that the components of W4 (W) are left-handed (right-handed) scalar

superfields, and that both Tr[WAW 4] and Tr[W ;W4] are supergauge invariant constructions,
and thus potential terms in the supersymmetry Lagrangian. Firstly

_ 1- - -
DWa =—D;DDe VDae" =0,

“Notice that despite the non-commutative nature of the matrices involved, the identity e*e™* = 1 holds.
See Exercise [1[[19.
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because from Eq. |) D3 =0, and similarly for W i» showing that they are both superfields,
and as such can be used to form a supersymmetric Lagrangian.
Under a supergauge transformation we have:

1. . . .
Wa— W, = —ZDDB_MG_V@“\T D e ™ eV it
_ 1 n e 4 , .
(DA =0) = —Ze*“\DDe*Ve“\T D e A Vet
1 .
(DAAT = 0) = —Ze*’ADDe*VDAeVelA

1 . . .
= —Ze_’ADDe_V[(DAeV)eZA + eV (Dae))
A A 1 - A
= e Myett - 1e—ZADDDAelA. (4.15)
We are free to add zero to li in the form of —%e‘iADDADeiA = O giving
. , 1 .- .
W, = e Mwyeh — Ze_ZAD{D, Dyteth
. . 1 .. _ o A
= e MWaet 4 SeT D jolt et P Byt
— e*iAWAei/\

where we have used Eq. (3.15)) to replace the anti-commutator. This means that the following
trace is gauge invariant:

Te[WAWY,] = Trle A WAe e AW et
= Trlee MWAW,] = Te[WAW ],
and can be used in the Lagrangian.
If we expand W4 in the component fields we find, as we might have hoped, that it contains
the ordinary field strength tensor:
FS, =0,V — 0,V + qfuc VIV

and that the trace indeed contains terms with Fy, F#%.

4.5 The (almost) complete supersymmetric Lagrangian

We can now compile all our results up to now to write down the complete Lagrangian for a
supersymmetric theory with (possibly) non-abelian gauge symmetries

1

L=30ed + 50 W[D] + 62(0)W[DT] + TR

52 (0)Te[WAW 4]. (4.16)

10Which is zero because A is a left-handed scalar superfield, D 4A=0.

"There is no hermitian conjugate of the field strength term, and a slightly odd normalisation using 1/2
instead of 1/4. This is because the term can be proven to be real, although this is sometimes overlooked in
the literature when authors instead use

1

£~ AT(R)

8% (O) Tx[W*Wa) + 8(0)Te[ W Wal,

AT(R)

which looks more symmetric with respect to the superpotential part.
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Here, T'(R) given by T'(R)dq = Tr[T,T}] is called the Dynkin index of the representation
R of the gauge group using the generators Tj,.

The Dynkin index appears in the field strength term to correctly normalise the energy
density for the chosen representation R of the gauge group. To see that this factor cancels in
a natural way, note that since W4 is spanned by T for a given representation, we can write
Wa = W4T,, where W§ are some coefficients. Then

Te[WAW 4] = WAWE T[T, Ty) = WAW46T(R) = T(R)W W34, (4.17)

4.6 Spontaneous supersymmetry breaking

As we have seen above, supersymmetry predicts scalar partner particles with the same mass
as the known fermions (and new fermions for the known vectors). These, somewhat unfor-
tunately, contradict experiment by not existing. In the SM we have a similar problem: the
vector bosons should remain massless under the gauge symmetry of the model. Yet, they are
observed to be very massive. This is solved with the introduction of the Higgs mechanism
and spontaneous symmetry breaking in the scalar potential The idea is that while
there is a symmetry of the Lagrangian (in the SM the gauge symmetry), this may not be
a symmetry of the vacuum state, thereby allowing the properties of the vacuum to supply
the masses. Would it not be great if we could have spontaneous symmetry breaking in order
to break supersymmetry this way and boost the masses of supersymmetric particles beyond
current limits?

From exercise [1| we can see that the Lagrangian of written in terms of component
field contains no kinetic (derivative) terms for the F'(x) scalar fields. These are then what
we call auxilary fields and can be eliminated by the e.o.m. we get from solving the Euler-
Lagrange equation for this ﬁeld

814?;(1‘) = Fi(z) + Wi =0,
where W= OW Ay, ..., Ay] (4.19)
‘T 04; ’ '
This allows us to rewrite the action as (ignoring gauge interactions):
S = [ da{id, b0t s — 404 = S Wity — 3Wisiid; — Wi}
with] PWA, A4,
Wiy =—3 1 8A] = (4.20)

2The potential of the Lagrangian are those terms not containing derivatives of the fields (kinetic terms).
The scalar potential are such terms that contain only scalar fields.

13We remind the reader that the Euler-Lagrange equation for a field ¢ is the result of minimizing the action
and is given in terms of the Lagrangian as:

or or \ _
o6~ <a<au¢>>> -0 (415)

MThis is called the fermionic mass matrix.
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