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Preface

The goal of these lecture notes is twofold: first to give an introduction to the mathemati-
cal concepts behind symmetries in physics in general and supersymmetry in particular, and
secondly to introduce the basics of low-energy models of supersymmetry using the Minimal
Supersymmetric Standard Model (MSSM) as our main example.

The notes are based on lectures given at the University of Oslo in 2011, 2013, 2015, 2017,
2019, 2021, 2023, and 2025, and lectures at the NORDITA Winter School on Theoretical
Particle Physics in 2012. Several student have contributed significantly to the notes. We owe
a particular gratitude to Paul Batzing, who took notes during the first version of the lectures
in 2011, forming the start of this document, and to Carl Martin Favang who has fixed many
of my mistakes. Carl Fredrik Andresen, Morten Tryti Berg and Brage Andreas Trefjord have
supplied solutions to one or more exercises.

Oslo, August 2025
Are Raklev
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Introduction

Rather than the traditional approach of starting with the current problems of the Standard
Model of particle physics, and how supersymmetry can solve these, in these notes we will
focus on the algebraic origin of supersymmetry in the sense of an extension of the symmetries
of Einstein’s special relativity (SR). This was the original motivation for work on what we
today call supersymmetry.

We first need to introduce some basic mathematical concepts used in physics for exploring
symmetries, mainly groups and Lie algebras, which we will take care of in Chapter [I] and
Chapter [2} In Chapter [3] we will then study the symmetries of special relativity, through the
Poincaré group, and look at how these symmetries can be extended into the super-Poincaré
group by adding so-called supercharges to the Poincaré Lie algebra. We will then introduce
superspace, a coordinate system where supersymmetry is manifest, and use this to derive
differential representations for the supercharges in Chapter @ Here, we also define superfields,
which function as representations of the super-Poincaré group, and are the building blocks of
the supersymmetric Largrangians we construct in Chapter 5] In Chapter [] we discuss how to
break supersymmetry using spontaneous symmetry breaking.

From Chapter [7] and onwards we turn more towards phenomenology, constructing the
minimal realisation of a supersymmetric Standard Model, before we discuss its phenomenology
in Chapter 7?7, before ending with a discussion of supersymmetric Dark Matter candidates in
Chapter ?7.

Note that sections marked with an asterisk are somewhat tangential to the main argument
of the text and can be read for light entertainment. Solutions to some of the exercises can be
found in Appendix [A]
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Chapter 1

Groups

The study of symmetries plays a central part in theoretical physics, and the mathematical
language we use is that of groups. The action of the group elements on our states or fields is
what effects the transformation that has the symmetry, while the invariance of the physical
properties of the system under that transformation is the symmetry itself. For example,
rotations in three-dimensions can be carried out by the application of a 3 x 3 rotation matrix
on the coordinates of an object. As we shall see, these matrices form the group called SO(3).
For a sphere, which is invariant under these rotations, SO(3) is then the symmetry group.

Of special interest to us are the Lie groups, which are the groups that represent continuous
transformations, such as the SO(3) rotations. The properties of Lie groups can be further
studied by finding their generators which form a (Lie) algebra. The generators almost —
in a very specific sense of the word almost — describes the whole group, and allows us to
reconstruct the group elements by what is called the exponential map. This we will return
to in the next chapter.

Here, we will begin by defining groups and looking at some of their most important
properties. What is crucial in physics are the representations of groups, meaning what the
operators of the transformations on the states actually look like. Returning to the rotation
example these are 3 x 3 matrices, but with some restrictions on their elements. After discussing
representations we will move on to defining Lie groups, before we end on a discussion of their
generators.

1.1 Group definition

A group is an abstract algebraic structure that consists of a set of objects (the elements),
and an operation acting between pairs of these elements that gives another element in the
set. In addition the set needs to contain an element that works as an identity, and every
element in the group needs to have an inverse. Because these properties are very similar to
the properties of multiplication with real numbers (or rationals), the operation is often called
multiplication.

We define a group as follows.
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Definition: The set of elements G = {g¢;} and operation o (multiplication) form a
group if and only if for all g; € G :

i) giogj € G, (closure

ii) (giog;)ogr = gio(g500r), (associativity

iii) There exists an e € G such that g;oe =eo g; = g;, (identity element

iv) There exists an g, L'¢ G such that g; o gi_1 = gi_l 0g; =e. (inverse

) )
) )
) )
) )

Below, where no confusion can occur, we will often drop the multiplication symbol for the
group multiplication, writing g; o g; = g¢;g9;. We should also speak of the group as the
pair {G, o}, however, we will often abusively refer to just the set G, with the multiplication
operation being implied.

The real numbers sans zero, R \ {0}, with ordinary multiplication as the operation o,
and e = 1 as the identity, is an obvious example of a group. Here we need to remove zero
since it does not have an inverse. Another straight forward example of a group is G = Z (the
integers), with standard addition as the operation o. Then e = 0 and g~ = —g. Alternatively
we can restrict the group to Z,,, where the operation is now addition modulo n. In this group,
gi_1 =n — g;, and the unit element is again e = 0

Here Z is an example of an infinite group, the set has an infinite number of members,
while Z,, is finite, with order n, meaning n members. Both are abelian groups, meaning
that the elements commute: g; o g; = g; o g;, because the standard addition commutes, but
this is not a requirement for groups, and we will soon see non-abelian groups.

The simplest, non-trivial, of these Z,-groups is Zs which only has the members e = 0 and
1. The “multiplication” operation is completely defined by the three possibilities

0+0 = 0,
0+1 = 1,
141 = 0.

Now, compare this to the set G = {—1,1} with the ordinary multiplication operation. Here,
all the possible operations are

1.1 = 1,
1-(-1) = -1,
(-1)-(-1) = 1.

This has exactly the same structure as Zo, only that the identity element is now e = 1 and the
other element is —1. We say that these two groups are isomorphic, because there is a one-
to-one correspondence between all the (two) elements, 0 <» 1 and 1 <> —1, and the results of
the multiplication operation is the same. In fact, we consider them as the same group despite

!Note that we here use e for the identity in an abstract group, while we will later use I or 1 as the identity
matrix in matrix representations of groups.
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the considerable apparent visual differencesﬂ This notion of isomorphic (“identical”) groups
is very important, and we will return to it in more detail in Sec. [I-3]

A somewhat more sophisticated example of a group can be found in the Taylor expansion
of a function F', where

Fx+a) = F(x) +aF’(x)+%a2F”(w)+...

= g o
= ———F
7;) n! Oxm (z)

= GQ%F(I‘).

The last equality uses the formal definition of the exponential series, but may drive some
mathematicians crazy
The resulting operator

°]
ol
,—Za—e 9z,

is called the translation operator, in this case in one dimension, since it shifts the co-
ordinate x of the function F' it is operating on by an amount a. Defining the (natural)
multiplication operation Ty, o Ty, = T, it forms the translational group 7'(1), where we
can show that Tp is the identity element and the inverse is T}, 1= T_aﬁ Here, we call a € R
the parameterisation of the group.

In n dimensions the group 7'(n) has the elements T, = eV, where V is the n-dimensional
partial derivative vector, and the group is parameterised by the n-dimensional vector a. We
can of course also talk about the translation group in terms of how it acts on finite-dimensional
vector spaces, where the translation of a vector x € R™ is given by

x =Tyx =x+ a.

Whereas we say that the groups Z and Z,, are discrete groups, since we can count the
number of elements, T'(n) is a continuous group since the parameter a can be any real
number.

1.2 Matrix groups

We next define some groups that are very important in physics and to the discussion in these
notes. They have in common that they are defined in terms of square matrices.

1.2.1 General and special linear groups

The largest matrix group for a given matrix dimension n is the general linear group.

2This observation generalises to the set G = {62”““/"“@ =1,...,n — 1}, the n-th roots of unity, which,
together with the standard multiplication operation, is isomorphic to Z,.

3We will not discuss this further, but there is a deep question here whether the operator formed by this
exponentiation is well defined.

4We could instead have defined the operation between two group elements to be ordinary multiplication
and used that to show the relationship T, o Ty = To4s. However, it is important to notice that showing this is
not entirely trivial because ordinary arithmetic rules for exponentials fail for operators. In this particular case
the proof is fairly simple, but this is in general not so. This will return to trouble us later in the notes.
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Definition: The general linear group GL(n) is defined by the set of all invert-
ible n x n matrices A under matrix multiplication. If we additionally require that
det(A) = 1, the matrices form the special linear group SL(n).

Here, the closure property of groups is guaranteed by the fact that the product of two invertible
matrices is also invertible, and matrix multiplication is always associative. The existence of
the group identity is guaranteed by the identity matrix I being an invertible matrix (with
I as the inverse). Since the existence of an inverse is also necessary in the group definition,
we cannot construct larger matrix groups. The general linear group also gives us our first
example of a non-abelian group, since matrix multiplication does not in general commute.
For two matrices A and B, we may have AB # BA.

The special linear group inherits all the properties of the general linear group. It is closed
because the determinant of the product of two matrices, is the product of their determinants,
i.e. if A, B € SL(n) then

det AB=detA-detB=1-1=1.

Also, the identity element is in SL(n) since det I = 1.

We usually take the matrices in matrix groups to be defined over the field of complex
numbers C. If we want to specify the field we may use the notation GL(n,R), signifying that
the group is defined over the real numbers. Defined over the complex numbers the GL(n)
groups have 2n? free parameters since each of the n? elements of the matrices can be a complex
number, needing two parameters. The SL(n) group has 2n? — 2 free parameters since the
requirement on the determinant fixes both the real and imaginary part of the determinant.

1.2.2 Unitary and special unitary groups

We first remind you that the Hermitian conjugate or conjugate transpose of a matrix is
given by transposing the matrix and taking the complex conjugate of its elements. Here, we
will use the dagger symbol 1 for this operation, so that for a matrix A, AT = (AT)*,

We now define the unitary groups.

Definition: The unitary group U(n) is defined by the set of complex unitary
n x n matrices U, i.e. matrices such that UTU = I or U~! = U'. If we additionally
require that det U = 1 the matrices form the special unitary group SU(n).

With these requirements it can be shown, see Ex. @ that the U(n), groups have n? independent
parameters, while the SU(n) groups have n? — 1. Since det(I) = 1, for U € U(n) we have

det(UUT) = det(U) det(UT) = det(U) det(UT)* = det(U) det(U)* = |det(U)|? =1,

so the determinant of the unitary matrices must be complex numbers on the unit circle, i.e.
det(U) = €, where 0 € R.

It is these unitary groups that form the gauge symmetry groups of the Standard Model:
SU(3), SU(2) and U(1). The group U(1) makes perfect sense despite the odd matrix dimen-
sions. This is simply the set of all complex numbers of unit length with ordinary multiplica-
tion, i.e. U(1) = {e"*|a € R}, but notice that SU(1) would be trivial since it contains only
the element 1.
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The members of the unitary group has has the important property that for all complex
vectors x,y € C" — think finite-dimensional quantum states or quantum fields — multiplication
by a unitary matrix leaves scalar products (inner products) unchanged. If x’ = Ux and
y' = Uy, then

x' .y = X'y =Ux)Uy
= xUUy =xTy =x-y.
Thus, as this implies |[x/| = |x|, its members do not change the length of the vectors they
act on. Since we would like to let our group representations act on vectors that describe
quantum mechanical states, the unitary groups then conserve probability for these states.
For example, when acting on a complex number (a complex scalar), such as a wavefunction
1 (x), the elements of U(1) rotate the phase of 1, however, the magnitude is conserved since

W = ey gives [0/ = gy = [y,

The matrix exponential

The matrix exponential interprets the exponential of a real or complex valued n X n matrix
M as the formal series

oo

M™ 1 1
exp(M)=Y — =T+M+_-M*+_M+....
xp()zn! + M M M

n=0
This series can be shown to always converge, so the series is well defined. Since this is a series
of non-commuting objects we again have to be careful with using properties of the exponential
from ordinary arithmetic.

The following very useful properties of the matrix exponential can be proven:

i) exp(AT) = exp(A4)7,
i) exp(A”) = exp(4)",
iii) If B is an invertible matrix then exp(BAB™!) = Bexp(A)B~!,
iv) If [A, B] = 0 then exp(A) exp(B) = exp(A + B),
v) deted = T4,

We can construct unitary matrices from the exponential of either Hermitian or anti-
Hermitian matrices in the following way. Given a Hermitian matrix M, MT = M, the matrix
U = "M is then automatically unitary since Ut = e~ MY = =M oo that UTU = e~iMeiM = 1,
where the last equality is due to M commuting with itself. We shall later in this chapter show
that in fact all unitary matrices can be written in terms of Hermitian matrices like this. This
is the physics construction that we will mostly use in these notes because of our quantum
fondness for Hermitian operators. For an anti-Hermitian matrix M, M = —M, we could
instead use that U = e is automatically unitary since UT = e~ so that UTU = e MeM =T,
This is the mathematical construction found in a lot of mathematical literature.
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SU(2)

A general member S of SU(2) can be written (parameterised) in terms of two complex pa-
rameters «, 8 € C as

(1.1)

sam =5 .

g o
with the additional constraint |a|? + |3|? = 1, leaving three free parameters as expected.
There is a deep connection between the SU(2) group and spin because the Hermitian

Pauli matrices
01 0 —¢ 1 0
1 2 _ 3
o _[1 0}, o —[i 0]7 o —{0 J, (1.2)

that make up the spin-operators S* = gai, of quantum mechanics, are unitary matrices — thus

members of U(2) — and, as we shall see, they can be used to generate (almost) any member
of SU(2) by the exponential U = €% where o; € R are three real parameters

1.2.3 Orthogonal and special orthogonal groups

If we restrict the unitary matrices further, so that their elements are all real, we get the
orthogonal groups.

Definition: The orthogonal group O(n) is the group of real n x n orthogonal
matrices O, i.e. matrices where OTO = I. If we additionally require that det(O) = 1
the matrices form the special orthogonal group SO(n).

It follows from the definition of the orthogonal group that the determinant of the members
is either 1 or —1, thus the special orthogonal group is simply one half of the members. For
x € R™ the orthogonal group has the same property as the unitary group of leaving the length
of vectors invariant.

Matrices in the O(n) and SO(n) groups have n(n — 1)/2 independent parameters since
an n X n matrix with real entries has n? elements, and there are n(n + 1)/2 equations to be
satisfied by the orthogonality conditionE]

The special orthogonal groups SO(2) and SO(3) are much used because their elements
represent rotations in two and three dimensions, respectively, while SO(n) extends this to
higher dimensions and represents the symmetries of a sphere in n dimensions. To see this
we can start from the fact that rotations, by definition, conserve angles and distances (and
orientation). This means that the original set of orthogonal axis — or orthogonal basis vectors
if you wish — must transform into another orthogonal set of axis under the rotation. The
matrix performing the rotation must then be orthogonal, and thus the collection of rotations
must be O(n). If we additionally require that orientation is preserved, this removes the
matrices with negative determinant, leaving the SO(n) group.

5Make a note of the notation here, the position of the indices is used to prepare the ground for using these
in a four-vector o* = (0%, ) together with the identity matrix

nly the upper triangular part o as independent equations since 1s a symmetric matrix,
50nly th tri 1 t of OTO has ind d ti ince 070 i tri tri
0To)" = o7 o"T = 0T0o.
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SO(2)

Given that SO(2) has only one parameter, we can write a general group member R as pa-
rameterised by 6

sinf cosf (1.3)

R(O) = [0089 —sinﬁ} ‘

As expected, we recognise this as the matrix of rotations of an angle # around a point in the
plane, and it represents the (orientation preserving) symmetries of a circle. Some tinkering
with this representation will show that SO(2) is in fact an abelian group, despite the matrix
definition. From a physical viewpoint this should be expected: the order of rotations in the
plane should not matter.

It is interesting to observe that the elements of SO(2) rotate points in the plane, while the
elements of U(1) rotate complex numbers, which can be represented by points in the plane.
Indeed, a one-to-one correspondence can be found between the members of the two groups so
that the groups are indeed the same, or, as we say, isomorphic, SO(2) = U(1).

SO(3)

This group has three free parameters. Already at this point writing down the explicit form
of a general group member is not very enlightening. There are also a number of different
conventions in use, so proper care is advised when using results from the literature. In terms
of a general rotation in three dimensions this can either be viewed as rotation angles around
three fixed axis, or as the fixing of a rotation axis by two angles, with a third rotation angle
around that axis.

One particular explicit form, where the angles correspond to the three Euler angles of
rotation in three dimensions, «, 5 and 7, is

cosacosfcosy —sinasiny —cosacosfsiny —sinacosy cosasinf
R(a, B,v) = |sinacosfcosy + cosasiny —sinacosSsiny + cosacosy sinasinf |,
—sin B cosy sin G sin 7y cos 3
(1.4)

where 0 < a,7 < 27 and 0 < 8 < w. These rotations do not commute, so the group is
non-abelian.

We have seen above that SU(2) has three free parameters, just the same as SO(3). You
may at this point guess that SO(3) is isomorphic to SU(2). That would be a very good guess,
however, it would also be wrong. We will return to this later, but this is one of those things
in mathematics that turn out to be disappointingly only almost true.

1.2.4 Symplectic and compact symplectic groups*
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Definition: The symplectic group Sp(2n) is the group of 2n x 2n symplectic
matrices M, i.e. matrices where MTQM = Q, with

10 I
0-] 5
The compact symplectic group Sp(n) is the intersection of the symplectic group
Sp(2n) and the unitary group U(2n), i.e.
Sp(n) = Sp(2n) NU(2n),

so that its matrices are members of both groups[’]

“The n as apposed to 2n here is intentional, the reason is that the compact symplectic group
can be described in terms of the unitary group U(n,H) of n X n matrices over the quaternions (see

Sec. .

The choice here of €2 can be generalised to any nonsingular skew-symmetric matrix, i.e.
an invertible matrix Q where Q7 = —Q, however, this does not change the group structure.
Note that we can easily show detQ = 1 and Q! = QT = —Q for our choice of Q. This in
turn implies that the symplectic matrices have det M = =£1, but this can be strengthened to
show that indeed det M = 1.

The compact symplectic group has interesting applications in classical mechanics. If a
system of n particles has generalised coordinates ¢; and momenta p; we can stack the coor-
dinates in the vector n = (q1,...,qn,P1,-.-,pn)’ . It can then be shown that any symplectic
matrix M acting on 77 is a canonical transformation, meaning it is a transformation that
leaves Hamiltons equations unchanged, so the symplectic groups are the symmetry groups of
Hamilton’s equations.

In quantum mechanics we can write the canonical commutation relations [g;, p;| = thd;;
as

(7,77 = ihQ.

1.3 Group properties

1.3.1 Subgroups

We now extend our vocabulary for groups by defining the subgroup of a group G.

Definition: A subset H C G is a subgroup if and only if{7
i) hjohj € H for all h;,hj € H, (closure)
ii) h;' € H for all h; € H. (inverse)

H is a proper subgroup if and only if H # G and H # {e}.

“An alternative, equivalent, and more compact way of writing these two requirements is the
single requirement h; o h;l € H for all h;, h; € H. This is often utilised in proofs.

We have already seen some examples of subgroups: the SU(n) groups are subgroups of U(n),



1.3. GROUP PROPERTIES 11

and the SO(n) groups are subgroups of the O(n) groups. This can easily be shown using the
properties of determinants.

There is a very important class of subgroup called the normal subgroup. The importance
will become clear in a moment.

Definition: A subgroup H is a normal (invariant) subgroup, if and only if the
conjugation of any element h € H by any g € G is in H[] meaning

ghg™' € H for all h € H.

A simple group G has no proper normal subgroup. A semi-simple group G has
no proper abelian normal subgroup.

¢Another, pretty, but slightly abusive, way of writing the definition of a normal group is to say
that gHg~ ' = H. This implies (correctly), that the image if H under the conjugation operation is
guaranteed to be the whole of H.

We can for example show that for n > 1, SU(n) is a normal subgroup of U(n), see Ex.

1.3.2 Quotient groups

The normal subgroup can be seen as a factor in the original group that can be divided out to
form a simpler group that only retains the structure that was not in the normal group. To
be more precise we need the concept of cosets.

Definition: A left coset of a subgroup H C G with respect to g € G is the set
of members {gh|h € H}, and a right coset of the subgroup is the set {hg|h € H}.
These are sometimes written gH and H g, respectively.

Despite the appearance of containing many of the same members we can show any two cosets
are either disjoint or identical sets.

For normal subgroups H it can be shown that the sets of left and right cosets gH and Hg
coincide and form a group. This is called the quotient or coset group and denoted G/H E]
This has as its members all the distinct sets {gh|h € H}, that can be generated by a g € G,
and has the binary operation x with {ghlh € H} x {¢’hlh € H} = {(g o ¢')hlh € H}. To
simplify notation this can be written gH x ¢'H = (go ¢')H.

To make some sense of this, let us briefly discuss an example of a quotient group. We
already know that SU(n) is a normal subgroup to U(n). This means that U(n)/SU(n) is
a group. What sort of group is this? Notice that two matrices U; and Uj; live in the same
coset of SU(n) if and only if det(U;) = det(U;). In other words, each coset constructed from
SU(n) is simply the set of all matrices with a given determinant, which we saw for the U(n)
group can be any unit complex number. Observe that this means that many of the cosets are
the same, all cosets generated by members in U(n) with the same determinant is the same
coset. We can even label each of the cosets with the determinant if we wish. When these
cosets act on each other with the group operation of U(n)/SU(n) they form new cosets of
matrices with a determinant that is the product of their individual determinants, 7.e. with
U,U" € U(n) we have the product of quotient group member {US|S € SU(n)} x {U'S|S €

"Sometimes also called the factor group. The notation G/H is pronounced “G mod H”, where “mod” is
short for modulo.
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SU(n)} ={UU'S|S € SU(n)}, where the result of the product is labeled by the determinant
of UU’. Thus, the group behaves exactly as U(1), and is in fact isomorphic to it.

1.3.3 Product groups

Now that we have introduced group division, we also need to introduce products of groups.

Definition: The direct product G x H of groups G and H is defined as the
ordered pairs (g, h) where g € G and h € H, with component-wise operation (g;, h;)o
(95, hj) = (gi 0 gj, hio hj). G x H is then a group and G and H can be shown to be
normal subgroups of G x H.

We should note here that the subgroups are strictly G x {ex} and {eg} x H, but these are
isomorphic to G and H.

The famous Standard Model gauge group SU(3) x SU(2) x U(1) is an example of a direct
product. Direct products are “trivial" structures because there is no “interaction" between
the subgroups, the elements of each group act only on elements of the same group. For the
Standard Model this means that the each of the gauge transformations can act independently
on the states unaffected by any other gauge transformation.

We will also need the definition of the semi-direct product.

Definition: The semi-direct product G x H of groups G and H, where G is also
a mapping G : H — H, is defined by the ordered pairs (g,h) where g € G and
h € H, with component-wise operation

(gi, hi) o (95, hj) = (9 © g5, hi © gi(Ry))-

Here H is not a normal subgroup of G x H, but G is.

Note how the semi-direct product is not symmetric between the factors, the members of G
change the members of H in the multiplication.

An example of a semi-direct product is found in the Euclidean group E(n) which is the
semi-direct product of the translation group T'(n) and the orthogonal group O(n), E(n) =
T(n) x O(n). Physically, the Euclidean group is the group of all rotations, translations and
reflections in n-dimensional Euclidean space E™. These are the transformations that preserve
the distance between two points in that space, and we say that it is the (coordinate/external)
symmetry group of the space.

We can see how the semi-direct product works by writing down how coordinates change
under the transformations of the Euclidean group. A vector x € E™ would be transformed as

x' = Ox + a,

where O is a matrix in O(n) that performs rotations and reflections, and a is a constant vector
that performs the translation of the vector. If we now do two Euclidean transformations with
(Oj,a;) and (O;,a;) we get the total transformation

x' = 0;(0jx + aj) + a; = 0;0;x + O;a; + a,,

which is equivalent to the Euclidean transformation with parameters (0;0;,a; + O;a;).
If we specialise by taking away the reflections, we define the special Euclidean group

SE(n) =T(n) x SO(n).
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1.3.4 Isomorphic groups

We have already talked about how two groups are the same if they have a one-to-one corre-
spondence between their members and the same results for the multiplication operation, and
we have called this an isometry. Let us now try to put this notion of when two groups are
the same into a more formal language.

Definition: Two groups G and H are homomorphic if there exists a map between
the elements of the groups p : G — H, such that for all g,¢' € G, p(gog') =

p(g) o p(g")-
For homomorphic groups we say that the mapping p conserves the structure of the group,

or in other words, all the rules for the group operation/multiplication. This leads directly to
our notion of group equality, namely isomorphic groups:

Definition: Two groups G and H are isomomorphic, written G = H, if they are
homomorphic and the relevant mapping is one-to-one (injective) and onto (surjec-
tive).

The one-to-one and onto (hitting all elements of H) mapping ensures that there is a one-
to-one correspondence between the elements of the two groups, so that isomorphic groups
effectively contain both the same members and have the same multiplication operation.

Let us look at an example with the isomorphism U(n)/SU(n) = U(1). For matrix groups,
a way of checking the plausibility of isomorphism is to count the number of free parameters.
In our example U(n)/SU(n), the difference of the number of parameters for the two factors
should be equal to the number of parameters for the quotient group. Here, U(n) has n?
parameters, while SU(n) has n? — 1, and this gives n? — (n? — 1) = 1 parameter for the
quotient group, which matches the one parameter of U(1). To demonstrate the isomorphism
we need to find the mapping between the groups. For the quotient group each member of
U(n)/SU(n) is the coset {US|S € SU(n)}, while each member of U(1) can be written as e®.
If we then make the map p({US|S € SU(n)}) = det U, then this is homomorphic since

p({US|S € SU(n)} *{U'S|S € SU(n)}) = p({UU'S|S € SU(n)})
=det UU’
= det U det U’
= p({US|S € SU(n)})p({U'S|S € SU(n)}),

and isomorphic since the determinants of unitary matrices are numbers on the unit circle
in the complex plane, and the cosets can be identified uniquely with the determinant of the
matrix that generate them.

Another example is the isomorphism SO(2) = U(1). Here the elements R € SO(2) are
the matrices in . The map is then simply p(R) = # . This is homomorphic since

p(RiR;) = 0 = e’ = p(R;)p(Ry),

where we have used that we can just add up rotations in the plane in the first equality. It is
isomorphic since all rotation angles correspond to one, and only one, number on the complex
unit circle.

At the end of this subsection, let us make a warning: despite the enticing notation it is
not in general the case that if H is a normal subgroup to G, then G = G/H x H.
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1.4 Representations

In some contrast to the treatment in most introductory group theory texts in mathematics,
physicists are mostly interested in the properties of groups G where the elements of G act
to transform some elements of a vector space v € V, g(v) = v € V. We have seen above
how the matrix group members could act on finite-dimensional vector spaces. This part of
group theory is called representation theory. Here, the members of V' can for example be
the state of a system, say a wave-function in quantum mechanics or a field in quantum field
theory. To be useful to us in physics, we would like that the result of the group operation
gi © g; acts on the vector space as (g; © g;)(v) = ¢i(gj(v)), and the group identity acts as
e(v) = v.

1.4.1 Definition

We begin with the abstract definition of a representation that ensures these properties.

Definition: A representation of a group G on a vector space V over the field K
isamap p: G — GL(V, K), where GL(V, K) is the general linear group of the
vector space Vﬂ such that for all g;,g; € G,

p(gi 0 g;) = p(gi)p(g;). (homomorphism)

If this map is also isomorphic, we say that the representation is faithful.

“The general linear group of the abstract vector space V is the set of all one-to-one and onto linear
transformations V' — V (transformations that preserve vector addition and scalar multiplication),
together with functional composition as group operation. For finite dimensional spaces this group
is isomorphic to the general linear group GL(n, K) that we introduced earlier.

Here V is called the representation space and the dimension n of V' is called the dimension
of the representation. Somewhat confusing, it is common to talk about V' as the representation
itself, even though it is really the space on which the representation acts.

To see that this definition fulfils our wanted properties, notice that p(g) = p(e o g) =
p(e)p(g), which means that p(e) = 1 must be the identity transformation on V. The concate-
nation property follows directly from the homomorphism.

Writing this definition in terms of a generic vector space V and field K may be a bit
obfuscating, but we need to keep in mind that our group elements can be acting on members
of abstract vector space, e.g. spaces where the members of the space are functions, such as
in the earlier example of the translation group acting on functions. In the case where V is
finite dimensional it is common to choose a concrete basis for V' and identify GL(V, K) with
GL(n, K), the group of n x n invertible matrices with elements from the field K. So, in many
cases, the representations we are interested in are matrices acting on coordinate space vectors
over the fields R or C, i.e. vectors in R™ or C™.

From a physics point of view, the underlying point here is that (the members of) our
groups will be used on quantum mechanical states, or fields in field theory, which can be just
complex numbers or functions, or multi-component vectors of such. They are thus members
of a vector space, and the definition of representations allows the transformation properties
of the group to be written in terms of matrices for finite dimensional representation spaces.
Furthermore, the mapping from the group, or, if you like, the concrete way of writing the
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abstract group elements, must be homomorphic (structure preserving), meaning that if we
can write a group element as the product of two others, the matrix for that element must be
the product of the two matrices for the individual group elements it can be written in terms
of.

You may by now have realised that the matrix groups defined in Sec. [I.2lhave the property
that they are defined in terms of one of their representations. These are called the fundamen-
tal or defining representations. However, we will also have use for other representations,
e.g. the adjoint representation which we will introduce later.

The existence of multiple representations for the same group necessitates a definition of
when representations are actually equivalent, or isomorphic. This should not be confused with
whether groups are isomorphic, but removes differences in representations that are simply
due to a change in basis for the vector space the group is acting on, or trivial changes in the
dimension of the vector spacefﬂ We again give the definition for an abstract representation
space.

Definition: Two representations p and p’ of G on V and V' are equivalent if and
only if there exists a map A : V — V', that is one-to-one and onto, such that for all

g€ G, Ap(g)A~t = p/(g).

For a finite-dimensional space V' = V' with a given basis, A and p(g) are simply matrices,
and the transformation Ap(g)A~! is a similarity transformation, where A is the change-
of-basis matrix that transforms between two different bases for V.

1.4.2 Representation examples

Let us now take a few examples that connect to our definition and to relevant physics. We
saw earlier that for U(1) the group members can be written in the fundamental representation
as the complex numbers on the unit circle ¢, which can be used as phase transformations
on wavefunctions 1 (z), ¥ — 1/ = e®). This can be viewed as the representation on a
one-dimensional vector space over C where the basis vector is the wavefunction.

In physics an important category of representations are the unitary representations,
which are representations p of a group G on a complex Hilbert space V' where p(g) is a unitary
operator for every g € (G, i.e. an operator that preserves the length of vectors in VF_T] This
generalises the unitary (matrix) group, which are examples of unitary representations, beyond
finite dimensional vector spaces.

For SU(2) we saw that we needed three real numbers to parametrise the group elements.
It then seems reasonable that we should be able to write a general matrix in SU(2) in terms
of the linear combination of three unitary “basis” matrices, for example the Pauli matrices
in . Since the three Pauli matrices are linearly independent, the sum oo, a; € R, should
(hopefully) in some sense span all of SU(2)[!"] As it turns out, the group elements of SU(2)
in the fundamental representation can indeed written as the exponentials exp(ic;;o?). We will
return to why we use an exponential in Sec. In physics the fundamental representation

8Imagine, for example, that you create a representation for U (1) that consists of diagonal 2 x 2-matrices
with the unit complex numbers repeated twice on the diagonal. This is not essentially different from the
one-dimensional representation, and should not be considered as such.

9As a Hilbert space the space is an inner product space, so it has a notion of vector length.

10We will later see to what extent this is true, but we must emphasise here that SU(2) is not a vector space,
so it is not spanning in the vector space sense.
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of SU(2) is often denoted 2, following the pattern that the representations are written up
with the dimension of their matrices in boldface. In the Standard Model the fundamental
representation is used on the vector space of doublets of fermion fields, e.g. the electron—
neutrino doublet ¢ = (v, e)” that forms a two-dimensional vector space, as the SU(2)f
gauge transformation.

However, we can construct many more representations than the fundamental from a single
group such as SU(2). Using the three free parameters in SU(2) it turns out that we can also
represent the elements in the group in terms of three 3 x 3-matrices that act on vectors in
a three-dimensional space. In place of the Pauli matrices we can use the three (Hermitian)
matrices

00 0 1 0 -1 0
L'=ilo 0 -1, L?>=i 0 o, L*=il1 0 o0, (1.5)
01 0 -1 0 0 0 0 O
and write an element in SU(2) as exp(ic;L'). You may recognise these as related to the
angular momentum operators in quantum mechanics in the Heisenberg picture. These create
the three-dimensional adjoint representation of SU(2), named 3. In the Standard Model this
is the representation used for operations on the gauge fields that transform under SU(2)p,
which are represented as three-component vectors. The central point here is that the group
structure is the same (isometric), even if the objects in the representation are different.

At this point you may be worried about the translation group 7°(1) that we saw earlier
and its extensions to higher dimensions. There we wrote down the elements using differential
operators T, = €95 . This does not look a lot like matrices. However, here the abstract vector
space that is acted on by the group elements is made up of smooth (infinitely differentiable)
functions, and in our generic definition of a representation above there is no need for the
general linear group of such a space to be written in terms of matrices. Unless we are very
strict with what functions we allow, this is typically an infinite dimensional space. It is a
bit tricky to prove that our differential operators T, form a representation, however, they do,

and these kinds of group representations are called differential representations.

1.4.3 Irreducible representations

The building blocks of representations are so-called irreducible representations, also called
irreps. These are the essential ingredients in representation theory, and are defined as follows:

Definition: An irreducible representation p of a group G on V is a representa-
tion where there is no proper subspace W C V that is closed under the group, i.e.
there is no W C V such that for all w € W, and all g € G we have p(g)w € W.

For finite dimensional representations this says that the matrix representation can not be
split into two parts (blocks in the matrix) that do not “mix”.

Let us take an example to try to clear up what a reducible representation means in contrast
to an irreducible. Assume the representation p(g) for g € G acts on a vector space V as
matrices. If these matrices p(g) can all be decomposed into pi(g), p2(g) and p12(g) such that

for v=(vi,vo)" €V
o= "0 i )
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then p is reducible. The subspace W of V' spanned by v violates the irreducibility condition
above[l]

If we also have p12(g) = 0 in our example we say that the representation is completely
reducible. It can be shown that in most cases a reducible representation is also completely
reducible. In fact, representations for which this is not true tend to be mathematical curiosi-
ties. For example, if the representation is unitary and the vector space is a Hilbert space
(states in quantum mechanics), we can prove that the representation is always completely
reducible. As a result, there is a tendency in physics to use the term “reducible" where we
should maybe use the term “completely reducible".

In the case of a completely reducible representation we can split the vector space V into
a direct sum of two vector spaces V = Vi @ Vo, where vi € V] and vy € Vo, and define a
representation of G on each of them using p; and ps, which in turn could either be reduced
more, or would themselves be irreducible. This process can then be continued until the
representation has been broken down into only irreducible components.

We end this section with an important theorem that helps us decide whether a represen-
tation is irreducible, and ultimately gives a property identifying the representation. As with
many important theorems, it started its life as a lemma.

Theorem: (Schur’s Lemma [1])
If we have an irreducible representation p of a group G on a vector space V and
a linear operator A : V. — V that commutes with p(g) for all ¢ € G, then A is
proportional to the identity map, A = A1. The constant of proportionality A can
be used to label the representation.

Schur’s lemma as stated here has again been formulated in the language of general vector
spaces. In terms of matrix representations it says that any matrix A that commutes with all
the matrices in an irreducible representation must be equal to a constant times the identity
matrix, i.e. A = Al.

The constant of proportionality A is unique to the representation up to a common normal-
isation constant that can be incorporated into the linear operator/matrix (a constant multiple
of A would still have the same commutation properties). For us, these linear operators A will
generally turn out to have a very specific physical interpretation, so their natural normali-
sation will be clear. As a result the constants can be used to index the different irreducible
representations. The proof of this property is somewhat beyond the scope of these notes.

1YWe here assume that the vector from V is so organised that the subspace W is conveniently located
at the “top” of the vector, but this need not be the case in general. However, remember that we defined
representations as equivalent under similarity transforms. This means that we are free to switch the order of
the entries in the vector in such a way as to separate the subspaces neatly into blocks, while the representation
is still the same representation.
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1.5 Lie groups

1.5.1 Definitions

In physics we are particularly interested in a special type of continuous groups that we can
parametrise, the Lie groups, which are the basic tools we use to describe continuous sym-
metries. The abstract mathematical notion of continuity comes from topology, along with a
notion of open sets and proximity, so continuous groups are also called topological groups.
For topological groups the group multiplication and inverse need to be continuous maps. We
further say that a topological group is a compact group if its topology is compact, meaning
that it has no punctures or missing endpoints, 7.e. it includes all limiting values of the group
members. In practise the topology of our groups will be subspaces of Euclidean space E", in
which case the space is compact if and only if it is closed and bounded. We will return to
some examples of this later.

A Lie group extends the continuity of topological groups by requiring the multiplication
and inverse maps to be smooth (infinitely differentiable C'°°). In order to define Lie groups
we will need to use the technical term (smooth) manifold, meaning a mathematical object
(formally a topological space) that locallyF_ZI can be parametrised as a function of R™ or C".
We will thus describe a Lie group GG as a manifold in terms of a parameterisation of the
members g(a) € G, where a € R" (or C”). Additionally, in order to describe continuous
symmetries these parameterisations need to be smooth.

Definition: A Lie group G is a finite-dimensional smooth manifold where group
multiplication and inversion are smooth functions, meaning that given elements
g(a),g(a’) € G, g(a) o g(a’) = g(b) where b(a,a’) is a smooth function of a and a’,
and g~!(a) = g(b) where b(a) is a smooth function of a.

The dimension of a Lie group is the dimension n (or 2n) of the manifold.

From our earlier example we immediately see that the translation group 7'(1), given the
parameterisation of the elements g(a) = e“%, is a Lie group since g(a)g(a’) = g(b) = g(a+a’)
and b(a,a’) = a + d is an analytic function of a and a’, and for the inverse g~!(a) = g(b) =
g(—a) where b(a) = —a is a smooth function of a. Since a € R is unbounded the group
members are also unbounded, and thus the group is not compact.

All the matrix groups are also Lie groups. While their dimension and parameterisation is
clear, for example a member of GL(n,R) has n? parameters by its elements, to prove that they
are in fact Lie groups is tricky because of the requirement on the non-zero determinant. The
proof is done by showing it for the general linear group, and then using the closed subgroup
theorem, saying that any closed (in the topological sense) subgroup of a Lie group is a Lie
group, which applies to the other matrix groups.

We saw several examples of parameterisations of matrix groups earlier, for example U(1)
could be parameterised by a single parameter 6 € [0, 27] by writing an element U € U(1) as
the complex number U = €. We can then identify the group topologically with a subspace
of E2, and since |U| = 1 this group is bounded and closed, and thus a compact group.
Similar arguments can be made for the compactness of all the matrix groups U(n), SU(n),
O(n), SO(n), Sp(2n), and Sp(n), however, GL(n) and SL(n) are not compact because their
elements are not bounded.

12This insistence on local means that the parameterisation is not necessarily the same for the whole group.
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1.5.2 Generators

The situation we are usually in in physics is that of a d-dimensional Lie group G acting on
a vector space V through a representation. This representation vector space may be finite
dimensional, in which case its members x € V are written as vectors in some specific basis,
or it may be infinite dimensional and consist of functions that in turn have a domain R™ or
c".

For finite-dimensional representations we can locally write the map of the representation
G xV — V for x € V in terms of an explicit function f called the composition function.
We have z; — x} = fi(x,a), ¢ =1,...,n, where the composition function f; is analytiﬂ in z;
and a;, j = 1,...,d. Additionally f; should have an inverse. Note here that the dimensions
of x and a are in general different, the first is given by the dimensions of the space V, n,
while the second is given by the dimensions d of the Lie group.

By the analyticity of the explicit function f we can always construct the parametrisation
so that the zero parameter corresponds to the identity element of the group, g(0) = e, which
means that f;(x,0) = :zril%?)y an infinitesimal change da of the parameters we then get the
following Taylor expansio

r, = x;+dz; = fi(x,da)
Afi

fZ(Xa 0) + @da]

o,

6aj

+ ...
a=0

= x; + daj

a=0
This is the result of the transformation by the member of the group that in the parameter-

isation sits da from the identity. For a group where the matrix A of the representation is
parametrised as A(a) so that f = A(a)x, the resulting change in the vector space is

; A <
dz; — da, of. — da, [8 (a) X] = [ida; X7x];,
where we have defined 5
ixi = 04@) :
aaj a=0

as the d matrix generators X/ of the Lie group.

If we now instead let F'(x) be a function taken from the (infinite dimensional) vector space
V' that we are interested in, mapping to either the real R or complex numbers C, where x is
now in the n-dimensional domain of the function, and letting f be the transformation of the
domain effected by the group elements, then the group transformation defined by da near the
identity changes F' by

F F Of;
8xi 8% aaj a=0
= idanjF,

13 Analytic means infinitely differentiable and in possession of a convergent Taylor expansion. As a result
analytic functions (on R) are smooth, but the reverse does not hold.

141f this was not true for our parameterisation we could Taylor expand f around the parameter giving the
identity element and then redefine the parameterisation by a linear shift.

15The fact that f; is analytic means that this Taylor expansion must converge in some radius around f;(x, 0).
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where the operators defined by
_ Ofi 0

- )
3aj a=0 81‘1

iX7 (1.6)
are called the d differential generators of the Lie group. We see here that in both cases the
number of generators is the same as the dimension of the manifold, which is also the number
of free parameters in the parameterisation of the group.

It is these generators X that then define the effect of the Lie group members in a given
representation (near the zero parameter), while the d numbers a; are mere parameters. We
say that the generators determine the local structure of the group. It turns out that this
linearisation, often called the tangent space, of a group using an infinitesimal change near
the origin is sufficient to recover the whole group locally. Note that the generators are not
unique, they do depend on the parameterisation of the group, but as we shall see later some
of their properties are independent of this.

Examples of generators

For the translation group 7T'(1) the action of the group on the domain R! of the functions in
the representation space, is ' = f(z,a) = « + a. The resulting (single) generator is

_f o _ 9

iXt=-1L_— = _—.
Oa dx  Ox
Notice here how we represented a generic element of 7'(1) by the parameter and the generator
as _
T, = %X = €% .
This is of course no coincidence, and shows the way to a general recipe that we will useE
As another example of the above we can now go in the opposite direction and look at the

two-parameter coordinate transformation defined by

¥ = f(x) = a1z + as,

which gives the generators

of o 0
Xl = 2L 2 —
’ Oaq Ox Tor
which is the generator for dilation (scale change) in one dimension D(1), and
iX2 = ﬁg — 27
Oas Ox  Ox

which is again the generator for the translation 7'(1). Notice that we can show the following
relationship for these two generators: [X!, X?] = X' X2 — X2X! = X2, This can be seen to
hold independently of the parameterisation of the group, something we will generalise later.

As we have seen, the group SU(2) has three free parameters a;, so it must have three
generators X'. We can now show that the generators for SU(2) in the two-dimensional

16While we are in the business of deja vu, notice also how the generator for translations is X = fi%, which
can be compared with the quantum mechanical momentum operator p = —iha%, keeping in mind that the
conservation of momentum through Noether’s theorem is intimately linked to the invariance of our models
under translation. This is a point we will return to later.
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representation are indeed proportional to the Pauli matrices in (1.2]) as intimated earlier,
namely X* = %ai, see Ex. By multiplying out we can also show the following commutation
relationships between the generators (Pauli matrices):

[Xi,Xj] = iéiijk. (17)

These commutators should look familiar to us as they have the same structure as the com-
mutators for the spin S; operators in quantum mechanicsﬂ

For matrix groups there is an alternative method to the generating functions for finding
the generators that sees a lot of use. Since we are looking for infinitesimal deviations from
the identity (matrix) I, we add an infinitesimal matrix dM (the generator) and look at the
properties of dM given the definition of the group. Let us take SO(2) as an example. Here
a matrix in the group O must fulfil OTO = I and detO = 1. Writing near the identity
O = I + dM we get the requirement OTO = I + dM + dM"T = I to first order in the
infinitesimal. Thus the generator must fulfil dM = —dM? (it is a real, anti-symmetric
matrix). This means that the diagonal of dM must be zero, and in two dimensions, up to a
constant, the only matrix that fits the role of the generator is

0 1
=)

so that the group element can be written O = I + df#X, where df is some infinitesimal
parameter of the group. To check the determinant we need to consider how we use the
generator to recreate the group since the generator is defined through an infinitesimal change.
For reasons that will become clearer later we use the exponential O = exp(6.X), which to first
order in an infinitesimal parameter df recreates the behaviour near the identity we used.
By the properties of matrix exponentiation we can now check that det O = detexp(6X) =
exp(fTr X) = exp(0) = 1. Since X is an anti-Hermitian matrix, and we as physicists are
more comfortable as Hermitian, we tend to use instead

e i

as the generator, writing the group element as O = exp(i0X).

A similar calculation for SO(3), which has three free parameters, gives the generators
Xt = %Li, where L' are the three matrices in Eq , see Ex. These generators have the
exact same commutator as the SU(2) generators, [X;, X;] = ie;;x X", indicating a structural
similarity between the groups SU(2) and SO(3). Notice how the generators are themselves
in general not members of their group, the L; matrices are not even invertible since they have
determinant zero.

For SO(3) we can further find a corresponding set of differential generators

[ 0 d [ 0 0 0 0
L,=—1 <y8z — Z@y) . Ly=—i (zﬁx — x@z) , L,=—i <x0y — %> , (1.8)

see Ex. Up to a constant factor of & you may recognise these operators as the angular
momentum operators in quantum mechanics. This is not a coincidence, the angular momen-
tum operators in quantum mechanics are a representation of the generators of the group of
rotations in three dimensions. In fact, the possibility of going back and forth between differ-
ential representations and matrix representations of the Lie group is the essence of the duality
between the Schrédinger and Heisenberg pictures of quantum mechanics.

" This would be [S;, S;] = ihe;jxS*.
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1.5.3 Structure constants

In general, the commutators of the generators of a Lie group satisfy

where C’ijk are called the structure constants of the group This implies that the gener-
ators close under the commutation operation.
We can easily see that these commutators are antisymmetric in the indices ¢ and 7,

k _ k

We can also show that there is a Jacobi identity among the generators that just directly
follows from the properties of the commutator,

(X, [X5, Xil] + [ X5, [Xe, Xi]] + [ X, [Xi, Xj]] = 0, (1.9)
which in turn leads to a corresponding identity for the structure constants:

l l l
Cy"Ci +C;™Cy" + Cp"Cyy" = 0. (1.10)

Note that just like the generators are basis dependent, so are the structure constants.
However, the closure in the commutation relationship is not. For example, we could have
chosen the Pauli matrices to be the generators of SU(2). They would then fulfil the commu-
tator relationship

[O’Z’, O'j] = 2i€ijk0'k,

where the structure constant is 2e¢;; instead of €;;;. For the N-dimensional unitary groups
in physics it is common to use the following normalisation of the structure constants,

C,'CFI = N§J . 1.11
kl

which coincides with the choices made above for SU(2).

1.6 Exercises

Exercise 1.1
Show that for the translation group 7(1) the identity element is Ty and that 7, ! = T, and
use this to show that 7'(1) is group.

Exercise 1.2
Do the vectors in a vector space together with the vector addition operation form a group?

Exercise 1.3
Do the vectors in R3, together with the cross-product as the multiplication operation, from
a group?

8There is an annoying difference in notation here between physics and mathematics, where the 4 is commonly
dropped. This has the same origin as the Hermitian versus anti-Hermitian operator used to create unitary
operators discussed earlier.
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Exercise 1.4 *
Show that the set of complex unitary n x n matrices U with matrix multiplication is a group.

Exercise 1.5 *
What are the elements of O(1)? Can you find a group that it is isomorphic to?

Exercise 1.6 *

Show that the U(n) and SU(n) groups have n? and n? — 1 independent (real) parameters,
respectively. Hint: Consider the fact that if U is unitary, then M = U'U is a hermitian
matrix, i.e. MT = M.

Exercise 1.7 **
Show that Eq. (1.1 is a parametrisation of SU(2).

Exercise 1.8 *
Show that if H is a subgroup of GG, then h; o h;l € H for all h;,h; € H.

Exercise 1.9 **
Show that for a subset H C G, if h; o h;l € H for all h;,h; € H, then H is a subgroup of G.

Exercise 1.10 *
Show that SU(n) is a proper subgroup of U(n) and that U(n) is not simple.

Exercise 1.11 **
Show any two (left or right) cosets are either disjoint or identical sets.

Exercise 1.12
If H is a normal subgroup of G, show that its left and right cosets are the same, and show
that the set formed of the cosets is a group under an appropriate group operation.

Exercise 1.13
Show that the factors in a direct product of groups are normal groups to the product.

Exercise 1.14
Show that the group G and the group (G x H)/H are isomorphic.

Exercise1.15
Show that U(1) 2 R/Z = SO(2).

Exercise 1.16 **
Prove that all unitary representations on Hilbert spaces are completely reducible. Hint: For
Hilbert spaces we always have an inner product defined.

Exercise 1.17 *

Use the parameterisation of SO(2) in to find the generator of the group using generating
functions and show that you get the same answer as when using the infinitesimal matrix
demonstrated in the notes.

Exercise1.18 *
Find the matrix generators for SO(3).
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Exercise 1.19 **

Find a differential representation of the generators for SO(3) by studying how a vector in
R3 changes under a parameterised SO(3) transformation. Hint: Depending on the choice of
parametrisation you may also need to use the commutator relationships between the genera-
tors.

Exercise 1.20 ***

Find an expression for the generators of SU(2). Hint: One answer uses a composition function
but this approach has some dangers, try also to derive the properties of the generators from
a member of the group an infinitesimal distance from the identity.

Exercise 1.21 *
Find the structure constants of SU(2).

Exercise 1.22 *

Let A; be the generators of the group G' and Bj be the generators of group H. Explain in
what sense the A; and Bj are generators of the direct product group G x H and show that
[4;, B;] = 0.

Exercise 1.23 ** Properties of matrix exponentiation
Prove the following useful properties of matrix exponentiation. A and B are matrices.

1. If A and B commute, eAT5 = ¢4eB.

2. If B has an inverse, ¢BAB™' = BeAB1L,



Chapter 2

Algebras

2.1 Properties of algebras

To further study the structure of groups we begin by defining an algebra. An algebra extends
the familiar structure of vector spaces by adding a multiplication operation for the vectors
which gives a new vector.

Definition: An algebra A over a field (say R or C) is a linear vector space with a
binary (multiplication) operation o: A x A — A.

It is important to remember here that the vector space part of the definition implies that
there is field, so for example from x € A and a € R (as the field) we can always form new
members ax € A.

As a very simple example, the vector space R3 together with the standard cross-product
constitutes an algebra since the cross product results in a new vector in R3. Even more
trivially perhaps is that R with ordinary multiplication as the binary operation fulfils the
algebra requirements (more on this case below).

Connecting to the discussion of Lie groups in Section [I.5] we see that the generators X; of
a Lie group also span an algebra as basis vectors of a vector space, if we use the commutator
as the multiplication operation between two members. We leave it as an exercise to ponder
out how all the criteria for a vector space is fulfilled by the generators, but this is not very
difficult.

2.2 Normed division algebras*

As a slight aside to the main argument of the text, we want to give an interesting example
of algebras. We start with a division algebra, which informally is an algebra where the
multiplication operation of the algebra also has a meaningful (implicit) concept of division
for all members (except division by zero).

Definition: An algebra D is a division algebra if for any element z in D and any
non-zero element y in D there exists precisely one element z in D with x = yoz and
precisely one element 2’ in D such that = 2’ oy. In this sense y is a divisor of z.

25
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We see that division algebras have the addition and subtraction properties of “ordinary
numbers” (reals) since they are vector spaces, and they have the multiplication (algebra) and
division (division algebra) properties of the reals as well. So, in a sense, division algebras are
structures close to the reals in terms of properties — and, of course, the reals are again an
example of a division algebra.

We can now add to the division algebra the notion of a norm, or length, of the members
|lz||. This is a map from the algebra to the field, || || : D — R, so that we can discuss for
example convergence of the members as we do for the reals. We have to require here that
the norm is homomorphic, meaning that it preserves the structure of the algebra, so that
for example the “product” of two objects with large norm has a large norm. We then get a
normed division algebra.

Definition: If there exists a homomorphic norm for the division algebra, i.e. one
where ||z o y|| = ||z]/||y| for all z,y € D, then the division algebra is a normed
division algebra.

G

There is an important theorem by Hurwitz [2] that demonstrates that only four of these
real number “lookalikes” exist.

Theorem: Hurwitz’s theorem. There are only four normed division algebras over
the reals (up to isomorphism), the reals themselves R, the complex numbers C, the
quaternions H, and the octonions 0.

In addition it is (relatively speaking) easy to show that R € C C H C 0. One perspective
on the relationship between these algebras is that the reals is the only ordered normed division
algebra, i.e., where we can compare uniquely the elements ¢ > b. This is not possible for the
complex numbers, but they keep the commutative and associate properties of the reals. The
quaternions in turn break the commutativity of the complex numbers, while being associative,
while the most unruly of the bunch, the octonions, are not even associative.

2.3 Lie algebras

We will now turn to the most crucial type of algebras for physics, namely Lie algebras. To
distinguish these from the more general algebras that we have introduced above, we will use
the notation [, ]| for the binary operation in Lie algebras.
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Definition: A Lie algebra [ is an algebra where the binary operator [, |, called
the Lie bracket, has the properties that for z,y,z € [ and a,b € R (or C):

i) (bilinearity)
Ja + by, 2] = alz, 21+ By, 4

[2,ax + by] = alz, z] + bz, y]

ii) (anti-commutation)
[(E,y] = _[va]
iii) (Jacobi identity)
[, [y; 21| + [y [z, 2] + [z [z, 4] = O

If the algebra is over R it is a real Lie algebra, and over C a complex Lie algebra. We write
the name of Lie algebras [ in lower case fraktur style. A Lie algebra is called abelian if its
Lie bracket is always zero.

Since Lie algebras are vector spaces, a subalgebra m of a Lie algebra [ is simply a
subspace m C [ that is closed under the Lie bracket. An ideal is a subalgebra that also
satisfies [I, m] C m, where we interpret the notation as saying that the product by Lie bracket
of elements in [ and m are in m. A simple Lie algebra is a non-abelian Lie algebra without
any proper ideals. A Lie algebra is semi-simple if it is a direct sum of simple Lie algebras.

Again the vectors of R® with the Lie bracket defined in terms of the cross product, [x,y] =
X Xy, is a simple example of a Lie algebra. However, we usually restrict ourselves to algebras
of linear operators where the Lie bracket is the standard commutator [z, y] = zy — yz, where
the defining properties follow automatically. Thus also explaining the notation that we have
used for the binary operator.

We have the same notion of sameness for the Lie algebras as for the groups, namely that
of isomorphism. A Lie algebra homomorphism is a linear map p : [ = m where

p([z,y]) = [p(z), p(y)],

for all z,y € [, and an isomorphism of Lie algebras is a one-to-one and onto homomorphism.
We saw earlier that the groups SU(2) and SO(3) had the same commutators between their
generators, %O‘i and %Li. Thus the map o; — L; is an isomorphism between their algebras,
and the algebras are the same. We say s0(3) = su(2).

From what we learnt about structure constants in Section the generators X; of an
d-dimensional Lie group then span a d-dimensional Lie algebra with the commutator as the
Lie bracketE] Since this is also a vector space, any element X of the algebra can be written
in terms of the generators X;, as X = a;X*. This is called the tangent space of the group
at the identity. The differences between choices in the definition of the generators and the
normalisation of the structure constants disappear as they can be absorbed into a rescaling
and linear combinations of the basis {Xi}?zl, this makes the Lie algebra of the group unique.

LIf you are really paranoid here, you may question whether these generators are guaranteed to be linearly
independent. However, since the Lie group is parameterised by d parameters, if the generators were not linearly
independent we should be able to remove one of the parameters, leading to a contradiction. Stop it!
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In the correspondence between Lie groups and Lie algebras, subgroups correspond to Lie
subalgebras, and normal subgroups correspond to ideals.

However, the reverse is not true. There can be multiple Lie groups that have the same
algebra. The often quoted example is the groups SO(3) and SU(2). However, while closely
related, the groups are not isomorphic.

2.3.1 Representations of a Lie algebra

We saw in the previous subsection that — just as for groups — we have many different way of
writing down a single Lie algebra. We then need a formal definition of representations of Lie
algebras.

Definition: A representation 7 of a Lie algebra [ on a vector space V' is a map
= gl(V),

where gl is the Lie algebra of all linear maps V' — V (endomorphisms) with its
bracket defined as the composition [r,s] = ros—sor, for all 7, s € gl, and where the
map 7 is homomorphic (structure preserving) for the Lie algebra bracket so that for
all z,y € [,

m([z,y]) = w(z) o w(y) — 7(y) o 7 ().

Again this is an abstract definition that is actually simpler than it looks. For finite dimensional
vector spaces gl is the Lie algebra of the corresponding general linear matrix group, just as
the definition of representations of groups was a map to the general linear group GL(n).
This algebra of GL(n), called gl(n), can be written up in terms of n x n matrices and their
commutators, and in this case the multiplication operation o is just matrix multiplication
in hiding. One word of warning here though, while the group GL(n) contained invertible
matrices, there is no guarantee that its generators are invertible matrices, e.g. we saw earlier
that the generators of SO(3) were the matrices L; in Eq that are not invertible since
det Ll =0.

In Sec. we saw the two sets of generators of the Lie algebras su(2) and so(3), derived
from the defining matrix representations of the groups that have different dimensions. Since
this is the same algebra this shows two distinct representations of the same algebra.

What makes this definition of representations even simpler for Lie algebras is that Ado’s
theorem [3] proves that every finite-dimensional Lie algebra has a faithful (isomorphic to
the Lie algebra) representation on a finite-dimensional vector spaceEI In other words, the Lie
algebras for the groups we most care about, Lie groups with a finite number of parameters
and thus finite number of generators, is guaranteed to have representations using matrices.

As for groups, we can talk about irreducible representations, irreps, of the Lie algebras,
which are representations such that V' has no proper invariant subspace under the representa-
tion, meaning that we cannot construct proper sub-representations. An important result for
representations of Lie groups is Weyl’s complete reducibility theorem which says that
any representation of a finite-dimensional semi-simple Lie algebra on a finite-dimensional

2For a modern version of a proof of Ado’s theorem, see Terence Tao’s blog https://terrytao.wordpress.
com/2011/05/10/ados-theorem/.
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space is isomorphic to a direct sum of irreducible representations. This means that the clas-
sification of the representations of semi-simple Lie algebras can be done in a very systematic
way. In particular, every semi-simple Lie algebra is a subalgebra of sl, the Lie algebra of the
special linear group, and all our matrix groups have simple or semi-simple Lie algebras.

2.3.2 Exponential map

As we discussed in Section the generators describe the local structure of the group near
the identity element. We can now finally look at how the group (and matrix representation)
is reconstructed from the algebra. For this we use what is called the exponential map.

Definition: The exponential map from a finite-dimensional Lie algebra [ of a
group G to G is defined by exp : [ — G, where for X € [ we get the element g € G

given by
o = (i@ X"
g=exp(1X) = EOT. (2.1)

Here the X; are the generators of G and thus members of the Lie algebra, and
X =a; X"

By Ado’s theorem any (finite-dimensional) Lie algebra can be represented by matrices, in
which case the infinite sum in this definition is nothing more than the formal series definition
of the matrix exponential introduced in Sec. However, we can also use the exponential
map for differential representations where the X; are differential operators, and for infinite-
dimensional Lie groups, but the technical aspects why this extension works is a little beyond
the scope of these notes.

We have already seen multiple example of the exponential map construction, but we may
ask, why use the exponential? One reason is that it gives us a natural expansion of the group
around the identity element. With the parameters a = 0 the resulting matrix is the identity
matrix, which means that the group element is the identity element g = e. Similarly, for an
infinitesimal da step away from the parameters of the identity we have the group elements
near the identity, ¢ = I + ida; X’ that we used to derive the generators. And now, if we
instead apply a small finite step a; away from the identity g = I + 7 X ¢ a total of n times
we will get

3 A\ N
g= (I + ﬂX@) .
n
By the limit definition of the exponential, with smaller and smaller steps letting n — oo this
is the exponential map

g = lim (I + i%Xi)n = exp(ia; X*).
n—o00 n

We should now ask two important questions: i) is the structure of these elements g
actually a group, and, ii) is it (isomorphic to) the group that gave the Lie algebra? For
the first question we may check the group definition. The exponential map does give an
identity element which is just the identity matrix. Associativity similarly holds because
we are using matrices and matrix multiplication. There is indeed an inverse of an element
g = exp (iX), which is g~! = exp (—iX), since by the properties of matrix exponentiation
we have gg~! = exp (iX)exp (—iX) = I. The tricky point is whether group multiplication is
closed.
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If we have two elements from the map g = exp (iX) and ¢’ = exp (¢Y), then gg’ =
exp (iX)exp (1Y), and we would like to show that exp (iX) exp (1Y) = exp (iZ), where Z € L.
However, unless X and Y commute we cannot easily join them in the same exponential. We
here use the Baker—Campbell-Haussdorff formula [4]

Z=X+Y 4 [X,Y]+ (X, Y] Y] - X, VLX) 4. (2.2)

1 1

12 12
where the omitted terms involve Lie brackets of four or more elements, and where every
element in the series contains the commutator [X,Y]. If X and Y are close enough to the
zero in [ (corresponding to the identity element in G) then this series can be shown to converge
to an element in [. Thus the exponential constructs a group at least locally around the identity
element.

The question of whether the exponential map reaches all of the members of the group, i.e.
that it is surjective on GG, depends on the properties of the group. We certainly have counter
examples, since the groups SO(3) and SU(2) have the same Lie algebra and thus the same
exponential map, but are different groups, the map cannot reach all of the elements of both
groups. What we do know is that locally, meaning sufficiently close to the identity group
element, the exponential map generates the group.

Examples

Let us end this subsection by returning to some of our examples in view of what we now know
about the exponential map. For U(1) we saw that we could write a generic group member
as €. Comparing to the exponential map we see that the single generator must here simply
be constant, while 6 is the parameter. The Lie algebra is then a very simple one-dimensional
vector space R where the multiplication of the algebra is ordinary arithmetic multiplication.
Because we can choose the constant of the generator to be anything we usually write this as
¢’ where we call the (hermitian, thus real) constant g representing the generator for the
charge.

Similarly, for the translation group 7'(1) we saw that a group member could be written as

%% = ¢(=i35). Thus the generator is the (hermitian) differential operator P = —ia% and
again the vector space of the Lie algebra is one dimensional.

For SU(2) the generators taken from the fundamental representation 2 were proportional
to the (hermitian) Pauli matrices X; = %ai, and the exponential map generating a group
member U is thus, as we alluded to earlier, U = /X’ where a; are the parameters. For
SO(3) the (hermitian) generators taken from the fundamental representation 3 are the ma-
trices Y; = %Li given in |i and the exponential map is O = €'Y, Since SU(2) and
SO(3) have the same algebra for X; and Y;, but the groups are not isomorphic, in what
sense, if any, does these exponential maps generate different elements? The answer to that
is that SU(2) is a double cover of SO(3), it has double the number of elements. There
exists a two-to-one group homomorphism p : SU(2) — SO(3). This can be represented by
U(ag,az,a3) — O(ag,a2,a3). To see that this is two-to-one, assume that ay = as = 0.

Then O(0,0, a3) = O(0,0, a3 + 27) since a rotation by an extra 2w does nothing. For SU(2)

3This formula holds even if the elements in the Lie algebra [ are not represented as finite-dimensional
matrices.
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we instead have

617 0 ez7+zﬂ' 0
U(07 0, 043) = [ 0 _ei(?] and U(07 0,3 + 277) = [ 0 _eio‘23+i7r] - _U(Ov 0, 013)

Thus the SU(2) matrices has a period 47 versus the period 27 for SO(3)[T] Notice that this
means that the three-dimensional representation of the Lie algebra coming from the generators
of SO(3) does not generate all the elements of SU(2), while the two-dimensional one does.

Beyond the fundamental representation SU(2) has irreducible representations in all di-
mensions 3, 4, 5, .... This is not true in general, for example SU(3) has irreducible repre-
sentations only in some dimensions, starting with 3, 6, 8, and 10, ....

From the exponential map and the properties of matrix exponentiation it immediately
follows that the generators T'* for all groups SU(n) are matrices with zero trace. To see
this write an element in SU(n) as U = exp (ia,T%), then by the defining group property
det U = 1, we have det U = exp (Tr[ia,T?]) = exp (icg Tr T%) which is only one if Tr7T* =0
for all a.

We saw in Sec. that we could construct unitary matrices from Hermitian ones by
matrix exponentiation, but in fact for unitary groups the generators need to be Hermitian.
To see this let a group member be U = exp(ia;M?). Then UT = exp(ia;M*)T = exp(—ia; M'T),
but for a unitary matrix UT = U™ = exp(—ia; M?), thus M = M’ and the generators M;
are Hermitian.

2.3.3 Adjoint representations

The definition of the structure constants in Sec. [I.5.3]allows us to introduce another represen-
tation, the adjoint representation of the algebra — and by the exponential map the adjoint
representation of the group — where the representation of the algebra consists of the matrices
M; with elements:

k_ - k
j =i

(M;)
where Cijk, are the structure constants. If the dimension of the Lie algebra is n, then this is
the number of generators, and it also means that the dimension of the matrices M; is n X n.
To prove that this is actually a representation, we need to check that the mapping from the
elements of the algebra X; to the matrices M; satisfies the homomorphism criteria of the Lie

algebra representations. From the Jacobi identity of the algebra it follows that
[M;, Mj] = iCy;* My, (2.3)

meaning that the matrices of the adjoint representation fulfils the same commutator relation-
ship as the fundamental (generators). As a direct consequence the M; form a representation.

Note that the dimension n of the matrices in the adjoint representation for so(m) and
su(m), which is equal to the number of independent parameters, is n = m(m — 1)/2 and
n = m? — 1, respectively. For the matrices in the representation derived from the defining
representation of the group the dimensions is the same as the dimension of the defining
matrices, m. This means that in most cases the matrices in the adjoint representation is
larger, with the exception of s0(2) and s0(3).

4The argument can be made more formal and independent of the parameterisation, but is to extensive to
repeat here.
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We can now briefly return to the SU(2) and SO(3) examples. These groups have the same
structure constants because they have the same commutators between generators. Thus the
adjoint representations of their algebras are the same. With structure constants C’Z-jk’ = eijk
we get the elements of the adjoint matrices (M;);r = —ie;j, which gives M; = —L;, with the
L; being the matrices in (|1.5]).

From the adjoint representation of the Lie algebra we can construct the adjoint represen-
tations of the Lie group. For example the adjoint representation of su(2) or so(3) has the
exponential map exp (ia; M*) = exp (—ia;L?). This happens to generate the SO(3) fundamen-
tal representations, but this is not generally the case, it is “accidental” that the dimensions
of the fundamental representation of SO(3), n = 3, and the dimension of its adjoint repre-
sentation n = 3(3 — 1)/2 = 3 is the same.

2.3.4 Dual representations

Every representation of a Lie algebra on a vector space V (and every representation of a
group) has a dual representation (also known as a contragredient representation) that
is a representation on the dual vector space V*. The definition of a dual vector space is
somewhat abstract, it is formally the space consisting of all linear maps ¢ : V' — K, where
K is the field of V. Since the map takes members of V and maps them linearly to the field
K, for a finite-dimensional vector space we must be able to write any member of V* in terms
of a row-vector over the same field, so that if v € V and w! € V*, the map is given by the
matrix multiplication w’v which gives a scalar. This means that in practice V* consists of
the corresponding row-vectors to the column vectors in VE]
The definition of the dual representation for a Lie algebra is as followsﬂ

Definition: If [ is a Lie algebra with a representation p on a vector space V, then
the dual representation on the dual space V* is p* given by

p(x) = —p()",

for all z € [.

To see why this makes sense we need to look at the exponential map of the dual representation.
If X, is a generator in the representation p, then the dual representation p* tells us to use
instead —Xl-T . In the exponentiation the group element g = exp(iX;) becomes the group
element exp(—iX]) = exp(—iX;)T = (¢~ )T with the dual representation. This is the only
sensible representation that fulfils the group multiplication properties as matrices acting on
row-vectors.

For unitary groups like U(n) or SU(n) we have matrix representations of the Lie alge-
bra with Hermitian generators M; = MZ-T, generating the members in the group as U =
exp(ia; M?). From the definition of the dual representation the group members generated in
the dual representation are then

U= exp(—iaiMiT) = exp(—z‘ai(MiT)*) = exp(—iaiM”) =U"*,

5Tt is slightly unfortunate and confusing that the symbol for the dual space uses a star since this seems
to imply complex conjugation, where instead we are actually talking about transpose, however, as we will see
below, the complex conjugation is central to dual representations of unitary groups.

5This definition also applies beyond finite-dimensional vector space with a basis since the transpose opera-
tion can be generalised beyond matrices.
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meaning that the Lie algebra in the dual representation can be written in terms of hermitian
matrices M] = —M}, and that the group elements are the complex conjugate of the elements
in the original representation.

As a check we can see that M/ indeed fulfils the same algebra:

which is true only if the structure constants Cijk are real For the matrix groups we denote
the dual representations using a bar, so that for example the dual of a representation 2
is 2. The dual representations play a special role in quantum field theories, as the known
fermions and anti-fermions transform under a representation of the gauge group and its dual,
respectively. As a result this representation is sometimes called the anti-fundamental or
the anti-particle representation.

For some groups, such as SU(2), the original and dual representations can be shown to be
isomorphic. However, this is not in general the case. For SU(3) the dual representations 3, 6,
and 10, are not isomorphic to 3, 6, and 10. On the other hand, 8 and 8 are isomorphicﬁ This
becomes important in the Standard Model as the quarks transform under the 3 representation
of the SU(3). gauge group, and the anti-quarks under 3.

2.4 Exercises

Exercise 2.1 *
Show that R? with the cross product as the binary operator [x,y] = x x y is a Lie algebra.

Exercise 2.2 **
Show Eq. (2.3)). Hint: Use the Jacobi identity in terms of the structure constants given in
(1.10]).

Exercise 2.3

Let A be an algebra based on a finite-dimensional vector space over a field F' ,with a basis
B ={b;]i =1,...,n}. Show that the multiplication of elements in A is completely determined
by the n? products b;b; for each pair of basis vectors in B.

Exercise 2.4
Let V be a finite-dimensional vector space over a field F' with a basis B = {b;|i = 1,...,n}.
Let {cyst|r,s,t = 1,...,n} be a collection of n? elements in F. Show that there exists one,
and only one, multiplication operation on V so that V is an algebra over F' under this
multiplication and

brbs = crstby,

for every pair of basis vectors in B. The elements c¢.s are the structure constants of the
algebra.

"You can take this as a proof that the structure constants are real if you prove that the dual representation
is actually a representation, or you can go the other way and prove that this is indeed a representation, if you
can first show that the structure constants of unitary groups are real.

8However, the dual of the dual of any representation is always isomorphic to the original representation.
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Chapter 3

The Poincaré group and its
extensions

We now take a look at the symmetry groups behind Special Relativity (SR), the Lorentz and
Poincaré groups. We will first see what sort of states transform properly under SR, which
has surprising connections to already familiar physics. We will then look for ways to extend
these external symmetries of the coordinates to internal symmetries of quantum fields, i.e.
the symmetries of gauge groups.

3.1 Representations of SU(2)

As a warm up, and to introduce some of the methods we will be using, we will start with the
SU(2) group and constructing its representations. As alluded to in the previous chapter the
SU(2) group is the symmetry group for spin. Since their Lie algebras are identical, this will
also provide us information about the rotation group in three dimensions SO(3). We have
seen that the (abstract) generators X; of both groups fulfil the Lie algebra su(2),

(X, Xj] = ieijn X", .5,k =1,2,3,

which should be well known to us as the commutator for spin operators S; from our first
quantum mechanics coursesE] So apparently the spin operators are part of something rather
fundamental.

To find a representation of SU(2) through the exponential map we need to find repre-
sentations 7 of its algebra in terms of finite dimensional matrices (which exist given Ado’s
theorem). Let us very suggestively call the matrices in such a representation J; = m(Xj;).
These will then act on some vector space which we will also need to find. We can remind our-
selves here that the spin operators we first learned about acted on a two-dimensional Hilbert
space for the spin states of spin-% particles. The quantum mechanical notation for the vectors
in this space was the Dirac-ket [¢), which we will stick to in the following.

Our first move in the construction is to consider that since the generators in any represen-
tation of the Lie algebra are not unique, we can change their basis by a similarity transform

J = S8J;S —1, where S is an invertible matrix. We can easily show that the J! fulfil the same

!To be more exact, this was [S;, S;] = ihe;jxS".
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algebra and that this is thus an isomorphism of the representation. We can then use this free-
dom to now diagonalise one of the three matrices, Js, by a choice of basis. We remember here
from linear algebra that hermitian matrices, which we have seen that the generators of SU(2)
are, are all unitarily diagonalisable with real eigenvaluesﬂ We can not diagonalise more than
one of the J; because we know from linear algebra that two matrices that are diagonalised
by the same similarity transform must commute (since diagonal matrices commute), and this
would contradict our commutator for the J;.

In the following sections of this chapter we will be particularly interested in the eigen-
vectors of the generators that we can simultaneously diagonalise, in the SU(2) case only Js,
which we will call states. This follows what we did in quantum mechanics where we found the
set of all commuting operators for a given system, and found their common eigenstates/eigen-
functions, which we then used as basis states/vectors under the quantum mechanical axiom
that the eigenstates form a complete set of basis states. The eigenvalues in these cases are
the only possible measurements for the corresponding observables. Returning to our spin
example, for the spin—% spin operator we have two states, the spin-up and spin-down states,
and can measure the spin in the z-direction (S3) to be in the up or down direction, S3 = :l:%.
Any spin—% fermion must then be in a linear combination of the two states. We should like
to emphasise here that this says something dramatic about what exists according to quan-

tum mechanics, there are only two states labeled by the quantum number s3, |s3 = %} and

s3 = —1%).

3.1.1 Ladder operators

We now return to our su(2) algebra and its representations. What follows might again cause
some deja vu, as you might feel you have done this before in an earlier life. Let us call the
eigenstates of J3 for |m) and its eigenvalues m, i.e. J3|m) = m|m), and assume that the states
are normalised, (m|m) = 1. We know that m € R because the eigenvalues of a hermitian
matrix are real.

We are constructing finite-dimensional representations, so we also know that J3 has a finite
number of eigenvalues and eigenstates. We pick the state with the largest eigenvalue, called
the highest weight state, and denote it by | ])E| We now define lowering and raising

operators Ji,

1 .
J:t = E(Jl :l:ZJQ).

We can show that these have commutators
[J+, J_] = J3, and [Jg, Ji] = :|:Ji.

Notice also that Jl = J+. The lowering and raising operators have the property that oper-
ating on a state |m) we get

J3Jx|m) = (JuJs £ Ji)|m) = (m £ 1)Jm),

meaning that Jy|m) are also eigenstates of J3, but with eigenvalue m 4+ 1. We normalise the
new eigenstates using the constants N:

Ji|m) = NE|m £1).

2Unitarily diagonalisable means that there exists a unitary matrix U so that U'JsU = D is diagonal.
3 Although j suggests an integer, at this point all we know is that j is some real number.
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Starting from the highest weight state |j) we can use J_ to walk down a ladder of states
17),17 — 1),...,]€2), but we know that the ladder must end at some point, since we are con-
structing a finite-dimensional representation. Thus there must be an eigenstate |{2) such that
J_|Q2) = 0. The next step is to figure out what € is for a given j and what values of j that
are admissible. This will also give us the dimension of the representation we are constructing.
For this we shall need a very powerful structure in Lie group theory, the Casimir invariant.

3.1.2 The Casimir invariant

A Casimir element or Casimir invariant is a combination of the elements of the Lie
algebra that commutes with all the elements of the algebra. However, in constructing a
Casimir element we may take products of matrices in a given representation, and hence we
leave the algebra (which is a vector space, thus allowing only linear combinations and Lie
brackets)ﬁ A semi-simple Lie algebra, such as the algebras of our matrix groups, has a
number of Casimir invariants equal to its rankE|

In the context of su(2), this algebra has the single Casimir invariant

VY =P=R+3+I=JJ +J J +J3

and therefore has rank-1. It is relatively easy to show that [J2, Ji] = [J2, J2] = [J?, J3] = 0, so
that we can indeed confirm that this is a Casimir element, and we can convince ourselves that
there are no other combinations of the J; that will work. Physically we should recognise this
as the total spin or angular momentum (squared). The significance of the Casimir invariant
comes from Schur’s lemma in Sec. [I.4.3] There is a corresponding version of Schur’s lemma
for Lie algebras that shows that a linear map (such as the Casimir) on the representation
space that commutes with all the elements of the algebra in an irreducible representation is
proportional to the identity map. Thus J? must be a multiple of the identity matrix, J? = AI.
If we let the Casimir invariant act on the highest weight state |j) we get

Tj) = (JpJ- + I Ty + IDG) = (JoJ- + I35 = (N} Ny +52)15) = 5 + D))

This identifies the constant of proportionality as A = j(j + 1). However, this must be inde-
pendent of which state is acted on, so J2|m) = j(j+1)I|m) = j(j +1)|m) for all states |m) in
the representation. In the above we have used that J;|j) = 0, otherwise the highest weight
assumption is violated, and that N jth ; =1J, see Ex.

The property of the Casimir invariant also allows us to find explicit expressions for the
normalisation constants using

1 1, ..
N2 = (m]JgJs|m) = §<m\=72 — J2F J3lm) = 5(](] +1) —m? Fm),

which givedf]

1 —
Nizﬁ\/](]—kl)—mQ?m.

4For those interested in further reading, the technical statement is that the Casimir elements live in the
universal enveloping algebra of a Lie algebra. A detailed discussion of this is significantly beyond the
scope of these notes.

SRank itself is a rather technical term and comes from the dimension of the Cartan subalgebra of the
algebra.

5We choose an arbitrary phase factor to be real and positive. There is an alternative way of arriving at
the same result that uses recursion relationships for the normalisations constants, but this is very tedious
algebraically.
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In turn, this finally allows us to determine where the ladder of states ends. The ladder ends
with J_|m) = 0 if and only if m = —j since N_; = 0. However, this also implies that
j =0, %, 1, %, ..., t.e. it is half-integer, since otherwise we would not reach m = —j from
m = j in a whole number of steps and then the ladder would never end, which contradicts
the finite-dimensional nature of the representation.

What we have now is proof that there exists an infinite tower of finite-dimensional repre-
sentations of su(2) that are indexed, or labeled, by the non-negative half-integer j. Although
it is beyond the scope of these notes, these representations are irreducible, and they are in-
deed all the irreducible representations of su(2). This fulfils the promise of Schur’s lemma,
namely that the irreducible representations are labeled by the eigenvalues of the Casimir,
and show that these eigenvalues have a physical interpretation, in this case the total spin
or angular momentum. Each of these representations has dimension 2j + 1, with that many
states denoted by |j,m), m = —j,7+1,...,j — 1,7, that are eigenstates of the J3 generator.
This gives one representation for every dimension of the vector space. We call these represen-
tations the spin-j representations because they are indeed the representations of SU(2) used
for the different spin possibilities. These representations can also be used for SO(3) in odd
dimensions, where j is integer

3.1.3 The lowest-dimensional representations

The spin-0 representation is the trivial representation where 7 = 0 and the representation
space is one dimensional and everything acts as the identity element.

The first non-trivial representation is for spin—% with j = % Here the two states are ]%, %>
and |%, —%) To write down a representation of the algebra in terms of 2 X 2 matrices we

think of the states as two basis vectors

:3)-0)- h-9-0).

and to fulfil the properties for the Ji and Js generators

. 1 — )
Jilj,m) = E\/ﬂ(]*‘l)—m??m\%miw

we must have

110 1 110 0 {1 0
=l o oo sl A

Going back to the J;, i = 1,2, 3, basis we then get

10 1 1{0 —i 1(1 0
Jl_Q[l 0}’ JQ_Q[@' 0]’ J?’_[o —1]’
which, unsurprisingly, leaves us back at the Pauli matrices J; = %Uz‘ that were the generators
we found from the defining representation of SU(2).

For the spin-1 representation we have j = 1 and the three states are |1,1), |1,0), and
|1, —1). The basis vectors are then

[\

1 0 0
I,1)=1(0], |1,00=1{1]|, [L,-1)=(0],
0 0 1
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and the J4+ and J3 generators

010 0 00 10 O
Jo=10 0 1|, J_=]1 0 0|, J3=1]0 0 O
0 00 010 0 0 -1
Going back to the J;, i = 1,2, 3, basis we get
1 010 ; 0 1 0 10 0
Ji=—|1 0 1|, Jo=——|-1 11, J3=1]0 0 O
V2 010 V2 0 -1 0 0 0 —1

We can check that these matrices indeed fulfil the su(2) algebra, and we can also find a
similarity transform that transforms them into the generators derived from the defining rep-
resentation of the SO(3) group in (L.5). Our arguments here can be repeated for higher and
higher dimensions at will.

One final note on differential representations of the generators. There is in principle
nothing in the arguments for the properties of the representations of the algebra in the
previous subsection that can not be carried over into differential representations. If for the
generators J; we take the differential generators we found for SO(3) in Eq. we have
here shown that there exists states, now functions YA(Q, ¢) in a vector space, that fulfil the
relationships

L*Y™(0,¢) = I(1+1)Y,™(0,9),

forl=0,1,2,...,and m = —[,—l+1,...,l—1,l. Here we write the functions in spherical co-
ordinates since rotations under SO(3) can be easily expressed in the two spherical coordinate
angles. The functions Y, (6, ¢) are well known as the spherical harmonics.

We have now shown what the representations of SU(2) look like, but we have not seen
why this group appears in physics in the first place. This will become clearer in the next
sections.

3.2 The Lorentz Group

Einstein’s requirement in Special Relativity was that the laws of physics should be invariant
under rotations and/or boosts (changes of velocity) between different inertial reference frames.
This is possible in Minkowski space M* (a manifold) where space-time points are given by
a contravariant four-vector z# = (¢,x,y,z). The dual of the contravariant vector is the
covariant vector z, = (¢, —z, -y, —z), and the contraction between two four vectors is given
byxzzm“:p#:tz—xz—yQ—zQ.

The resulting transformations of the space-time coordinates in Special Relativity are cap-
tured in the Lorentz group.

Definition: The Lorentz group L is the group of linear transformations in
Minkowski space
ot = " = AP Y,

such that 22 = Topdi = x:l:c’/‘ is invariant. The proper orthochronous or re-
stricted Lorentz group is a subgroup of the Lorentz group where detA = 1
(proper) and A% > 1 (orthochronous).
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The physical interpretation of the orthochronous property is that it keeps the direction (sign)
of time of the four vector, while a proper group preserves orientation in rotations.

Since the definition of the Lorentz group is in terms of a continuous transformation of
coordinates we have strong reason to suspect that it is a Lie group. In fact, if we allow for a
slight extension of the orthogonal group O(n) to the indefinite orthogonal group O(n, m),
where instead of the orthogonality property for group members O, meaning O~' = O7, we
demand O~! = g7'OT g where

g =diag(1,...,1,—1,...,—1),
—_—— —————

n m

is the metricm then we can write the Lorentz group as SO (1, 3), where the plus sign signifies
the orthochronous propertyﬂ This is also the part of the group that contains the identity
element. As a subgroup of the general linear group GL(4) this is indeed a Lie group.

Compared to the SO(4) group which it resembles the Lorentz group is more complicated.
Unlike SO(4), because of the metric, it is not compact which means that it does not have any
non-trivial finite-dimensional unitary representations. Fortunately, its algebra is semi-simple,
so its finite-dimensional representations are equivalent to direct sums of irreducible repre-
sentations by Weyls complete reducibility theorem. So we need only to find the irreducible
representations to construct any representation.

The counting of the free parameters of SO(n, m) works just as for SO(n), giving a total
of six free parameters for SO (1,3), and then six generators. Physically, we can identify
these with the three parameters needed to specify a general rotation in three dimensions,
with generators named J;, i = 1,2, 3, and the three parameters needed to specify a boost (the
velocity components), with generators K;, i = 1,2, 3.

Since the rotation operations are known to be closed, i.e. two rotations result in another
rotation, this forms a subgroup of SO*(1,3). We know that the generators fulfil the so(3) =
su(2) algebra

[Ji, J]] = iﬁiijk. (31)

The boost operations are not closed, and one can show that their anti-Hermitian generators
K, see Ex.[3 have the following relationships with the rotation generators

[Ki, Jj] = ieijp Ky, (3.2)
[Ki,Kj] = —ieiijk.

where (3.1)-(3.3) then defines the complete algebra of SO*(1,3). This is consistent with
what we know about boost: two boosts are in general equivalent to a boost and a rotation,
so the generators of boosts commute into generators of rotation.

To simplify notation these generators can further be structured into an anti-symmetric
tensor M, given by
0 —-K; —Ky —Kj
Ky 0 Js  —Ja
Ky, —J; 0 J1
Ky Jo —J 0

(3.4)

"Indeed, we can recognise this matrix relationship as one of the defining (necessary) properties of Lorentz
transformations AT gA = g.
8Because of the metric, det O = 1 alone no longer insures that we do not have time or parity reversal.
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If we want to we can reverse this in the standard way: J' = %eijijk and K* = M%. In
terms of M the commutation relations of the algebra (3.1)—(3.3]) can be written:

[M,uuy Mpo] = _i(gppMuU - g,uUMup - gzsz,ucr + guch,up)' (35)
The differential representation of these generators is
M, =i(x,0, — x,0,), (3.6)

where we can more or less see how the differential generators for SO(3) in ([1.8)) appear as the
M;; components. For a complete demonstration, see Ex. @
With the generators from the defining representation we can now write a general element

A € 5S0*(1,3) af)
17

A*, = exp <;wp”Mpg) , (3.7)
v

where w,, = —we, are the six free parameters of the transformation (the parameters that

were used to derive the generators). The anti-symmetry of w is a consequence of the anti-

symmetry of M. The factor of a half is a conventional normalisation constant that takes into

account that all generators appear twice in M.

The generators M,, form the Lie algebra so(1,3). In fact, this is also the algebra of
O(1, 3) since the orthochronous and proper requirements do not change the number of free
parameters, but rather restricts us to a subset of the matrices that do not change the sign
on the time and position components of the four-vector. As we have seen, in general the
exponential map from the algebra to the group is not guaranteed to be onto, but describes
the group locally around the identity. Using the so(1,3) generators we can in fact not get
outside of the SO (1,3) subgroup of O(1,3). The larger group O(1,3) can be seen as four
disconnected parts with det A = +1 and |A%)]| > 1 that are joined by the time 7" and parity
P inversion operators. However, the exponential map is surjective (onto) SO*(1,3).
Thus, any group element in the connected component around the identity can be expressed
as an exponential of an element of the Lie algebra.

To learn more about the representations of the Lorentz group we want to look at the
structure of the Lie algebra so(1,3). If study the algebra as given in — carefully
we may notice that a small change in basis would allow us to rewrite the algebra in a more
symmetric fashion. We define a new basis of six generators from a linear combination (not to
be confused with the earlier ladder operators):

1 .
J:t’i = §(JZ + ’LKz)
This gives the algebra

[J_,_,i, J_J] =0,
[Ty s Ty 5] = d€ijud s ks
[J_Vi, J_J‘] = Z'El'ij,Jg.

9S0 this is definitely a finite-dimensional representation, but is it not also unitary? (Meaning conserves the
length of vectors.) It does conserve Lorentz invariants, yes, however, those are not defined as the length of
vectors.
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What has happened is that we have separated the algebra into two instances of the su(2)
algebra that do not interact (the generators commute). We write this as a direct sum of the
(vector spaces of the) algebras, so(1,3)¢ = su(2)¢ @ su(2)¢. However, what we have done is
to do a linear transformation with complex coefficients, thus the algebra is now a complex
Lie algebra instead of a real one (this is called the complexification of the algebra).

We can can find further relations by using the isomorphism su(2)¢ = s((2), where s[(2)
is the Lie algebra of the special linear group SL(2,C). This can be demonstrated by looking
at their commutation relations. Then we write so(1,3)¢ = s[(2) @ s[(2) = sl(2)¢ where we
complexify the real Lie algebra s[(2), using the real and imaginary parts to represent the two
5[(2) algebras in the direct sum.

The result is an isomorphism between the complexifications of two real Lie algebras.
However, if we restrict these two algebras to real Lie algebras we have just demonstrated the
isomorphism so(1,3) = sl(2). Thus the Lie groups SO(1,3) and SL(2,C) have the same Lie
algebra, even though the dimension of the matrices are very different. It turns out that the
map SL(2,C) — SO(1,3) is a double covering, just as SU(2) was a double cover of SO(3).
We will find an explicit expression for this map later in Sec. [3.5

We will not immediately use this information to study the representations of the Lorentz
group, but delay this to the next sections where we extend the symmetry of the Lorentz group
to the Poincaré group.

3.3 The Poincaré group

We can now extend O(1,3) by adding translation by a constant four-vector a* to the trans-
formation of the Lorentz group: z# — z'# = A",z + a*. This transformation leaves lengths
(x — y)? invariant in M*, and invariance under this group add symmetry of time and space
translation to the symmetries of the Lorentz group.

Definition: The Poincaré group P is the group of all transformations of the form
ot = ' = AP Y +

on Minkoswki space. We can also construct the restricted Poincaré group by
restricting the matrices A in the same way as in SO™ (1, 3).

Writing a group member in terms of its parameters (A, a), we can see from the explicit
form of the transformation that the composition of two elements in this group is:

(A1,a1) o (Ag,a2) = (A1A2, Ajag + aq).

This tells us that the Poincaré group is not a direct product of the Lorentz group and the
translation group, but rather a semi-direct product of O(1,3) and the (indefinite) translation
group 7'(1,3), O(1,3) x T'(1,3). This is just as the symmetry group of Euclidean space E"
was a semi-direct product of the translation and rotation groups. The translation group is a
normal subgroup of the Poincaré group, and while the Lorentz group is a subgroup, it is not
normal. The restricted Poincaré group is written in the same way as the restricted Lorentz
group, SO (1,3) x T(1,3).

The translation part of the Poincaré group adds four parameters to the six parameters
of the rotations and boosts. This means that there are four more generators compared to
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the Lorentz group. Given our earlier discussion of the translation group in Sec. we
can convince ourselves that we can use the momentum operators P, = —id,, as a differential
representation. These generators have a trivial commutation relationship:

[P, P, = 0. (3.8)

Using the differential representation of M,,, one can also show the following commutators
with the generators of the Lorentz group:

(M, Py] = —i(gupPy — gupPp)- (3.9)

Equations (3.5)), (3.8) and (3.9) together form the Poincaré algebra, a Lie algebra for
the Poincaré group. This allows us to write a general member g of the restricted Poincaré
group by using the exponential map

g = exp (;w”"Mpo + ia“Pu> , (3.10)
where a* are the additional parameters of the translation.

The Poincaré group, like the Lorentz group, is not compact, and thus does not have any
non-trivial finite-dimensional unitary representations, and we must instead search for infinite-
dimensional ones. The original classification of unitary representations of the Poincaré group
is due to Wigner [5].

3.4 Irreducible representations of the Poincaré group

We would now like to ask the following fundamental question: what sort of physical objects—
in particles physics what particles or maybe what quantum fields—can exist if we require
that they are representations of the Poincaré group, and what properties do they as a result
have?[r_U] We have already learnt that this is an infinite-dimensional representation because of
the non-compact nature of the Poincaré algebra.

To answer that question we will classify the irreducible representations of the Poincaré
group. This seems like a dramatically difficult task, however, we will follow the arguments used
for SU(2) in Sec. to find and classify the representations by the eigenvalues of the Casimir
invariants (via Schur’s lemma), and the states in each representation by the eigenvalues of
the set of commuting generators.

For the Poincaré algebra P? = P, P" is a Casimir operator because the following holds:

[P P2 =0, (3.11)
[M,,,, P*] = 0. (3.12)

Let A be the eigenvalue of P? for a given irreducible representation |\), what can we say
about A7 Since all four-momentum operators P, commute, and commute with P2, they have
simultaneous eigenvalues and eigenstates. We know from quantum mechanics that these are
Hermitian operators with real eigenvalues equal to the momenta p,. Thus the eigenvalue of
P? is

PN = (P} — PR — PE = PN = (B2 — p2 — p2 — p2)|A) = m?|),

0FExist here in the sense of being described by a vector space that the group representations act on.
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So, in fact the eigenvalue of P? is the number m? € R that we have called mass, and we use
this to label our representations,
P%m) = m®|m),

of which there is a continuum. Note that nothing restricts m? to be larger or equal to zero, a
negative m? is acceptable since a four vector can be time-like, light-like or space-like. In fact,
we can happily insert m? < 0 into Special Relativity, but such objects would correspond to
objects moving faster than light, so-called tachyons, which do not seem to exist in nature.
Since there are no restrictions on the eigenvalues of the momentum operator p, for a given
m? we have infinite-dimensional irreducible representations of the translation subgroup of the
Poincaré group, where the states are labeled by the momentum value |m,p,,).

What we have done up to now does not reconstruct the full representation of the group
(algebra). To proceed we look for further Casimir invariants. Any Casimir invariant needs to
commute with the Lorentz group generators that are part of the algebra, thus it needs to be a
Lorentz invariant (the four-indices are all contracted). Since we only have the operators M,
and P, in the algebra, and we have already used up P2, we need to consider M, M*” and
€vpo MM MP?. However, these both fail to commute with P, due to . The remaining
possibilities are combinations of M, and P,, and we need a combination that commutes with
P,.

Definition: We define the Pauli-Ljubanski polarisation vector by:

1
Wi = Zeuvpa PY M. (3.13)

where €, is the totally antisymmetric Levi-Civita tensor with €123 = 1.

We can show that this vector is the one combination that is translation invariant, 7.e. that it
commutes with the translation operator,

[P, W,] = 0. (3.14)

This gives us two possibilities for Casimir invariants with the two Lorentz invariants W, P* and
W, WH#, unfortunately from the definition of W, it is easy to see that W, P* = 0. However,
the remaining option W? = W, WH is a Casimir operator of the Poincaré algebra. While
we argued from the Lorentz and translation invariance of the operators we can also show
explicitly that

[P, W?] 0, (3.15)
[M,,,W? = 0. (3.16)
The second of these relationships is not trivial to demonstrate. See [6] for a complete proof.

This exhausts the list of possibilities, and the Poincaré algebra is a rank-2 algebra.
The W, do not in general commute among themselves, in fact

[W/u Wu] = e,quUPpWU- (317)

Thus, to find the full representation we can now look for states that are simultaneous eigen-
states of W2, P2, the P,, as well as one component of W,.
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We do this by starting from the representations of the translation subgroup with fixed
eigenvalues p,. What we are using here is know as the method of little groups in physics.
The idea is to consider the subgroup of the Poincaré group that indeed leaves p, invariant:
this is what is called the little groupﬂ This will allow us to find unitary irreducible
representations of the whole group from the unitary irreducible representations of the little
group. Because the behaviour of the little group is different depending on the value of p,,, we
need to separate the problem into several discrete cases :

i) m =0 and p, = (0,0)

ii =0 and p, # (0,0)

i)
i) m
i)
iv)

Case i) Here, P? =0 and W? = OB and there is only one representation |0,0). The little
group that leaves p, = (0,0) invariant is the whole Lorentz group SO™(1,3) generated by
the Lorentz group generators M,,,, since boosts and rotations on a zero momentum point-like
object just gives the same thing back. However, since the Lorentz group is not compact, we
know that the only finite-dimensional unitary representation of the little group is the trivial
representation. Thus this representation corresponds to the trivial representation for the
Poincaré group as well. We consider a state that transforms this way as the vacuum.

Case iii) If we go to the rest frame of the particle, the states have momentum eigenvalues
P = (m, O)H In this case, the little group turns out to be the group of rotations in three-
dimensional space, SO(3). To see this consider the Pauli-Ljubanski vector acting on such a
state

1 )
Wz‘!m,p;) = §€i0jkmMjk’m;pp> = —mJi\m,pu% (3-18)

where J; = eUkMYk is the spin operator that forms the s0(3) = su(2) algebra. Since
WP =0 we also have Wy = 0 in this reference frameE This gives W? = —W?2 = —m?2J2.
So in this case we want to find the eigenstates of W2 = —m?J? and one component of W,
which we choose to be W3 = —mJs with eigenvalue named jg.

We already found the representations of su(2) in Sec. so for this case we immediately
know that in total the irreducible representations can be labeled by two numbers, m? € R
and j =0, 5.1, 2, ..., as |m,j), and while each representation is infinite dimensional because
it has continuous number for the momentum eigenvalues p,,, for each momentum eigenvalue
it has has 2j 41 spin states with J3 eigenvalue j3 = —j,—j+1,...,5 — 1,7, which we write as
Im, j, Py, j3)- Since the total spin operator acts on a state with spin j as J?[j) = j(j + 1)[4),
we also have that

W2|m, j) = —m?j(j + 1)|m, 5).

We have now arrived at the conclusion that massive particles transforming under the
Poincaré group, meaning the objects that obey Special Relativity, can be classified by two

11n mathematics, it is often called the stabiliser subgroup.

1210 the sense that their eigenvalues are always zero.

13This does not loose generality since the physics of the representation should be independent of frame.
1n the sense that Wo has eigenvalue 0 for all states.
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numbers: mass m? and spin j. The appearance of spin in physics is thus intimately connected
to the symmetries of Special Relativity.

Case ii) We now want to look at massless particles, but with non-zero p,. Here we can
not go to a rest frame and instead choose a frame such that p, = (p,0,0,p). We again have
P? =0 in the usual sense, and one can prove that W, and P, are proportional, W, = HP,,.
Thus W2 = 0 and the proportionality factor can be found from

W0’07PM> - 560ijkP2M]k|Oapu> = PlJi’07p1L> =P J‘O7pu>7
Pol0,pu) = pl0,py),
as
P-J
H=-",
p

which is the definition of the helicity of a massless particle.

The little group that leaves p, unchanged here is not so obvious to see. But it turns out to
be given by the special Euclidean group SF(2), which consists of rotations and translations
in two dimensional Euclidean space. The eigenvalues h of H, H|0,p,) = h|0,p,) can then be
shown to be h = +j3, where js is another half-integer, j3 = 0, %, 1,....

So, in summary, there is one representation |0,0), which is infinite-dimensional since the
values of p, form a continuum, and for each of these momentum eigenstates there are two

helicity eigenstates which we write in similarity with the massive case as [0, 0, p,, £Js3).

Case iv) Because of time constraints and since tachyons do not seem to appear in nature
we will not treat this case further.

Let us finally try to ask the question, what do these (irreducible) infinite-dimensional
unitary representations actually look like? If we start with spin-0 representations, j = 0, we
can write the corresponding infinite-dimensional representation of massive states without any
vector structure as |m, 0) ~ eT? where Py is the four-momentum of the particle, since then

P2|m70> = —8#3“|m,0) = p2|ma 0> = m2|m70>'

This exponential part of states can then always be used to take care of the eigenvalues of the
P2-Casimir, and is often just implicitly implied in the states/fields.

We can also immediately write down the j = 1 vector representation of the Poincaré
group for massive particles, |m, 1) ~ eueim. We simply use a four-vector ¢, that transforms
under the fundamental (four-dimensional) representation of the Lorentz group SO™(1,3). In
order to fulfil the eigenvalue equation of the W?2-Casimir, and describe the three spin states
js = —1,0, 1, this vector (called the polarisation vector) needs to fulfil certain requirements
which we do not detail here (see a course on quantum field theory).

However, in order to find a spin—% representation for fermions we need to take some
more care. In fact, we will find representations both in four and two dimensions. For those
familiar with quantum field theory, these will as expected be the Dirac and Weyl spinor
representations.
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3.5 Weyl spinors

As we discussed at the end of Sec. there exists a two-to-one homomorphism between the
SL(2,C) and the Lorentz group SO™(1,3). This homomorphism, with A#, € SO*(1,3) and
M € SL(2,C), can be explicitly given bym

AF (M) = %Tr[&“Ma,,MT], (3.19)
1

M(A*) = + A*,0,57, 3.20

(A%) o) 0.5 (3.20)

where 6# = (1, —c) and o = (1,0). The generators of SOT(1,3) can be shown to transform
to (be proportional to) the Pauli matrices in SL(2,C):
1 1
JZ' = 50'1', KZ = 50'1'.

This two-to-one correspondence means that SO*(1,3) = SL(2,C)/Z, and the groups have
the same algebra, as discussed in Sec. Thus we can look at the representations of SL(2, C)
instead of the Lorentz group, when we describe spin—% particles and working in SL(2,C) is
often easier. But what are those representations? It turns out that there are two inequivalent
fundamental representations p of SL(2,C) in terms of 2 x 2 matrices M € SL(2, C)ﬂ

i) The self-representation p(M) = M acting on a member v of a representation vector space
V.
Wy = MaPyp, A, B=1,2.

ii) The complex conjugate self-representation p(M) = M* working on a vector 1 in a space
V.
Wi = (M) P, A B =12

The indices here follow the same summation conventions as four-vectors. The vectors ¢ and
1 in these representation spaces are called, respectively, left- and right-handed Weyl
spinors. The representations of the Lorentz group induced by the homomorphism are called
the spinor representations, and the two different representations are often called the (%, 0)
and (0, %) representations, respectively. In addition to these two representations there are
two dual representations, see Sec. with p(M) = M~'T acting on vectors ¥4 in V*, the
dual space of V, and p(M) = M~ acting on vectors 14 in V*, that are equivalent to i) and
ii), respectively.
Indices can be lowered and raised with the tensors:

0 -1
€EAB = €,ip= <1 0 >, (3.21)
B = eAB—<_01 é) (3.22)

5The choice of sign in Eq. is the reason that this is a homomorphism, instead of an isomorphism.
Each element in SO (1,3) can be assigned to two elements in SL(2, C).

16We can of course also use the SL(2,C) representations to construct representations for higher spin.

Y There is no similarity transform between them.
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which work as maps between the dual spaces. The dots on the indices for the complex
conjugate representation are there to help us remember which representation we are using
and does not carry any additional importance, other than being a different index.

Since 1D gives M in terms of the Pauli matrices, their index structure must be ghaA
and o .. For a consistent index notation, the relationship between the vectors ¢ and v can
be expressed with:

A T+ —0AA 0 TA TA _ -0AA 7 Ax 0
Ph =950, ba=o0,,0 .ot =577, and wA:¢*aAA.

This may seem as a bit of an overkill in indices as the sigma matrices involved are the identity:
044 = 5§44 and 0% i= d 4 4> and we will in the following often omit the 0% matrix and simply

write (1)4)* = 1 and similarly. This means that ¢4 and ¢ i should be read as row-vectors,

while ¢4 and ’QZ_JA are column-vectors. From the above the following relationships hold for the
hermitian conjugate when we ignore the ¢ matrices that keep track of the indices:

(W)’ = 9y (3.23)
W) = wa, (3.24)

which is a map between the two distinct representations.

We further define contractions of Weyl spinors that are invariant under SL(2, C) transformations—
just as contractions of four-vectors are invariant under Lorentz transformations—as follows:

Definition: The contraction of two Weyl spinors ¢ and x is given by ¢x = v ixa
and Yy = ¢ A)‘(A.
With this in hand we see that

V2 =p = s = e Bypipa = € 2hothy + iy = thothy — Prha.

This quantity is zero if the Weyl spinor components commute. When we use Weyl spinors in
quantum field theory to represent fermions we avoid this by making the following assumption
which is consistent with how we treat fermions as anti-commuting operators:

Postulate: All Weyl spinor 7(comporilents) representing fermions anticommuteﬂ
{a, ¥} = {¥ 4¢3} = {Ya,¥p} = {¥4, ¥} = 0.

“This means that these Weyl spinor components are so-called Grassmann numbers.

Then the contraction evaluates as

PP =) = ppa = — 2019
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3.5.1 Useful relationships for Weyl spinors

For Weyl spinors ¢, 1, and ¢ with anti-commuting components we can prove the following
relationshipﬁ

no= yn, (3.25)

W o= o (3.26)

()" = ¥n, (3.27)

() nd) = —5(m)(wo) (3.25)
noty = —iatn, (3.29)
("Dl D) = 5o nalmn), (330)
(o ) po"n) = 0" (o)), (331)
(1o Q) 0) = 5 (00,0 ). (332)
@b D) = 3 (@D, (33
noty = —¢patn. (3.34)

Here, we have used the rank-2 tensor

ot = i(a“&” —oa’ah).

4

More details on Weyl-spinors and further spinor relationships can be found in [7]@

3.5.2 Dirac spinors

The Weyl spinors can in turn be used in a four-dimensional representation of the Poincaré
group for spin-% fermions, stacking two Weyl different spinors, one from the self-representation

¢4, and one from the complex conjugate, )‘(A, into a four-component Dirac spinor ,,
1/’a: <¢;41>7 a:17273747
X

making a new vector space that is a direct sum of the two vector spaces W =V & V*. We
index Dirac spinors with lower case latin indices, traditionally starting at the beginning of
the alphabet. In order to describe a Dirac fermion, which has both particle and antiparticle
states, using this Dirac spinor we need two distinct Weyl spinors with different handedness.
Thus, we have in general (¢4)* # Y. For Majorana fermions that are their own antiparticles
we can instead use the simpler:

e = @2‘) a=1,2,34.

8For clarity we have inserted parenthesis to show the different contractions.
¥Note that there are some differences in notation.
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The representation of SL(2,C) on W is

pon =[]

When we deal with four-component spinors we have a use for y-matrices. These are
defined as objects that fulfil a type of Clifford algebra given bylﬂ

{7}1771/} = 29}“/' (335)

There exists different representations of this algebra, just as for the Lie algebras. In these
notes we will use what is called the Weyl-representation where the v-matrices are 4 x 4
matrices given in terms of the Pauli matrices as

= <08t (’0“) . (3.36)

The v-matrices can also be used to form a ‘fifth’ y-matrix

0
5_..0.1.23 -0’ 0
7:27777=<0 Uo)~

This can be used to project out the Weyl spinors in the Dirac spinors through the projection
operators P, = 1(1 —+%) and Pg = 1(1 + %), which projects out the left-handed and
right-handed Weyl spinor, respectively,

po= (3 o) o= (). o= (3 D)e=(5)

Note the projection properties Pr, + Pr =1, Pj% = Py, P12% = Pgr, and P Pr = 0.
We define a bared version of the Dirac spinor by ¥ = 149, which can be written in terms
of Weyl spinors as

0

b = (qu XAT) (Uo(i'm 08A> _ (XA*a.OAA ¢f40'g,4) = (x* ).

Observe that the bared Dirac spinors are row vectors. These transform under the represen-
tation

M=t 0
p(M) = [ 0 MT} '
The contraction of two Dirac spinors is then

P = P = X+ X = dx + oX.

20Be aware that the expression on the right hand side should be read as consisting of a rank-2 tensor with
each element being a 4 x 4 identity matrix.
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3.5.3 Dirac and Weyl equations

The equation of motion for free spin—% particles with mass m can be found from the Dirac

field theory Lagrangian written in terms of the four component spinor constructed above,
Lp =P(id —m)y, (3.37)

where the ‘slash’ notation signifies contraction with a y-matrix, J = y*0,, and where an
identity matrix is implied for the mass term. After solving for ¥ using the Lagrange equation
this gives the Dirac equation of motion

(i — m)i = 0. (3.38)

In two-component Weyl-spinor notation, using the Weyl-representation of the v-matrices,
the Lagrangian (3.37) becomes

_ o
R
—mx¢ + ixo"o,x + ié&“@ugb — moy
= ixo"0,X + i¢pc"0ud — m(dx + ¢X).
Here we can use and with
ixo"9ux = Ou(ixo"x) — iOuxot'x = ixc"Oux. (3.39)
where we assume the surface term disappears, to make the expression more symmetric
Lp = ixX0"0ux + 165" 0 — m(dx + X9).

The equation of motion for the Weyl-spinors that corresponds to the Dirac equation can
be found by using the Lagrange equation for x and ¢ as the coupled differential equations

ich0ux —m¢ = 0,
0", —mxy = 0.

In the massless limit or the extreme relativistic limit, m — 0, these equations decouple into
one separate equation per Weyl-spinor and become the Weyl-equations

(z@t — 0O - P))_( = 0,
(i +0-P)p = 0.
These equations have plane wave solutions ¢ ~ e~% and Y ~ e~P* which are the helicity

eigenstates for the massless particles discussed in Sec. case ii), with eigenvalues j:%. To
see this, notice that i0;¢ = E¢ = |p|¢, since m = 0, giving

lo-P 1
plo+o-Po=0 or T Tp=—p
2 |pl 2
and similarly for y
le-P_ 1
5 T X = 5X:
2 |p| 2
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3.6 The no-go theorem and graded Lie superalgebras

The Poincaré group contains the complete set of transformations for the (external) symmetries
of special relativity (invariance under rotations, translations and boosts), and we have seen
that this implies certain properties for the particles, or rather fields, that want to live in
representations of the Poincaré group. At the same time we know that the quantum fields
have (internal) gauge symmetries, in particular the Standard Model fields transform under
the gauge group SU(3)c x SU(2)r x U(1)y. It would then be tempting so ask if these are
somehow related and can be described in a larger symmetry that combines the external and
internal symmetries.

Unfortunately, the answer to that question is ‘no’, at least as long as we keep to describing
our symmetries using Lie algebras. In 1967 Coleman and Mandula [§] showed that under
reasonable assumptions any extension of the restricted Pointcaré group P to include gauge
symmetries is isomorphic to Ggauge X P, where Ggayge is whatever gauge group the model has.
A direct product like this means that the generators of the two groups all commute, meaning
that the generators B; of the gauge group all have

UD;M Bz] = [Muuv Bz] =0.

The result is that there can be no real interaction between the external and internal symme-
tries.

Not to be defeated by a simple mathematical proof, in 1975, Haag, F.opuszanski and
Sohnius (HLS) [9] showed that there is a way around Coleman and Mandula’s no-go theorem,
if one introduces the concept of Z, graded Lie superalgebrasFE]

Definition: A graded Lie superalgebra is a vector space [ that is a direct sum
of two vector spaces [y and [4, [ = [ [, with a multiplication operation o : [ X[ — [
such that for all z; € [;

D a5 @y & b suea s (gradingﬂ
ii) ¥, 0z; = —(—1)Yx; o z; (supersymmetrisation)

iii) x; 0 (x50 2k)(=1)* + z; 0 (z 0 ;) (=1) + TR 0 (w0 25) (=) =0
(generalised Jacobi identity)

“For xo € lp and x1 € [, this means that zg o zg € lo, xz10x1 € lp and zpoxy € [3.

The second requirement generalises the definition of a Lie algebra in Sec. to allow for
anti-commutators, x oy = {z,y} = zy + yx, as the binary operation for elements in .

We can now start, following HLS, with the Poincaré Lie algebra (lp = p) and add a
new vector space [; spanned by some generators (J,. It can be shown that the superalgebra
requirements are fulfilled if there are four generators, a = 1,2,3,4, that together form a

21The definition of graded (Lie) algebras can be extended to Z, by a direct sum over n vector spaces [,
[= 69?;01 l;, such that z; 0 z; € i1 mod n-
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four-component Majorana spinor@ also called the supercharges. The algebra is then

[Qa, Pu] = 0, (3.40)
[QmMuu] = (EW/Q)M (341)
{Qa, o} = 2P, (3.42)

where X, is given in terms of the y-matrices,

. v
E,W = %[’Yua’)/u] = (UO 52;/) )

and as usual P = P,7* and Q, = (QTfyO)a@ Together with the commutators in ,

and this is called the super-Poincaré algebra sp.

Because of this new algebra is a non-trivial extension of the Poincaré algebra that
avoids the no-go theorem. This extension can be proven, under some reasonable assumptions,
to be the largest possible extension of the symmetries of Special Relativity. However, in
the @, we have introduced new operators that (disappointingly) do not correspond to the
generators of the gauge groups, which should in any case be related by commutators, not anti-
commutators. The gauge group generators can appear in the algebra if we instead extend the
algebra with N > 1 sets of new spinors Q§, where o = 1,..., N. This gives rise to so-called
N > 1 supersymmetries, while a single set of @), is called N = 1 supersymmetry. Given a
gauge group algebra [B;, Bj| = iC’ijkBk called the R-symmetry, we can then extended the
superalgebra by the non-trivial commutator

[Q2, B = 57°Q8,

where the S; are an IV x N matrix representation of the R-symmetry group generators. For
N =1 supersymmetry this reduces to the abelian

[QaaB] = Qaa (343)

However, the N > 1 supersymmetries seem impossible to realise in nature due to an
extensive number of extra particles that do not conform to the particles and gauge symmetries
of the Standard Model. Note that N > 8 would include elementary particles with spin greater
than 2, which seems to be in contradiction with quantum field theory. The largest consistent
supersymmetry, N = 8, has a minimum of one spin-2 state (identified with the graviton),
8 spin—% states, 28 vector bosons (spin-1), 56 spin—% fermions and 70 scalar fields. One
fundamental problem with this, besides the plethora of particles, is that the vector bosons
here form an O(8) group which is too small to contain the Standard Model SU(3) x SU(2) x
U(1) symmetry. However, N = 8, supersymmetry has some very interesting theoretical
properties. It is currently unknown whether the theory is finite or not (has infinities that
need renormalisation). This has been checked up to four loops, surprisingly without any
divergences appearing [10].

We can also write the super-Poincaré algebra in terms of the Weyl spinors introduced in

Sec. 3.5 With
Qo = (gf}) , (3.44)

22Thus the four generators are not independent.
23 Alternatively, (3.42) can be written as {Qa, Qp} = —2(7"C)ap Py, where C is the charge conjugation
matrix.
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for the Majorana spinor charges, we have instead

[Qa,P) = [Q4 P =0, 3.45
[Qa, M"™] = o"'BQp, 3.46

{Qa,Q8} = {Q4.Qz}=0,
{Qa,Qp} = 20, P

3.7 Conformal symmetry*

Despite the Coleman and Mandula no-go theorem, there exists a larger potential space-
time symmetry, namely conformal symmetry. This extends the boosts, rotations and
translations of the Poincaré symmetry with the special conformal transformations and
dilation, with the generators K, and D, respectively.

We saw the one-dimensional differential representation of the dilation operator that changes
scale in Sec. Generalised to four space-time dimensions this is D = —x,0". The compo-
sition function for the special conformal transformation is

2
Ty — ap

1 —2ax + a2z?’ (3.49)

37; = fulzp, a,) =

which gives the representation K, = i(x20,, — 2z,2,0).
The extra products in the algebra are then

[Ku, K] = 0, (3.50)
[KWD] = Ky, (3.51)
(K, P)] = 2i(guwD — M), (3.52)
(K, My, = i(guwK, — 9Ky, (3.53)
[D,P)] = iPy, (3.54)
[D, M) = 0. (3.55)

Unfortunately, the scale invariance in conformal symmetry means that all the particles
in the theory must be massless@ The usual reason given is that a theory with a particular
particle mass scale has a corresponding length scale, and since the dilation symmetry would
require the action to be invariant under length scale transformation, this breaks the corre-
spondence@ As a result, conformal symmetry can not be a symmetry of the Standard Model,
however, conformal symmetries are an interesting area of study, because they appear in other
important theories such as Maxwell’s equations for electromagnetism, general relativity in
two dimensions and the so-called N = 4 supersymmetric Yang-Mills theory.

211t is technically possible to have a quantum field theory that is scale invariant, but not conformally
invariant, but examples are rare.

Z’However, be aware that this is not the complete story. It possible to get away with both theories with a
continuous mass spectrum and theories with infinite mass, that have conformal symmetry, however, neither of
these fit with the observed microcosmos.
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3.8 Irreducible representations of the super-Poincaré group

We now want to find the (irreducible) representations, irreps, of the super-Poincaré algebra
and compare it to the known representations of the Poincaré algebra so see what sort of
particles/states this leads to.

3.8.1 The Casimir operators of the superalgebra

It is easy to see that P? is also a Casimir operator of the superalgebra. From Eq. P,
commutes with the @s, so in turn P? must commutem The algebra, just as the Poincaré
algebra, then also has irreducible representations labeled by the eigenvalue m? € R and an
infinite number of states |m, p,) that are eigenstates of the momentum operator P,. However,
W2 is not a Casimir because of the following resultm

(W2, Q4] = Wu(PY'7°Q)a + ZPQQa.

We want to find an extension of W that commutes with the (s while retaining the
commutators we already have with P, and M,,,. The construction

Cu = B,P, — B, P,

where ! !
By =Wyt X Xyu= iQWf’Q,
can be shown to have the required relation:
[CMV7 Qa] =0.
Note that by (3.40)) we also have
[(X,,P,)]=0. (3.56)
We can show that C? then indeed commutes with all the generators in the algebra:
[C%,Q, = 0, (trivial by the above)
(2, P, = 0, (proof by excessive algebra)
[C?,M,,] = 0. (because C? is a Lorentz scalar)

Thus C? is a Casimir operator for the superalgebra.
To find the possible eigenvalues of C?, let us again assume that we are in the rest frame
(RF) of the particle@ For C? we have to do a bit of calculation:

C* = 2B,P,B'PY-2B,P,B'P"
U 9m?B,B* — 2m>B}
2m? B, B*,

26 Although the fact that Eq. holds crucially depends on Q4 being four-dimensional. P, and @, would
not commute if there had been five @s.

2"Which, by the way, is really hard work!

28We can again carry out a similar argument in a different frame for massless particles as we saw for the
Poincaré algebra.
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where we used that [B,, P,] = 0, which we get from (3.14]) and (3.56). From the definition of
B,

1 1~
By, = Wi + 7 X) = mSy + ngWE’Q = mJy. (3.57)

The operator we just defined, J, = %Bk, is an extension of the ordinary spin operator
which we have here renamed to Sy due to a shortage of letters. This gives us, still in the rest
frame,

C? = 2m* Jp JF = —2m*J?,

so J? also commutes with all the elements in the algebra since C? is a Casimir. We can also
show that the Jj, commute with the Q%]

[T Qa] = 0, (3.58)
and just like the spin operator Ji can be shown to fulfil the su(2) algebra:
[Ji, J;] = i€ "
We then know that the eigenvalue equation for the second Casimir is:

Cz‘m7j> = _m4.7(.7 =+ 1)|m7]>7
for j = 0, %, 1, %, .... In addition, for each irrep with a value of j there are 2j + 1 distinct
states with labels j3 = —j,—j +1,...,j — 1,7, so that we may further write |m, j,p., j3),
labelling also the states of the irrep. The above follows from the identical argument we made
for the Poincaré algebra, which in turn relies just on the properties of the su(2) algebra.

3.8.2 The states of the irreps of the super-Poincaré group

What we have learned above is that the irreducible representations of the superalgebra can
be labeled by (m,j), and any given set of m and j will give us 2j + 1 eigenstates of J3 with
different eigenvalues j3, as well as an infinite number of momentum eigenstatesm However,
unlike for spin, because we have introduced another generator () this does not exhaust the
number of states for the representation. We can have simultaneous eigenstates of P2, C2, P,
J?, and J3, but also of the original spin operator S3 which we can see commutes with all the
other operators in this list ]

To find all the states it is useful to write the generators @) in terms of two-component
Weyl spinors instead of four-component Dirac spinors, making explicit use of their Majorana
nature, as we did in Section We note that from Eq. above

[Tk, Qa) = [Jk, Q] = 0.

From ([3.57)) we can also write

1 - .
i = Sk — 1~ Q0% 4Q4. (3.59)

29 Again the proof is algebraically extensive, and the interested reader is suggested to pursue [6].
30Make sure you remember that j here is not the spin of the particles, but a generalisation of spin.
31We know this for P, and M, already, and commutation with J, follows from 1)
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We begin by claiming that for any eigenstate of J3 with eigenvalue j3 there must then
exist a state |Q2) — possibly the same state — that has the same eigenvalue js and for which

Q) = 0. (3.60)

This state is called the Clifford vacuum [Z]
To show this, start with |3), an eigenstate of J3 with eigenvalue j3. Then the construction

€2) = @1Q2|B),
has these properties. Using (3.47) we first we show that (3.60]) holds:

Q1Q1Q2|8) = —Q1Q1Q2|8) = 0,

and

Q2Q1Q2|B) = —Q1Q2Q2|8) = Q1Q2Q2|3) = 0.

For this state we also have:

J31Q0) = J3Q1Q2|B) = Q1Q2J3|8) = j3|S2),

in other words, |2) has the same value for js as the |8) it was constructed from and the
Clifford vacuum exists. This proof demonstrates a general feature of the supercharges, if
one supercharge with a particular index repeats in a term, then the term is zero by the
anticommutation property of the supercharges.

We can now use the explicit expression for Ji in terms of the two-component supercharges
in order to find the spin for this state. First we can see that

S53(€0) = J3[Q) = js|Q),
meaning that s3 = js is the eigenvalue of S3 for the Clifford vacuum |Q2). Further, since
S = J2) = j( + 1)),

the eigenvalue of S? is s(s + 1) = j(j + 1) for the Clifford vacuum.
We can construct three more states from the Clifford vacuum using the Qs{*|

QY Q%) Q'Q*Q).

This means that there are four possible states that can be constructed out of any state with
the labels m, j, j3. Taking a look at:

QA0 = QAT10) = j3Q),

this means that all these states have the same js (and j) quantum numbers@ We can now
find their eigenvalues for S3. From the superalgebra (3.46)) we have:

i A VA B 54 1 VA B
[MZ])Q ] - _(UU) BQ ) or [Sk7Q ] = _gek’ij<o'”) BQ )
321t is called the Clifford vacuum because the operators satisfy a Clifford algebra {Qa, @ 5= 2m02‘ 5+ Do
not confuse this with a vacuum state, it is only a name.
33 All other possible combinations of Qs and |Q) give either one of the other four states, or zero.
34The same can easily be shown for Q' Q%|Q).
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so that:

55@100) = @A8410) + L(ealo’ o)) 5QI0)

= Q1810) — 5(3309)1 Q"I
= (i=3) @0

where — is for A = 1 and + is for A = 2. We can similarly show that
$3Q'Q%|0) = j3Q'Q|Y).

This means that for en irrep with labels m and j, there are 2j + 1 different values of j3, each
giving two states with s3 = j3, and two with s3 = j3 £ %, meaning two bosonic and two
fermionic states with the same mass m, and in total 4(2j + 1) states per irrep.

We should be careful to note here that we have only found the spin-components s3 of these
states, not their spins s. For the state Q'Q?|2), s is the same as for the Clifford vacuum,
i.e. s = j. This is because in the application of Si from to the state the terms with
supercharges will all be zero since at least one of the Q4 will repeat in each term, thus the
eigenvalues of S? are the same as the eigenvalues of J2. For the other states we may need to
combine states into definite spin states using Clebsch-Gordan coefficients.

The above explains the much repeated statement that any supersymmetry theory has an
equal number of bosons and fermions, which, incidentally, is not true. What is true, is that
there must be an equal number of bosonic and fermionic states in all representations.

Theorem: For any representation of the superalgebra where P, is a one-to-one
operator there is an equal number of boson and fermion states.

To show this, divide the representation into two sets of states, one with bosons and one with
fermions. Let {Qa,Q 5} act on the members of the set of bosons. Q ;3 transforms bosons
to fermions and Q4 does the reverse mapping. If P, is one-to-one, then so is {Qa, Q B =
QUZ BP/“ Thus there must be an equal number in both sets.

3.8.3 Examples of irreducible representations

Finally, let us briefly look at two examples of irreducible representations for a fixed positive
value of m.

J=0

For j = 0, we must have j3 = 0 and as a result the Clifford vacuum |Q2) has s = 0, s3 = 0,

and is a bosonic state. We can then create two states QA\Q> with s3 = £ and s = 3,

one state Q'Q?|Q2) with s3 = 0 and s = 0. Note that we should really check the total spin s
of each of the fermion states, which would involve some algebra. In total there are two scalar
states and two spin—% fermion states. We will later represent this set of states by the so-called
scalar superfield.

and
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We should be a little careful about using the term particle about these states since what
we have found for the fermions are in fact Weyl spinor states. From what we saw in Sec. 3.5 a
Dirac fermion can then only be described by a j = 0 representation together with a different
j = 0 complex conjugate representation, thus consisting of four states. The complex conjugate
representation of the first representation together with the self-representation of the second
then form the anti-particle of the fermion, and provide an additional two scalars. So the total
particle count from the two irreducible representations is a fermion—anti-fermion pair, and
four scalars. Note that all of the resulting particles have the same mass m.

For a Majorana fermion the situation is simpler, since we only need one self-representation
and its complex conjugate representation.

i=3

For j = 1 we have two Clifford vacua [Q2) with js = £3, and with s = § and s3 = £3, thus
they are fermionic states. For the moment we label them as [€%; 1) and [€;—3). From each
of these we can construct two further fermion states Q'Q?|€2; =3) where we know s = 1 and
s3 = IF%. Together these four states can form two fermions with s = % and s3 = :l:%.

In addition to this we have the two states Qi\Q; 3) and Q2|Q, —%) with s3 = 0, the state
Q%% %> with s3 = 1, and the state Q*|Q; —%)Which has s3 = —1. By linear combinations
of these we can create three states with s = 1, and s3 = 1,0, —1, and one state with s = 0
and s3 = 0, representing one massive vector particle and one scalar. Carefull consideration
of the transformation properties of these particles will show that the scalar is a pseudo-scalar
(a particle that changes sign under a parity transformation).

In total this representation then has one (massive) spin-1 vector with three spin-states,
two spin—% fermions and one spin-0 scalar. We will later refer to this set of states as the
vector superfield.

3.9 Exercises

Exercise 3.1
Show the following relationship for the normalisation constants N* of the ladder operators
for su(2),

Ny Ny m = N N,
and use this to conclude that NV ].+_1N ;=17 where j is the largest eigenvalue of the J3 operator.

Exercise 3.2
Find the spin-3 representation of su(2).

Exercise 3.3

Find an explicit expression for the boost generators K; and show the commutation prop-
erties of the Lorentz group generators J; and K;. Hint: We advise that you use rapidity
to parametrise the boosts to avoid excessive algebra. It suffices to look at boosts in the
z-direction.

Exercise 3.4
Show that (3.6)) are the differential generators of the Lorentz group.
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Exercise 3.5
Use Eq. (3.7) to write out an explicit expression for a Lorentz boost in the z-direction with
rapidity 7.

Exercise 3.6
Show that a general boost in the direction of the unit vector n with rapidity n can be written
as

B(n,n) = I — (coshn — 1)(n - K)? 4 isinhn(n - K).

Exercise 3.7
Show the commutation properties of the Poincaré group generators P, and M, .

Exercise 3.8

Show that
[P, P?] = 0,
[Myuy, P?]
Exercise 3.9
Show that [P,, W,] = 0.
Exercise 3.10
Show that
[P, W?] = 0 3.61)
[M;Lw WQ] =0 362)

Hint: You can use that??]

1
W2 = —51\4Wz\4/~W132 + M?"M,,, P,P",

Exercise 3.11
Show that SO (1,3) and SL(2,C) are indeed homomorphic, i.e. that the mapping defined by
(3.19) or (3.20)) has the property that A(M;Msy) = A(M1)A(Msy) or M(A1Ag) = M (A1) M(As).

Exercise 3.12
Show the Weyl-spinor relationships given in Egs. (3.29)), (3.32)), and (3.33]).

Exercise 3.13
Starting from the four-component form of the super-Poincaré algebra, derive the two-
component (Weyl spinor) form.

Exercise 3.14
Show that [X,, P,] = 0.

35This is non-trivial to demonstrate, see Chapter 1.2 of [6].
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Exercise 3.15

Show that the generalisation of the spin operator, J, = S + SimQ'y,/yE‘Q, fulfils the algebra

[Ji, JJ] == ieiijk.

Exercise 3.16
What are the states in the irrep |m, j) of the super-Poincaré algebra for m? > 0 and j = 1?
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Chapter 4

Superspace

In this chapter we will introduce a very handy notation system for considering supersymme-
try transformations effected by the @) elements of the superalgebra, or, more correctly, the
elements of the super-Poincaré group and their representations. This notation uses a coordi-
nate system called superspace, and allows us to define so-called superfields as a replacement
of ordinary field theory fields. This mirrors the Lorentz invariance built into relativistic field
theory by using four-vectors. In order to do this we need to know a little more about the
properties of Grassman (anti-commuting) numbers. However, we begin by taking another
look at the familiar four-vectors in light of what we have learnt about continuous groups and
Lie algebras.

4.1 An initial skirmish: four-vectors as a coset space

Traditionally, we are introduced to four-vectors as a record keeping device for time and space-
position in Special Relativity. In this notation we introduce (greek) four-vector indices, and
some (odd) rules for manipulating these.

Let us now go back to the Poincaré group and its generators in Sec. and in particular
the exponential map in Eq. . We here followed the conventions of four-vectors, but we
could have equally well written it up using ordinary vector component notation, starting with
the generators we derived for the different transformations of the group, i.e. rotations J;,
boosts K;, time-translation Fy, and space-translation P;.

We can now form the (right) coset of the Poincaré group P with its Lorentz subgroup L,
P/L. This is not a group since L is not normal to P, however, the coset space is a vector
space formed by the elements {Ag|A € L} where g € P. As before, we parameterise a general
element g in the Poincaré group P as

g = exp (;w”"Mpo + z‘a“Pu> ,
but keeping in mind the discussion above. Since any two cosets are either disjoint or iden-
tical, we can now represent each element in the coset space by one of the members in the
coset picking the member where w?” = 0 giving A = I. What remains in the coset is the
four-dimensional translation operator T'(a) = e'"Pu. Physically, this space is the set of
all translations independent of reference frames (boosts and rotations), and it is equivalent
(isomorphic) to the vector space formed by the four components of a* (parameters of the

63
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translation) since there is a one-to-one map between a* and the elements of the coset space.
Thus we can say that the four-vectors form the coset space between the Poincaré group and
the Lorentz group.

The transformation properties of four-vectors that we have learnt about can be demon-
strated by the properties of the Poincaré group. It is possible to show, using only the prop-
erties of the generators and their commutators, that with a member of the Lorentz group
A = exp(4w”” M,,) we have

AT(a) = exp <;w””Mpa> T(a) = T(Aa) exp (;wPUMpo> — T(Aa)A,

where Aa = A", a” is the same Lorentz transformation of the four-vector translation parameter
as the one we are accustomed to.

If we now want to see how a Lorentz transformation A acts for example on a scalar function
F(x) we can write F'(z) = exp(iz*P,)F (0). This means that the transformation is essentially
captured as 2’ in Aexp(iz#P,) = exp(iz’*P,). Now, from the above we have

Aexp(izt'P,) = AT(x) = T(Az)A,

and since the Lorentz transformation does nothing to a scalar coordinate independent quantity
such as F(0), we have ' = A¥,z”, and the scalar function transforms the way we are used
to under Lorentz transformations, namely AF(z) = F(z'). This argument can easily be
extended to vector fields A, () and higher rank tensors, for example

AAY (z) = A* A ().

The way we have defined four-vectors have built the Lorentz transformations of Special Rel-
ativity into our equations.

4.2 Superspace definition

SuperspaceE] is a coordinate system where supersymmetry transformations are manifest, in
other words, the action of elements in the super-Poincaré group (SP) are treated like Lorentz-
transformations are in Minkowski space.

Definition: Superspace is an eight-dimension manifold that can be constructed
from the coset space of the super-Poincaré group, SP, and the Lorentz group,
L, SP/L, by giving coordinates z™ = (x“,GA,H_A), 7w =, A, A, where 2/ are the
ordinary Minkowski coordinates, and where 64 and 6 are four Grassman (anti-
commuting) numbers in the form of Weyl spinors, being the parameters of the
supercharges Q4 and Q*, respectively, in the exponential map of the superalgebra.

To understand what all of this means we start from the same perspective as for the four-
vectors in the previous section, and begin by writing a general element of SP, g € SP, using
the exponential map defined in Section

g = exp <ix“Pu +i02Q 4 + iéAQA + ;UJWM’“’> ,

'First introduced by Salam & Strathdee [IT].
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where z#, 64, 0 i and wy,, constitute the parametrisation of the group, and F,, Qa, Q4 and
M,,, are the generators. Following the same argument as above we can now parametrise the
coset space SP/L simply by setting w,, = 0E| The remaining parameters of SP/L are then
the coordinates that span superspace.

In order for the exponential map to make sense the parameters 6 need to anti-commute
just like the Qs so that the contractions 84Q 4 and 6 AQA follow ordinary commutation rules.
Otherwise the commutation properties of the exponential map would be different order by
orderﬂ As physicists we also want to know the dimensions of our new parameters. To do this

we first look at Eq. (3.48]):
{QA) QB} = QO-ZBPM)

where we know that P, has mass dimension [P,] = M. This means that [Q*] = M and
[Q] = M2, In the exponential, all terms must have mass dimension zero to make sense.
This means that [#Q] = 0, and therefore [0] = M~1/2.

We now want to find the effect of supersymmetry transformations (transformations by
the super-Poincaré group) on the superspace coordinates, and we begin by noting that any
SP transformation can effectively be written in the following way without the boosts and
rotations of the Lorentz group:

go(a, o) = expliat P, + iaAQA + iO_zAQA],

effectively setting w,, = 0, because we can again show thaﬁ

exp [;wwM‘“’] go(a, a) = go(Aa, S(A)a) exp [;W#VMMV] , (4.1)

i.e. that all that a Lorentz boost does is to transform spacetime coordinates by A and Weyl
spinors by S(A), which is the spinor representation of A (SL(2,C)). Thus, in more colloquial
terms, for the supersymmetry transformation it does not matter which reference frame we
are working in, we know how the transformation changes between the frames, given by Aa
and S(A)a.

We can now find the transformation of superspace coordinates under a supersymmetry
transformation, just as we have seen the Minkowski coordinates transform under Lorentz
transformations. It might be tempting to look directly at the effects of an element gg(a, a) on
a function on superspace coordinates, F'(27) = F(zH, 04,0 i), just as we did for the translation
group. However, the powers of the sum of generators in the infinite series will become very
unwieldy and messy. Instead, we pull out the coordinate dependence from the function
F(z™) = " Kx [(0), where K = (P,,Q4,Q"), and we look at the transformation 2™ — z'™
given by

2" K

goe _ eiz”rK7r

2SP/L is again not a coset group, because L is not a normal subgroup of SP, but it still forms a vector
space (the coset space) which we call superspace.

3We might already see how this can be useful: if we consistently use 64Q and éAQA instead of only Q4
and QA in Eqgs. 7 we can actually rewrite the superalgebra as an ordinary Lie algebra, but with
Grassman elements, because of these commutation properties.

4Fortunately, we are not going to do this here because it is messy, but it can be done using the algebra of
the group and the series expansion of the exponential function. Note, however, that the proof rests on the Ps

and Qs forming a closed set, which we saw in the algebra Eqs. (3.45)(3.48).
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In moving the problem to the exponential, we can use the power of some results on the expo-
nentials of non-commuting quantities, in particular the Campbell-Baker—Hausdorff expansion

from . We havelﬂ

2" K

goe = exp(ia’P, +iaPQp + i&BQB) exp(iz" Kr)
= exp(ia’P, +iaPQp + idBQB + 12" K,
%[WPV +iaPQp + z’@BQB, i7" K] +...)
Now we take a closer look at the commutator{]
1] = —[07Q5,0,Q" - 6,Q7.6Qu]

= OéBG_AGAO{QB, Qet + &BHAEBC{QC', Qa}

= QOéBéAEACO'gCPH + Q@BGAGBCUZCPM

= 2(@350020 + &CHAJZC)PN.
We can relabel B = A and C = A which leads to

1 A GA A A

5[, ] = (%ot ;07 — 070", 0" )P,

The commutator is proportional with P, and will therefore commute with all the operators
in the problem, in particular the higher terms in the Campbell-Baker-Hausdorff expansion,

meaning that the series reduces to

2" Kn  _ : A gA | pA ~A S (pA A (h = VA
goe** = expli(z” +a" —ia"o’ 07 +i0%" .a")P, +i(07 +a”)Qa +i(0; +a;)Q7).
So superspace coordinates transform under supersymmetry transformations as:

(z*, 04, O_A) — (¥ +at — iozAaf;AéA + iQAGZA@A, 04 + o4, 5,4 +ay,), (4.2)

or given more explicitly as a composition function
frlz®, 04, 04,a", o, a,) = (z"+a" - iaAU“AAéA + iGAJ“AAdA, 04 + a4, 0i+ay. (4.3)

As a crucial by-product we can now write down a differential representation for the su-
persymmetry generators by applying the standard expression for the generators X; of a Lie
algebra, given the composition functions f;:

Ofx O
iX; = aﬁjazﬂ’
which gives us:
iP, = 9, (4.4)
iQa = —i(0"0)a0, + Oa, (4.5)
QY = —i(a"9)4a, + o4 (4.6)

The interested reader can now use these expressions to check the (anti-)commutation relations

for the supercharges in Egs. (3.47)) and (3.48)).
A_B A+B+1[4,B]+...

5Here we use Campbell-Baker—-Hausdorff expansion e”e? = e where the terms that follow
all contain commutators of the first commutator [A, B] and the operators A and B.

fUsing that P, commutes with all the other generators present, as well as [HAQA,fBQB] =
—02¢2{Q4,Q5} = 0, and similarly for QF.
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4.3 Superspace calculus

It should be clear from the following section that we need to know something about the
calculus of anti-commuting Grassmann numbers in order to make sense of differentiation
(and integration) with respect to them. In this section we will briefly discuss their most
important properties, focusing on the coordinates of superspace.

As Grassmann numbers the superspace coordinates obey the following commutation rules:

{04,058} = {04,055} = {0,058} = {0,035} = 0.

From this we get the relationships[]

04 = 0404 = —0404 =0, (4.7)
0% = 0i0,=—0,0,=0, (4.8)
02 = 00=0640, = —20,0s, (4.9)
> = 60=0,6" =209 (4.10)

Notice that if we have a function f of a single Grassmann number, say the superspace coor-
dinate 64, then that function can be written

f(HA) =ap+ a164, (4.11)

as there are simply no more terms because of (4.7)).
We now need to define differentiation and integration on these numbers in order to create
a calculus for them[]

Definition: We define differentiation in superspace by:

. o _: .
0408 = — 08 = 6,45, GAQB = @03 EéAB

with a product rule due to the anti-commuting nature of the superspace coordinates

04(0P1052083 9By = (9,0P1)00208: . g5n
—071(04052)053 ... 68n
o (D) ePel (9408, (4.12)

and similarly for 0.

This implies that the differential operator 04 is itself a Grassmann number and anti-commutes
{04,08} = {04,035} = {0,085} = {9,495} = 0.
However, notice that by (4.12))

{04,0B} = 040p — 004 + 0B0A = 4B,

"There is no summation implied in the first two lines, only a repetition of the same superspace coordinate.
These are of course the same relations we already used for the Weyl spinors.
8These definitions have no infinitesimal interpretations, nor is there any separate notion of definite integrals.
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and similar relations. We can show that the indices of these differential operators can be

raised and lowered with the e in Egs. (3.21) and (3.22).

Definition: The integral operator of a function f of a superspace coordinate 64 is
defined as a functional I[f]

Ilf] = /dQAf(GA),

which evaluates to a c-number (number in C). The evaluation is defined by the

/dGAEO, /dﬁAGAEI,

and similarly for 6 i~ We demand linearity:

relations

/ d0A[af(8.a) + bg(64)] = a / d6,4f(6.4) + b / d0.49(04).

and that the integral operators anti-commute, just as the differential operators
{/dGA,/dGB} = {/d&A,HB} =0.

This integral definition has a surprising property. If we take the integral of (4.11)) we get:

/ d0af(04) = a1 = D F(0.4),

meaning that differentiation and integration has the same effect on functions of Grassmann
numbers.
To integrate over multiple superspace coordinates we define volume elements as

1
20 = —ZdHAdQA,
_ 1 -
d’0 = —ZdQAdH,
d*0 = d%04%6.

This specific volume element definition is made to normalise the following integrals

/ d?0 00 = 1,

[eaas = 1

/ d*0 (00)(69) = 1.

Delta functions of Grassmann variables are given by:

0(04) = 04,
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0*(0.4) = 66,

52(64) = 60,

and we can easily show that these functions satisfy, just as the usual definition of delta
functions,

/ 404 £(0.4)5(04) = £(0).

4.4 Covariant derivatives

Similar to the properties of covariant derivatives for gauge transformations in gauge theoriesE]
it would be nice to have a derivative that is invariant under supersymmetry transformations,
i.e. commutes with the supersymmetry generators. Obviously P, = —i9,, does this, but more
general covariant derivatives can be made.

Definition: The following covariant derivatives commute with supersymmetry
transformations:

Dy Oa + i(U“é)Aau, (4.13)
D; = —-0;—1i(00"),0u. (4.14)

These can be shown to satisfy the following relations that are useful in calculations:

{Da,Dp} = {D;,Dp} =0, (
(DA, Dy} = —20".P,, (4.
D}=D% = o, (
D*D?’D, = D,;D*D4 (

I
TaB

Here, D3 and D? means the application of at least three of these covariant derivatives.

From the covariant derivatives we can also construct a set of three projection operators.

9Under a local gauge transformation U(z) a gauge covariant derivative D,, acting on a field ¢(z) transforms
as Dyo(z) — D, ¢'(x) = DU (z)p(z) = U(z)Dpé(z), or D), = U(z)D, U™ (z).
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Definition: The operators

Ty = —m—DDQDQ, (4.19)
1 _

T_ = —16—DD2D2, (4.20)
1 _ _ 5

T = 8—DDAD2DA, (4.21)

with [0 = 9,,0%, are orthogonal projection operators, i.e. they fulfil:

s = 7T, (4.22)
mym— = wqnmp =n_7mp =0, (4.23)
T+ +mp = L (4.24)

4.5 Superfields

Using the superspace coordinates we can now define functions of these to use in a field theory.
Naturally we should call these objects superfields.

Definition: A superfield ® is a function on superspace ®(z, 6, 0).

Notice how we write, just as for ordinary fields depending on four-vector coordinates, the
coordinates sans indices.

We can expand any such superfield ®(z, 6, 0) as a power series in @ and 6. For a superfield
without explicit spinor indices this gives in general,

O(x,0,0) = f(x)+0"pa(x)+ 0, (z) + 00m(x) + 00n(x)
00OV, () + 000 ;3 () + 0004 A(x) + 0000d(x), (4.25)

where the functions of space-time coordinates x are called the component fields. Any
superfield without explicit spinor indices, such as the one above, commutes with any other
superfield, because all the Grassmann numbers appear in contracted pairs.

The properties of the component fields can be deduced from the requirement that ® must
be an (operator valued) Lorentz scalar or pseudoscalar. These are shown in Table along
with the corresponding degrees of freedom each field has.

One can show that under supersymmetry transformations these component fields trans-
form linearly into each other. Under the infinitesimal transformation dg = 1aQ + iaQ) we
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Component field ‘ Type d.o.f.
f(z), m(z), n(x) | Complex (pseudo) scalar 2
Ya(z), pa(zx) Left-handed Weyl spinor 4
YA (x), M(x) Right-handed Weyl spinor 4
V() Lorentz 4-vector (complex) 8
d(x) Complex scalar 2

Table 4.1: Component field content of a general superfield.

havd LY

bsf = ap+ax, (4.26)
dspa = 2aam+ (c'a)a(i0uf + V), (4.27)
Ssxt = 2an+ (ao™A@0,.f — V), (4.28)

Ssm = a\— %@Lgba“@, (4.29)

dsn = ay+ %aa”@u)’(, (4.30)

oV = aJuS\ + Yoo+ %o@#gb — %8@‘(@, (4.31)
Ssx = 2add+ %a/‘aﬂvu +i(ao™)A9,m, (4.32)
dstha = 2aad— %aAauVu + (ot @) A0, (4.33)

bsd = %a,ﬂpa#oz — %fmaﬂa. (4.34)

Thus we say that superfields (with the differential form of the supersymmetry generators) are
representations of the super-Poincaré group—in the sense of being states in a representation
space—just as ordinary quantum fields are representations of the Poincaré group, albeit highly
reducible representations since there are subsets of the component fields that are closed on
the supersymmetry transformation!@

We can recover the known irreducible representations, see Section [3.8.2] by imposing some
restrictions on the fields. To do this we define the following three types of superfields that we

10Tf a4 component field f transforms as f — f' = f + 8. f under the supersymmetry transformation then
Ouf = f' = f = €U — f = (iaQ +iaQ) f,

for infinitesimal transformation parameters.
1A word of warning is in order here. Considering ® as a quantum superfield with operator valued component
fields it transforms under the supersymmetry transformations in the passive sense

d(z) = &' (z) = exp (—iaQ — iaQ)®(z) exp (iaQ + iaQ).

2Indeed, they are also linear representations since a sum of superfields is a superfield, and the differential
supersymmetry operators act linearly.
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will discuss below:

D ;®(xz,0,0) = 0 (left-handed scalar superfield) (4.35)
D@ (z,0,0) = 0 (right-handed scalar superfield) (4.36)
Vi(z,0,0) = V(z,0,0) (vector superfield) (4.37)

Note that it is ®' which is the right-handed superfield in Eq. , not ®. However, we
can show that the hermitian conjugate of a left-handed scalar superfield fulfils the condition
for a right-handed scalar superfield. We always keep the “dagger” operator on the right-
handed fields to remember what they are since the difference between left- and right-handed
superfields will become crucial later. Supersymmetry transformations can also be shown to
transform left-handed superfields into left-handed superfields, right-handed superfields into
right-handed superfields and vector superfields into vector superfields. This means that they
are separate representations.

Products of the same type of superfield is a superfield of the same type since for left-handed
scalar superfields ®; and ®;,

D ;(®®;) = (D;2:)®; + (D ;) =0,
and similarly for a right-handed scalar superfields, and for vector superfields V; and V/,
ViV = Vv = v = vy

The product of a left-handed scalar superfield ® and its hermitian conjugate ®, V = ®®f,
is a vector superfield since

Vi= (20" = 20! = V.

The same is true for sums of superfields of the same type. These properties will be important
when creating a superfield version of a Lagrangian.

Note that the projection operators that we defined in Section w4, project out left-
/right-handed superfields, respectively, from the general superfield, because:

Dmi® = Dyr_®' =0,

which follows from using Eq. 1) This is analogous to the properties of Pr/p = %(1 F5)
that we saw in Sec. 3.5.2

4.5.1 Scalar superfields

What is the connection between the scalar superfields and the j = 0 irreducible representa-
tion? To see this we use a cute trickﬁ Change to the variable y* = z# + ifc*0. Then the
covariant derivatives simplify to
Dy = 0a+ 2i(0“§)Ai,
oy+
D; = -0; (4.39)

(4.38)

3Here cute is used in the widest possible sense.
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This means that a field fulfilling D i® = 0 in the new set of coordinates must be independent
of the 6 coordinates. Thus we can write this field as:

®(y,0) = A(y) + V20u(y) + 00F (y), (4.40)

and looking at the much restricted component field content we get the result in Table

Component field ‘ Type ‘ d.o.f.
A(x), F(x) Complex scalar 2
Ya(x) Left-handed Weyl spinor 4

Table 4.2: Component fields contained in a left-handed scalar superfield.

Since we wish to interpret the Weyl spinor here as a fermion quantum field with dimension
M?3/2 and given that [f] = M~'/2, the scalar superfield itself must have mass dimension
[®] = 1. This means that the scalar field A has the expected mass dimension M?! of an
ordinary scalar quantum field, however, the scalar F' has the odd mass dimension [F] = QE
The Weyl spinor can be used to represent (half of) one of the Dirac fermions of the Standard
Model, while the scalar A is typically given the same name as the fermion with an ‘s’-prefix,
and the scalar F' is called an auxiliary field, for reasons which will become clear later.

We can undo the coordinate change in by inserting for y and expanding in powers
of 6 and 0, giving

Q%w@@@mwa+%F@y
(4.41)

By using the transformation y* = 2* — ifo*0 we can show a similar field content for the
right-handed scalar superfield. The general form of a right-handed scalar superfield is then
as could be expected:

y%am:A@ymwwmmm@—%%%uuw+¢%w@—

O (x,0,0) = A*(x)—i(00"0)0,A*(x)— i@@ééDA*(m)—i—\@é@Z_}(x)—i—\;iééﬁa“@ud;(aj)—l—ééF*(x).
(4.42)

The transformation of the component fields under supersymmetry transformations can be
read off by comparing (4.41]) with the general superfield (4.25]), and using the transformations

in (£.26) (E3), giving

5sAly) = V2ai(y) (4.43)
Ssaly) = V2aaF(y) +iv2(c"a)a0,Aly), (4.44)
IsF(y) = —ivV20,0(y)o”a, (4.45)

showing that these component fields are closed under supersymmetry transformations.

We can now compare the above to the j = 0 representation of the super-Poincaré group
that had two scalar states and two fermionic states (d.o.f.). After applying the equations of
motions (e.0.m.) the auxiliary field F'(x), with the strange mass dimension, can be completely

10dd as in strange, 2 is known to be an even number.
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eliminated as it does not have any derivativesE The e.o.m. also eliminate two of the fermion
d.o.f. using the Direc/Weyl equations from Sec. This does not happen for the scalar
A(z) since their e.o.m are not linear in the time-derivative. Thus, after the equations of
motion, we are left with the same states as in the j = 0 representation.

However, the scalar superfields will not correspond directly to particle states for the known
Standard Model particles since, as we discussed in Sec. a Weyl spinor on its own cannot
describe a Dirac fermion. When we construct particle representations we will take one left-
handed scalar superfield and one different right-handed scalar superfield. These will form a
Dirac fermion and two scalars (and their anti-particles) after application of the e.o.m.

4.5.2 Vector superfields

If we take the general superfield in (4.25) and compare the ® and ®' expressions we can see
that the following is the restricted component field structure of a vector superfield:
V(z,0,0) = C(x)+0¢(x)+ 0p(z) + 00M (z) + 00 M*(z)
+05"0V,,(z) + 000X(x) + 000X (z) + 0000 D (x).
The properties of the component fields are summarised in Table[1.3] Repeating the arguments
of mass dimension, if the V), is to represent a vector quantum field with [V,,] = M, then the
dimension of the vector superfield must be [V] = M, the Weyl-spinor \ is a normal looking
[A] = M3/2 while the scalar D again has the odd [D] = M?2. For the C and ¢ fields the mass

dimension is even stranger.

Component field ‘ Type ‘ d.o.f.
C(x), D(x) Real scalar field 1
pa(x), Aa(x) Weyl spinor 4
M(x) Complex scalar field 2
V() Real Lorentz 4-vector 4

Table 4.3: Field content of a general vector superfield.

With the large number of component fields, and their strange mass dimensions, you may
now be a little suspicious that this vector superfield does not correspond to the promised
degrees of freedom in the j = % representation of the superalgebra, even after the application
of the equations of motion. However, gauge-freedom now comes to our rescue.

4.6 Supergauge

We first define what we will mean by an abelian (super)gauge transformation of a superﬁeldm
Later we will see how it relates to the ordinary gauge transformations of quantum fields. We

5Remember that in the classical equation of motion for a field, the Lagrange equation, has a term with
the derivative of the Lagrangian w.r.t. to the field derivatives and one w.r.t. the fields. For F' only the latter
is non-zero and can be used to solve for F. We will show this in more detail in Sec. [5.6] when we construct
supersymmetric Lagrangians.

16Since the Lagrangian is linear in time derivatives of ¢—it will have to be when we construct it from these
superfields that are linear—the generalised momenta m = Jpt can be re-expressed in terms of the generalised
coordinates without time derivatives and are not independent coordinates.

"We promise that we will get back to the corresponding definition for non-abelian transformations.
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begin with the scalar superfields.

Definition: The abelian supergauge transformation (local or global) on a left
handed scalar superfield ®; is defined as:

D; — O = eihe, (4.46)

where ¢; is the charge of ®; under that gauge group and A (global), or A(z) (local),
is the parameter of the gauge transformation.

The definition is of course completely equivalent for right-handed scalar fields and generalises
the standard definition of (abelian) gauge transformation in quantum field theory. For the
definition to make sense the transformed field ®; must be a left-handed scalar superfield itself,
thus

and this requires:
DA%I); = DAeiin@i = eiQiADAq)i + iqi(DAA)eiq"Afl)i = iqi(DAA)Q); =0.

Thus we must have D 4A = 0, which means that the parameter A is also a left-handed
superfield. Note, however, that A has must have a mass dimension [A] = M? in order for the
exponentiation to make sense.

Next, we move to the vector superfields.

Definition: Given a vector superfield V (z, , ), we define the abelian supergauge
transformation as

V(z,0,0) = V'(2,0,0) = V(z,0,0) —i[A(z,0,0) — AT(2,6,0)], (4.47)

where the parameter of the transformation A is a scalar superfield.

With the expressions for scalar superfields in (4.41)) and (4.42), using ® = iA, we can
show that under supergauge transformations the vector superfield components transform as:
C(x) — C'(z)=C(z)+ A(z) + A*(z) (4.48)

¢ () = o(x) + V2¢(x) (4.49)
M'(z) = M(z) + F(x) (4.50)
V(@) = Vu(z) + i0u(A(z) — A (2)) (4.51)
(4.52)

(4.53)

L1l

N(z) = A=)
— D'(z) = D(x).

If we look at the transformation this implies for the vector field, this is equivalent to the
ordinary abelian gauge transformation for a vector field V,(z) — Vj(z) = V,(x) + 9ug(x),
with the gauge parameter given by the scalar component field of A, g(z) = i[A(z) — A*(x)] =
—21Im (A(x)). It then immediately follows that the standard field strength for a vector field,
F,, =0,V, — 0,V,, is supergauge invariant.

If we demand that our theory is invariant under these gauge transformations we can
choose the component fields of A in order to eliminate some the remaining reducibility in the
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representation.

Definition: The Wess-Zumiono (WZ) gauge is a supergauge transformation of
a vector superfield by a scalar superfield with

1
] (4.54)
F(z) = —M(x), (4.55)
A(x) + A*(x) = 2Re(A(z)) = —C(z). (4.56)

A vector superfield in the WZ-gauge can then be written:
Vivz(z,0,0) = (00"0) [V, () +i0,(A(z) — A*(2))] + 000X(x) 4+ 000X(z) + 0000 D(x). (4.57)

Again, the equations of motion will eliminate the auxiliary D-field, as well as one d.o.f. from
the gauge field leaving the two d.o.f. of a massless on-shell gauge boson as found in the
Standard Model,ﬁ and two d.o.f. from the (Majorana) fermion formed by A, usually called
the gaugino partner of the gauge boson. This does contain the correct number of degrees
of freedom that corresponds to the representation j = %, however, for the massless m = 0
representationF—_g]

Notice that the WZ gauge is particularly convenient for calculations because:

1
Vi, = 59909[‘/”(36) + 10, (A(z) — A*(2))][VF(z) + i0" (A(z) — A" (2))], (4.58)
and, since multiplying in any 6 or € into VV%, » will then yield zero, we have
Vivz =0,

so that .
GVWZ =14+ Vwz+ §VVQVZ

Unfortunately, supersymmetry transformations break the Wess-Zumiono gauge, meaning that
a vector superfield in the WZ-gauge will no longer be in the WZ-gauge after a supersymmetry
transformation.

4.7 Exercises

Exercise 4.1
Show that

/d2909 =1

8Hang on, where did that last d.o.f. go from V(z)? We have a remaining gauge freedom in the choice of
the imaginary component of A(x), which is the ordinary gauge freedom of a U(1) field theory. This can be
used to eliminate one d.o.f. from the vector field.

19The vector bosons will get mass through electroweak symmetry breaking just as in the Standard Model.
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Exercise 4.2
Check that the explicit differential forms of the generators in Eqgs. (4.4)—(4.6] fulfil the super-

algebra in Eqs. (3.47)—(3.45]).

Exercise 4.3

Demonstrate the correctness of the general expression for the left-handed scalar superfield in
Eq. (4.41). Hint: You may have use for the spinor identities

_ _ 1 __
(60"0)(60"8) = 390000,

_ 1 _
00,1000 = 5000,10+0

Exercise 4.4
Show the vector superfield supergauge transformation properties for the component fields.
Hint: Use the field redefinitions:

A@%%M@—%M%ﬂ@,
D(z) = D(z) — %DC(CC).

Exercise 4.5
Derive the expression for VI/%/ » in Eq. (4.58).
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Chapter 5

Construction of a low-energy
supersymmetric Lagrangian

We would now like to construct models, in the form of a field theory Lagrangians, that are
invariant under supersymmetry transformations, much in the same way that the Standard
Model Lagrangian is invariant under Poincaré transformations. However, just as for ordinary
quantum field theory Lagrangians we will need to be able to impose gauge invariance for a
choice of gauge group, and we want to limit the models to models that are renormalisable, i.e.
models where any infinities can be cancelled by a finite number of counter-terms. Along the
way we will also find a way to deal with the problem of equal masses for the particles in an
irreducible representation — in other words, where are all the supersymmetric partners of the
Standard Model particles? — taking inspiration from the Standard Model Higgs mechanism
using spontaneous symmetry breaking.

5.1 Supersymmetry invariant Lagrangians and actions

As should be well known the relativistic field theory action

SE/d4x£, (5.1)
R

is invariant under supersymmetry transformations if this transforms the Lagrangian by a total
derivative term £ — L' = L+ 0" f(z), where f(xz) — 0 on the surface S(R) of the integration
region R. The question then becomes: how can we construct a Lagrangian from superfields
with this property?

An infinitesimal supersymmetry transformation of a function on superspace F(z, 6, 6)
can be written as

F'(2,0,0) = exp(iaQ + iaQ)F(x,0,0) ~ F(x,0,0) + (iaQ + iaQ)F(x,0,0), (5.2)

where a? and & i are the infinitesimal parameters of the transformation. If these parameters
are constant then we say that this is a global supersymmetry transformation which is what
we are (mostly) going to concern ourselves with in these notes. Replacing a — a(x) gives a
local supersymmetry transformationE] Here we have ignored the action of the P, operators

! Allowing for local supersymmetry transformations leads to a gauge theory of supersymmetry called super-
gravity, which can incorporate gravity in a natural way.

79
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since they commute with all the @s, so that this part of the group acts independently, and
only results in a translation of the Minkowski coordinate. The total change in the function
under the supersymmetry transformation is ,F = F' — F, where

5s = i(aQ + aQ). (5.3)

We can show that the highest order component fields in 6 and € of a superfield always
transform as a total derivative under ds, e.g. for the general superfield the highest order
component field d(z) transforms aEE|

b.d(w) = d (x) — d() = S(Oi(x)o"a — DuA(z)o"a), (5.4)
and the same is naturally true for the D component-field of a vector superfield. For a scalar
superfield it is the F-field which has this property:

6sF (x) = —iv/20,1(2)o . (5.5)

These highest power #-components can be isolated by using the projection property of
integration in Grassmann calculus writing

S:/d4x/d49£,
R

where the Lagrangian density £, which is a function of superfields, is guaranteed to give a
supersymmetry invariant action. Note that this constitutes a redefinition of what we mean
by the Lagrangian £ when working with superfields. We should in particular be careful
when counting the dimension of terms. We have, see Section 0] = M —1/2_ which, since
[dBo = 1, leads to [[df] = M'2. We then have [[d*d] = M2. Since we must have
[[d*6 £] = M* for the action to be dimensionless, we need [£] = M2, which is different from
the standard field theory Lagrangian with dimension M*.

We can now write down the generic form for a supersymmetric Lagrangian consisting of
scalar superfields ®;, where the indices indicate the highest power of 6 in the term:

L= ﬁgggg(@i, (I);r) + ééﬁgg(@i) + 9(9[,9‘9—((1);[).

Here Lgpp (Lzz) is a function of only left-handed (right-handed) scalar superfields where we
project out the F-field by multiplying by 66 (60) and integrating over all the §. The function
form is limited to holonomic functions which means that the term is itself a scalar super-
field. These two terms form what we call the superpotential. Meanwhile, the £jy55 term
is a real valued function of the scalar superfields where we project out the d-field, called the
Kahler potential. Possible terms include <I>ZT<I>Z-, but not ®; + <I>;r, since this would belong in
the superpotential.

The requirement of renormalisability of the resulting quantum field theory puts further
restrictions on the fields in £. We can at most have three factors of scalar superfields in each
term of the superpotential, and two factors of scalar superfields in the Kéahler potentia, for

2A word of warning: we really have to be slightly more careful here with the supersymmetry transformation
since the superfields are operator valued functions acting on a state-space. A unitary transformation U|y) of
the state implies a unitary transformation U T AU of an operator A on that state.
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details see e.g. Wess & Bagger [12]E| Since the total action must be real, the (almost) most
general supersymmetry Lagrangian that can be written in terms of scalar superfields is:

L =00, +00W[d;] + 00W[0]].

Here the first term is called the kinetic termﬁ and W is the symbol for the superpotential,
which by renormalisability is restricted to

WIP] = t;®; +mij®;®; + Nijr i P, Py (5.6)

This means that to specify a supersymmetric Lagrangian we only need to specify the superfield
content of the model and the form of the superpotential.

Dimension counting, starting from [£] = M? and [®] = 1, means that the superpotential
terms must each be M3, for the couplings this gives [t;] = M?, [m;;] = M and [\;i] = 1.
Notice also that m;; and A;;;, must be symmetric since the superfields commute.

5.2 Abelian gauge theories

We will of course require not only a supersymmetry invariant Lagrangian, but also a gauge
invariant Lagrangian, and we start with the requirements for an abelian gauge group.

Let us first look at the transformation of the superpotential W under the gauge transfor-
mation of the scalar superfields in :

W[(I)] — W[(I)l] = tieiin(I)i + mijei(qi+qj)A(I)i(I)j + )\ijkei(qz'-f-qg'-i-%)/\q)iq)jq)k‘

Requiring gauge invariance, W[®] = W[®'], we must have:

¢ = 0 ort; =0, (5.7)
¢G+qi = 0 or my =0, (5.8)
g +¢q +aq = 0 or Ajp=0. (5.9)

This puts great restrictions on the form of the superpotential and the charge assignments of
the superfields, as in ordinary gauge theories.
What then about the kinetic term? This transforms as

0l d; — dle il airp, — M- plg,.

As in ordinary gauge theories we can introduce a gauge compensating vector (super)field
V with the appropriate gauge transformation to make the kinetic term invariant under su-
persymmetry transformations. We write the kinetic term instead as @je‘hvéi, which gives us
an invariant term{]

. —ia; AT a:(V—i iAT) ias .
DtV d; — @leith cailVidtil) iahg, — plessV @,

3The argument is similar to ordinary quantum field theory, terms with couplings with negative mass di-
mension is forbidden.

4The constant in front of this term can always be chosen to be one because we can rescale the whole
Lagrangian. It is possible to start from more general Kahler potentials, but this is mostly beyond the scope
of these notes, although we will return to modify this term to account for gauge invariance.

5In case you were worried: we can use the WZ gauge to show that the new kinetic term @Ie‘“vfbi has no
term with dimension higher then four, and is thus renormalisable.
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This definition of gauge transformation can be shown to recover the Standard Model
minimal coupling for the component fields through the covariant derivative

, ]
DL = 8“ — §q7;V/_L,

where V), is the vector component field of the vector superfield. The factor of a half here
is admittedly a little odd, but is in fact related to how we (in these notes) defined the
supergauge transformations. We can now simply redefine the charge, or go back and fiddle
with the numerical factor in front of the vector superfields in the kinetic terms. Your choice!

5.3 Non-Abelian gauge theories

How do we extend the above to deal with the much more complicated non-abelian gauge
theories? Let us take a gauge group G with the Lie algebra of group generators ¢,

[taa tb] = Z.fabctca (5.10)

where f,,¢ are the structure constants. We recap that for an element g in the group G we want
to write down a unitary representation U(g) that transforms a vector W in the representation
by ¥ — ¥ =U (g)\IJE] With an exponential map we can write this representation as
U(g) = €"*a, where \* are the parameters and t, are hermitian operators, as you may
perhaps have expected.

As in ordinary gauge theories, we simply copy the structure of the abelian (super)gauge
transformation, and transform (a vector of) scalar superfields @ under a non-abelian group
as

b =N TP,

in a non-abelian supergauge transformation. Here ¢ is the charge of ® under G. At this
point we need to choose a particular representation, reflected in a particular choice for the
generators which we write as T,. Since for gauge groups we are almost exclusively interested
in groups defined by a matrix representation, U(g) will be a matrix with dimension fixed by
the dimension chosen for the representation. Again we can easily show that we must require
that the A® has the defining property of a left-handed scalar superfield for ® to transform to
a left-handed scalar superfield.
For the superpotential to be gauge invariant we must now have:

tiUir = tr or g; = O, (511)
mijUirUjs = Myps OT Myj; = 07 (512)
AijkUirUjsUge = Apst Or Ajjp =0, (5.13)

where the indices on U are its matrix indices.

We also want a similar construction for the kinetic terms as for abelian gauge theories,
®7e?V"Tad to be invariant under non-abelian gauge transformations. Now, using that the
generators T, are hermitian,

a /a _ i Aat /a Ly !
@Teqv Ta(I) N @/Teqv Ta(ﬁl _ @Te igA Taqu Taequ Ta‘I’,

50f, course, you may ask, how do we even know that we can find a unitary representation for a particular
Lie group? For the unitary group this is by definition, but is it possible in general? It turns out that this is
always true for compact Lie groups which includes many of the matrix groups U(n), SU(n), O(n), SO(n),
Sp(2n), and Sp(n).
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so, in order to have gauge invariance, we have to require that the vector superfields V¢
transform as{’]
6qV’aTa _ eiqA‘”Ta quaTa 6—iqAaTa. (514)
Using the Baker-Campbell-Hausdorff formula in (2.2) we can write this as

VT, = VT, — i(A® — AT, — %q[vaTa, (AP + AMHYT}] + O(A2),
where the higher order terms all contain the commutator

[VOTo, (A + A)Ty] = V(AL + ATy, Ty] = V(A" + A)if,, T,
so that the vector superfield transforms as

1
VIt =V (A — AT — 5 qfpe"VO(AT + A) + O(A?). (5.15)

This sensibly reduces to the definition for abelian groups in (4.47)) since all the higher order
terms contain the structure constant f, ¢, which is zero for abelian groups. If we look at the
component vector fields of V', V7, these transform just like in a standard non-abelian gauge
theory:
Vi — Vf =V +i0,(A* — AY) — qucaVlf(AC — A%),

in the adjoint representation of the gauge group.

The supergauge transformations of vector superfields can be written more efficiently in a
representation independent way as

/ AT .
€V :ezA eve 7,/\’

where we have defined matrix superfields A = gA®T, and V = ¢V*T,, and the inverse

transformation is then given by
J— / y — p— T
V eer V e i\

€ )

such that eVe V =eV'e V' = 1

5.4 Supersymmetric field strength

There is one type of term missing from the supersymmetric Lagrangian we are constructing,
namely field strength terms that make the gauge fields dynamical, e.g. terms to describe the
electromagnetic field strength term £ ~ —iF M in QED.

Definition: The supersymmetric field strength foi" a vector superfield V is
defined by the spinor matrix scalar superfields W4 and W given by

Wa

1 - _
—ZDDe_VDAeV, (5.16)

Wy

1 _
—ZDDe_VDAeV, (5.17)

where again V = qV%T,.

"This is independent of our choice of representation for the gauge group for the supergauge transformation.
8Notice that despite the non-commutative nature of the matrices involved, the identity e“e™ = 1 holds.
See Exercise
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For an abelian gauge field this definition reduces to

1-_—
Wa = —ZDDDAV,

1 _
Wi = —;DDD;V.

where V' is simply the vector superfield of the gauge group.

We can show that the components of W4 (W) are left-handed (right-handed) scalar
superfields, and that both Tr[W4W,] and Tr[W ;W 4] are supergauge invariant constructions,
and thus potential terms in the supersymmetry Lagrangian. Firstly,

_ 1. __
DWa= —ZDADDe’VDAeV =0,

because from Eq. , D3 = 0, and similarly for W, showing that they are both scalar
superfields of their particular type, and as such can be used to form a supersymmetric La-
grangian.

Under a supergauge transformation we have:

Wy — W1’4 = —%Dbeme*ve*mfDAe"ATeVe*"A
_ 1 . A . .
(DA =0) = —Ze’ADDe_Ve_’ATDAelATeVe_’A
1 4 - = .
(D4AT =0) = —ZeZADDe_VDAeVe_ZA

= MDDV (DA )e 4 Y (D e )
= MW - ieiADDDAe*iA. (5.18)
We are free to add zero to (5.18)) in the form of —ieiADDADe_iA = Oﬂ giving
Wy = elMWye - ieiAD{D, Dple ™
— M et éeiADAUuABEABpﬂe—iA
— M e

where we have used Eq. (4.16)) to replace the anti-commutator. This means that the following
trace is gauge invariant:

Te[WAW] Tr[e A WAe =My e~

Tr[e e AWAW ] = Te[WAW 4],

and can be used in the Lagrangian.
If we expand W4 in the component fields we find, as we might have hoped, that it contains
the ordinary field strength tensor:
FS, =0,V — 0,V + qfuc VIV

and that the trace indeed contains terms with Fj, F'#®.

9Which is zero because again A is a left-handed scalar superfield, so D AA=0.
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5.5 The (almost) complete supersymmetric Lagrangian

We can compile all our results up to now to write down the complete Lagrangian for a
supersymmetric theory with (possibly) non-abelian gauge symmetriesm

L SOTWAWA. (5.19)

L=l 2OWR] + 2OWT) + gr

Here, T(R) given by T(R)d4 = Tr[T,T}] is called the Dynkin index of the representation
R of the gauge group using the generators 7T,. This number is representation dependent, and
deeply connected to the corresponding eigenvalues of the Casimir operators belonging to the
irrep, but independent of which generator we choose to calculate it from.

The Dynkin index appears in the field strength term to correctly normalise the energy
density for the chosen representation R of the gauge group. To see that this factor cancels
in a natural way, note that since the matrix structure of W4 is spanned by T, for a given
representation, we can write Wy = ¢W4T,, where W§ are spinor superfields, and where we
have taken out a common factor of the charge ¢ that appears in all terms of W 4. Then

Te[WAWA] = FWAWE T[T, T3] = WA W46, T(R) = ¢*T(R)WAWS. (5.20)

In addition to the above, it is also possible to add a pure vector superfield term as part of
the Kéhler potential, which is not constructed from scalar superfields, of the form Lp; ~ —kV
where V' is the vector superfield and k some constant. This kind of term is called a Fayet—
Iliopoulos term. However, this is not possible for non-abelian gauge groups since a term
—kV® could not be supergauge invariantE

5.6 Finding the equations of motion

To find the equations of motion from our supersymmetric Lagrangian construction we can
now perform the integration over superspace coordinates # and 6 in the action and then
apply the standard Euler—Lagrange field equations that minimise the action for the generic
component fields ¢; of the Lagrangian £ after the superspace integration:

oL oL
5.~ (s0,39) = .

We will now discuss some of the general properties of this solution without specifying field
content or gauge groups for the Lagrangian.

As already intimated the auxiliary component fields with unusual mass dimension, F; and
D¢, from scalar ®; and vector V® superfields, respectively, will be eliminated@ Starting with

OThere is no hermitian conjugate of the field strength term, and a slightly odd normalisation using 1/2
instead of 1/4. This is because the term can be proven to be real, although this is sometimes overlooked in
the literature when authors instead use

1 2/ A 1 2 T A
L~ ——=5(0)Te[W W ———=07(0) T [W, W,
which admittedly looks more symmetric with respect to the superpotential part.
"Why is the abelian case supergauge invariant then? Well, the superspace integration in the action will
isolate the D-term from V', and this term is itself invariant under abelian supergauge transformations, see
Eq. (4.53)). For non-abelian supergauge transformations the various V* fields mix as seen in (5.15).

21n the following we use the notation in Egs. |i and 1)
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the Fj-fields these occur only in the kinetic terms and the superpotential. From the kinetic
term CI>;.reV<I)Z- the contribution is |F;|? as this is the only term with F; that can survive the 6-
integration if we write the vector superfields in the Wess-Zumino gauge. In the superpotential
W [®;] only the terms where a number of scalar fields A; with no #-coordinate multiply F; can
survive the integration. The derivatives of these terms with respect to F; can be expressed in
terms of the superpotential functional as

OW Ay, ..., Ay]
Wi= ——X— 5.22
‘ 0A; ’ ( )
where the scalar superfields have been replaced by their scalar component fields. This means
that the Euler-Lagrange equation for F;* is

oL
oF*

2

which is used to eliminate F;.

For a concrete example of how this can be worked out to arrive at a complete action
integral for a single scalar superfield, see Exercise Generalising this to an expression for
the action for any number of scalar superfields ®; in terms of their component fields, ignoring
gauge interactions, gives:

. . 1 1 -
S = /d%{z@uwa“wi — Az DAl — §WZ]1/J11,Z)] — §szwlw] — |WZ|2}
where W;;, given by

PWIA, ..., Ay
0A04;

Wij (5.23)
is called the fermionic mass matrix.

The D®fields occur in the kinetic terms and the field strength terms. In the kinetic term,
in the Wess—Zumino gauge, it is relatively easy to see that D® appears only once in the
expansion of the exponential as qA;‘TZ»‘;.AjD“ in the action. In the field strength term one can
show with some more effort that the contribution is D*D® in the Wess—Zumino gauge. For
abelian gauge fields there is also a possible kD contribution from the Fayet—Iliopoulos term.
This leads to the Euler-Lagrange equation

oL
AITEA; 4 2D° =
gpe — Attt 0

which can be used to eliminate D®.

Note that the terms discussed here with F- and D-fields exhaust all the non-derivative
terms that only have scalar fields since no terms with only A-fields can survive the 6-
integration. Thus the complete non-derivative scalar field contribution to the Lagrangian,
called the scalar potential, can be written as

AZ,A* Z|F|2+Z-DaDa Z’aWAl,,

Zq (A;TEA)?.  (5.24)
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5.7 R-symmetry

The Lagrangian we have constructed is invariant under both internal gauge transformations
and external (coordinate) super-Poincaré transformations, where the latter has been built in
through the superspace coordinates. In Sec.[3.6]we saw that the only possible nontrivial inter-
action between a gauge group and the supersymmetry generators for N = 1 supersymmetry
is given by , which in Weyl spinor notation for the supercharges is

[Qa, Rl =Qa, [Q4 Rl =-0Qj, (5.25)
where R is the generator for an abelian U(1)r gauge group. If we impose such an R-
symmetry it must act differently on the different components of a superfield since it does
not commute with the supercharges.
If a supersymmetric Lagrangian is to be invariant under a local U(1)g transformation at
all then a scalar superfield ® must transform agdl]

®(2,0,0) — &' (x,0,0') = ™D (x,0,0), (5.26)

where rg is the charge of that superfield under the transformation, and « is the parameter of
the tran.sformation. The charge of a product of two superfields is then just the sum of the
charges of the fields. This is required so that the kinetic term in the Lagrangian is invariant
under the transformation.

We can then define the transformation on the superspace coordinates as

0a— 04 =€0s, 0, —0;=e"0,, (5.27)

where the charge of # and # under the transformation is 1 and —1, respectively. It follows
from the differential representation of the supersymmetry generators and that we
must have

Qa—Qu=¢""Qa, Q—Q =¢"Q (5.28)
This means that for a scalar (left- or right-handed) superfield the component fields A, ¢, and
F must transform as

E R B e (5-29)

while vector superfields must have zero R-charge since they are real, and their component
fields, in the Wess—Zumino gauge must thus transform as

Vo=V A€\, D—D. (5.30)

We can check that all the terms in the Lagrangian are invariant under this trans-
formation, with the exception of the superpotential W, which must have total R-charge 2
for the superpotential term to be invariant. For example, with a single superfield ®, in the
superpotential W (®) = t® +m®2 4+ \®3, the tadpole term will only be allowed if the R-charge
of ® is 2, the mass term only if the charge is 1 and the Yukawa term only if the charge is 2/3.
This will exclude most allowed charge assignments for the scalar superfields, and in the min-
imal supersymmetric models we shall look at there will be no viable continuous R-symmetry.
However, R-symmetry has importance in building models of supersymmetry breaking, and
could remain as a broken symmetry in the model.

13Notice that this is not the same as a (super)gauge transformation in both that the transformation is local
(not z-dependent), and there is an implicit generator R here that does not commute with the @s, because of
the algebra relationship. The latter would not be the case for a supergauge transformation. It is only possible
to have a local R-symmetry with local supersymmetry transformations, i.e. s = a(x)Q + a(x)Q [13].
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Figure 5.1: Higgs self-energy diagrams with scalars s (left), fermions f (middle), and vectors
V' (right). The dots indicate vertices with the given coupling strength.

5.8 The hierarchy problem

There is a fundamental problem with having scalar particles in a quantum field theory. Let
us take the Standard Model Higgs boson h as an example, however, the following would be
true for any scalar particle. At tree level its behaviour is controlled by the Standard Model
scalar potential

V(h) = —p2|h|® + \|h[4, (5.31)

where p is the tree-level mass and A is its self-coupling. If we naively calculate loop-corrections
to its mass in self-energy diagrams like the ones shown in Fig. where s is some other
scalar (spin-0 boson), f is a fermion (spin-3), and V is a vector boson (spin-1), they all
diverge due to their loop momenta integrals in the ultraviolet (UV) limit where the loop
momenta go to infinity. This then needs what is called regularisation in order to yield a
finite answer.

There are different ways of achieving regularisation. Since we know that the Standard
Model is an incomplete theory, at least when we go up to Planck scale energies where we need
an unknown quantum theory of gravity, we can introduce a cut-off regularisation where
we limit the integral in the loop-correction to momenta below a scale A. Then the one-loop
corrections to the Higgs mass are

As [ A?
2 o S 2 2

Amj, o = 162 _A mslnmg—i-...],
‘)‘f‘Q i 2 2 A?

Amj = 5 | —2A% +3miln — +...|, (5.32)
167 my
3X2 [ A?

Am? ., = VA2 - M2In— +...

AT vz

where A, Ay and Ay are the couplings of s, f and V' to the Higgs, respectively, from the
Lagrangian interaction terms £ ~ A pthph+h.c.— Ag|s?|h|? = Ay My VVh. The dots represents
terms that are not divergent in terms of the cut-off scale. Picking A suggestively as the Planck
scale, Ayy = Mp = 2.44 x 10" GeV, means that the quantum corrections to the Higgs mass
are some 15 orders of magnitude greater than its measured value of mj = 125.20 GeV [14].
We observe that the difference in sign between the fermions and bosons in (5.32)) means
that it could in principle be possible that these huge contributions cancel to keep my ~
125 GeVPE] however, as physicists we should worry why the Universe seems to be organised

1 Could we not fix this by introducing a very large Lagrangian Higgs mass u? Not really, in that the tree-level
Higgs mass is constrained by the properties of the other electroweak masses, .e. the Z and W-bosons.
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in such a strange way without any specific cause. This is known as the Higgs fine tuning
problem, or the scale hierarchy problem because it is fundamentally a problem of why
the electroweak scale at around 100 GeV where the Higgs lives, is so much lighter than the
Planck scale of 10'® GeV, when the former should in principle be pulled up to the latter by
the sensitivity of scalars to loop correctionsE

Enter supersymmetry to the rescue: with unbroken supersymmetry we find that we au-
tomatically have |A f\Q = A and exactly twice as many scalar as fermion degrees of freedom
running around in loops. This provides a magical exact cancellation of the quadratic diver-
gence in Eq. . To see that this relation between the couplings holds, notice that it is the
superpotential term W ~ A;;;,®;®;®;, which is responsible for generating Lagrangian Yukawa
terms of the form ;14 Ay, that couple two fermions to a scalar Ay. If the superfield ®y, is
the one that contains the Higgs boson this means that Aj is the Higgs boson field h, and it
couples to the left-handed Weyl-spinors 1; and v; in the superfields ®; and ®; as A\;;r:9h,
with the coupling A;jx. From the superpotential with right-handed scalar superfields the same
term appears with right-handed Weyl-spinors /\ijkd_}i&jh*. These two terms can be combined
to the same interaction term with a single Dirac fermion ), Aijkl/;l/}h, as in the Standard
Model, giving Ay = A;j;. There are no other such terms coupling two fermions to a scalar in
the whole Lagrangian.

At the same time, in the scalar potential , that same superpotential term is respon-

sible for the terms
* a[[ 2 2 A% A*
V(A,A") ~ 94|~ | Aijie| " Aj AR Aj Ag. (5.33)

If Aj is the second scalar s in Fig. m then this term becomes |\;;x|?|s|?|h|? and we have
A = |)\z~jk|2. As a result )\?c = \s.

There is a similar matching between the vector bosons V), and the fermions A in the vector
superfields.

The fact that there are loop contributions from two scalars for each fermion due to the same
number of states (two scalar states per fermion state), means that unbroken supersymmetry
predicts an exact cancellation in Eq. B Notice that there is nothing here that is special
about the Higgs boson, this mechanism will in fact protect all scalar particles from quadratic
corrections to their mass in supersymmetric models.

5.9 Vacuum energy

To explain the measured accelerated expansion of the universe one can introduce a constant
term A in Einstein’s field equation,

1 1
RHV — §Rg#y — g#l/A = Milij'u‘l” (534)

15With some background in renormalisation you may ask: What about choosing dimensional regularisation
instead where there is no cut-off scale? That would in principle work, however, as soon as you introduce any
new particle (significantly) heavier than the Higgs there is still a quadratic correction of the form of
with the new particle masses as the scale, meaning that we cannot complete the Standard Model at a higher
scale without reintroducing the problem.

16T keep the argument simple we have avoided the contributions from vector bosons, however, we can show
that these also cancel exactly against the contributions from their fermionic partners.
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and this contribution has been coined dark energy. The measured value of dark energy in
terms of an energy scale is Apg ~ 2.4 x 1073 eV. To get some sense of this energy scale the
rest mass of the lightest charged particle, the electron, is around 0.511 MeV, while the energy
of a photon in visible light is of the order of 1 eV.

This energy can be interpreted as vacuum energy, i.e. the energy predicted from the
contribution of Feynman diagrams with no external particles. However, the predicted value
of the vacuum energy in the Standard Model is Ay g ~ M p.E If we want to compare energy
densities, we should compare A‘ll) p to A%/ EE which means that the prediction is off from the
measurement by some 120 orders of magnitude, which is said to be a record for the greatest
ever discrepancy between theory and experiment. This problem is the hierarchy problem
for vacuum energy.

Can supersymmetry save us here as well? Sort of. For an unbroken global supersymmetry
we can use the supersymmetry non-renormalisation theorerﬂ of Grisaru, Roach and
Siegel (1979) [15] to show that the prediction in supersymmetry is exactly Ay g = 0.

Theorem: Non-renormalisation theorem
All higher order contributions to the effective supersymmetric action Seg for a pro-
cess can be written:

S = Z/d4x1...d4xnd46’ Fi(21,0,0) x ... X Fo(21,0,0) x G(w1, 2, (5.35)

where F; are products of the n external superfields in the process and their covariant
derivatives, and G is a supersymmetry invariant function.

While this is a rather technical statement, that fact that vacuum diagrams do not have
external superfields means that the higher order contributions are all zero, and since there are
no tree-level contributions for vacuum diagrams—you must have loops to not have external
legs—there can be no contribution at all.

This was a victory for supersymmetry before the discovery of dark energy, when the
problem was instead to prove that A = 0, modulo the fact that the breaking of supersymmetry,
as we will be doing in Chapter [0 changes this prediction. As we shall see there, the scale
of the contribution to the vacuum energy in broken supersymmetry has to be the mass scale
of the supersymmetric particles, so with for example mgysy ~ 2TeV as this scale, we have
msusy /Ape =~ 101° some 15 orders of magnitude too large, which is better than the Standard
Model prediction of Mp/Apg = 1039, but still a bit off the measured valuem

Y The origin of this is just the same as the quadratic divergence for the Higgs mass. It is the same type of
diagrams contributing, only without external legs.

8Tn natural units the unit of energy density has units [p] = [E/V] = M/L? = M*.

19The name of this theorem is a bit funny. Why? Well, mainly because the result is not about not being
able to renormalise the theory, but about about not needing to renormalise certain parts of it. Another
consequence of the theorem, which gives it its name, is that the couplings of the superpotential do not need
separate renormalisation. The renormalisation of the superfields suffices.

2080, one would be tempted to say that supersymmetry has solved half the problem. On a more serious
note, there is a significant difference in that the Standard Model prediction requires a cut-off to be finite, while
supersymmetry predicts a finite but too large value.
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So now we are left with showing that the contribution is very small but non-zero, which is
in general thought to be a much harder problem than finding models where it is exactly zero.
However, in supergravity something interesting happens. Introducing a local supersymmetry
the scalar potential is not simply given by the superpotential derivatives in , but instead
is (ignoring the effects of gauge fields)

3

V(A A) = RMe (DWW (DW) — W|W|2 , (5.36)
P

where K;; = 0;0;K[A, A*] is the Kdhler metric, D; the Kédhler derivative D; = 0; +
MLI%(&K ), and all the derivatives are with respect to the scalar fields in the Kéhler potential
K and superpotential W. In the Mp — oo limit, the low energy limit, we see that we recover
the flat space result of Eq. . What is important to notice is that there is now a second
negative term in the potential that can in principle cancel the positive supersymetry breaking
contribution, however, given the large size of the breaking contribution this will come at the
price of fantastic fine-tuning unless some mechanism can be found where this is natural.

5.10 Excercises

Exercise 5.1

Write down the Lagrangian and find the action of the simplest possible (renormalisable)
supersymmetric field theory with a single scalar superfield ®, without gauge transformations,
in terms of component fields, and show that it contains no kinetic terms for the F-field. Then
show how the F-field can be eliminated by the equations of motion. Hint: The kinetic part
of the action will turn out to be

Skin = / d*z {—A*(2)0A(2) + |F(2)|* + i, (x)5 () } .

To show this you may have use of the identities in Sec. [3.5.1]

Exercise 5.2
Show that the supersymmetric field strength term for an abelian gauge field can be written
in terms of component fields as

£ = —iX(2)o" () + 2D () — = o () F* () — %.FW(:I:)F“”(:U). (5.48)

4

Try to find an argument why the last term with the dual field tensor F*(z) can be ignored
when finding the equations of motion. Hints: To get started it may be productive to consider
the coordinate change y* = x* + iflo"f. You will also likely need the following algebraic
relationship

1 ~
(" 0)AF, (0770) AF )y = — 001 Fyu PP + iFy ). (5.49)

Exercise 5.3
Extend Exercise [I| to include a single abelian gauge group under which the scalar superfield
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has charge ¢. Simplify your answer using the covariant derivative D,, = 0,, — i%Vu. Hint: The
spinor relationship

0BG (00F) — —%(09)(&9)@5%, (5.57)
may also come in handy.

Exercise 5.4

Find the Lagrangian for supersymmetric QED (SQED) in terms of component fields, elim-
inating any non-dynamical auxiliary fields. Supersymmetric QED is the smallest (in terms
of field content) supersymmetric theory that has the particles and interactions in QED as a
subset.



Chapter 6

Breaking supersymmetry

In Chapter [3] we saw that supersymmetry predicts scalar partner particles with the same mass
as the known fermions, and new fermions with the same mass as the known vectors, living in
the same irreducible representation. These, somewhat unfortunately, contradict experiment
by not existing. In this chapter we will look at how we can break supersymmetry so that the
new states become more massive, and avoid current experimental bounds.

6.1 Spontaneous supersymmetry breaking

In the Standard Model we have already faced this problem: the vector bosons should remain
massless under the gauge symmetry of the model since explicit gauge boson mass terms break
the symmetry. Yet, some of them are observed to be very massive indeed. This is solved with
the introduction of the Higgs mechanism and spontaneous symmetry breaking in the
scalar potentialE] The idea is that while there is an internal symmetry of the Lagrangian—
in the Standard Model the gauge symmetry SU(3). x SU(2)r, x U(1)y—this may not be a
symmetry for the particular vacuum state of the theory (the lowest energy state), thereby
allowing the properties of the vacuum to supply the masses. In the Standard Model this
is achieved by the shape of the scalar potential having a minimum for a non-zero value of
the Higgs field which means that the value of the field there—its vacuum expectation
value (vev)—can contribute to the masses. Would it not be great if we could have a similar
spontaneous symmetry breaking in order to break supersymmetry this way and boost the
masses of supersymmetric particles beyond current limits?

To find the properties of the vacuum state for our supersymmetric models we start by
pointing out that we can write the supersymmetric Hamiltonian as

1 _ _ _ _
H = Z(QlQi + Q@1 + Q205 + Q5Q2).
To see this, consider first

204 , 55" PAP,
= 2Tr[o"c"]P,
— 4g"P, = 4P".

{Qa, Q)04

'The potential of the Lagrangian are those terms not containing derivatives of the fields (kinetic terms).
The scalar potential are such terms that contain only scalar fields.

93
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Now,

H = P'= i{QA,QB}C_TOBA
= i(QlQi +QiQ1 + Q2Q5 + Q3Q2).

As discussed in Section we have QTA =Q 4i- Thus the Hamiltonian is semipositive defi-
nite, i.e. (H) = (V|H|¥) > 0 for any state |¥), so the energy of any state in supersymmetry
is always non-negative.

Imagine now that there exists some lowest lying state (or possibly a set of degenerate
states), the ground state(s) |0), that has vanishing energy (0|H|0) = 0. These states are
supersymmetric—meaning invariant under the supersymmetry transformation—since, to fulfil
the energy assumption, we must have

Qa4l0) = Q 4]0y =0, for all 4, A, (6.1)
and are thus invariant under the supersymmetry transformations given by (5.3
3510) = (a?Qa + a;Q1)|0) = 0. (6.2)

The vanishing energy means that at this supersymmetric minimum of the potential the scalar

potential must contribute zero, (V (A, A*)) = 0, and thus, from Eq. (5.24]),

ow
0A4A;

|0) =0 and A;T;;A;]0) =0.

11

Conversely, if the scalar potential does contribute to the energy for the vacuum (ground state)
|0), so that it does not have vanishing energy, meaning that either

ow
0A;

0) #0 or AjT;;A;[0) #0,

11

in the minimum of the potential for some A;, then supersymmetry must be broken. As in the
Standard Model, the Lagrangian is still (super)symmetric, but |0) is not because (6.1]) can no
longer hold for all the @s.

The O’Raifeartaigh model (1975) [16] is an example of a model that spontaneously
breaks supersymmetry with three scalar superfields X, Y, Z, and the superpotential

W =MYZ+gX(Z% —m?), (6.3)

where M, g and m are real non-zero parameters. The scalar potential is

ow 12 |ow > |ow |?
A AY) =
V(4,47 ‘GAX DAy ‘&42
= [g(A% —m*)|> + |MAz|* + |MAy +2gAxAz|?, (6.4)

which can never be zero because setting Az = 0, which is needed for the second term, gives a
non-zero contribution g?m? from the first term. Since the expectation value at the minimum
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that breaks supersymmetry is <0|2X\0>, and F; = —%, the condition for spontaneous
supersymmetry breaking with the O’Raifeartaigh mechanism can be written

(Fi) = (0| F(x)[0) > 0, (6.5)

hence it is often given the more generic name F-term breaking outside of the specific
O’Raifeartaigh model. In general F-term breaking it is the vacuum expectation value of the
auxiliary field of a scalar superfield that supplies the breaking.

In a gauge theory, a similar mechanism is found by adding the Fayet—Iliopolous term
Lpr ~ 2kV where V is an abelian vector superfield. The vev of the D(z) auxiliary field,
(D) = (0|D(z)|0), will then create a non-zero scalar potential?] This is called the Fayet—
Iliopolous model, or D-term breaking.

6.2 Supertrace

Unfortunately, the above does not work in practice if all particles are at a low energy scale.
The problem is that at tree level the supertrace, STr, of the mass matrix M, meaning the
weighted sum of eigenvalues of the mass matrix of the particles in the model, can be shown
to vanish, STr M? = 0 even after spontaneous supersymmetry breakingﬁ

Definition: The supertrace is given by
STr (M?) = (—1)*(2s + 1) Tr[M7], (6.6)

where M is the complete mass matrix of the Lagrangian, s is the spin of particles
and M; is the mass matrix of all spin-s particles.

For a theory with only scalar superfields, with two fermionic and two bosonic degrees of
freedom each, and with mass matrices M,/ and My containing the masses of each type of
particle on the diagonal, this means that STr (MQ) = Tr[MZ - 2M12/2] = 0. While before
spontaneous supersymmetry breaking each fermion and boson in the same superfield had
equal masses, we now have that the sum of (the square of) the fermion and boson masses over
all the superfields is the sameE] Since in the Standard Model we have a lot more fermions
than scalars, the crucial consequence is that not all the scalar partners can be heavier than
our known fermions in order to balance out the supertrace relationship.

Adding vector superfields does not help because the fermions there have spin-1 vector
bosons partners, and in the supertrace these contributions get opposite sign, and cancel each
other out. This relationship is a tree level relationship, meaning it does not take into account
quantum corrections. However, accounting for those and using strong couplings to move the
supertrace value away from zero, the effect does not seem to be enough to build a consistent
model at low energies.

The solution to the supertrace dilemma is to put the spontaneous supersymmetry breaking
up at some higher energy scale \/W—signiﬁcantly higher than the electroweak scale—that

2Tt is always the auxiliary fields’ fault!
3See Ferrara, Girardello and Palumbo (1979) [17].
4The factor of two takes care of the fact that there is only half as many fermions as bosons.



96 CHAPTER 6. BREAKING SUPERSYMMETRY

we do not currently have experimental access to, so that there are also superfields with fermion
and boson partners with much higher masses that fulfil the supertrace relationship, and the
electroweak scale fermions and bosons become only a small perturbation on it.

6.3 Soft breaking

There are many alternatives in the literature of how we can break supersymmetry sponta-
neously at a high energy scale. The names of some popular examples that we will return to
in the next section are:

o Planck-scale Mediated Symmetry Breaking (PMSB)
o Gauge Mediated Symmetry Breaking (GMSB)
e Anomaly Mediated Symmetry Breaking (AMSB)

Common to all of them is that the mass scale of the particles in the supersymmetry breaking
fields is so high, that we can not observe their effects directly. What we can do instead is to
parameterise our ignorance by adding effective explicit supersymmetry breaking terms to our
low-energy Lagrangian.

However, we cannot simply add arbitrary terms to the Lagrangian. The terms we can
add are so-called soft terms with couplings of mass dimension one or higher. The dis-
allowed terms with smaller mass dimension are terms that can lead to divergences in loop
contributions to scalar masses (such as the Higgs) that are quadratic or worse (because of the
high dimensionality of the fields in the loops). This will re-introduce the hierarchy problem.

The allowed terms are in superfield notation as follows:

1 __ 1 __ __
—gaijk%@@@i(l)j@k — §bij600«9<1>i<1>j — 5;,00000; + h.c. (67)

1 __
—— _ M;0000Te{WA AW,

where M;, a;j, bij, s; € C, and mgj € R are the couplings. Note that these terms are explicitly

not supersymmetric. From the §000-factors we see that only the lowest order in 6 component

fields of the superfields contribute. These terms may seem a bit arbitrary, but they turn out to

be exactly the type of terms that can be generated by spontaneous breaking of supersymmetry.
There are also some terms that are called “maybe-soft” terms:

1 __
Lonaybe = —59099cijk<1>jq>jq>k +h.c., (6.8)

with ¢;;5 € C. This last—oft ignored—type of term is soft as long as none of the scalar
superfields is a singlet under all gauge symmetries. It is, however, quite difficult to get large
values for ¢;j;, with spontaneous supersymmetry breaking.

In the above terms we have not specified any gauge symmetry, which will, in the same
way as it did for the superpotential, severely restrict the allowed terms. However, it still turns
out that soft-terms are responsible for most of the parameters in supersymmetric theories!
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We can instead write the soft terms in terms of their component fields as
Leott = —m?jA;-‘ A;
—(éaijkAiAjAk + %biinAj + siA; + %cijkA;‘AjAk +c.c.) (6.9)
—%MZA?)\?.

Here we clearly see that the m;; couplings provide extra mass terms to the scalar partners A;
of the fermions in the scalar superfields, and M; to the fermion partners A{, of the vectors
in the vector superﬁeldsﬂ however, they provide no mass to the fermions 14 in the scalar
superfield, nor to the vectors V,, in the vector superfield. Thus, they split the masses of the
partners as we wanted to achieve with breaking supersymmetry.

Now, what happens to the hierarchy problem? Restricting ourselves to soft supersymmetry
breaking terms guarantees that we end up with contributions to the Higgs mass of at most

2 Ao Ay
Amh = *@msoﬂz ln m2 + ey (610)
soft

at the leading order in Ayy, where A is a generic coupling and mgog is the mass scale of
the soft term—or, in other words, approximately the mass of the supersymmetric partners.
The correction to the Higgs mass is thus proportional to the masses of the supersymmetric
particles.

This leads to the most important argument in favour of supersymmetry existing at low
energy scales where we can detect it, because mgop; can not be too large if we want the
above corrections to be reasonably small. This is called the little hierarchy problem, and
numerically, given that 1672 ~ 100, and the couplings A are not all expected to be much
below unity, this means that we want mg.g ~ O(1 TeV) in order to keep the cancellations
reasonable and of the order of the measured Higgs mass, with little fine-tuning.

6.4 Models for supersymmetry breaking

Let us take a closer look at the models we use to motivate supersymmetry breaking, and what
their phenomenological consequences are. To be concrete, and to simplify the language used,
we will relate this discussion to the Minimal Supersymmetric Standard Model (MSSM) that
we will study in Chapter [7], however, the mechanisms for supersymmetry breaking will be the
same for most relevant models, and you could read the MSSM below as a generic low-energy
supersymmetric model.

Generically, breaking models can be illustrated as shown in Fig. There is one or more
hidden sector (HS) scalar superfield X—by hidden we mean that it has no or very small di-
rect couplings to the MSSM fields—that has an effective (non-renormalisable) supersymmetric
coupling to the MSSM scalar fields ®; of the form

1 -
Lys = —M(%)X@i@j@k, (6.11)
where M is some large scale, e.g. the Planck scale, that suppresses the interaction. Figure[6.2

shows interactions that can lead to such terms, where M is the mass scale of some mediator
particle Y.
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Supersymmetry Flavor-blind MSSM
breaking origin /" \V/\V/\V/ /'

(Hidden sector) ‘nteractions (Visible sector)

Figure 6.1: A generic illustration of how to generate soft breaking terms. Taken from Ref. [18].

X D; X D;
Y
Y Dy, D, g

Figure 6.2: Interactions leading to effective 4-superfield couplings in our example. X is the
scalar superfield which is breaking supersymmetry, while Y is the mediator superfield which
transmits the effect of this breaking to the MSSM fields ®;.

If the hidden sector is constructed so that X develops a non-zero vev for its auxiliary
F-component field, Fx,

(X) = 00(Fy), (6.12)

it breaks supersymmetry spontaneously, see the discussion leading up to Eq. (6.5). As a
result, the interaction in (6.11)) will in the low-energy limit produce a soft-term of the form
of the second term in Eq. ,

(Fix)
Leost = _WAiAjAka (6.13)

with the soft-mass parameter
(Fx)

Msoft = 7
This has reasonable limits in that mg.g — 0 as (Fx) — 0, which is the limit of no supersym-
metry breaking, and mgoy — 0 as M — oo, where the interaction with the hidden sector is
decoupled because the mediating particle Y becomes too heavy to have any influence.
We will now look at two possible ways to construct such a hidden sector called Planck-scale
Mediated Supersymmetry Breaking (PMSB) and Gauge Mediated Supersymmetry Breaking
(GMSB).

5We use the index i in case there are multiple gauge groups. In addition the fermions from the vector
superfield may carry an index a, Af4, if there is more than one generator in the gauge group.
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6.4.1 Planck-scale Mediated Supersymmetry Breaking (PMSB)

In Planck-scale mediated supersymmetry breaking (PMSB) we blame some gravity mechanism
for mediating the supersymmetry breaking from the hidden sector to the MSSM so that
the scale of the breaking is M = Mp = 2.4 - 10'® GeV. Then we need to have \/(Fx) ~
1019 — 10" GeV in order to get mgof; ~ 50— 5000 GeV, which is roughly of the right magnitude
not to re-introduce the hierarchy problem. The use of \/(Fx) is just a conventional shorthand
notation for the magnitude of the vev of whichever F-term that breaks supersymmetry. This
is called the supersymmetry breaking scale.
The complete soft terms for such a mechanism can then be shown to be

[(Fx)|? x
Esoft = - M% ijAA
| X>< (Fx)* .
— kaAAAk—i-,U«ZAA—l— zkAAAk—i-CC (6.14)
M J J ME Y
1(Fx) ;. yaya
~2 2, TN

Here, k;j, yz’jk, ,u;j, Tk, and f; are breaking model dependent parameters. Incidentally, we
can now see why we assumed the maybe-soft breaking terms to be unimportant, as in this
model they are suppressed by |(Fx)|/M?% compared to the other couplings.

If one assumes a minimal form for the parameters at some high-scale, perhaps at the
GUT scale motivated by the wish for unification, e.g. f; = f, y. ik = QWijk where y;;; are the
Standard Model Yukawa couplings, p;j = [u, and k;; = kd;j, then all the (significant) soft
terms are fixed by just four parameters which we can define as

[(Fx)[?

(Fx)
My '

mé =k My

F
By = B<M);>’ Myp=7f

The resulting phenomenology is called minimal supergravity or constrained MSSM
(mSUGRA /CMSSM). This is minimal in the sense of the number of parameters, and is
the most studied, but perhaps not best motivated, version of the MSSM. Usually, By and
|| are exchanged for the parameter tan 8 at low scales using the conditions for electroweak
symmetry breaking that we will see in Eq. , so it is common to say that there are four
and a half parameters in the CMSSM: M, /5, mq, Ao, tan 8 and sgn p.

6.4.2 Gauge Mediated Supersymmetry Breaking (GMSB)

An alternative to PMSB is gauge-mediated supersymmetry breaking where soft terms come
from loop diagrams with messenger superfields that get their own mass M by coupling to
the hidden sector supersymmetry breaking vev (F'), and that have Standard Model gauge
interactions. By dimensional analysis we must have

)
soft An M

If now the supersymmetry breaking scale \/(F) and the messenger mass M are roughly

comparable in size, which is reasonable given where the messenger mass comes from, then
(F) ~ 100 TeV can give a viable sparticle spectrum. Notice that there is now a lot less
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difference in scale between the breaking scale and the mass scale of the supersymmetric
partners, mgoft, in the GMSB compared to the PMSB.

One way of thinking about how these mass terms appear is that the messenger field(s)
get masses from hidden sector vevs and contribute to mass terms from the fermions in the
vector superfields—the gauginos—through diagrams such as the one in Fig. [6.3] where mes-
senger scalars and fermions run in the loop, and their masses from the hidden sector vevs
are symbolised by the mass insertions. Note that scalars can only get mass contributions like
this at two-loop order since the messenger interaction is a gauge interaction, involving gauge
bosons or gauginos in the MSSM. In order not to spoil the unification of gauge couplings, see
Sec. [7-8 messengers are often assumed to have small mass splittings and come in N5 complete
5+ 5 (fundamental) representations of SU(5).

/><\

~ o~ Ve N ~ o~
B,W,g B,W.g

Figure 6.3: Diagram for GMSB giving masses to the gauginos §, B, and W, in the MSSM.
The messenger scalars and fermions run in the loop.

The minimal parametrisation of GMSB models is in terms of the scale A = Lﬂ?, the

messenger mass M, the number of representations N5, and tan 3 for the electroweak symmetry
breaking criterion. This gives the soft masses

M; = %AJ\%, (gaugino masses) (6.15)
2 2 (67} 2
= 20N CR'(*), 1 6.16
mj 52 (R) ym (scalar masses) (6.16)

where the sum is over the gauge groups, with C(R) being quadratic Casimir invariant for the
scalar superfield ®; that the scalar field belongs to. We clearly see that the scalar soft-masses
are a two-loop effect as discussed above.

While this parameterisation looks independent of the messenger mass M, the messenger
scale sets the starting point of the renormalisation running of the sparticle masses, see Sec.[7.7]
and thus influences their magnitude. For example, the tri-linear soft-term couplings a;;) are
expected to be very small at the messenger scale, and are effectively set to zero, however, due
to the running they are small, but non-zero at the electroweak scale. Since the scalar masses
m; scale as V/N5 compared to N5 for the gauginos, we in general expect the scalars to be
lighter in GMSB models. One should also notice that this parameterisation gives a hierarchy
of gaugino masses, M3 > My > M, since is ordered in terms of the strength of the
gauge couplings «;.

6.5 Excercises

Exercise 6.1
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Show that adding a Fayet—Iliopolous term to the SQED constructed in Exercise [5][4] will break
supersymmetry spontaneously.

Exercise 6.2
Write down the supertrace relationship for a spontaneously broken SQED.
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Chapter 7

The Minimal Supersymmetric
Standard Model

The Minimal Supersymmetric Standard Model (MSSM) is a minimal supersymmetric model
in the sense that it has the smallest field (and gauge) content consistent with the known
Standard Model fields. We will now construct this model on the basis of what we have learnt
the previous chapters, and look at some of its consequences.

7.1 MSSM field content

To specify a supersymmetric model we need to specify the superfield content and the gauge
symmetries. The gauge symmetry is already given as the Standard Model SU(3). x SU(2), x
U(1)y. We start now with writing down the fields we need for the Standard Model fermions.
Previously we learnt that each (left-handed) scalar superfield S has a (left-handed) Weyl
spinor ¢ 4, a complex scalar s and an auxiliary complex scalar field F', since they are a j =0
representation of the superalgebra. After an application of the equations of motion ¢4 and
s have two fermionic and two bosonic degree of freedom remaining respectively, while the
auxiliary field has been eliminated along with two fermionic degrees of freedom.

In order to construct a Dirac fermion, which are plentiful in the Standard Model, we need
a right-handed Weyl spinor as well. We can acquire the needed right-handed Weyl spinor
from the hermitian conjugate T of a different scalar superfield T with the right-handed Weyl
spinor Y 4 and the complex scalar t*EI With these four fermionic d.o.f. we can construct two
Dirac fermions, a particle-anti-particle pair,

QbA - A I
wa:|:_A7 wa:[X7¢A']7
X
and four scalars, two particle-anti-particle pairs, s, s*, t and t*.
We use these two superfield ingredients to construct all the known fermions:

'The bar here is used to (not) confuse us, it is part of the name of the superfields and does not denote any
hermitian or complex conjugate. The bar signifies that T is the field where, when hermitian conjugated into
T, we will pick the right-handed Weyl-spinor to use in the Dirac fermion, while the left-handed Weyl spinor in
the bared field T itself belongs to the corresponding anti-particle. Since SU(2)r, acts only on the left-handed
Weyl spinors of particles (as opposed to anti-particles), another way to think about this is that the left-handed
Weyl-spinor in the bared field T is the one that does not transform under SU(2)r.

103
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o To represent the Standard Model leptons we introduce the superfields l; and E; for the
charged leptons (i is the generation index) and v; for the neutrinos, and form SU(2)y,
doublet superfield vectors L; = (v4,1;), which contain the left-handed Weyl spinors for
the particles, while E; contain the left-handed Weyl spinors that are singlets (do not
transform) under SU(2)p.

e There is an imbalance in the neutrinos in that we do not introduce the neutrino su-
perfield N; that through ]\_/Z-T would contain right-handed neutrino spinors needed for
massive Dirac neutrinos, instead leaving the neutrinos as massless Majorana particles
in the MSSMH This is a convention—the MSSM is older than the discovery of neutrino
mass—and including N; fields would have some interesting consequences. The N; su-
perfields and their component fields would not couple to any of the gauge fields since
they are SM singletsﬁ however, the scalar field in the superfield could be a potential
dark matter candidate.

e For quarks the situation is similar. Up-type and down-type quarks get the superfields
u; and d;, forming the SU(2);, doublets Q; = (u;,d;), and the SU(2)y, singlets U; and
D[4
With all possible apologies, we now change notation for the component fields to what is
closer to conventions in phenomenology, as opposed to pure theory. The left-handed Weyl
spinors in these superfields will now be named for example [; for the spinor in the superfield
l;, v; for the one in the v; superfield, and é; for the one in Fj;, u; for the one in the w;
superfield, d; for the one in the d; superfield, u; for the one in the U; superfield, and finally
d; for the one in the D; superfield. This means that we leave our former notation where the
bar signifies right-handed Weyl spinor, but now instead signifies the left-handed Weyl spinor
for the anti-particle, or, in other words, a SU(2)y, singlet. If we now want to indicate a right-
handed Weyl spinor we use the hermitian conjugation in as an alternative notation, so
that for example the lZT superfield contains lg and EJ contains ég, and so on. The reason for
this change is in part that we need a simple way to write down component field Lagrangians
with fermions without greek letters and very many indices indicating particle type, as well as
running out of letters since we need two superfields for one fermion.
The scalar component fields are named after the fermions using the tilde notation, for
example in the superfield I; we have the scalar lir, as the supersymmetric partner particle,

often just called sparticle, of the fermion /;. Similarly, F; contains [}, lj contains Z;'ku and

EZT contains /;z. Since scalars do not have any notion of handedness the L or R here is just
part of the conventional name; we still call these particles for left-handed and right-handed
scalar leptons though. The complex conjugates might be surprising, but remember that for
example the superfield F; contains the left-handed Weyl-spinor of the anti-leptons and thus
has positive electric charge. The collective term for these scalars are sfermions.
Additionally, we need vector superfields, which, after the equations of motion have elimi-
nated the auxiliary field, contain a massless vector boson V), component field with two scalar

2The fermion contained in the superfield ,/;r is a right-handed Weyl-spinor consistent with experiment.

3They can not be colour-charged, they are singlets under SU(2), by construction thus they have zero weak
isospin I3, but since they should also have zero electric charge @, the hypercharge Y must also be zero through
the relationship Q = %Y + Is.

“Here we should really also include a colour index a so that u¢ is a component in an SU(3).. triplet superfield
vector. We omit these for simplicity.
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degrees of freedom and a Weyl-spinor A4, with two fermionic degrees of freedom. Together
1

these form a m = 0, j = 5 representation of the superalgebra. If the vector superfield is
neutral, the Weyl-spinor can form a Majorana fermion, if not it can be combined with the
Weyl-spinor from another vector superfield to form a Dirac fermion.

Looking at the construction V = ¢1,V* for the vector superfields in the supersymmetric
Lagrangian we see that, as expected, we need one superfield V¢ per generator T, of the
algebra, with the normal SU(3)., SU(2);, and U(1l)y vector bosons as vector component
fields. We call these superfields C%, W* and B?, where a =1,...,8 and i = 1,2, 3E| In order
to be really confusing, we use the following symbols for the fermion Weyl-spinors: §*, W,
WO, W~ and B°. The tilde here is supposed to tells us—just as for the scalar component
fields of the scalar superfields—that they are supersymmetric partners of the known Standard
Model particles. These particles are collectively known as the gauginos.

We also need superfields for the scalar Higgs boson. Now life gets interesting. The Higgs
SU(2)r, doublet scalar field H used in the Standard Model cannot give mass to all fermions
because it relies on the construction H¢ = —i(Ho9)" to give masses to up-type quarks, and
possibly neutrinos. The superfield version of this cannot appear in the superpotential because
it would mix left- and right-handed superfields due to the hermitian conjugation in H®. The
minimal Higgs content we can get away with are two Higgs superfield SU(2), doublets, which
we will call H, and Hg, indexing the quarks they give mass toﬁ These must have (more on
the reason for that in Sec. weak hypercharge ¥ = +1 for H, and H, respectively, so
that we have the superfield doublets:

+ 0
- (). - (2)
where we have given the electric charges of the scalar superfield components of the super-
field doublets based on the standard @ = %Y + T3 relationship after electroweak symmetry
breaking, where T3 is the weak isospinm The scalar component fields of these fields, before
their mixing following electroweak symmetry breaking, will have the same symbols as the

S}lperﬁelds. (Yes, really!) The fermion component fields will be denoted ﬁj , I—NIS, ﬁg, and
H, , and are known as the higgsinos.

7.2 The kinetic terms

It is now straight forward to write down the kinetic terms of the MSSM Lagrangian giving
the matter—gauge interaction terms

1 _ 1. 1 1 1.1
Liin = LlTe?gJW 2981, + QZ€295A0+290W+3 298Q;
71 Lgaac—4.1g By AT _LgsaC+2. 9B A
+Ue297 =529 B[, 4 Dle29:2C+529'B D,
— 1 7 — 1 1 7 1 _ 1
+Ele*9PE; + Hie39W+39BH, 4 Hle29W—29P g, (7.2)

where ¢/, g and g, are the couplings constants (strengths) of U(1)y, SU(2)r, and SU(3).,
respectively, and %ai and %)\a are the generators of SU(2); and SU(3).. As a convention

5And there we have another W.

5In some further insanity some authors prefer H; and Ha so that you have no idea which is which.
1

"The upper component of a doublet has T = 5 while the lower has T3 = —%. This is again just the

eigenvalues of the J3 generator in two-dimensional representation of the SU(2) group, see Sec.
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we assign the charges under U(1), hypercharge, in units of %g’ . For a list of the hypercharge
assignments see Table . All non-singlets of SU(2)r, and SU(3)¢ have the same charge, the
factor % here is used to get by without accumulation of numerical factors since the algebras
for the Pauli o; (SU(2)) and Gell-Mann matrices \, (SU(3)) are:

1 1 . 1
§Gi7 iaj = Zeijkio-ka

and

2

These conventions lead to the wanted Standard Model gaugeinteractions for the component
fields and the familiar relations after electroweak symmetry breaking, e = gsin 6y = ¢’ cos Oy,
where e is the elementary electric charge (in natural units).

We mentioned earlier that the two Higgs superfields have opposite hypercharge. This is
needed for so-called anomaly cancellation in the MSSM. Gauge anomaly is the possibility
that at loop level contributions to processes such as in Fig. break the gauge invariance
that we have established at the classical level in the Lagrangian, and ruins the predictability
of the theory. This rather miraculously does not happen in the SM because it has the exactly
field content it has, so that all such possible gauge anomalies exactly cancel—we do not know
of a deeper reason for why it has exactly this field content. If we have only one Higgs doublet
this cancellation does not happen for the MSSM. With two Higgs doublets, and with opposite
hypercharge, it does.

1.1 Ll
|:)\a,2)\b:| = ab §AC

v

v
Vv

Figure 7.1: The tree level coupling between three gauge bosons with vector V' and axial vector
A couplings (left), and the one-loop fermion contribution to the same process (right).

7.3 Gauge terms

The pure gauge terms with supersymmetric field strengths are also fairly easy to write down:

1

27 00B“ B4 +h.c., (7.3)

Ly =

1 - 1 -
520 Tr[CAC ] + 2—9200 Te[WAW 4] +

s

where we have used the Dynkin indices of the gauge group representations
1 1 1
T(R)L =Tr |:201 . 0'1:|

and
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in the normalization of the terms, and where the field strengths are given as:

1 - - 1

Cy = —ZDDe_CDAeC , C = 5gsAaca, (7.4)
1_ - 1 :

Wy = —ZDDe_WDAeW , W= goW’, (7.5)
1_ - 1

By = —;DDD4B, B:§g’B0. (7.6)

7.4 The MSSM superpotential

With the gauge structure of the Standard Model in place we are ready to write down all
possible terms in the superpotential. First, we notice that there can be no tadpole terms ¢;P;
(terms with only one superfield), since there are no superfields that are singlets (zero charge)
under all Standard Model gauge groups. The only alternative would be if we introduced
right-handed neutrino superfields Nj;.

For the possible mass terms m;;®;®; we first check the abelian gauge group U(1)y,
where the requirement reduces to the relatively simple sum of hypercharges Y; +Y; = 0.
In Table we see that the only contributions with sum zero hypercharge using superfields
that contain the Standard Model fermions are particle-anti-particle combinations such as lilg,
but these come from superfields with different handedness (L; and Lj) and cannot be used
together. Thus the superpotential can not be used to give masses to the Standard Model
fermions, and we will need a Higgs mechanism in the MSSM as well.

Superfield ‘ L; ‘ E; ‘ Q; ‘ 7; ‘ D, ‘ H, ‘ Hy
Fermion vi, li | & | wi, di | @ | d; | Hf, H flg, H
Hypercharge Y -1 2 % —g % 1 -1
Electric charge Q | 0, —1 | 1 %, —% -3 3 1,0 0, -1

Table 7.1: The MSSM superfields with their Standard Model fermion content, hypercharge
Y, and electric charge Q.

Going beyond the superfields with Standard Model fermions we see that we can make a
mass term with the two Higgs superfields that have opposite hypercharge ¥ = 4+1. These
fields are not charged under SU(3)., but in order to also be invariant under SU(2); we have
to write this superpotential term as

Winass = pHLioo Hy, (7.7)

where i € C is the superpotential mass parameter for this term. This conlstruction is invariant
; k

under SU(2)}, because, with the supergauge transformations Hy — €927*W" H; and HI —

ngigéagwk, we get

; 0leTWF . iglo W
HE@Ung — HuTe’gka 09929 W

S kol k .
= Hlioge 1299k W giggoWh pr — HlioyHy,
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since 0,{02 = —090). Usually we ignore the SU(2)p specific structure and write terms like

this as uH, Hy, confusing the hell out of anyone that is not used to this convention since we
really do mean Eq. ([7.7]). Notice that if we write (7.7) in terms of the component superfields
in the two SU(2)r, doublets we get

Winass = NHEiO-QHd = H(H;HJ - HSHt(i))v

which we should have been able to guess because the Lagrangian must also conserve electric
charge.

If you have paid very close attention to the argument above you may have noticed that
there is one more possibility, namely

Winass = M;LzHu = ,U;L7,T102H = :U“;(VlHS - lZHJ)?

where p/ € C is some other mass parameter in the superpotential. This is clearly an allowable
term (and we will return to it below), however, it also raises a very interesting question: Could
we have L; = Hy? Could the lepton superfields L; play the role of Higgs superfields, thus
reducing the field content needed to describe the SM particles in a supersymmetric theory?
While not immediately forbidden as a superpotential term, this suggestions unfortunately
leads to problems with anomaly cancelation, processes with large lepton flavour violation
(LFV) and much too massive neutrinos, and has been abandoned.

We have now found all possible mass terms in the superpotential. What about the
Yukawa terms \;;,®;®;®,7? The hypercharge requirement here is ¥; +Y; + Y, = 0. From
our table of hypercharges only the following terms are found to be viable:

Wyukawa = ¥5; Li HaEj + vl Qi HWUj + yQiHaDj + Niji LiLj Ey, + Njj, LiQ; Dy, + N3 Ui D; Dy,

where we have named and indexed the Yukawa couplings in a hopefully natural wayﬁ For all
these terms we can simultaneously keep SU (2) 1, invariance with the ioy construction implicitly
inserted between any two superfield doublets. Note that because of the SU(2), invariance,
we must have ¢ # j for \;ji, since i = j gives LiL;Ey, = (vil; — L)) By, = 0.

For SU(3). to be conserved for the Yukawa terms, we need to have colour singlets. Some of
these terms are colour singlets by construction since they do not contain any coloured fields—
the LHE and LLE terms. The terms with only two quark superfields contain left-handed
Weyl spinors for quarks and anti-quarks, which form SU(3). singlets if the superfields come
in colour—anti-colour pairs. In representation language the superfields (and as a consequence
their component fields) are in the 3 and 3 representations of SU(3).. Written with explicit
colour indices we have for example LinDk = Liing?Dg, where ¢ is the colour index. The
final term U;D;Dy, is a colour singlet once we demand that it is totally anti-symmetric in
the colour indices: UZ-DjDk = eachi“Dng. The anti-symmetry property of the Levi-Civita
tensor €45, means that we must have j # k in A/

ijk®
Our complete superpotential is then:
W = uHyHy + i LiHy + y§5LiHaEj + y5Qi Ho U + yQiHyD; (7.8)
+ )\ijkLiLjEk + )\;'jkLinDk + A;/]kUszDk '

The parameter u, potentially complex, is a brand new supersymmetric parameter appearing
in the superpotential, with no corresponding parameter existing in the Standard Model La-
grangian. However, the Yukawa couplings y;; are identical to the Standard Model Yukawa

8For some particular opinion of what is natural.
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couplings since they will be required to give mass to the Standard Model fermions after elec-
troweak symmetry breaking when the Higgs fields get a vev, see Section [7.9] The fate of the
other parameters will be discussed in the next section.

7.5 R-parity

The superpotential terms LH,, LLE and LQD that we have written down in Eq. all
violate lepton number conservation, and UDD violates baryon number conservation. Such
terms do not exist in the Standard Model, although there is no symmetry forbidding their
existence there. Instead a seemingly accidental combination of what fields exist and the gauge
symmetries that limit their interactions means that there are no such tree-level interactions.
We call this an accidental symmetry of the Standard Model.

Allowing such terms in the MSSM would lead to, among other phenomenological problems,
processes like rapid proton decay, for example through p — e*7° as shown in Fig. which
breaks both baryon number and lepton number. These are not observed in nature. We can
estimate the resulting proton life-time by noting that the exchange of a scalar particle (in
this example a strange squark §) creates an effective dimension-6 four-fermion interaction
Lagrangian term Aadeu with coupling

1127712

A= me (7.9)
where the sparticle mass mz comes from the scalar propagator in the diagram. The resulting
matrix element for the total proton decay process must then be proportional to |A|?, which
has mass dimension M ~*. Since decay width has mass dimension M, the phase space part of
the calculation must provide something of mass dimension M®°. The only mass scale involved
in the problem is the proton mass m,, thus we approximate the phase space integration part
of the proton decay width by mg. We then have

5
m
2 5 2
psetno ~ RY my, = ’)\,112 /1,12| %- (7.10)
ms
Vi /
e
o _
u S u
P 0
U > U

Figure 7.2: Possible Feynman diagram for proton decay with R-parity violating couplings
112 and iy,

The current measured lower limit on the lifetime from watching a lot of protons not decay
iS T yetp0 > 1.6+ 103 y [19], or, converting to seconds, 7, ,o+p0 > m-107 s/y x 1.6 103 y =
5.0 - 104 s, which gives a limit on the width

B 6.582-10"2°GeV s
Ppoerno =2 < 5.0 104 s

~1.3-107% GeV,
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so that we have the following very strict limit on the combination of the two couplings

2 \2
M2 12| < 1.3-107%7 (%) : (7.11)
Such strict limits can be found on most of the lepton and baryon number couplings using
the measured properties of the Standard Model particles, with some exceptions for coupling
involving the second and third generation fermions.

To avoid all such lepton and baryon number couplings Fayet (1975) [20] introduced the
conservation of R-partity.

Definition: R-parity is a multiplicatively conserved quantum number given by

R = (_1)2s+3B+L

where s is a particle’s spin, B its baryon number and L its lepton number.

For all Standard Model particles, including all the scalar Higgs bosons, this gives R = 1, while
the superpartners all have R = —1. One usually defines the MSSM as conserving R-parity.
For the MSSM this excludes the terms LH,, LLE, LQD and UDD from the superpotential,[ﬂ
leaving us with the R-partiy conserving superpotential

W = uH,Hg+ yijinEj + yZQ,HuUJ + yijZHdD] (7.12)

The consequence of this somewhat ad hoc definition is that in all interactions the total
number of incoming and outgoing supersymmetric particles must be an even number 2n, so
that the total R-number is (—1)?" = 1. This leads to the following very important phe-
nomenological consequences:

1. All sparticles must be produced in pairs (ignoring the very low probability of producing
four or more).

2. Sparticles must annihilate in pairs.

3. The lightest supersymmetric particle (LSP) is absolutely stable, and every other
sparticle must decay down to the LSP (possibly in multiple steps, a so-called cascade).

7.6 Supersymmetry breaking terms in the MSSM

We can directly apply our previous arguments on gauge invariance, that we used when dis-
cussing the superpotential, on the general soft-breaking terms in Eq. in order to deter-
mine which supersymmetry breaking terms are allowed in the MSSM, keeping also in mind
the requirement of R-party conservation.

9All the superpotential Yukawa terms lead to component field terms of the form Asb;ex. If the scalar A;
here is not a Higgs boson, then it is a superpartner and if none of the fermions come from a Higgs superfield
so that they are also a superpartner the term breaks R-parity conservation. This means that every Yukawa
term needs one, and only one, Higgs superfield to conserve R-parity. The superpotential mass terms have
component field terms of the form ;1;. If one of the fermions here comes from a Higgs superfield, then it is
a superpartner, and if the other does not, the term breaks R-parity.
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Mass terms of the form

1 _
—————— M0060 Te[W AW .
AT(R)g® Tl al+ec,
are allowed because they have the same gauge structure as the supersymmetric field strength
terms. In component fields only the fermions in the vector superfields survive, and are for
the MSSM:

1 ~ 1 SRS |
£soft = _§MIBOBO - 5]\421}[/7'{/‘/Z - §M3§a§a +c.c,,
where M; € C. This gives six new parameters.

Yukawa terms 1
—éaijk%@é@i@j@k + h.C.,

are allowed when a corresponding term exist in the superpotential — meaning they are gauge
invariant. In component fields only the scalar parts of the superfields survive, and the allowed
terms are

Lot = —a;LiHali g — aQ HyWp — al;QiHyd}p + c.c.,

where we remind you that the H here refers to scalar parts of the Higgs superfield doublets,

H HY
Hd:< u) and Hd:< d>,
HY H;

= (VL 5 Ui,
Li= <liL> and Qi <diL>’

in the normal SU(2)[, invariant construction. We can see that all of these terms are clearly R-
parity conserving, since they consist of two sparticles and one (Higgs) particle. The couplings
a;; are all potentially complex valued, so this gives us 54 new parameters.

The mass terms

and

1 —_
—ibij%@&i)i(l)j + h.c.,
are again only allowed for corresponding terms in the superpotential, i.e.
Lsott = —bH Hy + c.c.,

where b is potentially complex valued, which gives us 2 new parametersm Tadpole terms are
not allowed, as there are no tadpoles in the superpotential.
Mass terms
—m?00009] @,

are allowed because they have the same gauge structure as the supersymmetric kinetic terms.
In component fields again only the scalar fields survive, and in the MSSM they are:

Lot = —(mb)*LIL; — (m§)?liglin — (m2)?QIQ; — (mi)*wigitr — (m;) dipd;r

—m¥y, H{H, —m% HHy, (7.13)

0The coupling b is sometimes written By where B is a factor that indicates how different the coupling is
from the corresponding coupling in the superpotential.
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where the mfj are potentially complex valued, however, also hermitian. This gives rise to 47

new parameters. Despite technically being allowed the MSSM ignores the “maybe-soft" terms
in Eq. .

In total, after using our freedom to choose our basis for the fields wisely in order to remove
what freedom we can, the MSSM has 105 new parameters compared to the Standard Model,
104 of these are soft-breaking terms and p is the only new parameter in the superpotential.

7.7 Renormalisation group equations

Renormalisation, the removal of infinities from field theory predictions, introduces a fixed
scale p at which the fields and the parameters of the Lagrangian, the couplings, are defined.
For example, the charge of the electron is not simply the bare charge ey given in the original
Lagrangian, but a charge at a given energy scale p, e(u), which is the scale at which the theory
wants to describe the electron, and which we can measure in an experiment at that scale.
Describing the scattering an electron at very high energy will require a different value of e(u)
than at a low energy. This scale dependence in the coupling is an experimentally well verified
factH The relationship between a bare field or coupling, and the (dressed) renormalised field
or coupling can be found from the so-called renormalisation constant Z that renormalises
the parameter. For example for a field ¢, ¢ = Zy¢o, and for coupling g, g = Z4g0.

However, since p is not an observable per se but in principle a choice of how to write down
the theory to compare to an experiment (at which energy scale to write down the Lagrangian),
the renormalised effective action S for a physical process should be invariant under a change

of 1, which is expressed as:lﬂ
d

,ud'uS(<I>, A\ ) =0, (7.14)
where A is a generic name for the couplings of the theory and ® represents the (super)fields
that have been renormalised [©]

Starting from the relationship between the renormalised action Sg and the bare action
So,
SR((IDJ A, N) = qu)/QSO((I)O? Aos N)u

this equation can be re-written in terms of partial derivatives

0 0
_ — P = 1
<uau+ﬁxm+n¢%> S(®, A, 1) =0, (7.15)
which is the renormalisation group equation (RGE). Here 3 is the B-function:
oA
=u—. 7.16
Brx=w a (7.16)

1Tt is also impossible to avoid if we accept that the electron is a point particle. Since the Coulomb potential
has the form V(r) < e/r, an infinite energy would appear unless we were somehow to modify the charge at
high energies, or equivalently, short distances.

1214 is more common in the literature to find this expressed in terms of the Green’s function G™ for a
given n-point correlation, i.e. a process with n-field insertions. In this form the equation is known as the
Callan—Symanzik equation.

131n Sec. we mentioned how the non-renormalisation theorem implies that we do not need to renormalise
the coupling constants of the superpotential separately. In the MSSM this is the u coupling (not to be confused
with the energy scale here also called 1) and the Yukawa couplings. This will now have the consequence that
their renormalisation can be expressed in terms of the renormalisation of the fields.
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which describes the behaviour of a Lagrangian parameter A as a function of the energy scale
u away from the value where it was defined, often denoted pg. The anomalous dimension
of the field

0 1
v = M@Iani, (7.17)

describes the scaling of the fields and the factor ne gives the number of external fields (of a
given kind) in the effective action. The RGE balances the different contributions to sum to
Zero.

The reason for keeping around the factor of p in the definition of the S-function is that it
typically changes very slowly over large differences in energy scale, so it is practical to change
variable to ¢t = In ﬁ, so that u% = % and [y = 8t If the S-functions of a quantum field
theory are zero at some value of the couplings, then the value of the theory is said to be
scale-invariant.

As an example of finding a S-function, take the relationship between a bare gauge cou-
pling constant gy and the renormalised coupling g. This is given by (in d = 4 — € dimen-
sions)

9o = Zggu~/?.
Then, differentiating both sides with respect to p,
0Zy _ dg _ € —e/o—
0 = ngu 6/2+Z 8 = 6/2_§Zgg,u €/2—1
99 _ €, 919%
o 2 Zg Op
dg € 0
= = —g—gu—1InZ
Ha'u/ 2 g,LL au n g»
and taking the limit ¢ — 0:
_ 99
By = Hau =~ Do
where we have defined the anomalous dimension of g
0
Vg = ,u@ InZ,. (7.18)

The renormalisation constant Z, can now be calculated to the required loop-order to find
the p-function to that order, and in turn the running of the coupling constant with y. By
evaluating to one-loop order we can find that for our particular example of a gauge coupling
constant for a generic supersymmetric model

Yy ’1—100p = 167‘1’2 g (Z T — 3C )) (7.19)

where the sum of Dynkin indices T'(R) is over all superfields that transform under a repre-
sentation R of the gauge group in question, and C(A) is the quadratic Casimir invariant
of the adjoint representation A of the vector field under the gauge group

C(A)d;; = (TT")4.

The factor u_E/Q is there to ensure that the scale of go is correct.
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For the adjoint representation of U(1) this is 0, and for SU(N) this is N. The running of the
coupling constants is particularly important since it will later lead us to the concept of gauge
coupling unification.

For the soft-breaking parameters M; in we similarly have the one-loop S-functions

d
By = S My = 1~ 2g <QZT —6C( )) (7.20)

7.7.1 [-functions in the MSSM

The one-loop S-functions for gauge couplings in a generic supersymmetric model were given in
Eq. (7.19). With the MSSM field content and the gauge couplings discussed in this chapterﬂ

5
g1 = g ) 92 =9, g3 = Gs,

1
Byi l1-100p = 1602 big?, (7.21)

33
bySM = <5, 1, 3) :

For comparison, the same result in the Standard Model is

bSM— g_g_,?
107 6’ ’

The values of b; for the MSSM are found from the Casimir invariant and the Dynkin index
of the gauge group representations

CA)sue) =3, CA)sup) =2, C(A)un =0,

we arrive at

with in the MSSM

and
1 1 3,
T(R)sue =5 TBRsve) =5  TRua) = =Y
where for example b3 = % -12 — 3 -3 = —3 in the MSSM, because, after careful counting, we

have twelve quark/squark scalar superfields transforming under SU(3)c.
Some examples of other g-functions in the MSSM:

o For the supersymmetry parameter u

3
2 — 393 — 59?]7 (7.22)

where vy, yp and y,, are the top and bottom quark, and tau lepton Yukawa couplings.
Other Yukawa couplings also contribute to one-loop order, but due to their small size
they can usually be safely ignored. Since the gauge couplings appear on the right-hand
side here, we see that the differential equations that determine the running of p and
the gauge couplings are coupled. It is a general property of the g-functions that they
couple the running of all parameters, which is caused by the (eventual) appearance of
all particles as virtual particles in loops when we go to high-enough order.

d 1
Bu = ah= 16W2M[3|yt|2 + 3lyel* + [yr

15The normalisation choice for g1 may seem a bit strange, however, this is the correct numerical factor when
for example breaking a unified group such as SU(5) or SO(10) down to the Standard Model gauge group. This
factor might be different with a different unified group.
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o For the soft-breaking parameters M; in (6.7)) we get the one-loop S-functions

d 1
By = S M = —5 97 M;b;, (7.23)
where b; is given above.
o For the Higgs soft masses
dm%l 1 6 o 2 2 2
B, = ol = (X — S — 6gFMP) (7:24)
—dmi’d 1X X, 2IM; | — 6¢2| Ms|? 7.25
where we have used the standard abbreviations
Xy = 6‘yt’2(m12qu + m%S + ng) + 6[a]?,
Xy = 6|y’ (my, +md, + mig) + 6lay|?,
X, = 2|yT\ (de —i—de —|—m )+ 2]aT]2

and where mq, = m3Q3, Myy = M3, Mgy = mgg, a; = ass, ap = ag3, and ar = a53, in a
simplification of our previous notation for the soft-term parameters in Sec. [7.6]

7.8 Grand unified theories

At one-loop order we can do a neat rewrite using a; = 7-. Since
d _4 dm d
%ai =—-2— 3 dtgza
we have: p S b
_ -1 ™ 3 i
-1 = —Q.- = - b:_i
fat = g B 16m2 P T Ton

Thus o~ ! runs linearly with ¢ at one loop.

By running the couplings ai_l from their values measured at the electroweak scale to
high energies it is observed that in the MSSM the coupling constants intersect at a single
point, called gauge coupling unification, which they do not naturally do in the Standard
Model. See Fig. taken from Martin [I§]. The common assumption made is then that
a unified gauge group, e.g. SU(5) or SO(10), is broken at that scale, called the grand
unification theory scale or GUT-scale, down to the Standard Model gauge group. This
scale is puquT ~ 2 - 1016 GeV, about two orders of magnitude below the Planck scale.

Something funny happens to the gaugino soft-mass parameters M; if we look at their
running. From we find that all three ratios M;/ gi2 are scale independent at one loop.
To see this let R; = M;/g?, then

_dR; Ul - Mg gmg?Mibi - gF — M; - 2gi - izgibi
Br, = o= - = 1 =0. (7.26)
9; 9;

In other words, R; does not change with scale ¢t at one-loop level.
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Figure 7.3: The RGE evolution of the inverse gauge couplings ;" 1(Q) in the Standard Model
(dashed lines) and the MSSM (solid lines). In the MSSM case, the sparticle mass thresholds
are varied between 250 GeV and 1 TeV and ag(myz) between 0.113 and 0.123 to create the
bands shown by the red and blue lines. Two-loop effects are included.

If we now use that the coupling constants unify at the GUT scale to the coupling g,, and
assume that the soft-masses are the same at that scale my/, = Mi(ucur) = M2(pcur) =
M;s(ugur) E it follows that

My M, Mz a2

O R R
at all scales!lZ] This is a very powerful and predictive assumption. Because of the relationship
between the electroweak couplings and the electric charge, e = ¢’ cos Oy, = gsin Oy, it leads
to the following relation

, (7.27)

M3 = % Sin2 HWMQ = §% COS2 HWMlv (728)
o 5«

which, inserting values for the fine structure constant «, the strong coupling «g, and the
Weinberg angle sin? Ay, evaluated at the electroweak scale, numerically predicts

Mg :My: M ~6:2:1.

We will return to the implications of this when discussing the gauginos in Sec.

16 Again, not unreasonable if the spontaneous symmetry breaking mechanism acts uniformly for all the
gauginos.
17 At one-loop level.
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In Fig. again taken from Martin [I8], we show the running of all the types of soft
parameters in the MSSM. We assume unified soft-mass parameters m, /; for the gauginos and
myg for the Higgs and sfermions at the GUT scale. Shown is the gaugino mass parameters

M; (solid black), the Higgs mass parameters m%ld/u (dot-dashed green), the third generation

sfermion soft terms mg,, mqQ,, Muys, mr, and me, (dashed blue and red, listed from top to
bottom), and the corresponding first and second generation terms mq, = md,, Mg, = MQ,,
Mayy = Myy, M, = mr, and me, = me, (solid blue and red lines).

1500
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1|2 14 16 18
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Figure 7.4: The RGE evolution of soft-mass parameters in the MSSM with typical minimal
supergravity-inspired boundary conditions imposed at 2-10'% GeV. The parameter values used
for this illustration were mg = 200 GeV, m; 5 = —Ap = 600 GeV, tan 3 = 10, and sgn(u) = +.

7.9 Radiative Electroweak Symmetry Breaking

In the Standard Model the gauge symmetries prevent mass terms for both vector bosons
and fermions. The W and Z bosons, and all the fermions are given mass by spontaneous
electroweak symmetry breaking (EWSB), which is induced by the shape of the scalar potential
for the Higgs field H, which is an SU(2)1, doublet of scalar fields:

V(H) = w2 HP + N H* (7.29)

with |H|> = HTH.
Here, the requirement for successful EWSB is that A > 0 and u? < OH The first of these
is a consistency requirement that ensures that the potential is bounded from below, i.e.

¥ This is called the Mexican hat or wine bottle potential, depending on preferences.
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that in the limit of large field values the potential does not turn to negative infinity. The
second ensures that the minimum of the potential, the vacuum, is not given by zero field
values, i.e. that the Higgs field has a vacuum expectation value (vev).

In supersymmetry we found the following general scalar potential in Eq. for unbro-
ken supersymmetry,
|

2 *ra 2
+§Zg (A*T*A)? > 0, (7.30)

ow
0A4A;

V(A,A) =D

)

a

where the first part is due to the elimination of the auxiliary F-fields in the scalar superfields,
while the second part is due to the elimination of the auxiliary D-fields in the vector super-
fields. In addition we have to add all terms containing only relevant scalar fields from the
soft breaking terms in Eq. [6.9]

For the scalar Higgs component fields in the MSSM this gives the potential

V(Hy Hy) = |pP(HP + |H 2+ [HY? + [H ) (from F-terms)
1
(0P + gD (HOP + [P — | HYP — |H )2 (from D-terms)

1 * — %
+§92|HJH3 + HyH
+myy, (HY? + [HF?) + mi, (JH3? + |H; ) (from soft breaking terms)
+[b(HH; — HYHY) + c.c.] (7.31)

This potential has 8 d.o.f. from 4 complex scalar fields H, H?, Hg and H; . At the same
time it has 7 parameters: the two Standard Model gauge couplings g and ¢’, the magnitude
of the supersymmetric parameter u, and the three soft-breaking parameters b, m%{u and m%{d.
Notice how if b = ml%[u = m%{d = 0, meaning no supersymmetry breaking terms, the Higgs
potential has a global minimum at V = 0 for zero values of all the Higgs fields. In this
case there is no EWSB, so EWSB is intimately connected to supersymmetry breaking in the
MSSM.

We now want to do as in the Standard Model and break SU(2)r, x U(1l)y — U(1)em
in order to give masses to gauge bosons and SM fermions@ To do this we need to show
that, and under which conditions, Eq. has: i) a minimum for finite, i.e. non-zero, field
values, ii) that this minimum has a remaining U(1)en symmetry and iii) that the potential is
bounded from below. We will here restrict our analysis to tree level, ignoring loop effects on
the potential.

We start by using our SU(2); gauge freedom, picking a gauge so that we rotate away
any field value for H, at the minimum of the potentialm So without loss of generality we

9You may ask why we can not use the soft-terms from the spontaneous breaking of supersymmetry to do
this. However, the soft-terms are unable to effectively provide masses to vector bosons and fermions because
they deal (mostly) with scalar fields.

20Can this always be done? Yes. The action of a member of SU(2) on the two component vector of Higgs

fields is

o —p*| (Hf

5 o | Lb)
with |a|?+|8|> = 1, where a and 8 can be picked so that a H;f —B* HS = 0 by choosing o = HY/(|HY|>+|H|?)
and 8" = Hf /(| Hy* + |HT?).
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can use that H;" = 0 at the minimum in what follows. At the minimum we must also have
OV /OH, = 0 since it is a minimum. By explicit differentiation of the potentia]lﬂ

ov . 1 — *
SHF P Hi™ + 1(92 + g (HLPP + | HE1? = [HY)? — [Hy ) H
u
1
+592(HJ*H3 + HY*H;)HY* +m} H* +bHy (7.32)
we can see that H;F = 0 also leads to H; = 0 at the minimum. This is good and proper since

it will work as a guarantee for our item ii), that U(1)eny is a symmetry for the minimum of
the potential, since the charged fields then have no vevs and the minimum is then unaffected
by U(1)em gauge transformations.

We are now left with the following potential only in terms of the uncharged Higgs fields
HY and HY (after the SU(2), gauge choice and at the minimum):

Viin(Hy, Hy) = (Jul? +miy, ) H,* + (Iuf® +md, )| Hg)?
1
+5(" + ") (| Hal” = [Hgl*)* — (bH HG + c.c.) (7.33)

We can now absorb a complex phase in H? or HY, in order to take b to be real and positive.
This does not affect other terms because they are protected by absolute values. The minimum
must also have the total phase of HgHg real and positive, to get an as large as possible
negative contribution from the b term, which is the only term that can be negative. Thus the
vevs v, = (HY) and vg = (HJ) must have opposite phases. By the remaining U(1)y gauge
symmetry of the potential, which is effectively a phase rotation, and the fact that H? and Hg
have opposite hypercharge, we can transform v, and vg so that they are real, non-zero and
have the same sign. For the potential to have a negative mass term, and thus fulfill point i)
above, we must then have

b* > (|ul? +miy, ) (|l +mi,). (7.34)

Since we have broken supersymmetry we must also check that the potential is actually
bounded from below, our point iii), which was guaranteed for a supersymmetric vacuum. For
large |H?| or |HY| the quartic gauge terms in (7.33) blows up to save the potential, except

for |[HY| = |HY)|, the so-called D-flat directions. This means that we must also require
2 2 2
2b < 2|p|® + my, +my,. (7.35)

To satisfy and , a negative value for m%{u (or m%d) can help, in particular if
|u|?> +m3; <0, as that automatically fulfils . Such a negative value is indeed perfectly
allowed as a parameter in the Lagrangian. No negative particle masses will result.

In fact, if we assume that mg, = mg, at some scale p, for example the GUT scale, then
(7.34) and (7.35)) cannot be simultaneously be satisfied at that scale. However, to 1-loop the
RGE running of these mass parameters were given in and . Because y; > vy, quu
runs much faster with scale than m%[d. If the parameters start out the same at some high scale,
say from some universal supersymmetry breaking effect, as we go down to the electroweak
scale m%[u becomes significantly smaller than m%{d, and may become negative, fulfilling the

EWSB criteria. For an illustration, see Fig. where the running of 2 +m12gu and p? +m%{u

2'Warning! We are here taking the partial differential with respect to a complex number.
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is shown. It is this property of starting our from some universal Higgs parameters at a high
scale, which then by RGE effects break electroweak symmetry at lower scales, that is termed
radiative EWSB (REWSB). Thus, in the MSSM with universal soft terms at a high scale
there is an explanation why EWSB happens, it is not put in by hand in the potential as it is
in the Standard Model.

7.9.1 Parameters of the Higgs sector

To summarise what we have learnt so far: at the minimum of the Higgs potential we know that
there exists a gauge choice so that the expectation values of the charged Higgs component
fields are zero, (H;) = 0 and (H;) = 0, and we fulfil the remaining conditions for the
existence of an extremal point in the neutral Higgs component fields by

ov ov

D0 = 78H3 = 0. (7.36)

These conditions require at the minimum

ov ! .

90 (Iul® + m3,)HY — 1(92 +9*)(|HY)? — |Hg|))Hy —bH) =0,  (7.37)
d

ov 2 2 o« , L, 2 12 02 02 £70* 0

9H0 — (| * +mig, ) Hy, +Z(g +g°)(|H, " — |Hg|")H, —bH; =0.  (7.38)

In addition, for the minimum to have non-zero field values that break EWSB, and for the
potential to be bounded from below, the parameters of the potential must simultaneously
fulfil the inequalities

v > (ul? + mig, ) ([ul® +mi,),
2b < 2lul*+mi, + qud.
The resulting non-zero expectation values at the minimum for the neutral Higgs component
fields are denoted (HY) = v, and (H?) = v,.
Following EWSB, to get the familiar vector boson masses measured by experiment, the
vevs need to satisfy the constraint from the electroweak parameters:

2 2M7

2,2 2
W T U =T = ~ (174 GeV)~. 7.39
vt == ) (7.39)

Thus we have one free parameter coming from the two Higgs vevs in the MSSM. We can write

this as

tan § = %, (7.40)
Vg

where by convention 0 < 5 < 7/2, so that 0 < tan 8 < oc.
Using the condition for the existence of an extremal point in (|7.37)) and (7.38)), we then
have the relationships

1
|l + miy, — ng cos(2f) —btanf = 0, (7.41)

1
> +mi, + iM% cos(28) —bcotB = 0. (7.42)
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Using these, the two non-SM parameters b and || can be eliminated as free parameters from
the model, however, not the sign of u. Alternatively, we can choose to eliminate m%lu and
m%ld. You can look at this as giving away the freedom of these parameters to the vevs, and
then fixing one vev by the electroweak constraint, and using tan 8 for the other.

Let us make a little remark here on the parameter . Given the criteria for REWSB above
we have what is called the pu problem. The soft terms all get their scale from some common
mechanism at some common high energy scale, it is assumed, setting the parameters b, m%{u
and ml%[d in the Higgs potential. However, i is a mass term in the superpotential (the only
one in fact) and could a priori take any value, even Mp. Why is p then of the order of the soft
terms, which is what allows us to achieve REWSB, when a much larger value would prevent
us from fulfilling the criteria in and @

Another way to look at this is to solve and for the well-measured Z-boson
mass and sin(25):

2b
sin(2 = )
27 miy, +mi, +2|ul?
2 2
m —m
My = AL g,

1 —sin?(28)

Now, unless all the soft-masses b, m%{u and m%{d and the supersymmetric parameter y is close
to the electroweak scale there must be a great fine-tuning of parameters to get the correct
Z-boson mass, and p can certainly not be very much larger than the other three parameters.

7.10 Higgs boson properties

Of the eight d.o.f. in the scalar potential for the Higgs component fields three are Goldstone
boson (real scalar fields) G and G* that get eaten by Z and W¥ to give them masses. The
remaining five d.o.f. form two neutral (real) scalars h, H, two charged scalars H* and one
neutral pseudo-scalar (CP-odd) A

We can decompose the complex Higgs fields in these fields by writing them as

() = (o) + 5 () + 5 (5),

HPY\ Gt
() - n ()

where the (orthogonal) mixing matrices are parameterised as

cosa  sina sinf cosf
== == ‘4

Fa <— sina  cos a> R <— cos B3 sin ﬁ) ’ (7.43)
Inserting these in to the quadratic terms in ([7.31)—the mass terms—we get the Lagrange
terms

1 1 1 1
V=-mih?+ -m4yH?>+ = —
g hT T 2 2
22This problem can be solved in extensions of the MSSM such as the Next-to-Minimal Supersymmetric
Standard Model (NMSSM).
_ *In addition to the scalars, we know that the Higgs supermultiplets contain four fermions, Hy, Hg, H, and
H; (higgsinos). We will see later that these mix with the fermion partners of the gauge bosons (gauginos).

mE&G? + —mA A2+ m. |G+ mE L [ HY P, (7.44)
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where the tree-level masses are

mé = 0, (7.45)
2b
my = sin 23 = 2lul* + m%{u + m%iﬁ (7.47)
1 .

m%’H = 3 <m?4 +m% T \/(m?4 —m%)? + 4mZm? sin? 25) , (7.48)
Mmipe = mh+miy, (7.49)

with ) )
o My + (7.50)

sin 8 miy — mj

As a consequence m 4 and tan 8 can be used to parametrise the masses of the Higgs sector
(at tree level), and H, H* and A are in principle unbounded in mass since they grow as
b/ sin2(. However, at tree level the lightest Higgs boson is restricted to

mp < mz|cos2f| < 91.2 GeV. (7.51)

In contrast we have the current best measurement of the Higgs boson mass of my = 125.10 £
0.14 GeV, combining results from the LHC [21].

Fortunately, there are large loop-corrections or the MSSM would have been excluded
already@ Because of the size of the Yukawa couplings the largest corrections to the mass
of the lightest Higgs comes from loops with top quarks and its supersymmetric partners, the
scalar top quarks, or stops, {7, and tg. See Fig. for the relevant Feynman diagrams. In the
limit where the mass of the stop quarks are larger than the top, mg,,m;, > my, and with
stop mass eigenstates close to the chiral eigenstates (more on this later), we get the dominant
loop correction

3 my mg
Am? = e cos® ay?m?In <t1Ln%m> . (7.52)

With this and other corrections the upper bound on the lightest Higgs boson mass is

weaker:

mp < 135 GGV,

assuming a common sparticle mass scale of around mgusy < 1TeV. Higher values for the
sparticle masses give large fine-tuning and weaken the bound very little because of the loga-
rithm in Eq. . The bound can be further weakened by adding extra field content to the
MSSM, e.g. as in the NMSSM, but there is an upper perturbative limit of my ~ 150 GeV.

It is very interesting to discuss what the Higgs discovery actually implies for low-energy
supersymmetry. As can be seen from the above numbers it requires rather large squark masses
even in the favourable scenario with tan 8 > 1 where the tree level mass is my ~ 90 GeV. A
naive estimate from Eq. gives m; > 1 TeV. However, this does not take into account
possible negative contributions to the Higgs mass from heavy gauginos (fermions in the vector

241t is worth pointing out here that the MSSM, despite its many parameters, is a falsifiable theory. For
example, had the Higgs boson mass been ~ 15 GeV higher, which is perfectly allowed in the Standard Model,
the MSSM would have been excluded.
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superfields), and possible increases in the stop contribution due to tuning of the mixing of
the chiral eigenstates {7, and tp, in the mass eigenstates ¢; and Z,.

Since the lightest stop quark is expected to be the lightest squark in scenarios with univer-
sal soft masses at some high scale—the reasoning here is the large downward RGE running
of m% from a common squark soft mass at some high scale due to the large top Yukawa
coupling—the expected sparticle spectrum lies mostly above 1 TeV, with the possible excep-
tion of gauginos/higgsinos. This points to so-called Split-SUSY scenarios with heavy scalars
and light gauginos, and a relatively large degree of fine-tuning. If one can live with this little
hierarchy problem, it will explain why no signs of supersymemtry have been seen yet at the
LHC.

If you are willing to accept fine-tuning of the stop mixing instead, or come up with a good
reason for why the mixing should be just-so to give a maximal Higgs mass, you can keep
fairly light stop quarks. With the addition of light higgsinos and a light gluino the model is
then technically natural, these scenarios are called Natural SUSY and could be within the
current or near future reach of the LHC. The problem with these models, as we shall see, is
that the higgsinos are degenerate, and thus difficult to detect.

To do calculations with the Higgs bosons in the MSSM we need the Feynman rules that
result from the relevant Lagrangian terms. Since these have been listed elsewhere we will not
repeat them here, but recommend in particular the PhD-thesis of Peter Richardson [22], where
they can be found in Appendix A.6, including all interactions with fermions and sfermions.
These can also be found, together with all gauge and self-interactions, in the classic paper
by Gunion and Haber [23]. Note that in this paper a complex Higgs singlet appears in some
interactions because they perform their calculations in the NMSSM, but this can safely be
ignored and all other results carry over into the MSSM.

7.11 The gluino

The fermion partner of the Standard Model gluon g is called the gluino g, and as the gluon
it is a colour octet Majorana fermion. We usually talk about the gluino as being one particle,
however, as an adjoint representation of SU(3) there are actually eight (thus octet) distinct
gluons, and we write §* when we want to make the distinction. As a colour octet it has
nothing to mix with in the MSSM—this is still true even if we allow for R-parity violation—
and at tree level the mass is given by the soft term Mj. Since it lives in the same superfield
as the massless gluon it would otherwise had zero mass.

The one complication for the gluino is that it is strongly interacting so Ms(p) runs,
relatively speaking, quickly with energy scale . It is useful to instead talk about the scale-
independent pole-mass mg, meaning the pole of the renormalised propagator,

i
P —mo—X(p)’
where my is the Lagrangian bare mass, ¥ is the self-energy, and the pole mass is the solution

p = m to the equation p —mg — X(p) = 0. For the gluino, including all one-loop effects in the
self-energy due to gluon exchange and squark loops, see Fig. in the DR renormalisation
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scheme we get@

a
mg ~ Ms(p) 1+I; 15+61nML3+ZAq~ ,
all §

where the squark loop contribution A; for a given squark depends on the squark mg and
corresponding quark m, masses, and are given by

m2 m?2
A~—/ dr xIn (:L’MqQ —I—(1—$)W —z(l —x) —ie) .

Due to the 15-factor the correction can be significant (colour factor).

Figure 7.5: One loop contributions to the gluino mass.

Complete Feynman rules for gluinos can be found in Appendix C of the classic MSSM
reference paper of Haber & Kane [24]. A more comprehensible alternative may be Appendix
A.3 from the PhD-thesis of Bolz [25]. This thesis also provides a diagramatic prescription
of how to handle clashing fermion lines that can appear with Majorana fermions such as the
gluino.

7.12 Neutralinos & Charginos

In the MSSM we have a bunch of fermion fields that can mix when electroweak symmetry
is broken and we do not have to care about the SU(2) x U(1)y charges of the fields, only
the charges under the remaining U(1)en symmetry matter. The candidates for mixing are
the (Majorana) fermions from the U(1) and SU(2) vector superfields B® and W called the
gauginos:

O (bino), W (neutral wino), W= (charged wino),
and the fermions from the Higgs superfields H, and Hy, called higgsinos:

A, @, Hr and A0

Together these are called the electroweakinos.

ZNote that the right-hand side here is . dependent since the expression is only to finite order.
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In the Standard Model the neutral gauge fields Bg and WS mix into the photon ~ and
the Z-boson. The neutral gauginos can mix the same way into the states
= Nj,B°+ N, W° (photino), (7.53)
Ny B + N, WO (zino). (7.54)

N >
|

However, more generally, they also mix with the neutral higgsinos to form the four neutrali-
nos

X0 = N B + NoW° + NsH) + NuHS, i =1,2,3,4, (7.55)

where NNV;; indicates size of the component of each of the fields in the gauge eigenstate basis
o = (B, WO, HY, HY). (7.56)
In the gauge eigenstate basis the neutralino mass term can be written as
r _ Lo M0
X—mass — _iw X’l,b + c.c.,

where the mass matrix My is found from the bilinear terms in the Lagrangian with gauge
eigenstates to be

M, 0 — 59 \%zlg’vu
0 M2 —=qUq ——=4gu
My=1|_41 , 1 o vadiul (7.57)
— Il 59 0 —H
%glvu _%gvu —H 0

In this matrix, the upper left diagonal part comes from the soft terms for the B® and the
WO, the lower right off diagonal matrix comes from the superpotential term pH,Hy, while
the remaining entries come from Higgs-higgsino-gaugino terms from the kinetic part of the
Lagrangian, e.g. Hleég(’w*'g,B H,,, which become mass terms when one of the neutral Higgs
component fields acquires a vev. With the Z-mass condition on the vevs we can also
write

1

——g'vqg = cosfBsinfymyz, 7.58
759 v Bsin Oymz (7.58)
Ly sin B sin 6 (7.59)
v, = sinfsinfymyz, )
\/§g wmz
1
—gvg = cos3cosbymy, 7.60
ok B cos Oyymz (7.60)
1
= sinfcosOymy. (7.61)

—(gvu
\/qu

The mass matrix can now be diagonalised to find the )EZQ masses. If N is a unitary

26The neutral higgsinos are also Majorana fermion§ despite coming from scalar superfields. Unlike the
(s)fermion superfields the Higgs superfields have no H chiral partners to supply the left-right Weyl spinor
combinations required for Dirac fermions. Thus the neutralinos are Majorana fermions.
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diagonalisation matrix for My, we can Writﬂ
1- ~ 1
Ly —mass = —§¢0TNTN*M,~<NTN¢0 +cc. = —QXOTDXU + c.c.,

where D = N*M;N t is diagonal and contains the real and non-negative neutralino masses
myo > 0 that are the eigenvalues of My. We also see that IV gives the mixing of the gauge

eigenstates ¥V into the mass eigenstates Y* = N Y9, We number the neutralino mass eigen-
states in , or, equivalently, sort the mass eigenvalues after diagonalisation, so that the
neutralinos are numbered from lightest to heaviest. The neutralinos also have loop corrections
to their masses coming from the self energies, however, since the coupling is weak—in the
technical sense—these are usually significantly smaller than for the gluino.

The mass parameters of the neutralino mass matrix may in general be complex, leading
to complex entries in IN. Redefinition of fields can rotate away either the M; or My phase,
to make the parameter real and positive, but not both of these, and not the p-phase. These
phases give rise to problematic CP-violation that can easily be in contradiction with exper-
iments. Therefore, My, M> and p are often just assumed to be real in order not to violate
experimental bounds. In this case a diagonalisation matrix N can be found that is orthogonal,
meaning with only real entries, which simplifies calculations. In this case the diagonal mass
values in D are not guaranteed to be positive. This does not imply negative fermion masses,
but instead indicates a phase factor that must be incorporated into Feynman rules for the
interactions of the mass eigenstates.

One particularly interesting solution to the diagonalisation is in the limit where EWSB is
a small effect, M, < |p £ M|, | £ M|, and when we have the hierarchy M; < My < |ul.
The mass eigenvalues scale with the size of the supersymmetric parameters, which makes
the lightest neutralino bino-like, x§ =~ BY, the next-to-lightest wino like, X =~ WO, and

)2%74 ~ %(ﬁg + ﬁg), and the masses are to first order in the small quantity M /u:

M% sin? @y sin 28

mgo = M+ p +... (7.62)

my = MQM‘%ZW+... (7.63)
M2

mge, = || + TMZ(sgn,u Fsin28) + ... (7.64)

Since the LSP is stable in R-parity conserving theories the lightest neutralino is an excel-
lent candidate for dark matter. In particular since a neutralino with mass around 100 GeV
has a natural relic density close to the measured dark matter density of the Universe. We
will return to this issue in Chapter ?7.

From the charged electroweakinos we can make charginos )Z;t that are Dirac fermions
with mass term

1 - -
Ly mass = _§¢iTMXi¢i + c.c.,

2T A symmetric matrix M is always unitary diagonalisable, even if complex. For real symmetric matrices the
diagonalisation can be carried out with an orthogonal matrix N (which is a special case of unitary), giving the
diagonal matrix D = NMN7T with real, but possibly negative, entries. For complex matrices this can be done
by so-called Takagi factorisation using a unitary matrix N so that D = NMN7 is a diagonal matrix with
real non-negative entries.
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where the gauge eigenstate basis is ¢+ = (W“‘, Ijqu LW, ﬁg), and the mass matrix is given
by
0 0 Ms gvg
0 0 guou p
Moy =
T My g, 00
gug p 0 0
Here the M, terms come from the soft terms for the charged winos W=, the L terms come

from the superpotential as above, while the remaining terms come from the kinetic terms.
We can here re-write

gug = V2cosBmy, (7.65)
guy = V2sinBmy. (7.66)
Diagonalising this mass matrix gives the mass eigenstates )Z;t, t = 1,2. The eigenvalues

are doubly degenerate, giving the same masses to the Xj and x,; particle and anti-particle
pairs, and are explicitly given as:

1 .
=5 (|ng2 + |ul? + 2my, F \/<|M2\2 + |ul? + 2miy )% — 4| pMy — m;, sin® 6\2> :

m-+
X1,2 2

In the same limit of small EWSB effects discussed above we have a wino-like lightest
chargino, )ﬁt ~ W*, and a higgsino-like heavy chargino, )@t ~ H,/H , with masses

2

moe = My—"Winogy.. . (7.67)
X1 W
2
— Mw

mes = |ul+ TSgnu—i—.... (7.68)

Note that in this limit Mgy & Mot since they are both wino-like and governed by the My soft
mass.

We saw earlier that the soft-mass ratio
M32M22M126:2:1,

appears at a scale of around 1 TeV if the same soft-masses unify at the GUT-scale. From our
above discussion, as long as |u| > M, Mo, this gives the very predictive mass relationships
mg ~ 6m>~<c1), Mgy = Myt = 2m>~<(1). However, it is important to remember that this often used
relationship is based on the conjecture of gauge coupling unification, and the unification of
gaugino soft masses!

We should mention that some authors prefer other symbols for the neutralinos and
charginos. Common examples are N; or Z; for neutralinos, and C; or W; (again!) for the
charginos.

Feynman rules for charginos & neutralinos can again be found in Haber & Kane [24].

7.13 Sleptons & Squarks

The sfermions, the scalar partners of the Standard Model fermions, the quarks and leptons,
consists of the squarks and the sleptons. These inherit the interactions of their partner
fermions since they live in the same superfields.
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For their masses, reading of from the MSSM Lagrangian, including the possible soft-
breaking terms, there are multiple tree-level contributions to the sfermion masses. In the
following discussion Fj represents a generic SU (2), doublet of sfermions with generation

index i, for example Q; = (UL, d;1,), while f;r represents a singlet, for example 4;g.

We can make the following list of mass terms:

i) Under the reasonable assumption that soft masses are (close to) diagonal*S| the sfermions
get contributions —m%iFiTFi and —m% firfir from the soft terms in (7.13))
typically dominant.

. These are

ii) There are F-term contributions that come from Yukawa terms in the superpotential of
the form y;F'H K, where F and K are two scalar superfields with sfermions, and H is
one of the two Higgs superfields. From the contribution Y |[W;|? to the scalar potential
these give Lagrangian terms y]%H 0+ g0 fZ*L f;L and yJ%H 0% f0 ;*R fiR. After EWSB when
the Higgs field gets a vev we then get the mass terms m? fZ*L fiL and mfc J?:}z f, R, Where
my = vy,/qYf- These are only significant for large Yukawa coupling y¢, and give the same
mass as their Standard Model fermion partner gets from the same Yukawa terms.

iii) There are also so-called hyperfine terms that come from D-terms Y_ g?(A*T%A)? in the
scalar potential that give Lagrangian terms of the form (sfermion)?(Higgs)? when one of
the scalar fields A is a neutral Higgs field, and the other is a sfermion. Under EWSB,
when the Higgs field gets a vev these become mass terms. They contribute with a mass

AF = (T3F92 — ng/2)(’£}§ — ’Uﬁ) = (Tgp — QF sin2 Qw) COS 25 mQZ,

where the weak isospin, T3, hypercharge, Y, and electric charge, (), are for the left-
handed supermultiplet F' to which the sfermion belongs. However, these contributions
are usually quite small.

iv) Furthermore, there are also F-terms that combine scalars from the pH,H; term and
Yukawa terms yyF'H K in the superpotential. These give Lagrangian terms —u*H 0%y tfLfR
With a Higgs vev this gives mass terms —u*v, g yrfrfL + c.c.

v) Finally, the soft Yukawa terms of the form a fﬁ’ H fjﬁl with a Higgs vev give mass terms
afvu/defE + C.C

For the first two generations of sfermions, terms of type ii), iv) and v) are small due to

28This assumption is of course made to avoid flavour changing neutral currents (FCNCs). However, it is
also reasonable in that if the soft masses are diagonal, or even all the same, at a high scale, the RGE running
will not create large off-diagonal terms.

2We often assume that ay = Agys in order to further reduce the FCNC, meaning that there is a global
constant Ay with unit mass relating the Yukawa couplings and the trilinear A-term couplings.
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small Yukawa couplings. Then the sfermion masses are for example

mi = my, + Ay, (7.69)
m?ZL = mél—{—AaNlL, (7.70)
mgL = m2Q2—i—A5L, (7.71)
mi, = mg, + Adp, (7.72)
m%R = ml + Alg (7.73)
m; = mg +Adg (7.74)
mi, = ma, + Alg. (7.75)

Mass splitting between same generation slepton/squark is then given by the hyperfine splitting

1
2 2 2 2 2¢, 2 2
Mgy, = My, = Mg, — My, = =59 (v; — ;)

= —cos28 m%/v,
since they have the same hypercharge, see Table For tan 8 > 1 this gives the definite

f 2 2 2 2
prediction mz > mz and m> >mg .

Vel dr,
The third generation sfermions 7, b and 7 have a more complicated mass matrix
structure, e.g. in the gauge eigenstate basis (f7, tg) for stop quarks the mass term is

W t
Loop = = (F, T5) mj (g;) )

where the mass matrix is given by

m= =

9 mé3 +m? + Ay, v(aj sin 8 — pyy cos B)
t v(agsin 8 — p*ygcos )  mi, +mi+ Aug |’

(7.76)

Here the diagonal elements come from i), ii) and iii), while the off-diagonal elements come
from iv) and v).

To find the particle masses, we must diagonalise this matrix, writing it in terms of the mass
eigenstates ; and t, acquiring also here a unitary mixing matrix for the mass eigenstates in
terms of the gauge eigenstates t7, and tp:

@) B [Z _cft] <§;> ’ (7.77)

where the matrix entries are related by |c;|? + |s7/? = 1 and mf

(7.76). The suggestive form of the mixing matrix indicates thalmt if the off-diagonal elements
of the original mass matrix has only real elements, this mixing matrix can be written as
an element in SO(2), using sine and cosine of a mixing angle 0 < 6; < 7, ¢; = cosf; and
s; = sin @;. The matrices for b and f have the same structure.

Since the third generation sneutrino 7., does not have a corresponding right-handed state
in the MSSM, there is no mixing, and it has the same mass term as the first and second

generation sneutrinos.

< mé are the eigenvalues of

A good source for sfermion interaction Feynman rules is the PhD-thesis of Richardson [22].
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7.14 Excercises

Exercise 7.1
Using the explicit form of the SU(3)¢ transformations with the Gell-Mann matrices, show
that with our definition of the superpotential term U; D;Dj, this is invariant under SU(3)c¢.

Exercise 7.2
Show how you can eliminate the parameters |u| and b by using the properties of the minimum

of the potential in Eq. ((7.33]).

Exercise 7.3
Make the insertion into the scalar potential to show that we get the Higgs masses in

(7.45)—(7.49)), and find the requirement on the mixing parameter «.

Exercise 7.4

Show Egs. (758)(7:61).
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Solutions to exercises

Exercise 1.1

Given the group multiplication definition the identity element must be e = Ty = 1 since
T,0Ty =Tyro =T, Let T, ' =T,. Since T, 0Ty = T, = 1, we find b = —a. (This does not
show that the inverse is unique, but this is not a requirement.) We have now demonstrated
the required existence of an identity element (iii) and an inverse (iv) for T'(1) as required by
the group definition (the order of operations can obviously be reversed). The closure of the
multiplication operation (i) is true by its definition. The associativity (ii) can be demonstrated
as follows (T, 0Tp) o Te =Tyspo T = Toyrpre = Ta 0 Thpype =Ty 0 (Tp 0 Tp).

Exercise 1.2

Yes. Vector addition is closed (the result is a new vector in the same space). Vector addition
is associative. There is an identity in the null-vector, and the inverse is the negative of the
vector.

Exercise 1.3
No. The cross product is not associative, among other things. (There is also no identity
element since all cross products change the direction of the vectors.)

Exercise 1.4

We need to demonstrate the four group requirements. We have closure since the product of two
such unitary matrices Uy and U, is a unitary matrix: (U1U2)TU1U2 = UQTUlTUlUg = UQTUQ =1.
Matrix multiplication is always associative. There exists an identity among the matrices since
the identity matrix is unitary: I'] = IT = I. There exist an inverse U~! = UT for every U,
since the matrix U' is unitary if U is: (UNTUT = UUT = I.

Exercise 1.5

Since O(1) consists of 1 x 1 matrices, over R we suppose, also known as real numbers, the
orthogonality requirement means that the transpose of that number (which is the number
itself) multiplied by the number should be 1. There are two such reals, 1 and -1. The group
thus has two elements. Since matrix multiplication in this case is just normal multiplication
we have re-found the group Zs.

Exercise 1.6

An n x n matrix U over C has n?

complex or 2n? real elements. The hermitian matrix

131
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M = U'U has n real elements on the diagonal and (n? — n)/2 complex elements above and
below the diagonal. Because MT = M all the (n?—n)/2 elements below the diagonal are given
by the complex conjugate the corresponding elements above the diagonal. Since U is unitary
M = I. That all the n real diagonal elements of M is equal to one gives n restrictions (n real
equations) for the elements of U. Further, all (n? —n)/2 complex elements above the diagonal
are zero, which gives (n?—n)/2 complex equations, which means n? —n real equations. For the
terms below the diagonal we do not obtain any new equations. As a result the free parameters
for the U(n) matrices are 2n? —n — (n? —n) = n?. For SU(n) we must use the additional
requirement det U = 1. Because 1 = det M = det(UTU) = det UT det U = |det U|?, we see
that det U must be a phase factor, and that the requirement det U = 1 only gives one new

condition (equation). Thus there are n? — 1 independent real parameters in SU(n).

Exercise 1.7
A matrix in SU(2) has 22 — 1 = 3 free parameters. Let us start with a generic 2 x 2 complex

valued matrix
a p
U= [7 5] |
For this to be unitary we must have

Uty — [a* fy*} [a ﬁ] _ [|a|2—i— Iy)? a*ﬁ—i—v*ﬂ _ [1 0]
p* of| |y o Bra+ 8%y |BI + [0 0 1}°

Then from the off-diagonal, 6*y = —*a and v*6 = —a*3 which gives |6]?|v|? = |a|?|8|?, and
inserting from the diagonal we have (1 — |3|?)|v]? = (1 — |v|?)|3/*> which can be solved for
|v|? = |B|2. Similarly from the diagonal |§|> = |a|?. We can then generically write v = ¥
and § = e®a, where # and ¢ are two phases. The diagonal requirement is then completely
fulfilled if |a|? 4 |3|> = 1 and the matrix is
B
U= [ewﬁ ei¢a] '
The determinant then requires ae®a — Se?® 3 = 1 which is fulfilled for a phase ¢ that rotates
a to o and a phase 6 that rotates 8 to —3*. Thus we can write
_|a B
U= [_ . a*] .

Exercise 1.8
Since H is a subgroup of G then by point ii) in the definition of subgroups, since h; € H, we
must also have hj_1 € H. With h;, hj_1 € H by point i) in definition h; o hj_l € H.

Exercise 1.9

Exercise 1.10
Let U;, Uj < SU(n), then

det(U;U; 1) = det(Uy) det(U; 1) = 1.
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This means that UZUj*1 € SU(n). In other words, SU(n) is a proper subgroup of U(n). Let
V € U(n) and U € SU(n), then VUV ~! € SU(n) because:

_ det(V)

det(VUV ') = det(V) det(U) det (V1) det(V)

det(U) = 1.

In other words, SU(n) is also a normal subgroup of U(n), thus U(n) is not simple.

Exercise 1.11

Let H be a subgroup of G and g € G. For a member of the left coset f € gH then gH = fH
because f € gH implies that there must exist an € H so that gx = f. Thus fH = (gz)H =
g(zH). Since H is a group this means H = H. Thus every element in G belong to exactly
one left coset. The argument of right cosets is identical.

Exercise 1.16

Split the representation space V' = V; @ Vo, where we assume Vj is a closed subspace of V/
under the unitary representation p(g) (the reducible part). Let vi € V4 and vo € V5. Since
V1 is closed p(g)vi € Vi and thus the inner product (p(g)vi, ve) = 0. By unitarity the inner
product is also (p(g)vi,va) = (v1,p(g) " 'va), thus p(g)~'Va C Vi and both subspaces are
closed, and the space thus completely reducible.

Exercise 1.17
Since there is only a single parameter in the group, the matrix generator is given by

| —sinf —cosf {0 —1
o—o Lcos® —sin@], [1 0]

which is the same as the generator from the infinitesimal matrix up to a constant.

. OR(0)
x = &9
! a0

Exercise 1.18

Using the idea of an infinitesimal matrix dM we write an element in SO(3) as O = I + dM.
Then the orthogonality requirements gives OTO = I + dM + dM7T, so dM = —dM7T. We
must then be able to write

0 —a b
dM = | a 0 -—c
-b ¢ 0

Since SO(3) has three free parameters we know there will be three generators. Up to constants
this leaves us only with the possibility of the three generators
00 0 0 0
Xt'=10 0 -1, X*=10 0, (1.12)
01 0 -1 0

which are an anti-hermitian version of the matrices in (|1.5)).

Exercise 1.19

Finding the differential generators for SO(3) begins with finding the composition function, or
more specifically the elements of x’ = f(x, A) where x is a vector in R?, A are the parameters
of the transformation (the parameterisation of the manifold of the Lie group), and x’ the
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transformed vector. Using the parameterisation of rotations in R3 given in Eq. (1.4) ur
composition function becomes

fi(Xa A) = R(Oé, ﬁa 7)@]$]>

with A = («, 8,7) containing the angles which we rotate around the different axis. Explicitly,
the components thus become

fi(x, A) = (cosacos 5 cosy — sinasiny)z — (cos acos siny + sin @ cosy)y + cos asin Bz

(1.13)
fa(x, A) = (sinacos S cosy + cos asiny)x + (cos o cosy — sin acos S siny)y + sin asin Sz

(1.14)
f3(x,A) = —sin f cosyzx + sin S sinyy + cos 5z (1.15)

The next step is finding the generators X7 from the definition

_0fi 0

iX7 = )
8Aj 8:1:1 A=0

To simplify notation we abbreviate % = 0,. Doing the calculation for all three parameters

of the manifold we get three generators, as follows.
iX! = 20y — Y0y = L, = Xt = —i(x0y — y0y),

iX? =20, — 20, = L,= X2 = —i(20y — x0,),

iX3 = 20y — Y0y, = L, = X3 = —i(x0y — yOy).
The generators we found are proportional to (two of) the angular momentum operators in
quantum mechanics. Unfortunately, only two of the generators are unique. This is due to the
choices made in the parametrisation of the manifold, and will depend on which parametrisa-

tion you start with. To find the last generator of our group, all we need to do here is to use
the commutator relations between the generators. We start with

[Ly, L] f = —(20p — 20:)(x0y — yOu) f + (20y — yOr) (20, — 20:) f
= —20yf — 20,0y f + 2y02 f + :c2838yf — 2y0,0, f
+220,0, f — 2°0y0, f — y202f + y0.f + yx0,0.f
= (=) (y0: — 20y) f,

where we have use that the partial derivatives commute. Since we know from our commutators
that [L,, L.] = iL,, our last generator becomes

L, = —i(ydz — z0y).

Exercise 1.20
A member U of SU(2) fulfils UUT = I and has det U = 1 and can be written as

s [a+ib ctid
" |—c+id a—ib|’
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where a,b,c,d € R and a® 4+ b> 4 c? +d? = 1. Using a composition function here it is tempting
to solve for a = v/1 — b2 — ¢2 — d? and let a, b, c be the three free parameters if SU(2). Note
that solving for b, c or d is not really an option as a requirement for deriving the generators
from the composition function is that the zero parameters, here b = ¢ = d = 0, give the
identity element of the group, which is the identity matrix. However, there is a potential
issue here that choosing the sign on the square root restricts the parameterisation to apply
for only group members with positive real components in the upper left element, meaning
that this composition function only works for part of the group. This is another example of a
local description of the group. Other parameterisations exist, however, they may have other
problems such as a non-unique zero element (meaning no inverse of the composition function
exists).

Fortunately, this parameterisation is enough to give all of the generators of the whole
group:

oU 0 4
X; = — =1 -,
' od |y gy L0 0]
oU [0 1
X = —_— =
? 9¢ ympmg—o L1 O] ’
ouU i 0
X3 = — = .
’ M |pepmg=o 10 _Z]

While these are not the Pauli matrices we might be expecting, they are related to the Pauli
matrices by a simple multiplicative factor o1 = —iXy, 09 = —iXs, and 03 = —iX3. In
fact the matrices we have found are typically used in mathematical texts as the generators
of SU(2), but then the exponential map has no factor of i. Notice that these matrices are
anti-hermitian, while the Pauli matrices are hermitian.

The infinitesimal approach writes the group member as U = e¥@®Xi ~ [ 4 jda; X;, and
applying the unitarity requirement

UUY ~ (I +ida; X;)(I + ida; X)) = I +iday(X; — X]) + ...,

means that a necessary condition on the generators X; is that they are hermitian X; = X ZT .
The general form of the generators is thus restricted to

=)
2
where a, 8 € R and v € C. The property of the determinant can be found as follows (see

Exercise :

det U = det eidaiXi — JTrlida;X;] _ jida; Tr[X;]

This means that for the determinant to be one, each trace must be zero, meaning that the
generators are traceless so that the general form of the generators is restricted to

X:[% 7}
v —a
From the requirement a? + |y|?> = 1 we can recreate the three Pauli matrices by the three

choices: 1) a =1,7=0,2) a =0,v =1, and 3) a« = 0, v = —i. Naturally, there is a
continuum of equivalent expressions for the generators from other compatible choices.
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This approach emphasises two important properties of the generators. Firstly that the
generators are hermitian. Since the generators will function as operators in a QM of QFT
setting, this is very desirable. Second, the generators are traceless. This will often be a
calculational advantage.

Exercise 2.1

Clearly, R? with the cross product is algebra since R? is a vector space and the cross product
maps two elements of R® into R%. We thus need to check the Lie conditions: i) the cross
product is bilinear (ax + by) X z = ax X z + by X z, ii) the cross products is anti-symmetric
X Xy = —y X X, and iii),

xX(yxz)+yx(zxx)+zx(xxy)=0,
is a standard relationship for cross products.

Exercise 2.2
Starting from the Jacobi identity in terms of the structure constants

Cy"Cil 4+ Cy " Cyi + CyCyt =0, (2.4)

we first use the anti-symmetric property of the two first indices of two of the terms to write

Cy"Cyl = Cy"Cyl — Oy eyt =0, (2.5)
and then we have
i(My),™i(My)y = i(My),™i(My)y + (M) Cy' = 0, (2.6)
or
(M;M;),™ — (M M;),™ +i(M;),"Ci;' =0, (2.7)
which can be written
(M; M — M;M;)" = iCy' (M), (2.8)

which is the expression we wanted written in terms of the components km of the matrices.

Exercise 3.1
Since

Ty d_|m) = (JJy + Jg)mh = (J Ty +m)[m) = J-Niflm-+1) +mlm) = (Nqmy, N +m)|m),
and

Jyd_|m) = Jy Noplm — 1) = Nii_ Nz |m),
we get by comparison N, N,f +m = N | N,.. Now N;r = 0 since |j) is the highest weight
state, and thus thle_ =j.
Exercise 3.3

A boost in the x-direction can be parameterised in terms of the rapidity n as 8 = tanhn and
~v = coshn,

v =B 0 0] [t coshn —sinhn 0 0] [¢

S N -8 v 0 0f |z I sinhn coshn 0 0| |z
v 0 0 1 0f |y 0 0 1 0] |y

0 0 0 1f |z 0 0 0 1] |z
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The generator is then

0 -1 0 0 01 00
. oA -1 0 00 .11 0 0 O
ZKl_(Tnn:O_ 0 0 0o @ K= 00 0
0 0 0 O 0 0 0O
Copying this for the y- and z-directions gives
00 10 00 01
00 0O .10 0 0 O
Kx=ily g o of 4 Bs=ilg ¢ ¢ g
00 0 O 1 0 0O

Since rotations do not change time the corresponding matrices for the rotations must
consist of the generators for SO(3) from Eq. (1.5 inserted into the lower 3 x 3 part of a 4 x 4
matrix which is otherwise zero. This gives

00 0 O 0O 0 00 00 0 O

.10 0 0 O .0 0 0 1 00 -1 0

Ni=tlg 00 —1|" 270 0 00" PTHo 1 0 o

00 1 O 0 -1 0 0 00 0 O
By explicit calculation we then have [Ki, Ko| = —iJs, [K1, K3] = iJo and [Ky, K3] = —iJj,
which can be more elegantly written as [K;, K;] = —i€;;,Jy. Similarly, we find [K4, Jo] = i K3,
[K1,J3] = —iKy, and [Ky,J3| = iK;, with all other commutators of rotation and boost

generators zero, which can be summarised as [K;, J;] = i€;;5 K.

Exercise 3.4
The generators for the rotation part of the group have already been found in ([1.8). Since
SO(3) is a subgroup there are no changes to these. In terms of M they give

1 )
Mi; = ejpdy = €Ly = §€ijk€kzm1(93l3m — T 0))

I
= 51(5i15jm — 51' 5jl)(x58m — .Tmal)
= Z(CCZa] — CCJaZ)
The boost generators are found by looking first at a boost in the x-direction parameterised

in terms of the rapidity n as § = tanhn and v = cosh#. The transformation of the domain
of functions defined on four-vectors is given explicitly by the Lorentz transformations

t' = fo(z) = y(t — vx) = coshn(t — tanhn z),
and
7' = fi(z) = y(x — vt) = coshn(z — tanhnt).
This gives the following generator

dfo 0 of &

K dfo of
“ on k|, o oz,
= ([ sinhn(t — tanhnzx) — :U 9 + ( sinhn(x — tanhnt) — 9
N g " coshn / Ot =0 K g coshn ) Ox =0
0 0
= —xa — t% = —(2100 — 2001),
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or K1 = i(x100—x¢01). Similarly for boost in the y- and z-direction we get Ko = i(x200—x002)
and K3 = i(x300 — x903). This is consistent with M;o = K; = i(x;0p — x¢0;).

Exercise 3.5
For a Lorentz boost in the x-direction all parameters are zero except wig = —wg1 = 1. This
gives
A = exp(iw'® M) = exp(inK;) = cosh(inK;) + sinh(ink;).
where we have used the relationship between the formal power series for the exponential and

hyperbolic functions. Now the hyperbolic cosine holds the terms even in K7 and hyperbolic
sine the odd terms. From

01 0O 1 0 0 O 01 00

o~ Jtooo . {0100 s {1000
==y 0 0 ol ET=10 g 0 o CEDT=15 0 0 o

0 0 0 O 0 0 0 O 0 0 0 O

we can write

1 0 00 0100 coshn —sinhn 0 0
_ 0100 . 1 0 00 —sinhnp  coshnp 0 O
A =1+ (coshn—1) 000 0 —sinhn 000 ol = 0 0 1 o
00 0 O 0 0 0O 0 0 0 1

Thus we are left with the standard matrix for Lorentz transformations in the z-direction

(using rapidity).

Exercise 3.6

The boost generators are given by

1K

O O = O
o O O
o O O O

thus we have (using n?

0
Ty
Ny
Nz

[0
Ny
Ny
Uz

in-K=—

(in-K)3 = —

We see that (in - K)?**! = in- K and (in - K)?* = (in -

o O O O

I

Ty
0
0
0

3
8

o O O

=n2+n,+nl=1)

0010 0 001
) 0 0 0O ) 0 0 0O
Ho==11 000l "™="|0 00 o
0 00O 1 0 00
ny N 1 0 0 0
0 0 ’ (in.K)QZ 0 ni nmgoy NgM
0 O 0 ngny Ny  Nyng
0 0] 0 ngn. nyn, ng
ny N
0 0
0 0 =n- K.
0 0]

K)2. Using this we find (setting
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00

w9 = w4 =0 and W = —WY = nip)

n'n
i
B(n,n) = eXp(§wP"Mpa)
= exp(7n(in - K))

. 15
:I—i—n(zn-K)—l—§n2(2n-K)2+---

1 1
=1+ 5772(z'n K)? + 17]4(in KA 4

1
+n(in-K)+§n3(in-K)3+--~

2
= I+ (coshn — 1)(in - K)? + sinh 7(in - K)
=1 — (coshn —1)(n-K)? + isinhn(n - K),

1 1 1
:]+(772+4'774+-~>(z’n-K)2+<77+3|773+'-'>(in'K)

which is the expression requested. As a consistency check, setting n = ey gives the result
from Ex. Bt

B(n,ex) = I + (coshn — 1)(iK1)? 4 sinhn(iK;)

1 0 00 0100
01 00 . 10 0 0
= [+ (coshn —1) 00 0 0 —sinhn 0000
0 00O 0 00O

Exercise 3.8
The first relation follows trivially from the commutation of P, with P,. To show the second
we first use that

[My, Py PP} = [Myu, Pl PP + Pp[ M., P7,

and Eq. (3.9) to get:
[Muuv PpPp] = —i(g#pP,, - gupP,LL)Pp - iPp(gupPu - gupP,u)a

thus
(M., P,P?] = =2i[P,, P,] = 0.

Exercise 3.9
From the definition of W,, we have
1

[P/u W, = §€VPUT[PM7 PPMOT]
1
= §6megm([P7, PPIM°T + PP[P7, M°T])
i
= §€VpaTgu’pr(gU’yPT - gT’YPG)

I3 (3

- §€VporgﬁwppgﬂPT B §€VPUT9#’YPp9mPU
i L ,

= §€Vp,u,TPpP - ieupa,uppp

= 0,
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using the Poincaré algebra properties from ([3.9)).

Exercise 3.12
We start with Eq. (3.29)). Note that * makes an appearance, and we define it by o# =
(00, —3).
7,5 )T - : - DC
UAUZB¢B::ﬁC€AC ZB BDﬁi):47¢DE#Cij::7wD(EuT) ne. (363)
————

=xuCD

The problem is now rewritten into needing to identify the matrix we have named (E“T)D c,

Let € = (,01 (1]), i.e. corresponding to € with upper indices. Note the order of indices in the
first € in the equation above. If we transpose it, it is in the form of an ordinary matrix
multiplication

T = (eTaue)T = eT(a“)Te
_ (0 =1\ (o} ob
1 0 UfQ 052
p p
_ ( 02% _212)
—021 911

This gives us four distinct cases, one for each p € {0,1,2,3}. Note that when we write o#, it
is implicitly with lower indices, o B . For ¥#7T it is the other way around— it is implied that

0 1\ (0 -1 —oby ol
-1 0/  \1 0/)\-0by ol

the matrix has upper indices, (E”T) A.
p=0, o= Lo — X7 = Lo ,
0 1 0 1
0 1 0 -1
p=1 ol = Lo = 27 . 0),
uT . L (3.64)

|

=

I
N
q»—t

I

-~

|

-~
N~
™

N

S

I
VO
R
(an) ~
~___—

=
Il
vC.o
QH
Il
o =
!l o
N—
™
o
~
Il
7\
(@)
—
— O
N~

We see that the matrix form for ¥# flips the sign of the Pauli-matrices for p € {1,2,3}, so
that we have the equality

el = (6% -5) = 4. (3.65)

As we have already pointed out, ¥ has upper spinor indices. Thus we interpret gwith upper
spinor indices in contrast to o*, which has lower spinor indices. In addition & has first a
dotted index and then an undotted index, i.e. the opposite order of o#. Combining Eq. (3.63))

and ([3.65)), we find
ot = ot P = —pat By = —patn,

which is what we wanted to show.
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Next we deal with (3.32). If we write out the left-hand side in component form and use
that n anti-commutes with itself and with 1, we find

A u awB C¢C—— u. 1/731#077’4 c
= 0" OutPecpyPn”
= - M/’ ( (= )w2772771+023 1-gp'nty®)
C=1= D:2,A:1 C=2 = D=1,A=2
1 .
[nm = 77A77A = 2772771] = 5 /ﬂ/}B (Uwal + 0531#2)(?777) = *a QZJB wA
g . . 1 . .
0Pyt = {0,407, 9} — 9,47 = =50l s 0ut” ) + {MB,wA}af;B(nn)
1 _ .
= —Q(wﬁ“am)(m?) + {3WB, wA}O'ZB(nn)-

We could cross our fingers and hope that the anti-commutator term vanishes—but we can
also make an effort to show it. To achieve this, we need to know the equations of motion for
the fermionic field operators.

(0,05, 010" . = {05 Po” By} 0 EDYCD 1 o ouCD 4y

AB
- Zm{wDu 1/)D} =0.

In the transition to the last line we used the equation of motion for a Weyl-fermion, where
m is the Weyl-fermion mass. The final anticommutator vanishes—this can be shown ex-
plicitly by inserting the expansion of i in momentum modes and using the corresponding
anticommutation relations.

Fortunately, Eq. (3.33) is simpler. We start with the left-hand side in component form
8,U»¢AUZB773770"&C = (_ ) ¢A anBGCDU
= Ot (amwl 0t (~1)’ + ol 17 )

B=1= D=2,C=1 B=2=— D=1,0=2

- iy 1 1 - 9N
i = n 4" = 20" = =50 (ol 0" + olhpv®) (i)
1 N
= _5(8“1#0#@/))(7777)'
And everything ended well.
Exercise 3.13
The goal is to move from the 4-component form of the super-Poincaré algebra (with Majorana

fermions Qq, a € {1,2,3,4}) to the 2-component form (Weyl-fermions @ 4, QA, A A e {1,2}).
The relationship between the two is that

Qa =

a=(gh).  @-a.

We will also need to raise and lower the fermion indices. This is done using the 2 x 2-matrices
AB

P and egp.

eAB=<_01 é) eAB=<(1) _01), with  Q"=e'PQs  and  Qp=epcQC.
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A small calculation example can convince us that this works the same way also for QA:
QY = (@Y = ("PQp)" = (61'Q2 - 65Q1)" = 6{'Qs — 57Q; = *PQp.

We recall the relevant (anti-)commutators

[Py, Qal = 0, (3.66)
[QayM,uz/] - %([’Y}La'ﬁ]@)aa (3'67)
{Qa.Q} = 2P, (3.68)

We are now ready to calculate. Equation immediately gives
[Py, Qal =0 (by setting a =1 and a = 2),
[P, QA] =0 (by setting a = 3 and a = 4).
For Eq. we use the Weyl-representation of the v-matrices,

Yo = _0 Tn , with oy = (00,0), 0, = (00,—0).
oy 0

Consider now the right-hand side of Eq. (3.67)),
0 ou\(0 oy (0 o\ [0 oy Qa
g, 0)\a, 0 g, 0)\o, O Q4

Oudy — 0L, 0 Qa4
0 0,0, — G,0,) \ Q4

N ({UW —0,0,] QA) .

4 \[o,0, — Ty0,] QA

|

i'[fyua fYV]Q =

|

~

From the last line we can read off the commutator relationships

1

[QAaM[Ll/] = Z [U,u,a'u - Uua',u]AB QBv
_ 7 N N A A7
[QAa M,uu] = Z [UVUV - Uuo-u] B QB-

Finally, only the anti-commutator remains. We consider again the right-hand side

0 Puo*
T 2
2P, " =2 <PM5“ 0 > .

From this matrix we see that by setting a € {1,2} and b € {1,2}, or a € {3,4} and b € {3,4},
the right-hand side disappears. This means that

{QAaQB} = {QAaQB} = 0.
Additionally, we find that
{Q4.Q") = 2P0, ",
{Q'Qp} = 2P0,

which concludes the mission to find the properties of the super-Poincaré algebra on Weyl-
fermion form.
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Exercise 3.14
1 - 1 - 1 -
[X/u Pl/] = 5[@7;/75@7 Pl/] = 5(@'7;1’75)(1[62(17 Pu] + §[Qa7 PI/](/YM’V5Q)G =0

Exercise 4.1

1
/d2990 = —4/d9AdeA9A9A

- ;/d@AdHA 0102 = —/d91d92 0105 :/d9191/d926’2 -1

Exercise 4.3
We start from
®(y,0) = A(y) + V20u(y) + 00F (y),

and y* = z* + ifcotf. This gives
O(z,0,0) = A(x+i000) + V200(x + i00) + 00F (x + i0c0)
= A(z) + 9, A(z)ifo"0 + %aﬂayA(x)(iHJ“é)(iO(f”é) + V200 ()
+/20,00(x)i00"0 + 00 F (x)
= A(x) +1i00"00,A(z) — %@8,,14(33)%9“”909_5 +V20¢(x)
+iV/200,9(x)05"0 + 00 F ()
— Alz) + 00750, A(z) — iDA(x)%éé +V20u(x) +

i

V2
where we have used that (60+0)(00"0) = $g"*0000 and 00,905+0 = £000,pc"4.

000,pa"0 + 00F (z),

Exercise 4.4

The goal here is to find the component field transformations for a vector superfield V' under
a supergauge transformation
V=V =V —i[A - A,

where A is a scalar superfield. The general form for a vector superfield is,

V(2,6,0) = C(z) + 64xa(@) + 0,5 () + 06M () + 00M* ()

_ o . o (4.59)
+ (05"9)V, () + 000 ;0 (z) + 000\ a(x) + 0000D (),

and as we saw in Ex. [3| we can write a scalar superfield as

& = A(z) + 0000, Alx) — %09@@[114(9:) +V200(x) — \jﬁee(aﬂe)f‘aﬂm(x) +00F (x),
(4.60)

7

O = A*(2) — 00400, A*(z) — i%ééDA*(:p) + V20 +

86(60") 10,0 () + OOF* ().
(4.61)
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Using A = i®, and Eqs. (4.59)—(4.61]), we get
VoV =V —i[A = A=V —iA - (iA)f

A=i®] =V+o+0f
(@EBI)]  =C+0%a+ 0,0 +00M + 60M* + (05"0)V, + 000 A + 000474 + 0066.D
_ 1 __ ; _
[(£.60))] + A+ i(00"0)9, A~ S 00000A + V2044h 4 — éee(aﬂey‘aﬂm + 00F
_ 1 o P i
[(61)] + A"~ i(609)0, A" — J00000A" + V20,7 + %09(90#) 0,0 + 00F*

= C 4 A" + A+ 04 (xa + V204) + 0,(X" + V20) + 60(M + F) + 66(M* + F)
+(00"0)[Vyu +i0,(A — A")]
(i i - i f
+ 600 ()\A — ﬁaﬂfauzp,g) + 0664 (AA + \ﬁai 38”¢B>
+ 6000 (D - %D[A + A*]) (4.62)

= C' + 0%y + 0, +00M' + 00M™ + (85)V, + 009 ;N + 6964 N,y + 6060D'.

In the final two equalities we have the transformed component fields and we can compare
to the original expression in to read off how the component fields transform under a
supergauge transformation. We notice that (J]A + A*] makes an appearance together with
the D-field, and that [A + A*] appears with the C-field. By redefining D — D — %DC, the
last term of the supergauge transformation has the form

00001 — 0000 (p oy A*]) SN (D ey A*])
4 D—D-10C 4 4

— 0000 (D oo as A*}) _ 0008(D' + ).

We can do the same with A\. Let Ay — )\A—F%UZB(‘)M)ZB. This is motivated by x/y = xa+v24.
We do the calculation for A, but the same holds for A = \:

SZoAN _ AanA KIS G704 iu oo [oB B
0064N, = 60 <)\A+ \/ioABa’ﬂ/} ) S 666 <AA+20ABaN [x + V29 ])
AB

== 4 7 L
=000 (N, + EaiBaux’B).
With these two redefinitions we see that neither D nor A transform under the supergauge
transformation. The other fields can be read directly from Eq. (4.62)). In all we have
C—=C =C+ A+ A",

XA = X4 = XA+ V24,

M — M =M+ F,

V,— Vl: =V, +i0,(A—-A"),

Aa = Ny =4, [no transformation]

D — D'=D. [no transformation]
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Exercise 4.5
The Wess—Zumino gauge is defined by the component field relations

A+ A" =-C,
1

1/}_ _EXa
F=-—M.

This gauge choice removes many terms from the vector superfield. Inserting into Eq. (4.62)),
we find

y Wess Zumino, 0 — (0010) [V, + i0,(A — A*)] + 006" Aa + 060 ;3 + 0006D.  (4.63)

gauge

Here, all component fields have at least two factors of §. This is neat, because then Vig, = 0
for all n > 2. We then calculate VVQVZ. We notice that all terms, except the first, has three 6
or 0 factors, and will not survive the squaring. Thus,

Vivz = (00"0)[Vy +i0u(A = AM)](00"O)[V, + i0, (A — A7)]

(%) %aeéé[vﬂw 0 (A — AWVH 1 V,i0u(A — AY) — 8,(A — AD)OH(A — AY)].

This gives the following compact expression for the exponential of Viyz,

Wz =1+ Viyz + %VVQVZ
=14 (0070) [V, + 10, (A — A*)] + 0004N 4 + 000 ;1
+ %0059‘ [AD + V,V# + 2iV, 0" (A — A*) — 9,(A — A*)OM(A — A)]. (4.64)

Exercise 5.1
The most general Lagrangian for a single scalar superfield @ is

L=310 4 6%(0)(g® + mPP + A\ODP) + 62(0) (g + mPTdT + \TDTPBT).
Using the following expressions for the scalar superfield in terms on component fields

1

ﬂeﬁalﬂ/}(a:)o“é

B(2,0,0) = Alz)+i(00"8)9,Ax) iﬂ@éél]A(x) +V200(x) —
HOOF (2).
Ol (2,0,6) = A*(x) — i(60"8)9, A% (z) — i@@ééDA*(:c) +V200(x) + éeeoauaﬂp(m)
+00F* ().
we have for the kinetic term,

/d49<1>T<1> _ —%ADA* - iA*D/H— P2

+ / d*0 {(00"0)9,A*(05"0)0, A + 10005+ 0,10 — i0:)000,1pa"0}
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where we have removed the factor 090 by integration in the first three terms. Using the

identities
(0578)(6576) — %g““@@éé, (5.37)
000,00y = f%w#aﬂqﬁee, (5.38)
o G0Y = _% ot 500, (5.39)
gives
/ dgo’e = —iADA* — iA*DA + %8’648#14* +|F)? - %waﬂauzz - %aﬂwa%.
Now, since
%8“A8“A* = %6“(148#14*) — %ADA*, (5.40)
and
1 1 1
—EADA* = —Zau(Aa"A*) + ZauAﬁ“A*
_ —%a#(AauA*) 4 i@“((aHA)A*) _ iA*DA,
we can write
—iADA* - %A*DA + %8“148#14* = —A"0A + total derivatives. (5.41)
Using we can similarly write
Lo+ SOt = L0ty — LuatO
= i000M) — SO0, (5.42)
Removing the terms with total derivatives the kinetic term is
/ Aot = / d'z {—A*(z)0A(z) + |F(2)|* + i0,9(2)5" Y (x) } . (5.43)
The (left-handed) superpotential terms are
/ d*000> = F,
/ d*000dd = 2AF + yn),
/ d*0 000> = 3A%F + 3AY.
where we have used to rewrite the terms with 1. The total action is then
S = /d4:v( — A*(2)0A(2) + |F(2)* + 0,9 (2)a")(z)
(5.44)

+ gF () + 2mA(w)F(z) + mib(@)i(z) + 3AA(@)2F ()

+ 3MNA(2)¢(x)(z) + h.c.)
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The equation of motion for F' is then

oL
OF*

= F+g+2mA* 4+ 3)A*2 =0, (5.45)

which we can solve for F'. With %W =g+ 2mA+3)\A%, F = — 8A* and the action is

s d%:( — A*(2)DA() + 0,5(@)o" (@) + map(a)p(e) + BAA(R) (@)

) (5.46)
+mp(x)(x) + 3AA"(2)y (2) Y (x) — ‘&4 >
Using the fermionic mass matrices in this can be written as
- 19°W
5= [dta ( P)OA() + 0, 0()7 () + 5 o b ()()
(5.47)

5 D)) -

19°W* ow
dA

| )
Exercise 5.2
To calculate the field strength in Wess—Zumino gauge we start from the vector superfield itself

Vivz(z,0,0) = 05"0V,,(x) + 000X (z) + 000X(x) + 0000 D(z), (5.50)
and make the coordinate change y* — z# + ifo”0. This gives
Viez(2,0,0) = 008V, (y) — i00"60,00"9V,.(y) + 00GA(y) + BGON(y) + 0096 D(y)
— 00MBV,,(y) + 000X(y) + 60ON(y) + 0000(D(y) — %auv#(y)], (5.51)
where we have used (3.31).

Since, in this coordinate system, D4 = 94 + 2i(0#0) 40, and D, = -9}, so that DD =
0 A8A, we can then find the field strength as

1. B
Wa = —ZDDDAVWZ(%Q,Q)

1 i —_ - —_ —_
= 40 107 [(070) AViu(y) + 10.4000"V,,(y) + 2040X(y) + 00X a(y) + 20400D(y)

+2i(0¥0) 40, (00*0V,,(y) + 606A(y))]

= —%aAaA [(6#6) AV, (y) + 104000"V,,(y) 4+ 2040X(y) + 00X a(y) + 20400 D(y)
+2i(0¥'0) 400700, V. (y) — i0600(5” 9, A(y)) 4]

= 040"V, (y) + Aa(y) +204D(y)
+2i0,;,04(070) 40000, V,u(y) — i00(c” DA (1)) 4

= Aa(y) +204D(y) + (6"0) aFpu (y) — i00(c* 0, (y)) A (5.52)
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where we have used 8A8A(§9) =4 and 2i(0v0) 40000, \(y) = —i0000(c" 9, \(y)) 4, and where
F., = 0,V, — 0,V is the field strength for the field V.
Then the terms with a 00 factor in WAW 4 are

WAWalge = —i00A(y)o" A (y) — i00(c" D\ (y)) Aa(y) + 400D (y)
+2D(y)00" 0 F,(y) + 2(0"0) Fpu ()0 4D (y) + (00) Fou () (0770) AFpor (1)
= —2i00\(y)a" 0 \(y) + 400D (y)
+405" 0D (y) Fu (y) + (07 0) Fpu (y) (0°760) aF o (1)

. 3 1 v i Ny
= —2i00A(y)7 O\ (y) + 400D (y) — 005 Fyu (y) F* (y) — 00 Fyu () P (3)(5.53)
where we have used that from (3.34]) #o#”6 = 0 to remove a term, and rewritten
v o 1 v i [V
(Uu G)AF;W(:U)(UP G)AFpU(y) = _09§F,ul/(y)Fu (y) - ‘99§Fw/(y)F# (y)’ (5'54)

where FH = %e’“’ P9 F,s is the dual field strength tensor.

Since these terms are invariant under the change of coordinates y* = a* +ifc"6 — because
all terms beyond the first order disappear in the expansion due to too many 6-factors — and
since no other terms can survive the | d*#-integration in the Lagrangian, we are left with

/ 40 0WAW 4 = —2i\(2)o" M x) + 4D (z) — %FW(:C)F“”(@”) - %FW(:C)FW(Q;). (5.55)

We see that the component field Lagrangian, as expected and as promised in Sec. contains
a field strength term for the vector component field. At this point we may worry about the
appearance of the dual field strength tensor which we do not have in the Standard Model.
However, we can show that the term in question can be written as a total derivative,

E, Fmv = %(aﬂAy — 0, AP (9,A, — 05 A,)
= 2¢"P7(9,A,)(0)A,)
= 26" (9,0,A,) Ay — 26"7° (0, A0 Ay) (5.56)

where the first term disappears due to the asymmetry of the Levi-Civita symbol. That means
that the term with the dual field strength tensor disappears if the fields fall off rapidly enough
towards infinity. This will always be true for abelian field theories, but is not necessarily so
for non-abelian theories, where we can have so-called instanton effects.

Exercise 5.3
We should note that in this case W = 0 as we can not construct gauge invariant terms in
the superpotential with only one superfield that is charged under the gauge group. This also
implies that F(x) = 0.

For an abelian gauge group the kinetic term in Wess—Zumino gauge is

1
Liin = / A9 ptel"wzp = / d*e [@% + ¢®T oV, + 5q2<I>TcI>VV2VZ : (5.58)
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The first term in the integral we have calculated already in Exercise |1} Inserting Eqs. (4.41)),
(4.42) and (4.57)) the second term is

/ ooV, = / d*0 {[iA*(00"0)0, A — iA(05"0)0, A* + 20:0)(05+0)V,,
FV2A00000) + V2A* 00000 + 90@9\A|2D}
= / 440 {;A*eeaeamvu - %AQG@@@“A*VM - %(09)(9’9)@55%&/#
1 o 1 - _
+—AOOOOYN + — A 0000\ + 0000| A 2D}
7 Y 7 Y Al
. .
= %(A*&“A — AP AV, = 05V,

1 - 1
+—— AP\ + —A*PX\ + |A]*D, 5.59
7 (0 7 YA+ |A| (5.59)

where we have used Eqs. (3.28]), (3.31)), and (5.57)) for the second equality.
The third term is found from Eqs. (4.41]), (4.42) and (4.58)), with only one possible sur-

viving term
ap i o ag Ly 20057 Lo
d 6?5@ Vi, = d Qi\A| 0000VHV, = Z]A\ VHV,. (5.60)

Summing up these three terms the total contribution from the kinetic terms is then

— ) 1 _
L = —ADA+i0, 05" + Sq(A"P"A— AP AW, = SquayV,
1 —— 1 1
+ =g AN + —=q APA + q|APD + S P APVIV,. 5.61
JIAA T A+ aAlD + ga ARV (5.61)

We can simplify this expression by defining a covariant derivative from the vector component
field D, = 9, — i%VuE We immediately see that

10, hH 1 — %qLZ_JEr“i,[)V = iD}paty, (5.62)
and
DA = DLATDMA = (9,A% + i%VMA*)(af‘A - z’%V“A)
= |0,AP” + (fVMV“VH2 + ig(A*@”A — OMATA)V,, (5.63)
so that we can write, using —A*0A = |9, 4|2,

1 1 _
Licin — gAY + —ZqA*w)\ + q|A*D + iDj et + D, AP?

V2 V2

21The unusual factor of 2 here compared to the usual abelian gauge covariant derivative is due to our earlier
choices in how to write down the vector superfield in terms of component fields. If we want we can absorb this
by redefining V.
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Adding the field strength terms from Exercise [2| the complete Lagrangian is
L = z‘D;JJ(w)&“w(x) + |DMA(x)|2 —iX(x)a" O\ (z)

+\}§qz4(x)1/7(95)§(w) + %qz‘l*(ﬂf)w(x))\(x) +4lA(z)*D(x)

+2D2(z) EFW(I)FW(:E). (5.64)
Exercise 5.4

In QED we have three particles, the electron, positron and the photon. As a Dirac fermion the
electron needs two scalar superfields to provide the two different left- and right-handed Weyl-
spinor components. However, then the positron is already given by the hermitian conjugates
of these spinors. For the photon we need an abelian vector superfield for the U(1)en gauge
group. Thus the minimum field content consists of two scalar superfields L and E, and a
vector superfield V.

The supergauge transformations for the scalar superfields are L — L' = exp (—ieA)L
and £ — E' = exp (ieA)E, where e is the elementary electrical charge, and the difference
in sign signifies the opposite charges of the electron and positron. The general form of the
superpotential must then be W = mLFE with a single (mass) parameter m. No tadpole
terms in L and E can survive since these are not gauge singlets, and only the LE mass term
survives since the two fields in the mass term must have opposite charges under the gauge
group. Similarly, no Yukawa term can fulfil the gauge invariance criterium.

Solving for the auxiliary F-fields we get

) OW|AL, A
Ap, A
Fr = —WE:—W:—mAL.

Generalising the discussion in Exercise |1} the contribution to the Lagrangian from the super-
potential in terms of component fields is

£superpot =mYrLYE + m*d_)L@Z_}E - ‘m|2(|AL|2 + |AE|2)a (565)

where we must reasonably identify m with the electron mass, see also that, as expected the
scalar fields Ag and Ay, obtain the same mass.

From the field content we know that the kinetic terms take the form Lfe®V L and Efe= ¢V E
where the sign ensures the gauge invariance under the supergauge transformations of the scalar
and vector superfields together. Taking results from Exercise [3] the Lagrangian contribution
from the kinetic terms is

L eALdLa
Ee LA+

1 - < 1
——eA A— —
VARG
where X is the Weyl fermion from the vector superfield V, D is the auxiliary field from V,

and the covariant gauge derivative is D, = 9, — %AM, where A, is the electromagnetic gauge
field.

1

Liin ﬂeAzwLA + elAL|*D +iDippa"pr, + | Dy ALl

eApbpA — e|Ap|*D + iD}potyp + | Dy Apl?,



151

In Exercise 2| we saw that the contribution from the abelian field strength term is
- 1
ﬁﬁeld strength — —i)\Uuau)\ + 2D2 - ZFMVF!W, (566)

where F,, = 0,A, — 0,A,.
Solving for the auxiliary D-field we get

e
D= Z(]AE|2 —ALP). (5.67)
This gives a total Lagrangian of
kT kT . - 1 y
L = iDWre"pr + |DyAL? +iD}pe" e + |DyAp|? — iXa" O\ —  F F"
+mppp +m e — m* (AL + | Apl?)

1 - 1 1 -
+—eApYL A+ — —eA A—
\/§6 LYL V2 \/56 BoE

1

ASpr N —
eArYr 7

2
€
eApYE — g(\x‘lEl2 — |AL[?)?.

Exercise 6.1
The Fayet-Iliopolous term is given by

LD /d49kV = kD.

Including the other terms containing the D-field, that were found in Exercise we find
L5 2D? +e(|AL|? — |Ag|?) + kD,

which gives the equation of motion for D:

oc 9 9 B

1
D= —Z[e(|AL]2 — |AgP) + k],

and it follows that the square of D is

1
D? = G [(JAL)? — |Ap[*)? + 2ek(|AL]? — |Ap|?) + K2].

For this to be zero the first term requires (|Ar|? — |Ag|?) = 0, but this gives D? = ’f—z # 0,
thus we have that D? > 0, and consequently for the scalar potential:

V(AL g, AL g) = |FLl* + |Fel> + D* > 0,
which means that supersymmetry is spontaneously broken.

Exercise 6.2
From Exercise [l we have

1
D= —Z[e(\AL\Q —|Ag|?) + k],



152 APPENDIX A. SOLUTIONS TO EXERCISES

and from this we can find all the Lagrangian terms containing the D-field:
L e(|AL]® = |Ap|*)D +2D* + kD
=~ (AL = |48 P) [e(ALP - |A5P) + K]
+ 5 [eALP —1A5P) + 8)° = Se(ALl |45 + 1]

]{32

e? ek
——_ (A4 2 A 2\2 =V 2 2 >
3 (JALI" = |AEl%) 1 (|ALI" = [AEl7) 3

The second term in the above equation gives two new mass contributions to the scalar com-
ponent fields Ay and Ag. The mass terms in the Lagrangian are then

ek ek =
Conm = = (I 4 5 s = (P = 5 )14 - mvw,

where we have used that the Dirac spinor for the electron can be written ¥ = (¢Yr,vE)! and
the positron as ¥ = (¢g, wL)T, so that the mass term is

myLpE +m PrpE = mu¥
This gives the supertrace

STr (M?) = 3 (~1)%(2s + 1) Tr[M2]

2 ek
m|* + 0
= | ek | =2’
1
5 ek 5 ek 9
= — — -2
i+ 5+l = 5~ 2m
=0,

as expected.
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