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I. MODULE 2: MANDATORY EXERCISES

A. Problem 4.3

Figure 1: The optical and acoustical branches correspond to qualitatively different phases of motion within the basis.

If there is more than a single atom in the crystal lattice, or asymmetry in the potential between different atoms as in
the case below, the eigenmodes of excitation will have a more complex structure. Consider a linear chain of diatomic
molecules that is characterized by two spring constants. The springs that connects atoms in the same molecule have
spring constant C1, while the springs that connects atoms in different molecules have spring constant C2. We assume
C1 > C2. The translation vector has length a = a1 + a2 where a1 is the distance between two atoms in the same
molecule, and a2 is the distance between the two closest atoms in adjacent molecules.
a)Show that the dispersion relation for this model, ω(k), is given by

mω2 = C1 + C2 ±

√

C2
1 + C2

2 + 2C1C2cos(ka) (1)

where ω is the angular frequency and k is the wavenumber.
b)Find ω when ka << 1 (calculate to first order in ka). Also calculate ω when k = π/a.
c)Compute the group velocity vg for k = 0.
d)Sketch the dispersion relation graphically, and give a physical interpretation of the two dispersion branches.
e)What happens at C1 = C2?

B. Problem 5.3

Figure 2: Graphene has lately been the subject of extensive research, mostly due to its electronic properties, but also due to

mechanical and acoustic properties.

Heat capacity of a layered lattice:
In nanophysics and spintronics, it is often important for applications to restrict motion to lower dimensions. Graphene
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is a ideal material since it is intrinsically 2D.
a)Consider a dielectric crystal made up of layers of atoms with rigid coupling between the layers so that the motion
of atoms is restricted to the plane of the layer. Show that the phonon heat capacity in the Debye approximation is
proportional to T 2 in the low temperature limit.
b)Do the same calculation in 1D and in 3D. Discuss your results, if possible try to relate it to potential advant-
ages/disadvantages in nanotechnology.

C. Problem 6.2

Figure 3: Potentially unwanted effects of thermal expansion. In nanotechnology and semiconductor physics the effects of

thermal expansion can be equally negative, as the electronic properties of i.e. semiconductors might be severly altered by

strain.

Thermal expansion: Typical materials expand when increasing temperature, due to increased average spacing between
the atoms. Consider an infinite one-dimensional chain with nearest-neighbor interactions. Assume a potential U(x) =
cx2

−gx3
−x4, where x = r−a is the displacement from the equilibrium spacing a. Calculate the average displacement

< x > using the Boltzmann distribution function e−U(x)/kBT . Show that < x > is proportional to T and g when the
anharmonic terms are small compared to kBT .


