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CHAPTER

Gamma- and X-Ray
Interactions in Matter

I. INTRODUCTION

There are five types of interactions with matter by x- and y-ray photons which must
be considered in radiological physics:

Compton effect
Photoelectric effect
Pair production

Rayleigh (coherent) scattering

Gu i 0 N =

Photonuclear interactions

The first three of these are the most important, as they result in the transfer of
energy to electrons, which then impart that energy to matter in many (usually small)
Coulomb-force interactions along their tracks. Rayleigh scattering is elastic; the pho-
ton is merely redirected through a small angle with no energy loss. Photonuclear
interactions are only significant for photon energies above a few MeV, where they
may create radiation-protection problems through the (v, n) production of neutrons
and consequent radioactivation.

The relative importance of Compton effect, photoelectric effect, and pair pro-
duction depends on both the photon quantum energy (E, = Av) and the atomic num-
ber Z of the absorbing medium. Figure 7.1 indicates the regions of Zand E, in which
each interaction predominates. The curves show where two kinds of interactions are
equally probable. It will be seen that the photoelectric effect is dominant at the lower
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FIGURE 7.1. Relative importance of the three major types of y-ray interactions. The curves
show the values of Z and E, for which two types of effects are equal. (Reproduced from Evans
(1955) with permission of R.D. Evans and McGraw-Hill Book Company.)

photon energies, the Compton effect takes over at medium energies, and pair pro-
duction at the higher energies. For low-Z media (e.g., carbon, air, water, human
tissue) the region of Compton-effect dominance is very broad, extending from =20
keV to =30 MeV. This gradually narrows with increasing Z.

In this chapter each of the five kinds of interactions will be discussed, identifying
their respective contributions to the coefficients for attenuation (u/p), energy transfer
(u./p), and energy absorption (p.,/p).

. COMPTON EFFECT

A description of the Compton effect can be conveniently subdivided into two aspects:
kinematics and cross section. The first relates the energies and angles of the participating
particles when a Compton event occurs; the second predicts the probability that a
Compton interaction will occur. In both respects it is customary to assume that the
electron struck by the incoming photon is initially unbound and stationary. These as-
sumptions are certainly not rigorous, inasmuch as the electrons all occupy various
atomic energy levels, thus are in motion and are bound to the nucleus. Nevertheless
the resulting errors remain inconsequential in radiological physics applications, be-
cause of the dominance of the competing photoelectric effect under the conditions
(high Z, low Av) where electron binding effects are the most important in Compton
interactions.

In the present chapter the initial motion and binding of the electron will be ig-
nored. The Klein-Nishina treatment of the cross section, to be presented in Section
I1.B.2, is based on free electrons, and Appendix D.1 tabulates K-N interaction,
scattering, and energy-transfer cross sections in units of cm?/electron, which are
applicable to all elements under the zero-binding assumption. Discussion of the in-
fluence of electron binding on the Compton effect has been given by Hubbell et al.,
(1980), Johns and Cunningham (1983), and Anderson (1984).
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mom.=hv/c

FIGURE 7.2. Kinematics of the Compton effect. A photon of quantum energy hv incident from
the left strikes an unbound stationary electron, scattering it at angle 0 relative to the incident
photon’s direction, with kinetic energy 7. The scattered photon hv' departs at angle ¢ on the
opposite side of the original direction, in the same scattering plane. Energy and momentum are
each conserved. The assumption of an unbound electron means that the above kinematic rela-
tionships are independent of the atomic number of the medium.

A. Kinematics

Figure 7.2 schematically shows a photon of energy A colliding with an electron. The
photon’s incident forward momentum is Av/c, where ¢ is the speed of light in vacuum.
The stationary target electron has no initial kinetic energy or momentum.

After the collision the electron departs at angle 6, with kinetic energy 7 and mo-
mentum p. The photon scatters at angle ¢ with a new, lower quantum energy Ap’
and momentum Av'/c. The solution to the collision kinetics is based upon conser-
vation of both energy and momentum. Energy conservation requires that

T'=hy — h' (7.1)
Conservation of momentum along the original photon direction (0°) can be ex-
pressed as
hv Ay’
— = —cos ¢ + pcosf
¢ ¢
or
hv = hv' cos ¢ + pc cos 0 (7.2)

Conservation of momentum perpendicular to the direction of incidence gives the
equation

hv' sin ¢ = pc sin 0 (7.3)

pc can be written in terms of 7T in Eqgs. (7.2) and (7.3) by invoking the ‘‘law of in-
variance’’:

pc = NT(T + 2 myc?) (7.4)

in which my is the electron’s rest mass. This equation can be derived from the fol-
lowing three relativistic relationships:
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m= = —0(0/5)2 (7.5)
T = mc® — myc® (7.6)
p = my (7.7)

where v is the electron’s velocity, m is its relativistic mass, and p its momentum.

As a result of the substitution for pc, Eqs. (7.1), (7.2), and (7.3) constitute a set
of three simultaneous equations in these five parameters: kv, Av', T, 6, and ¢. These
equations can be solved algebraically to obtain any three of the variables we choose
in a single equation. Of the many equations that may be thus derived, the following
set of three equations, each in three variables, providesin convenient form a complete
solution to the kinematics of Compton interactions:

h
by = i (7.8)
1 + (hv/mye™) (1 — cos @)

T=hv — hv' (7.9)

h
cot § = <1 + —V—2> tan <f> (7.10)
myc 2

in which myc” (the rest energy of the electron) 1s 0.511 MeV, and Ay, hv' and T are
also expressed in MeV.

It will be seen from Eq. (7.8) that for a given value of v, the energy Av' and angle
@ of the scattered photon are uniquely correlated to each other. Equation (7.9) then
provides the kinetic energy T of the corresponding scattered electron, and Eq. (7.10)
gives its scattering angle 6.

Figure 7.3 1s a simple graphical representation of the kinematic relationships be-
tween Ay, Av', and 7, as expressed by Eqgs. (7.8) and (7.9). It can be seen that for
hv smaller than about 0.01 MeV, all the curves for different ¢-values converge along
the diagonal, indicating that Av' = hv regardless of photon scattering angle. Con-
sequently the electron receives practically no kinetic energy in the interaction. This
means that Compton scattering is nearly elastic for low photon energies. An earlier
theory of y-ray scattering by Thomson, based on observations only at low energies,
predicted that the scattered photon should always have the same energy as the in-
cident one, regardless of Av or ¢. That is shown in Fig. 7.3 by the extension of the
diagonal line to high energies. This curve also applies to the Compton effect for the
trivial case of straight-ahead scattering, ¢ = 0.

The failure of the Thomson theory (see next section) to describe high-energy
photon scattering necessitated the development of Compton’s theory, which pro-
vides the other curves in Fig. 7.3 for the representative photon scattering angles ¢
= 45°,90°, and 180°. For high-energy incident photons the backscattered photon
(¢ = 180°) hasan energy v’ approaching 0.2555 MeV, while side-scattered photons
(¢ = 90°) have Av’ = 0.511 MeV.




128 GAMMA- AND X-RAY INTERACTIONS IN MATTER

100 LI T 1 | B L T
b— ’,00 -—
8
— v. -
\‘\G
10— & —
S
- & -
&S T=9.5I
- o) | $°45° 51745
1.O— &‘@\ —]
S + < $-=90 >|o.5u
@ A = °
s L ¥ o180 ' 02555
- Q§\
= =1 /\Q/
N 10 & _
£ B \;%c, |
&o
Q)
- Q:\Q\ —
10 2 O —
\I,Q‘Q
o ]
|d’3 i ' [ | ] N [ ]
1073 1072 10~ 1.0 10 100

hy, MeV

FIGURE 7.3. Graphical representation of the kinematic relationship of hv, hv', and T in the
Compton effect, as described by Egs. (7.8) and (7.9). Curves are shown only for ¢ = 0, 45°, 90°
and 180°. Note that T is to be interpreted as the vertical separation of any ¢-curve from the ¢ =
0 diagonal. In the case shown (kv = 10 MeV, ¢ = 90°), T = 9.51 MeV.

The kinetic energy of the recoiling electron is given graphically in Fig. 7.3 as the
vertical distance of the curve for the appropriate ¢ below the diagonal line, in terms
of energy on the Ay’ scale. Thus for the example shown by the arrow (hv = 10 MeV
and ¢ = 90°), T = 10 — 0.49 = 9.51 MeV. For backscattering of photons, the
electron is projected forward (§ = 0) with an energy equal to v — hv', which ap-
proaches kv — 0.2555 MeV for very large iv. The photon is evidently able to transfer
most of its energy to the electron in that case, but can never give away all of its energy
in a Compton collision with a free electron.

Figure 7.4 contains graphs of the relationship between ¢, 6, and hv as given by
Eq. (7.10), for several values of i&v. When ¢ = 0, § = 90°, and when ¢ = 180°,
§ = 0°, for all photon energies. Obviously the electron can only be scattered in the
forward hemisphere by a Compton event. The dependence of 8 upon ¢ 1s a strong

function of kv between the angular extremes. For low photon energies § = 90° —
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FIGURE 7.4. Relationship of the electron scattering angle 8 to the photon scattering angle ¢ in
the Compton effect, from Eq. (7.10). Curves are shown for the incident photon energies 0, 0.1,

1.0, 10, 100, and 500 MeV. The dashed line is the locus where 8 = ¢, when the electron and
photon are scattered at equal angles on opposite sides of the incident photon’s direction.

¢/2; the electron scattering angle gradually decreases from 90° to 0° as the photon
angle increases from 0° to 180°, and 6 = ¢ at about 60°. At high photon energies
the major variation in 6 is concentrated at small ¢-values, and vice versa. For ex-
ample, at hv = 500 MeV, 6 = ¢ at 2.59°. All photons scattered at angles between
2.59° and 180° are kinematically related to the electrons scattered forward at angles
6 < 2.59°. All electrons scattered at angles 6 between 2.59° and 90° are likewise
related to the photons scattered forward between 0 and 2.59°.

Itisimportant to remember'that Figs. 7.3 and 7.4 and Eqs. (7.8), (7.9), and (7.10)
tell us nothing about the probability of a photon or an electron being Compton-scat-
tered in any particular direction; that i1s a separate matter to be discussed in Section
II.B. The foregoing figures and equations only state how the various parameters
must be related to each other if a Compton interaction does occur.

B. Interaction Cross Section for the Compton Effect

1. THOMSON SCATTERING

J.J. Thomson provided the earliest theoretical description of the process by which
a y-ray photon can be scattered by an electron (see Evans, 1955). In this theory the
electron was assumed to be free to oscillate under the influence of the electric vector
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de’aO r(% 2
E = 5 (1 + cos @) (7.11)
@

In typical units of cm? sp™! per electron. 7, = & /myc* = 2.818 x 107" cm is called
the ““classical electron radius’’. The value of Eq. (7.11) is 7.94 x 1026 cm® sr7!

¢ ! at ¢ = 0 and 180°, and half of that at ¢ = 90°. Thus the angular distribution

which was drawn to show the corresponding distribution of Compton-scattered pho-
tons for Av = 0.01 MeV. When Ay approaches zero, the two theories converge, as
relativistic considerations become irrelevant.

The total Thomson scattering cross section per electron, ,0,, can be gotten by
integrating Eq. (7.11) over all directions of scattering. This will be simplified by
assuming cylindrical Symmetry and integrating over ) < ¢ = m, noting that the
annular element of solid angle is given in terms of ¢ by d), = 27 sin ¢ do:

m m
09 = S d,0y = w1 S (1 + cos?® @) sin ¢ dp
=0 =0

(7.12)
87rrg

3

= 6.65 X 10”7 cm2/electron

More will be said about interaction cross sections for each kind of interaction later
in the present chapter in discussing their contributions to p /P, pen/p, and the mass
attenuation coeflicient u/p.
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FIGURE 7.5. Differential Klein-Nishina cross section, d,6/dQ, [see Eq. (7.13)] vs. angle ¢ of
the scattered photon, for kv = 0.01, 0.1, 1.0, 10, 100, and 500 MeV. This shows the angular

distribution, per unit solid angle, of the scattered photons resulting from the Compton effect.
(After Nelms, 1953.)

2. KLEIN-NISHINA CROSS SECTIONS FOR THE COMPTON EFFECT
In 1928 Klein and Nishina (see Evans, 1955) applied Dirac’s relativistic theory of
the electron to the Compton effect to obtain improved cross sections. Thomson’s
value of 6.65 X 1072 cm?/e, independent of Av, was known to be too large for Av
> 0.01 MeV. The error reached a factor of 2 at ov = 0.4 MeV. The Klein-Nishina
(K-N) treatment was remarkably successful in predicting the correct experimental
value, even though they assumed unbound electrons, initially at rest. The differential
cross section for photon scattering at angle ¢, per unit solid angle and per electron,
corresponding to Eq. (7.11) from Thomson’s theory, may be written in the form
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do 1} h_v_’zhv_i_lw’ i 13
dQ, 2 \w/ \W'  h e (7.13)
in which A»' 1s given by Eq. (7.8). For low energies, as was previously pointed out,

hv' = hv; hence Eq. (7.13) becomes

d,o
dQ,

2 2
= 129(2 — sin® ) = _’éq(l + cos® ) (7.14)

which 1s identical to Eq. (7.11), verifying that the K-N differential cross section re-
duces to that of Thomson for the special case of low photon energies.

Figure 7.5 (Nelms, 1953) is a graphical representation of Eq. (7.13) for six values
of hv. The forward bias of the scattered photons at high energies is apparent. That
reference also contains eleven other carefully prepared graphs of d,6/d(1, vs. ¢ for
many intermediate energies, offering a very convenient display of Compton-effect
data for purposes of estimation and hand calculation.*

The total K-N cross section per electron (,0) can be gotten from an integration
of Eq. (7.13) over all photon scattering angles ¢:

9 SW 49 v d
g — ™ Sin
¢=0d9¢ A

5 S’r w'\* [ hy + hy' .9 _ J
=T — — + — — sin n
10 o \ Av hy' hy ¢)sneay

2{1 + « [2(1 + @) In(1 + 2a)] L0 420 1+ 3a } (7.15)

= 2
O 1 + 2 o 2a (1 + 2a)°

where o = hv/myc?, in which Av is to be expressed in MeV and myc® = 0.511 MeV.
Equation (7.15) is shown graphically as the upper curve of Fig. 7.6. As expected,
it is almost equal to the Thomson scattering cross section (6.65 X 107 %° cm?/e) at
hv = 0.01 MeV. It decreases gradually for higher photon energies to approach a
,0 o (hv)~! dependence.
It 1s important to remember that ,0, which is tabulated in Appendix D.1, is in-

dependent of the atomic number Z:
A (7.16)

since the electron binding energy has been assumed to be zero. Thus the K-N cross
section per atom of any Z is given by
O =2Z+,0 (cm%atom) (7.17)

The corresponding K-N cross section per unit mass, 6/p, which is also called the
Compton mass attenuation coefhicient, is obtained from

*Nelms’s report also has extensive families of curves of kv’ vs. ¢, T'vs. 0, d,a/dQQq vs. 0, d,o/d(hv") vs. hv',
and do/dT vs T. Note that Nelms’ symbols differ from the present ones.
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energy-transfer cross section per electron (,6,,) as a function of primary photon quantum energy
hv. (After Nelms, 1953.)

_ Yas 2
) R (cm®/g) (7.18)
where N, = 6.022 X 10* mole ™' is Avogadro’s constant, the number of atoms in
a gram-atomic weight of any element or the number of molecules in
a gram-molecular weight of any compound,
Z = number of electrons per atom of an element or per molecule of a com-
pound,
A = number of grams per mole of material (i.e., 4 is the gram-atomic or
molecular-weight),
p = density in g/cm’, and

N,Z/A = number of electrons per gram of material.

Any interaction coefficient given in units of cm?/g may of course be divided by
10 to convert it into units of m*/kg.

Reviewing Eqs. 7.16-7.18 we see that ,0 oc Z°, 0« Z, and a/p &Z°, where the
last, approximate proportionality requires some explanation: With the exception of
hydrogen, for which Z/4 = 1, Z/A ranges between 0.5 and 0.4, tending to decrease
gradually with increasing Z (see Appendix B). The somewhat crude assumption of
constant Z/4 means that the Compton mass attenuation coefficient is approximately
Z — independent, like the electronic cross section. The atomic cross section (7.17)
is proportional to Z, one power of Z greater than the others. This latter pattern applies to

I
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all interaction cross sections, even though their Z-dependence may differ from that
of the Compton effect.

C. Energy-Transfer Cross Section for the Compton Effect

The total K-N cross section, multiplied by a unit thickness of 1 ¢/cm?®, also may be
thought of as the fraction of the incident energy fluence, carried by a beam of many
monoenergetic photons, that will be diverted into Compton interactions in passing
through that layer of matter. In each interaction the energy of the incident photon
(hv) is shared between the scattered photon (hv') and the recoiling electron (7). It
s of interest to know the overall fraction of 4v that is given to the electrons, averaged
over all scattering angles, as this energy contributes to the kerma and thence to the
dose. That is, we would like to know the value of T /hv, where T is the average kinetic
energy of the recoiling electrons. This can be obtained through first modifying the
differential K-N cross section in Eq. (7.13) to obtain a quantity referred to as the
differential K-N energy-transfer cross section, 4,0, /d,:

4,0, deo._T__deo.hv—hv'
df} dQ, hv  dQ, hv

7]
re (hy' 2 [ hy hy' .9 hv — hv'
= —|— — + — —sin“@ | |{—
2 \ hv hy' hy hv

(cm?sr™'e )y (7.19)

Integrating this over all photon scattering angles ¢ from 0 to 180°, asin Eq. (7.15),
yields the following statement of ,0,, the K-N energy-transfer cross section:

ol + { +3a (1 + a)2a®—2a — 1)
80" - 27!'70 9 - 9 - 9 9
a‘(l +2a) (1 + 2a) a’(l + 2a)

R - S £ U - TS SRR U 1+2}
31 + 2a)° 2 T aar) MR

(cm®/e) (7.20)

This cross section, multiplied by the unit thickness 1 ¢/cm?, represents the fraction
of the energy fluence in a monoenergetic photon beam that is diverted to the recoil
electrons by Compton interactions in that layer. The Compton (or K-N) energy-
transfer cross section is also plotted in Fig. 7.6 (lower curve). The vertical difference
between the two curves represents the K-N cross section for the energy carried by
the scattered photons, ,0,. Thus

eo = eotr + eas (721)

The average fraction of the incident photon’s energy given to the electron 1s simply

T
Z e (7.22)
hv 0
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and one can obtain the average energy of the Compton recoil electrons generated
by photons of energy Av as

s

e eotr
T = hy -

(7.23)
ag

4

‘The ratios given in Eq. (7.22) are plotted in Fig. 7.7 on the basis of the data given
in Fig. 7.6. Atlow energies the average fraction of hv given to the electron approaches
zero; for hv = 1.6 MeV the electrons get half, or 7 = 0.8 MeV.

The contribution of the Compton effect to the photon mass attenuation coefficient
p/p is o/p. The corresponding contribution to the mass energy-transfer coefficient
is

o, NZ 9
— = * 04 (cm®/g) (7.24)
0 A

in reference to Eqgs. (7.18) and (7.20).

The contributions of the several kinds of interactions to u/p, u./p, and u,./p will
be summarized in a later section.

Before proceeding to discussions of the other types of interactions, it will be helpful
to show and explain two other useful forms of the differential K-N cross section that
were included in the compilation by Nelms (1953). The first is d,0/dSy, the differential
K-N cross section for electron scattering at angle 6, per unit solid angle and per
electron. Note that the solid angle referred to in this case means that through which
the electron scatters at angle 6. For d,0/d%,, the solid angle is that through which the

photon scatters at angle ¢. The relationship between these two differential cross sec-
tions is

do _ do (1 + @)’ (1 — cos ¢)?
dQy dQ, cos” 0

(7.25)
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FIGURE 7.7. Mean fraction (T/hv) of the incident photon’s energy given to the recoiling elec-

tron in Compton interactions, averaged over all angles (right ordinate). Also, mean fraction (hv'/
hv) of energy retained by the scattered photon (left ordinate).
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FIGURE 7.8. Differential Klein-Nishina cross section d,c/d £, vs angle 0 of the scattered elec-
tron for Av = 0.01, 0.1, 1, 10, and 500 MeV. This shows the angular distribution, per unit solid
“angle, of the recoil electrons resulting from the Compton effect. (After Nelms, 1953.)
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in which d,0/dQ,, is given by Eq. (7.13), and ¢ = 2 tan" ' [(cot §)/(1 + )] from Eq.
(7.10). Integration over all electron scattering angles from 6 = 0 to 90° must again
give ,0, as in Eq. (7.15).

Figure 7.8 displays Eq. (7.25) graphically for several values of v, plotting 4,0/
dQ, vs. 6. The probability of electrons being scattered at @ = 90° approaches a con-
stant value (zero) for all kv, while d,0/dQ, = 7.94 X 107 cm?/sr ¢ for all kv at ¢
= (°, as seen in Fig. 7.5. As the cross section decreases to dol/dQd, =2 X 107% ecm?/
sr ¢ for backscattered photons at iv = 500 MeV (Fig. 7.5), the corresponding cross
section for 0°-scattered electrons is seen from Fig. 7.8 to reach doldQy = 7.78 X
10~2% This is an indication of how very strongly forward-directed the electrons be-
come at high incident photon energies, while at the same time it becomes relatively
unlikely that photons will be 180°-backscattered. This seems to be a paradox until
one refers again to Fig. 7.4, in which it is evident that high-energy photons scattered
at a wide range of angles must be associated with electrons recoiling at nearly 0°,
The high forward momentum 1in the collision causes most of the electrons and most
of the scattered photons to be strongly forward-directed when hv 1s large.

The second additional form of differential K-N cross section that deserves men-
tion here is d.0/dT, typically in cm? MeV ™" ¢~'. This is the probability that a single
photon will have a Compton interaction in traversing a layer containing one e/cm?,
transferring to that electron a kinetic energy between T and T + dT. Thus d,o/dT
is the energy distribution of the electrons, averaged over all scattering angles 6. It
is given by the relation:
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2 2
do _ wromye

dT (')
2 2 12 '
mgc T hy hv' 5.9 9.2
X +2|—] + T — - 7.26
{[(/IV)Q:I li}”}} (}lV)B [( Uh ) (moc ) ] ( 2 )
Figure 7.9 is a graphical representation of Equation (7.26) for several values of

hv. [Nelms (1953) gives families of curves also for many intermediate energies.] It
1s evident that the distribution of kinetic energies given to the Compton recoiling

electrons tends to be fairly flat from zero almost up to the maximum electron energy,
where a higher concentration occurs. As mentioned earlier in discussing Eqs. (7.8)
and (7.9), the maximum electron energy 7, ,, resulting from a head-on Compton
collision (§ = 0°) by a photon of energy v is (hv — hv/;.), which is equal to

2(hv)?

T =
2hy + 0.511 MeV

max

(7.27)

This approaches Ay — 0.2555 MeV for large hv. The higher concentration of elec-
trons near this energy, as seen in Fig. 7.9, is consistent with the high probability
of electron scattering near § = 0°, shown in Fig. 7.8. Both trends become more
pronounced at high energies.

It should be remembered that the energy distributions shown in Fig. 7.9 are those
occurring at production. The spectrum of Compton-electron energies present at a
pointin an extended medium under irradiation is generally degraded by the presence
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FIGURE 7.9. Differential Klein-Nishina cross section d,6/d T expressing the initial energy
spectrum of Compton recoiling electrons. (After Nelms, 1953.)
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2 2
do  mromee

AT~ (')’

X l:”lOCZYT}2 + 9 {/l,jr + hv' T 2N2 252 7.96

(hv)? Ly (hv)? (T = moe™)” — (moe™)7] (7.26)

Figure 7.9 is a graphical representation of Equation (7.26) for several values of

hv. [Nelms (1953) gives families of curves also for many intermediate energies.] It

is evident that the distribution of kinetic energies given to the Compton recoiling

electrons tends to be fairly flat from zero almost up to the maximum electron energy,

where a higher concentration occurs. As mentioned earlier in discussing Eqs. (7.8)

and (7.9), the maximum electron energy 7,,,, resulting from a head-on Compton
collision (6 = 0°) by a photon of energy av is (kv ~ hv/;.), which is equal to

3 2(hv)?
2y + 0.511 MeV

T,

max

(7.27)

This approaches Av — 0.2555 MeV for large hv. The higher concentration of elec-
trons near this energy, as seen in Fig. 7.9, is consistent with the high probability
of electron scattering near § = 0°, shown in Fig. 7.8. Both trends become more
pronounced at high energies.

It should be remembered that the energy distributions shown in Fig. 7.9 are those
occurring at production. The spectrum of Compton-electron energies present at a
point in an extended medium under irradiation is generally degraded by the presence

10720 T T T T | T T
10 " " Initial Photon Energy, MeV 4

-23 ——

10 { | ] ] | |
05 10*% 10 102 0 I 10 102 103
ENERGY OF RECOIL ELECTRON,T, MeV

DIFFERENTIAL KLEIN-NISHINA CROSS SECTION,

FIGURE 7.9. Differential Klein-Nishina cross section d,6/d T expressing the initial energy
spectrum of Compton recoiling electrons. (After Nelms, 1953.)
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of electrons that have lost varying amounts of their energy depending on how far
they have traveled through the medium. Under charged-particle equilibrium con-
ditions this degraded electron energy distribution is called an ““equilibrium spec-
trum.’’” Such degraded spectra will be discussed in connection with cavity theory in
Chapter 10.

Turneretal. (1980) and Todo et al. (1982) have provided useful spectra of electron
starting energies resulting from monoenergetic photon interactions in water, cal-
culated by the Monte Carlo method. They included contributions from the other
interaction modes, in addition to Compton recoil-electron spectra.

lli. PHOTOELECTRIC EFFECT

The photoelectric effect is the most important interaction oflow-energy photons with
matter, as indicated in Fig. 7.1. While the Compton effect’s interaction cross section
approaches a constant value, and its energy-transfer cross section diminishes as Ay
decreases below 0.5 MeV (see Fig. 7.6), the corresponding cross sections for the
photoelectric effect both increase strongly, especially for high-Z media. Conse-
quently the photoelectric effect totally predominates over the Compton effect at low
photon energies, particularly with respect to the energy transferred to secondary
electrons.

A. Kinematics

It was seen in the case of the Compton effect that a photon cannot give up all of its
energy in colliding with a free electron. However, it can do so in an encounter with
a tightly bound electron, such as those in the inner shells of an atom, especially of
high atomic number. This is called the photoelectric effect and is illustrated sche-
matically in Fig. 7.10. An incident photon of quantum energy iy is shown interacting
with an atomic-shell electron bound by potential energy E,. The photoelectric effect

atom

FIGURE 7.10. Kinematics of the photoelectric effect. A photon of quantum energy v incident
from the left strikes an electron bound to an atom with binding energy E,. The photon vanishes,
giving a kinetic energy of T = hv — E, to the electron, which departs at angle 0 relative to the
incident photon’s direction. To conserve momentum the remainder of the atom departs at an
angle ¢. The atom’s kinetic energy 7, is practically zero.
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cannot take place with respect to a given electron unless v > E, for that electron.
The smaller /w is, the more likely is the occurrence of the photoelectric effect, so long
as v > E,. The photon is totally absorbed in the interaction, and ceases to exist.
The kinetic energy given to the electron, independent of its scattering angle 0, 1s

T=h —E, — T, (7.28)
= hv — E, (7.29)

The kinetic energy 7, given to the recoiling atom is nearly zero, * Jjustifying the con-
ventional use of an equality sign rather than an approximation sign in Eq. (7.29).

The electron departs from the interaction at an angle 6 relative to the photon’s
direction of incidence, carrying momentum p. Since the photon has been totally
absorbed, it provides no scattered photon to assist in conserving momentum, as in
the Compton effect case. In the photoelectric effect that role is assumed by the atom
from which the electron was removed. Although its kinetic energy 7, = 0, its mo-
mentum p, cannot be negligible. The direction taken by the recoiling atom is of little
consequence, since it carries negligible kinetic energy. Suffice it to say that the atom
scatters in the direction required to conserve momentum in each photoelectric event,
and that 0 < ¢ < 180°.

B. Interaction Cross Section for the Photoelectric Effect

Theoretical derivation of the interaction cross section for the photo-
electric effect is more difficult than for the Compton effect, because of the compli-
cations arising from the binding of the electron. There is no simple equation for the
differential photoelectric cross section that corresponds to the K~N formula. How-
ever, satisfactory solutions have been reported by different authors for several photon
energy regions, as discussed by Evans (1955) and more recently by Hubbell (1969).
Published tables of photoelectric interaction coeflicients such as those in the latter
reference are based on experimental results, supplemented by theoretically assisted
interpolations for other energies and absorbing media than those measured.

The directional distribution of photoelectrons per unit solid angle is shown in Fig.
7.11. These are theoretical results from a review by Davisson and Evans (1952). The
photoelectrons are seen to be ejected predominately sideways for low photon ener-
gies, because they tend to be emitted in the direction of the photon’s electric vector.
With increasing photon energy this distribution gets pushed more and more toward
smaller (but still nonzero) angles. Electron scattering at 0° is forbidden because that
1s perpendicular to the electric vector.

A summary representation of the angular distribution of photoelectrons is con-
veyed by the bipartition angle shown in Fig. 7.12. One-half of all the photoelectrons
are ejected at angles 6 less than the bipartition angle. For example, photons of 0.5

*T,/T = my/M,, where m, is the rest mass of the electron and M, that of the recoiling atom. For example,

an atom of *’ Al would carry approximately 0.002% as much kinetic energy as the hotoelectron. Heav-
y app Y gy p

ler atoms would carry even less.
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FIGURE 7.11. Directional distribution of photoelectrons per unit solid angle, for energies as
labeled on the curves. The curve areas are not normalized to each other. [After Davisson and
Evans (1952). Reproduced with permission of R. D. Evans and the American Physical Society.]

MeV send out half of their photoelectrons within a forward cone of half angle =30°,
and the remainder at larger angles.

The interaction cross section per atom for photoelectric effect, integrated over all
angles of photoelectron emission, can be written as

Zfl
(h¥)"

T =k (cm®/atom) (7.30)

where k is a constant,
0= 4 at v = 0.1 MeV, gradually rising to about 4.6 at 3 MeV, and
m = 3athy =0.1MeV, gradually decreasing to about 1 at 5 MeV.
In the energy region hv = 0.1 MeV and below, where the photoelectric effect
becomes most important, it is convenient to remember that

Z4
aT & 3
(hv)

(cm?/atom) (7.31)

and consequently that the photoelectric mass attenuation coefficient becomes [by
employing the conversion factors in Eqs. (7.17) and (7.18)]

T _(Z ’ 9
;oc . (cm®/g) (7.32)

This approximate relationship may be compared with the curves in Fig. 7.13,
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"é o x\ trons vs hv. One-half of all the photoelectrons are

g0 Ko | ejected within a forward cone of half angle equal

@ 0° 1 1 1 i | to the bipartition angle. [After Davisson and Ev-
0 | 2 3 ans (1952). Reproduced with permission of R. D.

Photon Energy in MeV Evans and the American Physical Society.]
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derived from empirically based tabulated values. The curve labeled 7/p in part a
represents the photoelectric mass attenuation coefhicient for carbon, and in part b
that for lead, plotted vs. hv. The carbon curve clearly approximates the (hv) ™ de-
pendence; the lead does likewise except where the breaks occur. Below the so-called
““K-edge’’ at 88 keV, the two K-shell electrons cannot participate in the photoelectric
effect because their binding energy (£,)x = 88 keV is too great. Only the L, M, and
higher-shell electrons can do so. Just above 88 keV the K-electrons can also par-
ticipate. Thus the magnitude of the resulting step function (from 7.1 down to 1.7
cm?/g) indicates the importance of the contribution of the two K-shell electrons to
the photoelectric cross section, in comparison with the other 80 electrons in the atom.
The K-shell contributes over three-fourths, because of the large binding energy of
those two electrons and the strong dependence of the photoelectric effect upon bind-
ing energy. The L-shell shows a similar effect at the three L edges (L; at 15.9, L,
at 15.2, and L4 at 13.0 keV ) which correspond to the three energy levels in the L
shell. The combined L-edge step is smaller than that at the K-edge, because of the
lower L-shell binding energies.

Referring again to Fig. 7.13, it can also be seen that the (7/p) curve in lead is
roughly three decades higher than that in carbon in the low-energy region, as pre-
dicted by Eq. (7.32), since Zp, = 82 is of the order of 10 times greater than Z =
6.

C. Energy-Transfer Cross Section for the Photoelectric Effect
It 1s evident from the conservation-of-energy equation (7.29) for the photoelectric
effect that the fraction of Av that is transferred to the photoelectron is simply

T h — E,
— = (7.33)
hy hv

However, thisisonly a first approximation to the total fraction of Av that is transferred
to all electrons. The binding energy E, must be taken into account, and part or all
of it is converted into electron kinetic energy through the Auger effect, to be considered
next.

When an electron is removed from an inner atomic shell by any process, such
as the photoelectric effect, internal conversion, electron capture, or charged-particle
collision, the resulting vacancy is promptly filled by another electron falling from
a less tightly bound shell. For K- and L-shell vacancies this transition is sometimes
accompanied by the emission of a fluorescence x-ray of quantum energy Avg or hv,,
respectively, equal to the difference in potential energy between the donor and re-
cipient levels, as discussed in Chapter 9, Section II.A. The probability of this hap-
pening is called the fluorescence yield, Yy or Y;, respectively; values are plotted in Fig.
7.14 as a function of atomic number. Yy is seen to rise rapidly for Z > 10, gradually
approaching unity for high-Z elements, while Y; is practically zero below copper,
rising to only 0.42 at Z = 90. The chance of fluorescence x-ray emission during the
filling of a vacancy in the M (or higher) shell is negligibly small.
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FIGURE 7.14. Fluorescence yield (Y, ;) and fractional participation in the photoelectric effect
(Pk,.) by K- and L-shell electrons (see text). Py and P, was calculated from tables of Hubbell
(1969) and McMaster et al. (1969); Y, from Lederer and Shirley (1979); and Y, from Burhop
(1952).

The role of the Auger effect is to provide an alternative mechanism by which the
atom can dispose of whatever part of the binding energy E, is not removed by a flu-
orescence x-ray. If no x-ray is emitted, then all of E, is disposed of by the Auger
process. In the Auger effect the atom ejects one or more of its electrons with sufficient
kinetic energy to account collectively for the excess energy. Thus any energy invested
in such Auger electrons contributes to the kerma.

An atom may emit a number of Auger electrons more or less simultaneously in
a kind of chain reaction. The atom thus exchanges one energetically ‘‘deep’’ inner-
shell vacancy for a number of relatively shallow outer-shell vacancies. These va-
cancies are finally neutralized by conduction-band electrons.

The energy budget in the Auger effect is illustrated in the following example:
Suppose a K-shell vacancy appears, with binding energy (E,)x. Assume that an elec-
tron falls in from the L-shell, as is most often the case. Letting the binding energy
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in that shell be (E,),, either the atom will emit an x-ray of energy hwy = (E,);, —
(£)L, or it must dispose of that energy [as well as the remaining energy (), — hvi]
through the Auger effect. (Notice that for intuitive convenience we are treating the
binding energies as positive Potentials, whereas they are actually negative.) As-
suming that the atom opts entirely for the Auger effect, it may eject an electron from
any shell outside of that in which the original vacancy occurred, in this case the K-
shell. If an M-shell electron is ejected, it will have a kinetic energy 71,, equal to

Ty = (Ep)g — (Ep)r — (Ey)ut (7.34a)

where (E),),, is the binding energy in the M shell.

Now the atom has two electron vacancies, one in the L- and one in the AM-shell.
Let us assume that two N-shel] electrons move in to fill those vacancies, and that the
atom emits two more Auger electrons. If they both happened to be ejected from the
N-shell, the atom would then have four N-shell vacancies. One of the those Auger
electrons would have the kinetic energy

Thy = (£p)r, — 2(Ey)n (7.34b)
and the other would have
Ty, = (Eo)m — 2(Eb)N (7.34c)

Thus the total kinetic energy of the three Auger electrons generated so far would
be equal to

Ty=Ty+ Ty + Ty, = (E)g — HEy) N (7.34d)

This process is repeated, increasing the number of electron vacancies by one for
each Auger event that occurs, until all the vacancies are located in the outermost
shell(s). The total amount ofkinetic energy carried by all the Auger electrons together
is equal to the original-shell binding energy (£4)x minus the sum of the binding ener-
gies of all the final electron vacancies. As these are subsequently neutralized by elec-

energies equal to the outer-shell binding energies of the vacancies they fill. Thus al/
of (E})k in this example ends up as electron kinetic energy, contributing to the kerma.
If an x-ray vy had been emitted, then the remainder of (&£;)x would have become
electron kinetic energy.

It should be mentioned that since an Auger chain reaction or “‘shower’’ suddenly
produces a multiply charged ion, which may have a net positive charge even in excess
of 10 elementary charges, the resulting local Coulomb-force field can be quite dis-
ruptive to its molecular or crystalline surroundings.

Returning now to consideration of fluorescence x-rays, it is shown in Chapter 9,
Section II. A, that there are several levels in the L or higher shells from which the
K-shell replacement electron may come, although some specific transitions are quan-
tum-mechanically forbidden to occur. As a result hvy has several closely grouped
values that may be represented for present purposes by a mean value hvg. Figure
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The latter provides an upper-limit estimate of P, Y; hv;. Taken or derived from tables by Lederer
and Shirley (1979).

AL

7.15 contains a graph of hvg vs. Z, which may be compared with the uppermost curve
of K-shell binding energy (£,)x. Naturally Avg < (E,)x, because (E,)x represents the
difference in potential energy between an electron in the K-shell and one completely
away from the atom, while fluorescence photons result from smaller transitions.
In addition to the fluorescence yields, Fig. 7.14 contains a second kind of function:
Py 1s the fraction (7/7) of all photoelectric interactions that occur in the K-shell, for
photons for which Av > (E)g. (This is the fraction obtainable from the height of the
K-edge step, as mentioned earlier in relation to Fig. 7.136). Likewise P, = 7;/7 for
photons where (£);; < hv < (E,)x. The product Py Yy then is the fraction of all
photoelectric events in which a K-fluorescence x-ray is emitted by the atom, and P, ¥,
is the corresponding quantity for the L-shell, for the appropriate ranges of Av. The
product PgYy - hvy then represents the mean energy carried away from the atom
by K-fluorescence x-rays, per photoelectric interaction in all shells combined, where
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hv > (E)k. An upper limit of a similar L-shell quantity P, Y; * kv, can be estimated
as P,Y;(E,);,. Both of these quantities are plotted in Fig. 7.15, and their use will
be shown in subsequent discussion.

The probability of any other fluorescence x-ray except those from the K-shell being
able to carry energy out of an atom i3 negligible for iy > (E,;)k. For that case all the
rest of the binding energy (E,)x, and all of the binding energy involved in photo-
electric interactions in other shells, may be assumed to be given to Auger electrons.
Thus we can write for the mean energy transferred to charged particles per pho-
toelectric event

hv — PxYy - hvg (7.35)
The photoelectric mass energy-transfer coefficient is thus given by

T [lw — PyYyhvy — (1 = Py) P Y, h?L]

e (7.362)
p

; hy

for hy > (Eb)K‘
For photons having energies lying between the K and the highest L edge, [i.€.,
(Eppy < hv < (Epk], the corresponding equation for 7,./p can be written as

Tw T \:hv — P Y, - hﬁL]

p P hv

(7.36b)

where P, Y, + hv; can be approximated by P Y;(E).;, as plotted in Fig. 7.15; this
quantity is insignificant except in high-Z materials.

It should be noted that even though fluorescence x-rays may carry some energy
out of the atom of their origin, the distance that such an x-ray can penetrate through
the medium before undergoing another photoelectric interaction will be severely
limited. For example, the K-fluorescence from lead averages =76 keV, for which
the mass energy-absorption coefficient in lead is = 0.23 m*/kg, and the broad-beam
10th-value layer is about 1 mm. Fog L fluorescence the photon penetration distance
in lead is of the order of g5 as great.

Figure 7.16 shows the mass energy-transfer coefficients for carbon and lead, cor-
responding to the attenuation coefficients shown in Fig. 7.13. Notice that the curve
for (u./p)pp is practically equal to (7,/p)py, for v = 0.1 MeV, and that the size of
the K-edge step is somewhat less here than in Fig. 7.13, due to the loss of K-fluo-
rescence energy as indicated by Eq. (7.36a).

IV. PAIR PRODUCTION

Pair production is an absorption process in which a photon disappears and gives rise
to an electron and a positron. It can only occur in a Coulomb force field, usually
that near an atomic nucleus. However it can also take place, with lower probability,
in the field of an atomic electron. This latter process is usually called ‘‘triplet pro-
duction,”’ because the host electron that provides the Coulomb field also acquires
significant kinetic energy in conserving momentum. Thus two electrons and a pos-
itron are ejected from the site of the interaction. A minimum photon energy of 2moc”
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FIGURE 7.16. Mass energy-transfer coefficients for carbon (a) and lead (b). 1,./p indicates the
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= 1.022 MeV is obviously required for pair production to occur in the nuclear field.
4myc” is the threshold for triplet production, because of momentum-conservation
considerations to be discussed later.

A. Pair Production in the Nuclear Coulomb Force Field

Figure 7.17 illustrates schematically a pair-production event in a nuclear field. The
incident photon Av gives up all of its quantum energy in the creation of the electron-
positron pair with kinetic energies 7~ and 7. The energy-conservation equation,
ignoring the vanishingly small kinetic energy given to the nucleus, is simply

hw =2my® + T~ + T7
=1.022MeV + T~ + T" (7.37)

The electron and positron do not necessarily receive equal kinetic energies, but
their average is given by

hy — 1.022 MeV
2

T =

(7.38)

For hv values well above the threshold energy 2mqc’, the electrons and positrons
are strongly forward directed. Their average angle of departure relative to the orig-
inal photon direction is roughly

2
mpc

T

6 = (radians) (7.39)
For example, for hv = 5 MeV, we have T = 1.989 MeV and 6 = 0.26 radians =
15°.

From a theory due to Bethe and Heitler, the atomic differential cross section d(«)
for the creation of a positron of energy 7™ (and a corresponding electron of energy
hv — 2my® — T7) is given by

0,Z*P

LK) = PR dT*  (cm®/atom) (7.40)

hy

@ “eT

y'd N nucleus
TO go; mom.= po

FIGURE 7.17. Pair production in the Coulomb force field of an atomic nucleus. An incident
photon of quantum energy hv vanishes, giving rise to a positron-electron pair. The atom partic-
ipates in conservation of momentum, but receives negligible kinetic energy 7, = 0.
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where
75 1 Y -28 2
oy = 137 = {37 <m062> = 5.80 X 10" cm*/electron,

and parameter Pis a function of iv and Z. P is displayed graphically in Figure 7.18
as a function of the fraction of the total kinetic energy that resides with the positron.
A slight expected asymmetry in energy distributions between the positron and elec-
tron was neglected in deriving these P-values, which thus appear symmetrical about
T*/(hv — 2moc®) = 0.5. Nuclear attraction and repulsion tend to give the positron
slightly more energy than the electron, the difference being less than 0.0075Z MeV
(Evans, 1955).

The total nuclear pair-production cross section per atom may be gotten by in-
tegrating d(,k) from Eq. (7.40) over all values of 7:

(v — 2myc?) PdT+
= S A1) = 002" S LA
Tt 0

hy — 2moc’

= g,Z° SO Pd <—T—> = 0,Z2°P (7.41)

Ay — 2moc”

Evidently ,« is proportional to the atomic number squared. The dependence of
upon Av is roughly logarithmic through the P -term, tending to become a constant

8!][]]]]]1Il|lll]lll

~ 50"'\0(:2

. — ———— — -

- e e = — - ———

O 02 04 06 08 10
T+
hz/-2moc2

FIGURE 7.18. The quantity Pin Eq. (7.41), plotted as a function of the kinetic-energy fraction
given to the positron. The small difference between lead and aluminum shows the small amount
of Z-dependence. [After Davisson and Evans (1952). Reproduced with permission of R. D. Evans
and the American Physical Society.]
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independent of v for very large hv because of electron screening of the nuclear field
(see Fig. 7.13).

The mass attenuation coefficient for nuclear pair-production is obtained from Eq.
(7.41) as

Ny 9
— (cm®/g) (7.42)

= LK

a

Again, since Z/A is roughly constant (= 0.45 + 0.05) except for hydrogen, «/p
x Z.
B. Pair Production in the Electron Field
In the kinematics of pair production in the electron field (i.e., triplet production),

the photon divides its energy between the positron-electron pair produced and the
host electron. The energy conservation equation becomes

v = 1.022MeV + TT + T + T (7.43)
and the average kinetic energy of the three particles 1s

hv — 1.022 MeV
3

T =

(7.44)

As mentioned earlier, the threshold for this process is 4mqoc® = 2.044 MeV, even
though the energy being converted into mass is still 2myc®, the same as for nuclear-
field pair production. It can be shown, as follows, that the higher threshold is required
by conservation of momentum, as first derived by Perrin (1933).

In Fig. 7.19a a photon of energy Av is shown approaching an electron ¢, assumed
to be at rest in the laboratory frame of reference, R. For convenience the same two
particles are considered in Fig. 7.196 with respect to a moving frame of reference
R’, in which the momentum of the photon-electron system is null. The velocity of
R’ relative to R is +f¢, that is, R' moves to the right with constant velocity. This
makes the electron appear to move to the left with the same speed, i.e., v = —f¢.

The resulting momentum of the electron is —mfB¢ = —myBc/vV1 — B?, where m
is the electron’s relativistic mass with respect to R'. The photon’s momentum relative
to R' is iv'/c. Thus for null momentum we can write

}l /
o _mife _ (7.45)

The Doppler effect causes the frequency »' of the photon relative to the moving
frame of reference to be less than », according to the relation

(7.46)
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FIGURE 7.19. Triplet-production kinematics at the minimum photon energy threshold, hv =
hv
frame of reference R'. The momentum of the photon-electron system is zero in R'.

Diagrams at left apply to the laboratory frame of reference R, those at right to moving

‘min*

Substitution of Eq. (7.46) to eliminate v’ in Eq. (7.45) allows solution for 3:

o
= 7.47
g 1 + o ( )
in which
hv
o = 5 (7.48)
moc

The minimum photon energy, Av_;,, necessary for triplet production can be de-
rived by noting that the sum of the photon energy Ay, ;, and the electron kinetic energy
Trelative to R’ must just equal the total rest mass of the electron and positron created.
That 1s,

(7.49)

' 2 1 . — 2
hymin + mgc [ o2 1 - 277106
S Bmin

where

1——tgmin
1+ B

min

(8

min

_1+a

min

Bmin ’ Omin = 2

min
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This equation can be solved for 8,,;,, which is found to have the value . Thus A»

_ 2
= 4myc”.

min

It is interesting to observe that, in the moving frame of reference R’', the two elec-
trons and the positron all must be at rest after a minimum-Av event, as shown in Fig.
7.19¢. This is so because all of the available quantum and kinetic energy has been
spent in mass creation, leaving none for motion. As a consequence, in the laboratory
frame of reference all three particles in the triplet move together in the original pho-
ton’s direction with velocity (8¢)min = ¢, as shown in Fig. 7.194.

For higher incident photon energy than 4m” the three particles may share the
excess energy and depart the point of the interaction in various directions, so long
as the null momentum is preserved relative to R'. Perrin has shown that the kinetic
energy of each of the particles, relative to the laboratory system, lies within the limits

given by
o = 20 — 2 + ava(a — 4)
T = (7.50)
20 + 1

This reduces to 2myc*/3 for the threshold case in which & = 4, meaning that the par-
ticles in Fig. 7.19d each have a kinetic energy equal to § of the 2mc” energy not needed
for mass creation. For 10-MeV photons Eq. (7.50) predicts that the product particles
each have energies between 3 keV and 8.7 MeV.

The atomic cross section for triplet production (i.e., for all the atomic electrons
combined) is small compared to the nuclear pair-production cross section for the
same atom. The ratio is given approximately by

K(electrons) 1

= (7.51)
.K(nucleus) cz

in which C'is a parameter depending only on Av. C is unity for Av — oo, and rises
slowly with decreasing energy to =2 at 5 MeV (see discussion given by Evans, 1955).
Thus in Pb the triplet cross section 1s only 1% or so of the pair-production cross
section, rising to 5-10% for Z = 10.

For most purposes in radiological physics and dosimetry it will suffice to combine
the separate cross sections for pair and triplet production into a single cross section
for both, usually still called the pair-production cross section. Thus

K K K
(™ Ot €) o
p pair P/ nuclear P/ electron

C. Pair-Production Energy-Transfer Coefficient

The fraction of the incident photon’s energy that is transferred to the kinetic energy
of the charged particles, both for nuclear and electron pair production, is (hv — 2mqc’)/
hv. Therefore the mass energy-transfer coeflicient for pair production is given by

Ko K[hv — 2myc
— =\ (7.53)
p P hv
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Rayleigh scattering is called ‘‘coherent’’ because the photon is scattered by the com-
bined action of the whole atom. The event is elastic in the sense that the photon loses
essentially none of its energy; the atom moves just enough to conserve momentum.
The photon is usually redirected through only a small angle. Therefore the effect
on a photon beam can only be detected in narrow-beam geometry. Rayleigh scat-
tering contributes nothing to kerma or dose, since no energy is given to any charged
particle, nor is any ionization or excitation produced.

The photon scattering angle depends on both Z and /iv: % of the photons are scat-
tered at angles smaller than these, according to Fano (1953a):

hy hv = 0.1 MeV 1 MeV 10 MeV

Al 15° 2° 0.5°
Pb 30° 4° 1.0°

It is seen that Rayleigh scattering has more practical importance at low energies,
partly because the scattering angle is greater.
The atomic cross section for Rayleigh scattering is given by

22
Or & (—h—)_i (cm?*/atom) (7.54)
v
or in mass units
Y Z |
X & % (cm?/g or m%/kg) (7.55)
p v

Typical ratios of Rayleigh to total attenuation coefficients (0g/p) are shown in the
following table, derived from the tables of Hubbell (1969):

Element hv = 0.01 MeV 0.1 MeV 1.0 MeV

C 0.07 0.02 0
Cu 0.006 0.08 0.007
Pb 0.03 0.03 0.03

The relative importance of Rayleigh scattering is seen to be fairly small, as it con-
tributes only a few percent or less of the narrow-beam attenuation coefficient. Pro-
nounced trends vs. Z and Av tend to be obscured by variations in the competing in-
teractions—photoelectric effect and Compton effect. However, for low Z (e.g.,
carbon) a gain is evident with decreasing photon energy.

The mass attenuation coefficient for Rayleigh scattering is shown in relation to
the other interaction coefficients in Fig. 7.13. Rough agreement with Eq. (7.55) can
be seen.
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VI. PHOTONUCLEAR INTERACTIONS

In a photonuclear interaction an energetic photon (exceeding a few MeV) enters and
excites a nucleus, which then emits a proton or neutron. (y, p) events contribute
directly to the kerma, but the relative amount remains less than 5% of that due to
pair production. Thus it has been commonly neglected in dosimetry considerations.

(v, n) interactions have greater practical importance because the neutrons thus
produced may lead to problems in radiation protection. This is the case for chinical
x-ray generators (Linacs, microtrons, betatrons) in which electrons are accelerated
to 10 MeV or more. The x-ray beam will be slightly contaminated with neutrons,
to a degree depending on accelerator energy and design. A 25-MV x-ray beam will
usually have an order-of-magnitude greater neutron contamination than a 10-MV
beam, because of the correspondingly greater (v, n) interaction cross section. The
biological consequences of these neutrons in a radiotherapy patient are probably
negligible in comparison with the effects of the predominating photon beam. Never-
theless, as a precaution, governmental regulatory agencies are placing limitations
on allowable neutron levels in radiotherapy x-ray beams.

The presence of (7y, n) neutrons must be taken into account in shielding design,
especially since neutrons can escape through mazes much more readily than photons
can. Moreover, neutrons can activate accelerator hardware, especially in the target
region. Such hardware may require a time delay before approaching for service, and
should always be monitored first for - and B-activity. Some low level of radioac-
tivation may also occur in the body tissues of radiotherapy patients, due either to
incident neutrons or to photonuclear interactions occurring in the body itself.

All of these consequences of (7, n) interactions can be regarded as unwanted side
effects of the use of higher-energy radiotherapy x-ray beams, offset by the increas-
ingly favorable spatial distributions of dose in the body that can be achieved by such
beams. Swanson (1979) has provided useful estimates of (7, 7) neutron production
in accelerators. Anderson (1984) presents additional discussion of the relevant phys-
ics of photonuclear interactions.

VIi. TOTAL COEFFICIENTS FOR ATTENUATION, ENERGY
TRANSFER, AND ENERGY ABSORPTION

A. Mass Attenuation Coefficient
The total mass attenuation coefficient for y-ray interactions, neglecting photonuclear
interactions, can be written, in units of cm®/g or m*/kg, as

U

T 0 K O

=-+-+-+-= (7.56)
p P P P P
in which 7/p is the contribution of the photoelectric effect, o/p that of the Compton
effect, k/p that of pair production, and dz/p that of Rayleigh scattering.

For the practical application of Eq. (7.56) as a definition of the mass ‘‘narrow-

beam’’ attenuation coefficient (see Chapter 3), it should be noted that the term oz/



VII. TOTAL INTERACTION COEFFICIENTS 155

p is appropriately included only where beam geometry allows the escape (i.e. non-
detection) of the Rayleigh-scattered rays. Since this type of scattering usually deflects
photons through only small angles, very narrow beam geometry is required to ob-
serve the effects of Rayleigh scattering.

B. Mass Energy-Transfer Coefficient
The total mass energy-transfer coefficient for y-ray interactions, neglecting any (v,
p) photonuclear contribution, is given in units of cm?/g or m*/kg by

Bo _ o, Ou , K
p P P P
hv — py Vihv T hv — 2myc’
= I{ D Yy VK:‘ + gl:_:l + E[_l_j_____"zﬂc..:' (7.57)
) hy p Lhv P hy

for photons having av above the K-edge in the elemental absorbing medium, and

neglecting L-fluorescence in comparison with K-fluorescence. For v lying between
the K- and L-edges, Eq. (7.57) is replaced by

B _ To O
P PP
hy — p, Y, kY T
_ _7: v prL¥p VL:l + g [__:\ (758)
Pl hv p Lhv

since neither K-fluorescence nor pair production is relevant in that case. The terms
in Eqs. (7.57) and (7.58) have been defined in Egs. (7.35) and (7.36) for the pho-
toelectric effect, Egs. (7.20), (7.22), and (7.24) for the Compton effect, and Eq. (7.53)
for pair production.

C. Mass Energy-Absorption Coefficient

The mass energy-absorption coefficient p.,/p is related to the mass energy-transfer
coefhicient by

“en=&"

) ) 1 -9 (7.59)

in which g represents the average fraction of secondary-electron energy that is lost
in radiative interactions, that is, bremsstrahlung production and (for positrons) in-
flight annihilation. The evaluation of g will be discussed in Chapter 8, Section I.G.
For low values of Z and A», g approaches zero and p,/p = p./p. For increasing Z
or hv, g increases gradually, so that, for example, in Pb with iv = 10 MeV, p.,/p
=0.74p./p.

It should be pointed out that, while u/p and u,/p are based only on the Av and
Z actually present at the point of photon interaction, p.,/p must also be based on
an assumption about the medium through which the secondary electrons pass in
slowing down. Conventionally the interaction point is assumed to be surrounded



156 GAMMA- AND X-RAY INTERACTIONS IN MATTER

by the same homogenous medium, at least out to a distance equal to the maximum
electron range. Thus gin Eq. (6.59) is evaluated for the same surrounding material
as assumed for p,/p. It is possible to conceive of situations (e.g. near an interface)
where the radiation yield of the electrons would be altered and the conventional value
of p./p could no longer predict how much energy would be spent in ionization and
excitation by the secondary electrons.

D. Coefficients for Compounds and Mixtures
For compounds or intimate mixtures of elements the Bragg rule conveniently applies
to mass attenuation and energy-transfer coefhicients:

OB Br o om
P/ mix P/ a P/ B

and

P / mix P /a P/B
where f4, fz, - - . , are the weight fractions of the separate elements (4, B, . . .) pres-
ent.

This same rule also applies approximately to the mass energy-absorption coef-
ficient, so long as radiative losses are small. That is,

ERCYNC
P/ mix P /4 P /B

<—"—‘—r> (1 = ga) fa + <ﬁ—> A—e)fa+ -  (7.62
P/a P/B

In

In

where the second statement is based on Eq. (7.59), and where g4 is the radiation yield
fraction for element 4, and so on.

Equation (7.62) would be exact if the electrons originating in atoms of element
A confined their paths to traversing only other atoms of the same element. However,
the electrons actually pass through the different elements present in proportion to
their weight fractions. Thus we may write an exact equation to replace Eq. (7.62)
by expanding the radiation-yield terms accordingly to give

<—“—> = <ﬁ—> (1 = faga = fogs — * * ) Ji
Y mix p A

+ <&>B(1 — faga —fegE— " ) fst

P
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= <&> . (1 — fa&a — fBEB — * * )

p X
= <"—> (1 = gmio) (7.63)
P / mix
Values of g4, gg, . . - can be obtained from tables of u/p and p.,/p, together with

Eq. (7.59).

E. Tables of Photon Interaction Coefficients

Appendix D.1 contains tables of K-N interaction and energy-transfer cross sections
in units of cm?/e, for the energy range 1 keV to 100 MeV. These data apply to the
Compton effect in all media, assuming free electrons.

Appendix D.2 provides photon interaction cross sections per atom for several
representative elements, compounds, and mixtures over the same energy range.
Besides giving data for the photoelectric effect, Compton effect, pair production, and
Rayleigh (coherent) scattering, their combined effect is given with and without Ray-
leigh scattering. Appendix D.3 tabulates mass attenuation coefficients u/p, mass
energy-transfer coefficients p,,/p, and mass energy absorption coefficients pi.,/p. The
last have been corrected for radiative losses due to positron in-flight annihilation as
well as bremsstrahlung. p.,/p values for a few additional materials also are given
in Appendix D.4.

There are several other available tables of photon interaction data that deserve
mention here:

1. McMaster et al. (1969) give a compilation of individual interaction cross-
section data for Z = 1 to 83, 86, 90, 92, and 94, with v covering the range 1 keV
to 1 MeV. Total attenuation coefficients are also included.

2. Storm and Israel (1970) have provided a very useful table of atomic cross
sections for Z = 1-100 and Ay = 1 keV to 100 MeV. In our terminology their
table columns give the photon energy E, ,0, ,0.,, .0, k(nuclear), ,(electron),
Ken(nuclear) + k. (electron), .7, ;Ten, obt; ot — 05 — 4O, and ., The Compton-
effect cross sections include binding corrections, but positron in-flight annihi-
lation is not accounted for in 4., or ... This reference also contains some other
useful tables, including (a) atomic energy levels, (b) K- and L-fluorescent x-ray
energies, (c) weighted-average K and L x-ray energies, (d) relative intensities of
K and L x-rays, (e) theoretical vs. experimental photoelectric cross sections, and
(f) relative shell contributions to photoelectric cross sections.

3. Hubbell et al. (1980) give tables of photon cross sections for all the individual
interactions, for iv = 1 MeV to 100 GeV and Z = 1-100. Total attenuation coef-
ficients are also given. The Compton effect includes electron binding corrections.
4. Hubbell (1982) updates all his previous compilations in abbreviated form,
i.e., listing only u/p and p.,/p for 40 elements and 45 mixtures and compounds.



Several ICRP (1 975) body compositions (blood, bone, brain, lung, skin, and soft-
tissue) are included. In-flight annihilation s taken into account in Hen/P up to hy
= 10 MeV, and extrapolated to 20 MeV

PROBLEMS*

1. Is the mass Compton coefficient (either for attenuation or energy transfer)
larger in carbon or lead? (See Figs. 7.13q, b, 7.16a, b.) Why?

2. Why is Rayleigh scattering not plotted in Fig. 7.16a, s, although quite s1g-
nificant in Fig. 7.13a,b?

3. On the basis of the K-N theory, what is the ratio of the Compton interaction
Cross sections per atom for lead and carbon?

4. Calculate the energy of the Compton-scattered photon at ¢ = ¢°, 45°, 90°,
and 180° for Ay = 5( keV, 500 keV, and 5 MeV.

5.  What are the corresponding energies and angles of the recoiling electrons for
the cases in problem 4?

7. Whatis the maximum energy, and what is the average energy, of the Compton

8. Calculate the energy of a photoelectron ejected from the K-shell in tin by a
40-keV photon. Calculate T+/P; you may estimate from Fig. 7.15.

9. What is the average energy of the charged particles resulting from pair pro-
duction in (a) the nuclear field and (b) the electron field, for photons of Ay =
2 and 20 MeV?

10. A narrow beam containing 10*° photons at 6 MeV impinges perpendicularly
on a layer of lead 12 mm thick, having a density of 11.3 g/cm’. How many

interactions of each type (photoelectric, Compton, pair, Rayleigh) occur in
the lead?

11.  Assuming that each interaction in problem 10 results in one primary photon

12.  Howmuch energy is transferred to charged particles by each type of interaction
in problem 10?

SOLUTIONS TO PROBLEMS
1. Carbon, because of larger electron density (N,Z/4).

2. Rayleigh scattering transfers no energy to charged particles.

*Refer to the Appendix tables for required coefficients.
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3.

10.

11.

12.

82/6, since all electrons are assumed to be unbound and to have the same in-
teraction cross section.

At

¢ = 0° hv' = hp,
45°: hv' = 0.0486, 0.389, 1.293 MeV;
90°: Ar' = 0.0455, 0.253, 0.464 MeV;
180°: Av' = 0.0418; 0.169, 0.243 MeV.

Also compare with Fig. 7.3.

At 8 = 90°, T = O for all hv. For hv = 0.05 MeV, T = 1.39 x 10-3, 4.46
X 1077, and 8.18 X 107> MeV at§ = 65.5°, 42.3°, and 0°, respectively. For
hv = 0.5 MeV, T'=0.111, 0.247, and 0.331 MeV at § = 50.7°, 26.8° and
0°, respectively. ForAiv =3MeV, T=3.71,4.54, and4.76 MeV atf = 12.6°,
5.30°, and 0°, respectively.

0 = 2.112 X 10-% cm?electron; (a/p)c, = 0.0580 cm?g = 0.00580 m#/kg.

At

= 0.721 keV
= 14.5 MeV

20keV: T, = 1.45 keV,
20 MeV: T, = 19.75 MeV,
T = 10.8 keV; 7,/p = 0.99 m¥kg.
At

T
T

hv = 2 MeV: T = 0.489, 0 MeV.
hv = 20 MeV: T = 9.49, 6.33 MeV.

Photoelectric: 1.00 X 10'®: Compton: 1.793 x 10'°; pair: 2.556 X 107 Ray-
leigh: =6 X 10,

Photoelectric: 9.6 X 10° J; Compton: 1.72 x 107 J; pair: 2.46 X 107 J; Rayleigh:
6 x 104].

Photoelectric: 9.5 X 10° J; Compton: 1.11 x 107 J; pair: 2.04 x 107 J; Rayleigh:
0.



