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Problem 1
a) (2 pts) The winds transfer momentum, ’wind stress’, from the atmosphere
to the ocean. The wind stress acts like friction that drives currents directly in the
top tens of meters of the ocean. The wind stress is (partially) balanced by the
Coriolis accelleration and the net result is a surface ’Ekman transport’ directed
90 degrees to the right (left) of the wind stress in the northern (southern)
hemisphere.

Convergences (divergences) of the Ekman transport redistributes mass in
the upper ocean and can thus set up pressure gradients (from variations in the
sea surface height) that can driven geostrophic currents throughout the water
column.

b) (2 pts) Heat and freshwater fluxes through the sea surface can change the
density of the water. The density of the water then impacts the pressure at
depth via the hydrostatic relation which says that the pressure at a given depth
is given by the weight of the water above that depth; and this weight is a function
of density. Pressure gradients at depth given by variations in density, so-called
baroclinic pressure gradients, drive currents (e.g. geostrophic currents).

c) (2 pts) A thermohaline meridional overturning circulation is a form of
slantwise convection. The flow is ’driven’ by the tendency for light waters (cre-
ated by heating in equatorial regions) to rise above dense waters (created by
cooling at high latitudes). On a planetary scale this vertical redistribution is
associated with large-scale lateral or near-horizontal flows. Mechanially-driven
vertical turbulent mixing is required to ’pump’ the light equatorial waters down,
from where it can start to rise. The energy source of this vertical mixing is
thought to be the winds and the tides.
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Problem 2
a) (2 pts)

We set up steady-state budgets for the volume and salt in an estuary consist-
ing (for simplicity) of two layers. For river volume transport R into the upper
layer, volume transport Ti from the open ocean and into the lower layer, and
volume transport To to the open ocean from the upper layer, we have

R+ Ti = T0.

Then, assigning salinities Si and So to the lower and upper layers, respectively,
we get the salt budget

ToSo = TiSi,

which says that, in steady-state, the amount of salt being brought into the
estuary by the flow into the lower layer (from the open ocean) is equal to the
amount of salt being brought out in the upper layer. The river flow is assumed
to have a salinity of zero.

b) (2 pts) The equation shown indicates that the volume transport out of the
upper layer (and into the open ocean) is larger than the river flow if the lower
layer has a higher salinity than the upper layer (which is reasonasble). This
’estuarine amplification’ is caused by entrainment of lower-layer water into the
upper layer, and this entrainment is driven by turbulent mixing between the
layers.

c) (2 pts) To assess whether we can expect Earth’s rotation to impact the
flow in the estuary, we calculate the Rossby number

ϵ ≡ U

fL
=

10−1ms−1

10−4s−1103m
= 1.
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So we can expect the estuarine flow in this fjord to be impacted by Earth’s
rotation. But since ϵ = 1 we don’t expect the currents to be purely geostrophic
either.

d) (2 pts) In the southern hemisphere where f < 0, the Coriolis accelleration
is pointing to the left of the flow direction. So the surface from this Chilean
estuary would tend to flow out along the left ’wall’ of the estuary (where the
Coriolis accelleration would be partially balanced by the pressure gradient made
by the water being piled up there).

Problem 3
a) (2 pts) The two Rossby numbers compare the local and advective acceller-
ations terms to the magnitude of the Coriolis term. When both Rossby numbers
are very small (much smaller than one) the accellerations are small and the Cori-
olis term can only be balanced by the pressure gradient force (if friction is also
small). This balance between Coriolis accelleration and the pressure gradient
force is the ’geostrophic balance’.

Relevant scales for the bathtub swirl are T ∼ 10 s, U ∼ 10 cm/s,L ∼ 10 cm
and, finally, f ∼ 10−4s−1. With these scales we get ϵT ∼ 103 and ϵ ∼ 104. So
the Coriolis term (the effect of Earth’s roation) is negligible.

b) (2 pts) These are the ’termal wind’ equations that show how the geostrophic
currents vary with depth. They are obtained by combining the two geostrophic
equations (one for each horizontal velocity component) with the hydrostatic
relation. One takes the vertical derivative of the geostrophic relations and sub-
stitutes in the hydrostatic relation for the ∂p/∂z term (having interchanged the
order of derivatives).

c) (2 pts) Density is typically not measured directly but calculated from
observations of salinity, temperature and pressure (via the equation of state).
Salinity is also a quantity derived from observations of water conductivity (which
also depends on temperature and pressure). Today we typically measure tem-
perature, conductivity and pressure with CTD probes that are lowered from
ships.

d) (2 pts) The thermal wind relations only give the vertial derivative of
geostrophic currents. To find the currents we would need to integrate these
equations over a depth range. The integration leaves an integration constant,
the current at either the starting or ending depth of the integration. And this
current must be found by other means.

e) (2 pts) The traditional way to solve the problem has been to assume a ’level
of no motion’ at some great depth, i.e. to set the integration constant to zero. A
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better choice would be to actually measure the flow strength at the starting (or
ending) depth of the integration, either by some form of current meter or e.g. by
satellite altimetry from which we can calculate surface geostrophic currents.

Problem 4
a) (2 pts) Integrating the non-geostrophic part from some depth zE to the
surface (we assume this is at z = 0) gives

−fVE = −f

ˆ 0

zE

vEdz =

ˆ
∂τx

∂z
dz = τxw − τxzE ,

fUE = f

ˆ 0

zE

uEdz =

ˆ
∂τy

∂z
dz = τyw − τyzE ,

where τw is the wind stress at the surface and τzE is_ the stress at zE . If we
now chose zE to be the depth where the stress from the wind vanishes, we are
left with

VE = −τxw
f
,

UE =
τyw
f
,

indicating that the depth-integrated Ekman transport is to the right of the wind
stress in the northern hemisphere (f > 0) and to the left of the wind stress in
the southern (f < 0).

b) (2 pts) For
βV = ∇× τw −Rζ,

β is the meridional gradient of the Coriolis parameter, V is the meridional
(south-to-north) depth-integrated volume transport, τwis the wind stress vector,
ζ is relative vorticity and R is some bottom friction parameter. The equation
says that a water column that experiences a net stress curl (the surface curl
minus the bottom curl) changes its total vorticity (rotation) by moving north or
south on the planet (since the Coriolis parameter f varies with latitude). This is
essentially the figure skater that changes its rotation when it experiences expe-
riences external rotational forces. In the ocean interior, away from boundaries,
one believes that the balance is between the ’beta’ term and the wind stress
curl, what is called the ’Sverdrup balance’.

c) (2 pts) We consider a situation where the Sverdrup flow is southward,
so that the return flow near a boundary needs to be northward. Then, in the
boundary layer, βV > 0. For bottom friction to balance this, we must have
ζ ≃ ∂v/∂x < 0. This is only possible in a western boundary current as shown
in the figure:
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d) (2 pts) Yes! If the planet rotates the other way we will have β ≡ df/dy < 0.
The arguments used in c) above would lead to the conclusion that the return
flow would need to have ζ > 0, which it would have if located on the eastern
side of the ocean basin.

Problem 5
a) (2 pts) For deep-water waves, we have H/λ ≫ 1 or kH ≫ 1. In this limit
tanh (kH) ∼ 1 and we get ω =

√
gk. For shallow-water waves we have H/λ ≪ 1

or kH ≪ 1. In this limit tanh (kH) ∼ kH and we get ω = k
√
gH.

b) (2 pts) The phase velocity in the x-direction is c ≡ ω/k. So we have

c =
√

g/k, deepwater

c =
√

gH, shallowwater

Deep-water waves are called dispersive since the phase velocity is wavenumber-
dependent. Waves having different wavenumbers (hence different wavelengths)
propagate with different speeds. An initial disturbance of the sea surface can
be described by a ’Fourier series’, a weighted sum of waves of all different kinds
of wavelengths. Since each wavelength would travel (away from the initial dis-
turbance) at different speeds, with long waves travelling faster, the disturbance
would soon loose its original shape. The phase speed of shallow-water waves
does not depend on wavenumber, so all wavelengths travel propagate with the
same speed. The disturbance would not ’disperse’ but propagate while retaining
its shape.

c) (2 pts) A useful definition of wind sea is waves that are directly forced
(driven) by the local winds because the wind speed is faster than the waves,
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thus accellerating the waves. Swell are waves that travel faster than the local
winds so that, if anything, it is actually the waves that are accellerating winds.
The swell usually has long wavelengths (since these travel the fastest).

d) (2 pts) As the swell approaches a coast it starts to behave as shallow-water
waves when the bottom depth gets comparable or smaller than the wavelength.
For waves that approach a coastline and are not having wavecrests parallel to
the coast, the depth-dependent phase velocity will tend to bend the wave crests
(the parts further away from the coast travelling faster) back to being parallel
with the coast.

Problem 6
a) (2 pts) The gravitational force of the moon (and the sun) on water parcels
on Earth is inversely proportional to the square of the difference. Relative to
the mass center of Earth, water on the side closer to the moon experiences a
stronger pull while water on the side farther away from the moon experiences
a weaker pull. The ’equilibrium’ response is two tidal bulges, as shown in the
figure:

b) (2 pts) When the moon, sun and Earth sytem align along a line, the
gravitational pulls of the moon and the sun act together to create two extra
strong tidal bulges (see figure, top). This is a period of ’spring tides’. When
the moon, sun and Earth system align at right angles, the pull from the moon
and sun counter each other to create weaker than normal bulges (see figure,
bottom):
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c) (2 pts) The equlibrium theory of tides assumes that the oceans were able
to react and adjust instantaneously to the varying tidal forces. But we know
that the ocean adjusts to forcing as waves, so the response is not instantaneous
(the wave speed for these shallow-water waves is finite, going as

√
gH). The

waves, of course, are impacted by continents and variations in depth.

d) (2 pts) Poincare waves have a minimum frequency ωmin = f. But f =
2Ω sin θ increases with latitude. So there are latitudes where f is higher than
the frequencies of certain tidal constituents. So those tidal constituents cannot
propagate freely as Poincare waves. They can however continue to propagate
as Kelvin waves (along coasts).
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