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PREFACE

These notes are directed towards Master students in Mébggrand Oceanography at the
University of Oslo, Oslo, Norway following the course GERE5'Fundamentals of Atmospheres
and Oceans on Computers”. We also hope they are of intereghéws with an interest in the
basic methods we use to put the atmosphere and the ocean putess

The notes are based on earlier notes used by the authorgtd tha two independent courses
GEF4230 “Numerical models of the atmosphere” and GEF462@niskrical methods to solve
oceanographic problems”. Many of the basic methods we useinmerical oceanography and
meteorology are originally developed within the meteogatal community. Most of these are
now adopted and widely used also in the oceanographic cointynlihus we found that it was
time to melt the two courses into one. A further rationaléhis tact that the atmosphere and the
ocean is inherently a coupled system, perhaps most eviddnhuhe field of climate modeling.
We therefore feel its important that the students, whethey tvant to become meteorologists or
oceanographers, obtain a basic knowledge of the numeriedads used within both commu-
nities. In particular this is important for future sciertsisvho want to study climate and climate
change. Be that as it may, atmospheres and oceans on comutgre of the most important
tools in contemporary meteorology and oceanography. ltesefore essential for everyone who
ventures into these fields and those who aspire to becomeeanroktgist or an oceanographer
to have an insight into the fundamental methods used to deveimerical oceanographic and
meteorological models.

Although the numerical methods used are to a large exterddhee, there are methods and
techniques that are unique to each field. It is thereforesszoyg to offer additional courses for
those who will use a numerical model as their essential ®wth courses are however directed
towards Master and Ph.D. students who need to know the aegenethods used in either Me-
teorology or Oceanography.

These notes were written during the fall semester of 200Whath time this course was
offered for the first time. Although it is being compiled byeoaf us (LPR) there are also impor-
tant contributions made by second author (TEN), most netabttions covering topic peculiar
to meteorology. One of the auhors (LPR) would also like teeergthis appreciation to Prof. Ja-
mes J. O'Brien, now distinguished professor emiritus atRlwegida State University, USA and
former director of the Center for Atmospher-Ocean Preditdi (COAPS) for introducing him
to numerical methods to solve oceanographic problems. Aflthe material covered in these
lecture notes is extracted from his lectures at FloridaeStite authors would also like to extend
their appreciation to Dr. Arne Bratseth, former profesddha University of Oslo now deseased,
for using material covered in his lecture notes on “Numérmidanosphere Models” (previously
GF322). Finally, we would like to extend our thanks to the gnatudents who has pointed out
misprints and errors in earlier versions and this versiotneflecture notes.

Blindern, September 20, 2007

Lars Petter Rged and Thor Erik Nordeng (sign.)
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Displayed is a commonly used grid when employing nuraénethods to solve
PDEs. The points in the, y directions are incremented kyzx, Ay, respectively,

so that there are a total dfpoints along the-axis andK points along the-axis.

The points are counted by using the dummy countets. . . . . ... ... .. 11

Displayed is the employed grid we use to solve (3.1) byenoal means. The

grid points in ther, ¢ directions are incremented lyz, At, respectively, so that
there are a total of points along the:-axis andNV points along the-axis. The
points are counted by using the dummycoungers . . . . . ... .. ... .. 19

Displayed are solutions of the diffusion egaution ushgscheme (3.4) for re-
spectivelyK = kAt/Az? = 0.45 (left panel) andK” = 0.55 (right panel). The
solutions are shown for the time levels= 0, n = 50 andn = 90. Note the saw
tooth like pattern in the right panel far = 90 not present in the left panel. This
indicates that the stability condition (3.31) is violated f{ = 0.55, but not for

Sketch of the characteristics in thet plane. Foru = uy, = konstant> 0 the
characteristics are straight lines sloping to the the night ¢ space as shown. If

x = L demarks the end of the computational domain, then all in&dion about

the initial condition is lost for times such thatfor-¢.. . . . . . .. .. ... .. 42

Sketch of the method of characteristics. The distantvedss the grid points are

At in the verticalandAz in the horizntal direction. The slope of the solid line
throughy, n is derived from (4.21) and is given hiy'«. The point labelled) is
therefore a distanceAt away fromz;. If uAt > Az then the point) is located
totheleftofz; ;. . . . . .. .. ... 43
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4.3 Numerical dispersion for the leapfrog scheme. The cudapicts the numerical
pahse speed as a function of the wavenumber based on (4r3darfous va-
lues of the Courant numbér = uAt/Ax. The vertical axis indicates the phase
speedc normalized by the advection speedThe horizontal axis indicates the
wavenumber normalized by/ Az whereAx is the space increment or the grid
size. The analytic dispersion curve is just a straigt lineesponding to the pahse
speed: = u, thatisc/u = 1. Note that as the wavenumber increases (that is the
wavelength decreases) the numerical pahse speed deviatesand more from
the correct analytic phase speed for all values of the Coumamber. For wave
numbers which giveaAz /7 > 0.5, that is for waves of wavelengths< 4Ax
the slope of the curves indicates that the group velocitegative. Under these
circumstances the energy is propagating in the opposietitin of the waves. . 46
4.4 Displayed is an example of the diffusion inherent in tpgvind scheme. The
solid curve shows the initial distribution at time level= 0, while the dot-dash
curve (red) shows the distribution at time lewvel 200. The Courant number is
C = 0.5. Cyclic boundary condiions are used at the boundaries ofdhgputa-
tionaldomain. . . . . . . . .. a7
4.5 Eksempel pa oppstramning av den numeriske diffusjoeeinbvuk Smolarkie-
wicz metode MPDATA. | begge panelene viser den heltruknets\aurven in-
tialtilstanden (tidsskritt. = 0). Den rgde punktumlinjen viser lgsningen etter
n = 200, den grgnne stiplet etter = 400 og den bla stiplet-punktum linjen
lgsningen etter. = 800. Courant tallet er i dette tilfellet satt tI' = 0.5. Dvre
panel viser Ilgsningen med en skaleringsfaktofpé& 1, mens nedre panel viser
lzsningen dersom skaleringsfaktoren gkes'ti= 1.3. Pa rendene er det brukt
sykliske (eller periodiske) betingelser (jmf. ogsa Oppgé\v oppgaveheftet). . . 51

5.1 Visulisering av omrade hvor skjemaet til Ilgsning av dehkinerte adveksjons-
diffusjonsproblemet er stabilt. Omradet innenfor detIstip rektangelet er der
hvor adveksjonsdelen og diffusjonsdelen er stabile hvesdég. Omradet innen-
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sentrert i rom skjema for diffusjon far vi en strengere bgéilse for stabilitet. . . 61

7.1 Upper panel shows the Earth’s surface covered by a 2 elegesh. Lower panel

shows a similar mesh of 30 degrees mesh size. The figure cemggrillustrates
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the Rossby radius of deformation. . . . . . ... ... .. ... ... ... 71
7.2 Sketch of the mesh in thex plane close to the right-hand open boundary. The
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7.3 Skisse av FRS sonen, beregningsomradet og de tilhgteltete. . . . . . . . . 80



Kapittel 1
INTRODUCTION

1.1 The governing equations

In the atmosphere and ocean the most prominent dependéatblearare the three components
u, v, w of the three-dimensional velocity?, pressurep, densityp, (potential) and temperature
6. For the atmosphere also humidifyand cloud liquid water conter, must be included, and
regarding the ocean the salinity must be included. Except for the velocityit is common

to refer to the remaining unknowns as state variables. Terawhe these unknowns we need
an equal number of equations, normally referred to as thateaps that governs the motion of
the two spheres atmosphere and ocean, or simply the gogeequiations. Note that the state
variables are scalars while the velocity is a vector. Theestariables are therefore examples of
what is usually referred to as tracers. Some of them, likesitigrpressure, salinity, temperature
and humidity, are active tracers in the sense that they infe¢he motion, while others are
passive. An example of the latter is any dissolved chemmalponent or substance that passivly
follows the motion.

As is common when making a mathematical formulation of a @layproblem, the governing
equations are developed based on conservation principlesy case the conservation of mass,
momentum, internal energy and tracer content (or traceceaination). For the atmosphere and
ocean the governing equations in their non-Boussinesq e

op+V-(pv) = 0 (1.2)
Oh(pv) + V- (pvv) = —20Qxv —Vp+pg—V-(pF) (1.2)
O(pCi) + V- (pCiv) = =V (pFi) +pS; i=12,-- (1.3)
p = plp,C1,Cx) (1.4)

where the tracer§; represent any of the above state variahf€g;, F; are flux tensors represen-

1The velocity is a vector which is normally referred to as thiadwector in the atmosphere and the current in
the ocean

2In the following bold upright fonts, e.gy;, are used to denote a vector, while bold special italic foatg.,F,
are used to denote tensors

3See for exampl&ill (1982) orGriffies (2004)



1.2. THE HYDROSTATIC APPROXIMATION KAPITTEL 1. INTRODUCT®ON

ting the processes of turbulent mixing of momentum and teaaespectivelys? is the Earth’s
rotation rate g is the gravitational acceleration aiglis a tracer source. The operatgris the
material derivativé that is,
The first of these equations (1.1) is the conservation of mE®s second (1.2) constitutes the
conservation of momentum, while the third (1.3) is the trammnservation equation. The fourth
and last (1.4) is the equation of state. We note that exceptdéoequation of state these equations
are all partial differential equations or PDEs.

It should be noted that in the atmosphere the equation ¢f &dinear and follows the ideal
gas law, that is,

p = pRO (1.6)
whereR is the gas constant. In the ocean, however, no such simplgrekexists. For the ocean
it is a highly non-linear relation between the state vagalpressure, density, temperature and
salinity, which in general cannot be expressed in a formalydit closed form. It is common to
visualize the equation of state for the ocean in a so call&ldlagram where the salinity is
drawn along the horizontal axis while the (potential) terapgred is drawn along the vertical
axis as shown in Figure

1.2 The hydrostatic approximation

In the atmosphere and ocean the horizontal scales of thendotinotions are large compared
to the vertical scale. As a consequence the vertical aat&lar Dw/dt, is small when compared
to the, e.g., the gravitational acceleration Thus the vertical momentum eqution is replaced
by the hydrostatic equation in which the gravitational d&@ion is balanced by the vertical
pressure gradient only. When one solves this reduced sybemodel is said to bleydrostatic
and the motion is said to satisfitee hydrostatic approximatioo illustrate this we first write
down the vertical component of the momentum equation udir®) (that is,

(pw) + V- (pwv) = =0.p — pg — V - (pF},), (1.7)

where FY; is the vertical vector component of the mixing tensor. In snaases, but not all,
the vertical velocity and its associates acceleration $e¥tpw) andV - (pwv) are small and
the latter can safely be neglected compared to the grauit@tiacceleration. Since the vertical
motion is small compared to the horizontal motion also thetiém term may be neglected. Under
these circumstances the vertical momentum equation redace

9:p = —py, (1.8)
which is the hydrostatic equatidnlThe horizontal component becomes
0i(pu) + Vi - (puu) + 9. (pwu) = —pfk x u = Vyp — Vi - (pF ) (1.9)

4Also referred to as the individual derivative
5The name is based on the fact that in a fluid left at rest, itaticsin the gravitational field also satisfies this
equation
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whereVy = id, + jo, is the horizontal component of the three-dimension delaipe, f =
2Q sin ¢ is the Coriolis parameter whetrgis the latitude and? is the Earth’s rotation rate, and
F1I is the horizontal component of the three-dimensional flusste due to turbulent mixing.
The tracer equation is left unchanged, but as in the momeptumation we may single out the
vertical acceleration term and thus write

O (pCi) + Vi - (pCiu) + 0.(pCiw) = =V - (pF;) + pS; i =1,2,---. (1.10)

1.3 The Boussinesq approximation

One common approximation employed in ocean models is theakedBoussinesq approxi-
mation One fundamental basis for this approximation is the faat the ocean, in contrast to
the atmosphere, is nearly incompressible. This means anhatrfy parcel of fluid the change in
density is small with respect to the density itself, that is,

1Dp Dlnp

[ — ~ 0

p dt dt
Under the Boussinesq approximation this approximatioakemn as an equality. The mass con-
servation equation (1.1) then reduces to

(1.11)

V.v=0. (1.12)

As a consequence the Boussinesqg ocean is not allowed toelitanglume, but is free to
change its density and mass. This is in contrast to a nond&oegocean which is not allowed to
change its mass, but is free to change its density and vollini€has an important impact on the
Boussinesq ocean’s ability to expand due to heating. Hgatiparcel of fluid in a Boussinesq
ocean entails that its density is decreased while its volismeaintained. Thus no expansion
is allowed, but to maintain its volume when heated the padamate mass. This is of highly
unrealistic.

The reason why the Boussinesq approximation is still widedgd in the ocean modeling
community, despite the Boussinesq fluid's inability to exgpalue to heating, is the fact that
we allow the hydrostatic pressure to change when the decdsétyges. Thus under the Boussi-
nesq approximation the density is treated as a constanpewten it appears together with the
gravitational acceleration.

Under these circumstances the momentum equation (1.2ji&sco

ou+V-(vu)=—fkxu—p;'Vgp— Vg - Fi. (1.13)
wherep, is a reference density. Similarly the tracer conservatmumegion (1.3) reduces to

fori = 1,2,---. Finally we note that for particular phenomena in the atrhesp and oceans
even further approximations may be invoked so that the gongrequations (1.1) - (1.4) reduces
to the fairly “simple” shallow water equations as given ircéen 1.6.

3



1.4. PDES KAPITTEL 1. INTRODUCTION

Finally we note that the introduction of more and more sifigdtions sometimes complica-
tes the numerical problem. For instance the fairly populgidrlid approximation implies that
the equations must be solved globally rather than locatigesthe solution at one point not only
depends on its nearest neighboring points, but in fact dépen all the points within the com-
putational domain. We will come back to this fact in Sectiob helow when treating elliptic
problems, since the rigid lif approximations requires thrigon to an elliptic equation for each
time step.

1.4 Partial differential equations

Thus we observe that when solving the governing equationthéoatmosphere and ocean we
are fundamentally concerned with solving a set of equatrefered to as partial differential
equations (PDEs). In general a PDE may be written

ad2,0 + 200, 0y 0 + c0;,0 + 2d0 0 + 2e8,,0 + [0 = g. (1.15)

Here 0./, 0, denotes differentiation with respect to the independenabites¢, n, while § =
6(¢,n) denotes the dependent variable. The coefficients.., g are in general functions of the
independent variables, that is, = a(¢,7n), etc. Note that there is no physical interpretation
associated with either the independent or the dependeiatoles. ThusS og n represents any
independent variable, for instance time or one of the spa#iaables, whiled represent any
dependent variable, for instance velocity, pressure,itesslinity, humidity or a general tracer.

1.5 Elliptic, parabolic and hyperbolic equations

If »> — ac > 0 then the roots of (1.15) are real and distinct. The corredjpenPDE is then
hyperbolic The classic example is the wave equation,

0} — 020 = 0. (1.16)

To derive (1.16) from (1.15) we lat = 0, = t,n = x,and leta = 1,b = 0, ¢ = —c3,
d=e= f = g=0.Then follows that’ — ac = 0 — (—c3) = ¢4 which indeed is positive.
By defining
O = 0, — coDutd (1.17)

we note that the wave equation (1.16) becomes
0P + g0, P = 0. (1.18)
Sincec is a constant (1.18) may be written
8, ® + 0, (Pcy) = 0. (1.19)

This equation, which is commonly referred to as #avection equationis a actually a one-
dimensional version of (1.14) with replaced by:i and a zero on the right-hand side. Thus the

4



KAPITTEL 1. INTRODUCTION 1.6. THE SHALLOW WATER EQUATIONS

advection equation is of fundamental importance in the riiongeof atmospheric and oceano-
graphic motions. It also indicates that the equations gomgratmospheric and oceanographic
motions are inherently hyperbolic.

If b — ac = 0 then the corresponding PDEpsrabolic The classic example is tiffusion
equationor the heat conduction equation,

0,C' = k02C, (1.20)

wherex is the diffusion coefficient (heat capacity). To arrive a2() from (1.15) we let =
r,m=tia=1b=c=d= f=g=0,ande = 1/2. Equation (1.20) is a simplification of the
full three-dimensional diffusion equation

8,C=V-(K-VC)=-V-F¢ (1.21)

whereFo = —K - VC is the diffusive flux vector andC is a matrix (dyade) describing the
conductive efficiency of the medium with regard to the traCeiThusK = knimjn, m,n =
1,2, 3. To retrive (1.20) we simply let,; = x andk,,, = 0 for m # 1 ogn # 1 and assume
that s is constant. Let us for a moment assume that the atmosph@eean is at rest, that is,
v = 0 and that there is no sources for the tracgr= 0). Then (1.14) reduces to (1.21), which
implies that also the diffusion balance is of fundamentgamance when solving atmospheric
and oceanographic problems. Hence atmospheric and oagag@hagmotions are inherently both
parabolic and hyperbolic.

Finally, if > —ac < 0then the roots of (1.15) are imaginary, distinct, and comptmjugated.
The corresponding PDE is thetliptic. The classic example is Poisson’s equation,

Vo =020+ 02 = g(z,y), (1.22)
where agairV g is the two-dimensional part of the three-dimensional delrapor. We arrive at

this equation by letting = x andn = y in (1.15), and by letting =c=1andb=d = e =
f = 0. Other examples are the Helmholtz equation and the Laplgeation, that is,

Vo + flz,y)o = g(z,y), (1.23)

V36 =0, (1.24)

respectively.

1.6 The shallow water equations

A very common set of equations in meteorology and oceanbgrape the so called shallow
water equations. We may derive these equations from thergiogeequation (1.1) - (1.4) by

making some assumptions. First we assume that the denisityniform in time and space. Next
we assume that the hydrostatic approximation is valid, Bed tve integrate the equations from

5



1.7. BOUNDARY CONDITIONS KAPITTEL 1. INTRODUCTION

bottom to top. Then letting the depth of a fluid column be dedat the governing equations
become

Jgu+u-Vyu+ fkxu = —gVyh, (1.25)
Oh+Vy-(hu) = 0, (1.26)

which is commonly referred to as tsballow water equationsiereu, v are the two components
of the horizontal velocity vecton along, respectively, the andy axis, f = 2Qsin ¢ is the
Coriolis parameter wher@ is the Earth’s rotation rate anglis latitude, andy is the gravitational
acceleration. We may linearize these equations by assuimértpe deviation of height of a fluid
column is small compared to its equilibrium degih that is,(h — H)/H < 1. Then follows

ou— fv = —go,h, (2.27)
v+ fu = —goyh, (1.28)
oh+ Hoyu+ Hopv = 0. (1.29)

By first using (1.27) and (1.28) to find v as functions oh, and then substituting the results into
(1.29) we obtain
(0} + f2 — gHV%)0,h = 0. (1.30)

Integration in time then yields
(02 + f2 — gHV2)H = 0. (1.31)

Here we have usetdl = H + A’ and have assumed that = 0 at timet = 0. If we in addition
assume that the motion is independent of one of the depeudeableses, say, we get

(0 + f2 — gHO*)HW = 0. (1.32)

We note that (1.31) is hyperbolic ihx (and int,y), but elliptic in z,y. Thus, we note that
although the steady state solution to (1.32) is elliptie, time marching problem is inherently
hyperbolic.

The governing equations that describe the time evoluticaatrobsperic and ocea-
nographic motion is fundamentally hyperbolic. It is img@ort that we keep this in
mind when developing numerical methods to solve atmospaed oceanographic
problems.

1.7 Boundary conditions

As is well known the solution of any PDE contains integrattmmstants. The number of inte-
gration constants is determined by the order of the PDE. i&iance integrating the set (1.27)
- (1.29) (or eq. 1.30) in time gives three integration contawhile integration in space gives
another four integration constants (twoanand two iny) for a total of seven. Thus we need

6



KAPITTEL 1. INTRODUCTION 1.7. BOUNDARY CONDITIONS

seven conditions to determine these constants. This isastheboundary conditionsomes in.
We emphasize that the number of boundary conditions neadegkactly the same as the num-
ber of integration constants, no more no less. If we speoidyrhany boundary conditions we
overspecify the system, and if we specify too few resultimiaderspecified system.

It is imperative that this is followed when we make use of nuoa methods to solve our
problems. The computer always produce numbers. If we ovesnderspecify our system, the
computer will still produce numbers that may even look iadj but they are nevertheless wrong.
The reason is that the solution to any problem is equally déget on the boundary conditions
as on any other forcing.

To determine for instance the solution to the elliptic Porsgquation (1.22) we need four
boundary conditions, two im and two iny. To determine the solution to the diffusion equation
(1.20) we need three boundary conditions, twa:iand one in time. Finally, to determine the
solutions to the wave equation we need a total of four commitio determine the four integration
constants, namely two ihand two inz. As we increase the dimensions of the equation we
note that the number of integration constants increasestargldalso the number of boundary
conditions needed.

There are essentially two types of boundary conditions gy to the class ohatural
boundary conditionshamely

1. Dirichlet conditions

2. Neumann conditions.

Most other boundary conditions are just combinations o$¢hé natural boundary condition is
one which is dictated by the physics of the problem.

As an example we note that the wind in the atmosphere or threrduin the ocean cannot
flow through an impermable wall. Formulated mathematictilly condition imples that

n-v=0 (1.33)

at the wall, wheren denotes the unit vector perpendicular to the wall. This sa classic
example of a Dirichlet type boundary condition, which isteanount to specifying the variable
itself at the boundary (in this case no flow through the bouwy)da

Another example of a natural boundary is an insulated boynddne natural condition
dictated by the physics is that for the boundary to be insdléhere can be no heat exchange
across the boundary, that is, the diffusive flux of heat tglothe boundary must be zero. In
mathematical terms this is written

n-Fy=0, (1.34)

whereF, = —xV40 is the diffusive heat flux vector. Thus (1.34) is the same &sgifgng the
gradient(in this case a zero gradient) at the boundary, which is thesat example of a Neumann
condition.

As alluded to the two conditions may be combined to give otfa¢ural boundary conditions.
One is the so called Cauchy condition or “slip” conditionr Fstance consider a flat bottom or
surface at = —H (or z = 0) at which we give the following condition

vo,bu=Cpu ; z=-—H, (1.35)
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wherev is the vertical eddy viscosity is the horizontal component of the current (or wind), and
Cp is a drag coefficient (more often than not the latter is a Gyt

Other common bounary conditions are cyclic or periodic larmg conditions. A periodic
boundary condition is one in which the solution is specifizthé¢ periodic in space, that is, that
the solution repeats itself beyond a certain distance. @mesiodic boundary condition infor
a given tracer concentratiari(z) would be

C(z,t) = Clx + X, 1), (1.36)

where X is the distance over which the solution repeats itself. Siariditions are commonly
in use when solving problems where the atmosphere or ocean&dered to be contained in
a zonal channel bounded to the south an north by a zonal wathel longitudinal direction the
solution is then dictated by physics to naturally repeafitsvery 360 degrees.

1.8 Taylor expansion

The basis for all numerical finite difference methods is #itgood” functions can be expanded
in terms of a Taylor series. A good function is simply one fdrieh the function itself and all
its derivatives are continuotisOne characteristic of a good function is that it can alwags b
expanded in a so called Taylor series. Another is that it @arepresented by an ininite sum of
orthonogal functions such as for instance trigonometmcfion (Section 1.11).

Consider the functiof(z, t) to be a good function. Then we may use a Taylor series expan-
sion to find the values df atz + Az andx — Az, that is,

O(z + A, t) = 0(z,t) + 0.0(w, t) Az + %age(x, t)Ax® + éaﬁe(x, t)Ax® + O(Az*) (1.37)

0(z — Az,t) = 0(z, 1) — D,0(x, ) Az + %age(x, HAZ? — %629(:1:, DA + O(AzY) (1.38)

By subtracting (1.38) from (1.37), and then do some suitatdaipulation the first derivative of
6 at the pointx, t) in time and space may be written

0 Az, t) — 0(x — Az, t
D0(z,1) = B HABY — 0@ =AY |y o) (1.39)
2Ax
We may also choose to solve (1.37) directly with respectéditist derivative. Then we obtain
0(z + Az, t) — 0(x,t)
Ax
Expression (1.39) and expression (1.40) above may alsodzetadormulate possiblinite
difference approximationsf the first derivative of) with respect tor, that is,
O(z + Az, t) — 0(x — Az, t)
2Ax

5This definition is somewhat different from the one offeredhie little known but enlightning book by M. J
Lighthill entitled “Good functions”

0,0(x,t) = +O(Ax) (1.40)

[0:0]¢ = (1.41)




KAPITTEL 1. INTRODUCTION 1.8. TAYLOR EXPANSION

O(z + Az, t) — 0(z,t)

(0,0, ~ A (1.42)
T
Instead of (1.37) we may also use (1.38) to formulate an agpmiation, that is,
— - A
(020121 ~ bla,t) = O = Az, ) (1.43)

Ax

We note that while (1.41) is centered on the spatial pei(tt.42) and (1.43) are one-sided. The
approximation (1.41) is therefore denotedemtered approximatigiwhile (1.42) and (1.43) are
denoted dorward, one-sided approximaticand abackward, one-sided approximatioespec-
tively, or simply forward and backward approximations.

We may perform exactly the same calculations based on Taglogs expansion to arrive at
finite difference approximation for the derivatives in timd-or instance by expandirtgin time
we get

O(z,t + At) = 0(x,t) + 0,0(x, t) At + %afe(a;, tAL + %afe(x, AL + O(AtY), (1.44)

O(z,t — At) = 0(z,t) — 0,0(x,t) At + %afg(x, t)At* — é@f@(m, AL + O(At*).  (1.45)

To construct a centered finite difference approximatiom#otime rate of change éfwe simply
subtract (1.45) from (1.44) to obtain

O(z,t + At) — 0(z,t — At)
2At

Similarly we may construct approximations to higher orderhtives. For instance to find a
centered finite difference approximation to the secondraddevative off with respect tor we
first simply add the two Taylor expansion (1.37) and (1.38)it@

A -2 —A
520(x. 1) — O(x + Az, t) —20(x,t) + 0(z x,t) L O(Ar?). (1.47)
Ax?
Then by neglecting terms of higher order in (1.47) a finitésdl#nce approximation to the second
order derivative is

[ate]:c,t ~

(1.46)

O(x + Ax,t) — 20(x,t) + 0(x — Ax,t)
Ax?

Since this expression gives equal weight to the pointsAz andx — Az, that is, to the points
on either side of;, the approximation is centered. Like in (1.41) we note thatrteglected terms
are of OAx?). This is in contrast to the forward and backward approxioraiin which the
negelected terms where @f(Ax). Thus the centered approximation appears to share the fact
that the neglected terms are of higher order than the oregtsigproximations.

As displayed in (1.46) we may in a similar fashion formulateté difference approximations
to any higher order derivative with respectitor and other spatial independent variables. As is
becoming more common in modern codes is also that we may fatenbigher order approxi-
mations where the terms neglected in the Taylor series eipaareO(Axz") wheren > 3.

(020, ~ . (1.48)

9
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1.9 Truncation errors

As alluded to the main difference between the one-sided antered difference approxima-
tions is the order of the terms neglected when making thecopation form the Taylor series
expansion. While we neglected terms@fAz?) when using the centered finite difference ap-
proximation, the terms we neglected when using the onedsigproximation wa®(Ax). Thus
the centered finite difference approximation is more adeuttzan the one-sided finite difference
approximation. While the centered finite difference appration has an error of second order,
the one-sided finite difference approximation has an erfdirst order. Since the error is a di-
rect consequence of neglecting higher order terms in a Tagldes expansion, we often refer to
this error aghe truncation errorin that the series is truncated when making the finite diffeee
approximation.

As shown in Exercise 3 we may also use the Taylor series exgatssconstruct finite diffe-
rence approximations that are truncated to a higher ordettars are even more accurate. Such
approximation are usually callddgher order schemesr higher order finite difference approxi-
mations. We note from (1.58) that when constructing suchiagmations we have to include
points that are a distan@a\x away from the point. Although we desire our approximations to
be as accurate as possible we emphasize that higher oredanesthave other potential compli-
cations associated with troubles at boundaries, highesraoimputational modes in space, and
a more stringent instability criteria.

Finally, we emphasize that when the problem is multi-dinn@mas it is important that the
finite difference approximation in all spatial direction® druncated to the same order. As an
example consider a line wave propagating in space. The oalytw ensure that the numerical
solution then has the same accuracy regardless of the @tpaglirection of the wave is to use
finite difference approximations that have the same acguakng all axes.

1.10 Notations

When solving a PDE using numerical methods, and in partiduigte difference methods, it
is common to define a grid or mesh which covers the domain owéchwthe solution is to be
found. As an example let us consider the Poisson problem etnais| assume that we seek a
solution within a quadratic domain wherey both starts a and ends aL. As is common we
start by covering the domain by a quadratic mesh as displayEdyure 1.1. We keep track of
the grid points in the mesh by counting along thaxis and the-axis, respectively. There arke
points along the-axis andK points along the-axis. To count the points we use dummy indices
for instancej along ther-axis andk along they-axis. The pointt = 0 along thez-axis is then
associated withh = 1, while the pointr = L along thex-axis is associated with the = J.
Similarly is the pointy = 0 associated witlk = 1 and the pointy = L with k = K’. Thejth
point along thec-axis is thenr = =; where the subscript refers to the value foat the;th point

’FORTRAN 90/95 tillater ogsa at dummytellereneg k kan starte p&. Dersom dettte brukes vil; = jAx
ogyr = kAy slik atzg = yo = 0 mense; = yx = L som fgr. Derav faglger ahx = L/J, 0gAy = L/K

10
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along ther-axis. Similarly we lety = y;, be associated with thieth point along thej-axis. The
coordinates of the grid is then given by, y.

Y=Yk k
k—1
3
2
j=1 2 3 j—1 35 541 J—=2J-1 J
r=20 T =Tj rz=1L

T

Figur 1.1: Displayed is a commonly used grid when employingharical methods to solve
PDEs. The points in the, y directions are incremented hyx, Ay, respectively, so that there
are a total of/ points along the:-axis andK points along theg-axis. The points are counted by
using the dummy countersk.

The distances between the points along tkexis andy-axis is Az and Ay, respectively.
Then thejth point along ther-axis andkth point along thej-axis are

respectively, from which follows; = y; = 0 andz; = yx = L. Note that the latter gives
Arx=L/(J—-1), Ay=L/(K—-1), (1.50)

11
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respectively. It is also common to use the notatignto denote the value of the variatdlér, y)
at the grid point;, y;. Thus

O30 = (a5, ye) = 01(j — DA, (k — 1)Ay]. (1.51)

Furthermore follows that

6y = (s i) = 01(j — 1)Aa, (k — 1)Ay] (1.52)
Oj—1k = 0(xj—1,yx) = 0(j — 2)Az, (k — 1)Ay] (1.53)
Ojkrr = 0(xj, yur1) = 0[(j — 1) Az, kAy] (1.54)

To discriminate between spatial and temporal variables Weag is common, henceforth use a
superscript when counting time. Thus we use the notation

t"=(m-1At, n=1,2--- (1.55)

when counting time, wherAt is the time step and is the time counter. Thus the variailer, ¢)
at the pointz;, t" in space and time is written

07 = 0(x;,t") = 0[(j — 1)Az, (n — 1)At] (1.56)

J

Finally we note that when the variable is four-dimensiohal hotion we use is

anl = 0(.77], Yk, 21, tn) (157)

J

hvorz, = (I — 1)Az.

1.11 Fourier series

Exercises

1. Show that both the Helmholtz and the Laplace equationslipéc in = andy.
2. Show that the diffusion equation is parabolic jin andt, y, but elliptic inz, y.

3. Show by use of Taylor series expansions that a possibte fiifference approximation of
d,0(z) with a truncation error o©(Ax?) is
A0 —0i0 10400,

965 ~ 3 2Az 3 4Az (1.58)

Note that to obtain higher order truncation errors we haves® points that are distances
2Ax away from the point; itself.

12



Kapittel 2
TIME DEPENDENT PROBLEMS

2.1 The advection-diffusion equation

We will now focus on the tracer conservation equation in threnf (1.14). Neglecting possible
sources we may rewrite (1.14) to yield

80 +V -Fo+V-Fp=0, 2.1)

wheref is the dependent variable (or the state variable), for mstgotential temperatur#’,

is the advective flux vector to be associated with second terrthe left-hand side of (1.14),
andFp, is the flux due to the turbulent mixing commonly referred tareesdiffusive flux vector,
since the nature of the turbulence is to smooth out any eéiffees in the tracer and is thus akin
to a diffusive process. H is the potential temperature then (2.1) is the conservatipration for
internal energy or heat content except for the neglect ofcsoterms.

While the advecive flux vector is a mathematical formulatadrthose physical processes
that is responsible for transporting the property of thed@rarom one place to another via the
motion, the diffusive, turbulent flux vector representstgainother physical process, namely one
in which the property is transferred from one location to another by turbulentingxthat is,
small scale, inherently chaotic processes that causeeiepto be exchanged between two
locations without invoking any motion. Thus it is a processikar to conduction. Although their
mathematical expression in (2.1) are similar, we therefefer to the second term on the left-
hand side of (2.1) as being the advective term, while we reféhe third term on the left-hand
side as being the diffusive term.

Since the two flux vectors represent two very contrastingsa) processes, they naturally
have very different mathematical formulations or paramed¢ions. While the parametrization
of the advective flux vector is

Fa=v0, (2.2)

as in (1.14), the formulation of the diffusive flux vector make various forms. The most com-
mon one, called “down the gradient” diffusion, is

Fp = —kV0, (2.3)

13
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wherer is the diffusion coefficient or conductive capaéifyquation (2.3) expresses that the lar-
ger the gradient (or difference) the larger the diffusive #ind hence the more effective diffusion
is to decrease any differences in the traterer small distances.

If we for a moment neglect the diffusive part of (2.1) we arié\fgth a balance between the
time rate of change of the tracer concentration and the gerere of the advective flux vector.
We recognize this balance as the “wave equation” (1.18ki&@khis equation is often referred
to a solving theadvection problemf we next consider a balance between the time rate of change
of the tracer concentration and the diffusive part of (2ukjng the parametrization (2.3), we are
left with a typical parabolic problem (cf. 1.20), and theukisig equation is called the diffusion
equation. Solving the diffusion equation is often referreds solving theliffusion problem

In the following Chapters 3 and 4 we will give insight into @olg respectively the diffusion
problem and the advection problem by use of numerical methcater we will also give insight
into how to solve numerically the combined advection-diitin problem, in which both the
advective part and the diffusive part are kept in (2.1). Bafthhese problems are central when
solving the full governing equations (1.1) - (1.4). Thus waimtain that to know how to treat
these terms correctly is of fundamental importance whewisglany problem in meteorology
and oceanography numerically. At the same time it convelyiggives us the opportunity to
introduce basic concepts within numerical solution to atpt@ric and oceanographic problems
in a simple setting.

Before doing this we will first study some physical propestpgeculiar to each of the two
processes. These are important properties that must beaéten any numerical solutions, or
else the solution must be discarded as being false or iroif@us to check the behavior of
the solutions against these fundamental properties istaopavhat is often referred to as the
“debugging” process

2.2 The diffusion problem

As alluded to above one property of the diffusive process#sat it tends to damp out differences
in the fields. This is also true for unwanted noise, if any, um oumerical solutions. The most
convenient way to show that the diffusion equation indeeslthé property is to analyze the
variance of the tracer concentration. The variance, wti¢he square of the tracer concentration
itself, is a measure of how noisy a field is. Thus we first multthe diffusion equation

00 =-V - -Fp (2.4)
by the tracer concentratighitself to obtain
0,0 = =20V - Fp. (2.5)

The left hand side of (2.5) is then the time rate of change®¥#riance at one point in time and
space. Next we integrate over the total voluméor which we seek a solution to (2.4), and let

Lits original formulation is due to a Dr. Adolf Eugen Fick who 1855 formulated the parametrization (2.3)
which is now referred to as Fickian diffusion.
2Debugging simply means to weed out all errors in the progradec

14
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(2 denote the bounding surface of that volume. Then the tineeafathange of the total variance
within the volume is

at/ 62dV = —Q/QFD-50+2/ Fp-VodV. (2.6)
|4 Q

\%4

Here the vectobo = ndo wherern is a unit vector directed along the outward normal to the
surface) anddo is an infinitesimal surface element. Let us now assume tleattthe boundary

Q) either the Dirichlet conditio® = 0 or the Neuman condition - F, = 0 prevails. Then the
first term on the right-hand side of (2.6) is zero, and (2.@dmees

at/ 62dV = 2/ Fp-VodV. (2.7)
14 14
Thus ifFp - VO < 0 then the right-hand side of (2.7) is negative and hence that

8t/ 6*dr < 0. (2.8)

Thus if the flux vecto';, is down the gradient in the sense that it is directed oppdsiiéd
then it always tends to decrease the variance. Recallimy (23) that in our case with Fickian
diffusion, that isFp = —xV#6 we indeed obtain

Fp -Vl =—k(VH)? <0. (2.9)

Thus Fickian diffusion is indeed down the gradient and willays damp any noise in our solu-
tion.

From this we make two observations. First diffusion alwagts &0 damp out the variance in
any solutions. Second if our numerical methods used to solvatmospheric or oceanographic
problem that does not include diffusion contamsmerical diffusion(cf. Section 3.2) it will
imply an artificial damping of the solution.

In this regard it is worthwhile to underscore that most peoh$ in oceanography and me-
teorology are non-linear. While there is no transfer of ggdrom one wavelength to the next
in a linear system, this is not true for a non-linear problemssuch systems energy input on
long wavelengths (small wave numbers) is always in the eantsterred to progressively shor-
ter wavelengths (high wave numbers). This fact was destrbegantly in the following rhyme
credited to G. I. Taylo.

“Big whirls have smaller whirls that feed on their velocignd little whirls have
lesser whirls, and so on to viscosity.... in the moleculaisse

3Geoffrey Ingram Taylor (1886 - 1975) made fundamental ébations to turbulence, championing the need
for developing a statistical theory, and performing thet fireasurements of the effective diffusivity and viscosity
of the atmosphere. He is commonly remembered as the namiesadeyeral basic fluid flow instabilities (Taylor -
Couette, Rayleigh - Taylor, and Saffman - Taylor).

15
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However, when making the finite difference approximatiom®ar PDEs the wavelengths
that we resolve is limited by the specified spatial increragsay2Axz, often referred to as the
Nyquist wavelength (or frequency in the time domain). Thsighee energy is cascading down-
wards toward shorter wavelengths we must, in our numeraati®ns, mimic this process across
the Nyquist wavelength to wavelengths which are not regbbweour grid. Since diffusion has
the property of damping differences it is one tool at hand thay prove useful to handle what
is known as non-linear instability (cf. Section 5.2).

2.3 The advection problem

As alluded to in Chapter 2.1 is the advection problem a badetween the first and second
term on the left hand-side of (2.1), that is,

0 +V -Fa=0, (2.10)

wheref is any state variable anBl, is the adcevtive flux vector. As for the diffusion problem
we are looking for solutions within a limited volumeé in space and for all times from= 0 to
t = oo On the boundary of the volumig, given by the surfac€, the equations are replaced
by the boundary conditions, while the initial condition l&ges the equations at time= 0.

Let the advective flux be parameterized by the common parimationF 4, = uf, and let
the boundary condition at the surfa@ébe such thaF 4 - 5o = 0°. Then by performing the same
operation as in Section 2.2 we find that the total varianceines

at/92dvz2/FA-v0dvz/u-w?dvz—/@?v-udv. (2.11)
|4 |4 |4 |4

Thus the total variance may increase or decrease dependihg sign of the velocity divergence.
If the sum of the divergence is positive then the variancédetrease, while if it is negative then
the variance will increase. The caS&; - u = 0 is special. In this case the right han-side of
(2.11) is zero and hence any disturbances creating a variartcwill just prevail, that is, the
total variance is conserved.

As mentioned in Section 1.3 the Boussinesq ocean is to a gomwx@mation divergence
free due to its incompressibility (see al&dll, 1982, side 85). Thus in the ocean the advection
process does not lead to any decrease or increase in therfgrbeéng advected. Hence any
disturbance generated in a limited domain may be advecteth&y locations undisturbed. This
is not true for the atmosphere since the atmosphere is hagrhpressible. Thus in limited area
where the divergence is positiv€ {; -u > 0), that is, the individual fluid parcels are drawn apart,
any disturbance in the total tracer variance will be smodtie contrast the disturbances tends
to increase in areas whexéy - u < 0.

Finally we emphasize that the properties outlined abovartigg the advection are important
to retain when solving the advective problem by numericahnse In particular we stress that

4In practice we have to limit the computation to a finite timarsp
SThis is achieved by assuming= 0 oru - o = 0, that is, no flow across the boundary.
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when the fluid is divergence free, like the ocean, then tha t@riance should be conserved.
We also note that this is in stark contrast to te diffusionbbeon where all down the gradient
diffusive fluxes give a decrease in the total tracer variance

17
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THE DIFFUSION PROBLEM

3.1 Finite difference approximations

To make the diffusion problem attractive without loosing @ssence, we simply assume that
our problem is one-dimensional in space. When formulateshialytic or continuous form the
one-dimensional diffusion equation is given by (1.20)f tka

0,0 = k00, (3.1)

whered can be any variable, say potential temperature, densitycig components, etc. As

alluded to in Chapter 1.4, we note that this equation is pdi@im nature. Thus the physical

characteristic of the problem is that properties (or engegg transferred from one location to
the next by conduction. We emphasize that this is very diffefrom hyperbolic type problems,

like the advection problem, which physical characterigithat properties are transferred from
one location to the next by propagating waves.

An obvious example is heat conduction in both atmospherdaaans. Thed is the po-
tential temperature andany of the independent variables in space. Another clagsiosphere-
ocean example of a diffusion problem is the so called Ekmablpm, which in the atmosphere
explains how the velocity is reduced in the planetary bounteyer due to friction at the sur-
face. In the ocean the Ekman problem explains how the momedtie to surface traction is
transferred downwards in the water column.

Our concern s to find a numerical solution to (3.1) for alléisrand for a given computational
domain or area, say for instangec (0, L), with given boundary conditions f@ratx = 0 and
x = L and for a given initial condition at = 0. Let us for instance consider heat conduction
in the atmosphere and ocean. kebe the height (or depth) coordinate, anddedescribe the
potential temperature anomaly away from a given mean teayoer profile. We then assume that
we know the anomaly at time= 0. Our task is then to find, by numerically solving (3.1), how
the anomaly profile evolves in time between the two heightslépths): = 0 andx = L given
how the anomaly evolves at these two heights. By considéhiaig = 0 atz = 0 andx = L we
imply that the boundary condition is a Dirichlet condtiomat s, that the value of the dependent
variable is fixed for all times. We also assume that the ingrafile is different from the trivial
solutiond = 0, that is, we assume that= 6,(x) at timet = 0.

18
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To find a numerical solution to (3.1) we follow the notationSection 1.10. Thus we first
divide the intervalse € (0, L) andt € (0,7), whereT is some finite time, into respectively
J —1andN — 1 sections of widthAz and At. They then form a grid whose grid points are
located at;, ") wherez; = (j — 1)Axz andt” = nAt, and wherg € [1, J] andn € [0, N] are
counters such that; = L andt"¥ = T (see Figure 3.1).

A Ax
t —
t=T N
N -1
N -2
n+1
Ta
t=1t" n
n—1
2
1
T
t=0 n= >
j=1 2 3 j—1 7 7+1 J—-2J-1 J
r=0 L =T r=1L

Figur 3.1: Displayed is the employed grid we use to solve)(Bylnumerical means. The grid
points in thez, t directions are incremented kyz, At, respectively, so that there are a total of
J points along thec-axis and/N points along the-axis. The points are counted by using the
dummy counterg, n.

Next we must define a finite difference approximation to thevdévesd,f and 926 at the
grid points. Using a forward in time approximation to exé$¢|” and a centered in space
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approximation to expreg#26]7 it follows from Section 1.8 that

ot —gn 0", —207 + 07
00 = 7 T O(AL), [00)] = 5 + 0(A%). (3.2)
Thus we write the finite difference approximation of (3.1) as
07t —or 0, — 20"+ 07

J ~ J -k Jj—1 A;Q J+1’ (33)
which when solved with respect ﬁq“ gives
kAL

8”*1 =07 + e (0;[1 — 207 + 0;;1) (3.4)

Note that (3.4) is only valid foj = 2(1).J — 1 and forn = 0(1) N. At the boundarieg = 1 and
j = J and forn = 0 the boundary and initial conditions prevail.
To find ¢ at the first time leveh = 1, that is,@}, we simply substitute = 0 into (3.4) which
gives
LAY
0, =0, +-— AL
Since all the??s are known from the initial condition, that & = 6(z;,0) for all = = z; where
j =1(1)J, we may proceed to calculafeat the first time level for alj = 2(1).J — 1. Let us start
with 7 = 2. Then (3.5) gives

(60, — 200+ 6°,,) . (3.5)

kAL

_0
«9«9A2

(60 — 263 +63) . (3.6)
We may then proceed to evaluate 6}, - - - , 6%, using (3.5). Note that we end with= J — 1.
This procedure then gives dst all the grid points except at the two boundayies 1 andj = J
that is, we mis#; andd’. These are however given by the boundary conditions and metsoe
evaluated. This reflects the well known analytic propertylifferential equations, namely yhat
they are valid only in the interior of the domain. At the boands (whether in time or space)
the equations are replaced by the boundary condition. TBitg {ogether with the boundary
conditions gives ug for all j = 1(1).J at time leveln = 1. We may then proceed to compute
at time leveln = 2 by substituing: = 1 into (3.4), that is,

02— ol 4 kAL

=0+ 3 U =20, +654) (3.7)

and so on for all time levels up to and including. = N.
We note that since; = L = (J — 1)Az we cannot choosé, L. and Az independently.
Once two of them are chosen the third is given by the formula

L
— 14+ = 3.8
J=1+ Ao (3.8)
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Likewise follows that

T
N:1+Kt (3.9

showing thatV, At andT also depend on each other.

The use of a forward, one-sided approximation in time, agl us€3.4), is the natural choice
since we know) at timet = 0 (or time leveln = 0). It has, however, a low accuracy in that the
truncation error iSD(At). To increase the accuracy we may for instance use a centetede
scheme for the time derivative, that is,

gt —20m 4+ ot
[0,0]" = - J__J
J At?

+ O(A), (3.10)

in which case the finite difference approximation to (3.19dmees,

n+1 n—1 n n n
i 6 _ H9j,1 — 207 + 071

2At Ax? ’

j=2(1)J —1,n=0(1)N, (3.11)

or

n n— 2At n n n
07 = 057 4 r s (070 — 267 +074) (3.12)

for j = 2(1)J — 1 andn = 0(1) N. To obtain the solution at the first time level= 1, that is, to
obtain&} we again substitute = 0 into (3.12) which gives

2At

0, =0, + e (67, —26) +65,,). (3.13)
Thus we need to knowg,l, which corresponds to knowing the potential temperatuddilpr

at a timet < 0, that is, one time levebelow the first time level. at Dette krever imidlertid
mer informasjon om initialbetingelsen. By using the ondesi forward scheme we avoid this
problem.

3.2 Numerical stability

Another major problem with the scheme (3.12) is that ihisnerically unstableThis means
that the numerical solution, instead of following the amialgolution, steadily deviates from the
analytic solion. Commonly this happens explosively just lan analytic instability (think of ba-
roclinic and barotropic instabilities in the atmospherd anean). We therefore call this behavior
numerical instability to distinguish it from the analytitabilities that we would actually like to
simulate using our numerical model. For our numerical soluto have any legitimacy it must
be numerically stable. This is an absolute requirementjsafamulated as follows:

A numerical scheme is stable if and only if the numerical tsauis
limited within any given finite time span
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As a prelude to how we analyse the numerical scheme with cegpés numerical stability,
let us first consider the analytic solution to (3.1). To thisl@ve note that any good functigh
may be written as a sum of cosines and sines or even more coagpacsum of exponentials
(see for instanceighthill, 1970, page 3)

O(z,t) = Y Oa(t)e™ = Y 0, (3.14)
wherea is the wave number. Each component in (3.14), that is,
0, = O(t)e™, (3.15)

is called a Fourier component, whe#gt) is an unknown time dependent amplitude. By substi-
tuting this component into (3.1) we obtain

0,0 = —ka’0. (3.16)
which is an ordinary differential equation (ODE). Solvinguith respect t@® gives
O = Ope " (3.17)

where®y is the initial amplitude at time = 0. Thus we find that the analytic solution to (3.1) is
O(x,t) =) Ope " leior, (3.18)

We note that the amplitude of all the Fourier componentseasgs monotonically and expo-
nentially as time increases. Moreover, we note that thatqfahe solution associated with the
shortest waves (highest wave numbers) decreases fastethéitspart of the solution associated
with the longer waves (low wave numbers). This is in accorth\@iection 2.2 where we conclu-
ded, based on (2.8), that diffusion acts to smooth out diafwzes. What we additional learn from
(3.18) is that this smoothing is selective in the sense timatlsscale disturbances are smoothed
fast while the longer periods are less prone to damping irséimee time period. Thus diffusion
acts like a filter efficiently smoothing the small scale npigany, without significantly damping
the longer period motion.

As is obvious we would like the numerical solution in gendmlbehave accordingly. In
particular we expect the numerical solution to the diffunséguation to decrease monotonically in
time. Thus if the numerical solution increases in time ithgiously wrong and possibly unstable.
Note that this eventual instability has nothing to do witbhwacy of the chosen scheme. Yetitis
the initial truncation error inherent in our scheme thatlisveed to grow uncontrolled when the
solution is unstable. We will return to this in Section 3.3dve

In mathemathical terms the requirement of numerical stgbd formulated by stating that
for any finite timet = T' > 0 there must exist a finite number, s&y such that

0

0o

wheref, is the value of dependent variable at titne 0. Forlinear systemsand to certain degree
also non-linear systems, it is possible to analyze thelgtabf the chosen scheme analytically.
This should always be doreeforeimplementing the chosen scheme on the computer.

< B, (3.19)
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3.3 Stability analysis: von Neumann’s method

One such method is the so calleah Neumann’s methodo analyze the stability von Neumann
suggested to use a method somewhat similar to solving thegtieqs analytically. The first step
is to define a discrete Fourier component similar to the ditabyne given in (3.15), that is,

0" = O, A (3.20)

J

where©,, is the discrete amplitude at time level that is, at timg = nAt, anda is the wave-
number as above. The next step is to define thegtherth factorG as the amplification of the
amplitude© as we proceed from one time level to the next, that is,

@nJrl
O,
We observe that (3.21) is similar to (3.19), except that ttosvth factorG is defined as the ratio

between the next and the former time level, that is, betwieea keveln + 1 and time leveh,

while (3.19) is the ratio between the value at a random tinaelland the initial value. Letting
n = 01in (3.21) then gives

G = Oni1 =GO, and O, , =GO, (3.21)

0, = GOy (3.22)
where®y is the initial amplitude. By lettingg = 1 in (3.21) and making use of (3.22) we obtain
0, = GO, = G*O, (3.23)
Continuing by letting: = 3,4, ... up to a random numben then gives
O, = G"Oy (3.24)

ThusG™ is the ratio between the amplitude at the random time levet random timeg = mAt
and the initial amplitude. Thus (3.19) is satisfied if

Gl <1 (3.25)

since thenG™ decreases as the time level or time increas€le criterion (3.25) is calledon
Neumann’s condition for stabilityNote that it is a sufficient condition, a fact that we will cem
back to shortly (Section 3.4).

As an example we will use von Neumanns method to analyse thaifd in time, centered
in space scheme for the diffusion as given by (3.4). Thus wgé sirbstitute (3.20) into (3.4) to
obtain

KAt iaAx —iaAx
where the common factef*/2* is removed. Noting thal cos a Az = e'*2® 4 e~ @A we get
At
Opi1 = |1 - QH—(l — cos aAzx)| O,. (3.27)
Ax?

1Confer Computer Problem No. 1
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We thus find the growth factor by simply dividing (3.27) By,, that is, the amplitude at time
level n, which gives

KATL
=1-2——(1— Azx). .2
G AxQ( cos @A) (3.28)
To satisfy (3.25) we then observe that
KAL

Since0 < (1 — cos aAz) < 2 follows that the right-hand side unequality is always $etisfor
all At andAx. The unequality on the left-hand side, however, is satisfiadd only if

Z—Az(l —cosaAz) < 1. (3.30)
T

Recall tha) < (1 — cosaAx) < 2, and hence if

kAt 1 Ax?
AL < 5 eller At < PR (3.31)
then follows that (3.30) is satisfied for all wavenumberd his condition also ensures that (3.29)
is satisfied, and hence that von Neumann'’s condition (3.2%ptisfied as well. Furthermore
(3.31) tells us that we cannot choade andAt independently. OncAz is chosen the time step
At must be chosen in accord with (3.31). We therefore say tleafiiward in time, centered in
space scheme (3.4)ésnditionally stableinder the condition (3.31).
We also observe from (3.30) that the waves that first violageunequality are waves with
wavenumbers given by
cosalAr = —1 (3.32)

corresponding to those waves that maximizes cos aAx. The solutions to (3.32) are wave-
numbersy,, given by
Az = (2m—1)m; m=1,2,.... (3.33)

with corresponding wavelengths

ar  2A
=L == (3.34)

A = )
Oy 2m—1

The most dominant of these waves is the wave corresponding-tol. Thus the most unstable
wave has wavelength
A1 = 2Ax. (3.35)

This implies that the numerical instability will appear 2a\’z” noise, that is, noise of wavelength
2Ax, and commonly as a saw tooth pattern as displayed in Fig@rg&. Computer Problem
No. 2).

We mentioned briefly that the we call the forward in time, esatl in space scheme (3.4) for
the diffusion equation a conditionally stable scheme. Ifnch condition can be found which sa-
tisfies the von Neumann condition (3.25) then we say thatdtherae isinconditionally unstable
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Diffusion equation Diffusion equation
K=0.45 K=0.55
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Figur 3.2: Displayed are solutions of the diffusion eqautising the scheme (3.4) for respective-
ly K = kAt/Az? = 0.45 (left panel) andK” = 0.55 (right panel). The solutions are shown for
the time levels:, = 0, n = 50 andn = 90. Note the saw tooth like pattern in the right panel for
n = 90 not present in the left panel. This indicates that the stgtmbndition (3.31) is violated
for K = 0.55, but not forK' = 0.45.

If von Neumann’s condition is satisfied whatever is chosgarmding the time step\¢t and grid
sizeAx we say that the schemeusiconditionally stablelf the special casgr| = 1 is true then
we in addition say that the schemenisutrally stable

It is worthwhile mentioning that wheG| < 1 it follows from (3.21) that|®,,1| < |©,].
Thus, inherent for all schemes for whigH| < 1 is that they include artificial numerical energy
dissipatiod. We emphasize that even if the physical problem does nobidriergy dissipation
the numerical solution may exhibit such a decrease. We fibrereefer to this artificial energy
dissipation aswumerical dissipationWe note that this dissipiation depends on the scheme and
not the least the absolute value of the growth factor. It ésdfore of importance to ensure that
the numerical dissipation is as small as possible. For paygroblems that do include energy
dissipation it is important to ensure that the numericasigiation is small with respect to the
physical dissipation. We therefore always favor neutrlesges since such schemes are energy
conserving, a highly desirably property. If this is not gbswe recommend to choose the time
step and the space increment so as to minimize the numeniea\edissipation. This is the same
as ensuring that' is as close to one as possible. Regarding the forward in tergered in space
scheme this implies that we have to choose a time Atepuch thatAt < Axz?/2k.

3.4 The necessary stability condition

We mentioned above that von Neumann'’s condition is a sufic@endition. This entails that if
(3.25) is satisfied then the scheme is definitively stable. qurestion is if its too strict, that is, if

2In this context energy dissipation means that the ampliafdiee solution decreases in time
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it is also thenecessary conditich
To determine this we return the original requirement as fdated in (3.19). Substituting the
discrete Fourier component (3.20) into (3.19) then gives

Oy

L1<B =|G|"<B. (3.36)
Oo

Taking the natural logarithmic on both sides then gives
nln |G| <InB = B’ (3.37)

Even if von Neumann'’s condition is too strigf| cannot be very much larger than one. Thus
we may write|G| = 1 + ¢ wheree is a small ¢ < 1) positive number. Hence it follows that
In|G| = In(1 + €) = €. Furthermore we note that = nAt or that atn = ¢"/At. When we
substitute these expressions into (3.37) we obtain

B'At

€< — = =0(A1). (3.38)

Thus the necessary condition that satisfies the numerggailisy requirement is
|G| <14 O(AY), (3.39)

which shows that the von Neumann condition (3.25) is indeedstrict. However, most physi-
cal problems, even those containing physical instabjla&says involves some physical energy
dissipation. Thus for all practical purposes we may appéydhfficient conditionG| < 1 when
analyzing the numerical stability of our schemes.

For the one-dimensional diffusion equation the growthdact, as displayed by (3.28) is a
scalar. For multivariable and multi-dimensional probleims growth factor will commonly be a
tensor or matrixg. The sufficient condition is then that its spectral radiuess than or equla to
one. This is tantamount to require that the largest eigeieval the matrixG is less than or equal
to one.

3.5 Explicit and implicit schemes

The schemes (3.4) and (3.12) both contains the variablenat leveln + 1 on the left-hand
side. In addition all the terms on the right-hand side arduatad at the time level or earlier
(n—1,n—2,...). We refer to such schemes as beaxplicit In contrast, if the right-hand side
includes variables evaluated at the new time level1 we refer to the scheme as beimgplicit.
Furthermore if we treat a multivariable problem, e.g., thallbw water equations, where some
of the terms are treated as being explicit and some implieitammonly refer the scheme to as
beingsemi-implicit

Explicit schemes, as exemplified by (3.4) and (3.12), aragdnelatively simple to solve.
Once the unknowns are known for one time level at all grid {ithe computation of the next
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time level is straightforward, we just proceed from one gyant to the next. This is in most
cases not true for implicit and semi-implicit schemes.

Whether a scheme is explicit or implicit also impacts théiitst of the scheme. Let us for
instance consider the centered in time, centered in spaeascapplied to the diffusion equation
(3.1). If we use an explicit scheme we then evaluate all thegen the right hand-side at the
time leveln. Accordingly the scheme becomes the one displayed in (3fd2¢ choose to make
the scheme implicit we would then evaluate all the terms ermrigiht-hand side at the new time
leveln + 1. The scheme then becomes

2At
0t =07 +

Pk (O - 207 o) { J=2DT =1 340
T

gl n=0(1)...
Let us first analyze the stability of the explicit scheme gsian Neumann’s method. Substitution
of the Fourier component (3.20) into (3.12), removing theown factor*/2* and using (3.21)

then gives
VAN

-1
G=G " — nﬁ(l — cos aAx). (3.41)
Multiplying by G and rearranging terms yields the equation
9 2At
G +20G-1=0 A:Fap(l—cosan)ZO (3.42)
T
to determine the growth factor. It has the two solutions
Gia=—- A V1+ A\ (3.43)

We note that in order to be stable both solutions must satisfy Neumann’s condition. We
observe that
Go| = A+ V1I+ A2 > 1, (3.44)

and hence that the centered in time, centered in space iesplheme for the diffusion equation
is unconditionally unstable. Thus:

Never use a centered in time, centered in space scheme fdiftih&in
problem. It is always unconditionally unstable.

Then what about the implicit scheme (3.40)? To analyse srstaibility we first rearrange the
terms in (3.40) to give

2

Ax Az? =2(1)J -1
ntl _ n+1 n+l _ _ n—1 J
% (2 * 2/<¢At) G 0 2wAL { n=0(1)... (3.45)

We note in passing that the implicit formulation require asolve ford at time leveln + 1 at the
three grid pointg —1, 7, and;j + 1 simultanously. It may however be efficiently solved emphayi
an elliptic solver as shown below in Section 3.8. We also nofmssing that, curiously enough,
that the implicit formulation of the analytic parabolic ision equation turns it into an ellitic
numerical equation.
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To determine the growth factor we again employ von Neumam@ghod and substitute the
Fourier component into (3.45) to give

Az? Az?
G [2 cosaAzr — (2 + 2/@At{| =50 (3.46)
Multiplying by Q&AJG and solving with respect to the growth fact@rthen gives
1
G1] = |Ga| = (3.47)

\/1 + 2588 (1 — cos aAx)

Note that|G, | < 1 for all At andAz. Hence the implicit formulation of the centered in time
centered in space scheme is unconditionstgble This a property shared by all implicit and
semi-implicit schemes; they are always unconditionalabkt. In contrast we have just shown
that the explicit formulation gave an unconditionaligstablescheme. We furthermore observe
that the implicit formulation (3.40) does not contain anystaint on the time step¢, and
we may choosé\t to be as long as we wish. However, we also observe that thetlyfastor
|G| is less than one for all wavelengths longer tiaxie, and that the growth factor decreases
with increasing time step. Thus the implicit formulatiomwalys contains numerical dissipitation,
and that this unphsyical dissipation increases with irsireptime steps. Again this is a property
shared by all implicit schemes. Although a long time stepsdua influence the stability of the
implicit scheme it is nevertheless adviceable to choosma $tep that brings the growth factor
as close to one as possible to minimize the numerical digsip@aherent in all implicit schemes.

3.6 Consistent schemes: DuFort-Frankel

One important aspect about the finite difference approxonatto our governing equations is
that they should mimic their analytic countepart. We therefequire that they should converge
toward the analytic equations in the limit when the time st¢pand the spatial incrementsx

as well asAy and Az go to zero. Note that this requirement is independent on @y go
to zero and independent of how fast each of them goes to ZettusIrequirement is met we
say that the scheme tonsistentIf not we say that the schemeiisconsistentTogether with
the absolute requirement of numerical stability it forms ttvo fundamental properties that our
schemes should obey.

As is obvious all schemes where the finite difference appnations are based on Taylor
series expansions as outlined in Section 1.8 satisfies th&stency requirement. Since both
of the schemes (3.4) and (3.12) are based on a Taylor senesg®wn, they are both prime
examples of consistent schemes. Despite of this it is plessbconstruct numerical schemes
without using Taylor series expansions. One example etbdrbelow is the Dufort-Frankel
scheme. It is especially in cases when the scheme is notraotext based on Taylor series
expansions that we need to analyse its consistency. If thense turns out to be inconsisten
we require as a minimum that the dominant physical procefsdsthe governing equations
simulates are consistently represented in the finite diffee analogue.
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The Dufort-Frankel scheme is one such scheme. To constracddheme we start with the
consistent centered in time, centered in space schemé.(342hown above (Section 3.5) this
scheme is unconditionally unstable when applied to theusiifin equation, and hence useless.
However, in many cases the diffusion term is added to thetemsin order to smooth small
scale noise, that is, to dissipate energy that accumulatéssossmaller scales. In these cases the
term does not represent the dominant physics and we mayaateconsistence requirement. To
construct the Dufort-Frankel scheme we observe that theevatld at the grid pointj, n in space
and time can be thought of as a linear interpolation in timgeftwo adjacent grid pointsn + 1
andj,n — 1, or

n 1 n n—
0 =5 (077 +677). (3.48)
Using this as a substitute féF on the right-hand side of (3.12) we obtain
0+1_9 1+2A—;1:2(9j_1_91 1_9j+1+9j+1), { n— 0(1)N (3.49)

We first note that the introduction of the ter@jﬁ“ makes the scheme implicit. As all implicit
scheme we therefore expect the scheme to be stable. Cyrieusligh, by simply adding some
implicity to the centered in time, centered in space undomully unstablescheme we have
turned it into an unconditionallgtablescheme (see Exercise 4 on page 36). However, in contrast
to the implicit sample scheme (3.40), the implicity is ligdtto the one terrﬁ;?+1 which only
involved the spatial grid point. We may therefore move this term from the right-hand side of
(3.49) to its left-hand side. After some rewriting we theraob

00t = (077 + x(0 — 07 +01)] (1+x) " (3.50)
where oAt
K
= 51
X =3 (3.51)

Thus the numerical algorithm associated with the implicuHort-Frankel scheme (3.49) is
solved explicitly. This is one reason why it has become safarpin particular in oceanography,
e.g.,Adamec and O’'Briei(1978). A second reason, mentioned in the previous paragsfhat
the scheme is implicit and thus, like all implicit schemeéss unconditionally stable.

It remains to analyse the consistency of the scheme. To dowbiuse the Taylor series
expansions of Section 1.8. Thus we have the series

Or.) = 600 £ (0,007 Ax + - [a?e] Ax® + = [839];?Ax3+0(m4), (3.52)

and
1 n
O — 07 & [0,0]7 At + = [32 |7 A+ S [0,0] At + O(AL). (3.53)

Substitution of these series in (3.49) then gives

(070]7 — k [026] ) = =5 [076] + O(A) + O(A?). (3.54)
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where

Ax
To be consistent all the terms on the right-hand side of {3rBdst converge to zero in the
limit Az — 0 andAt¢t — 0. This is, however, not the case for the first term on the riggntd
side which tends to infinity ifA¢ tends to zero faster thafAz. We therefore note that (3.54)
only converges to the analytic equations:if — 0 when Az — 0 and At — 0. Thus in line
with the formulation used for the stability condition weeeto the Dufort-Frankel scheme as a
conditionally consisterdcheme under the condition that— 0 whenAz — 0 andAt — 0.

As already mentioned at the end of Section 2.2 the diffugamis often used as a numerical
method or trick to dissipate energy contained on the smatlales in atmospheric and oceano-
graphic models. Commonly this “noise” is created due to tresg@nce of non-linear terms in
the governing equations. This leads to non-linerar intewsacamong the various wavelengths
which in turn is responsible for a more or less continuousads of energy towards smaller and
smaller scales. Neglect of dissipating or smoothing outethergy contained in the upper part
of the energy spectrum leads to an accumulation of energyedtAr — 4Ax scales. In turn
this accumulation at some time or another into the integnatads to a violation of the (linear)
numerical stability criterion and the numerical model jokiws up.

When the diffusion term is used for this purpose it does nptegent any of the physical
process that we want to resolve. Rather it is introduced asnaenical method to avoid our
model to blow up. Nevertheless it represent the impact ofsjsyacting on a smaller scale
than our model resolves. It is therefore a parameterizatomce this parameterization and/or
the parameters it contains may change in accord with the imoésolution (i.e. grid size) we
refer to it assubgrid scale parameterizatid®GS). Note that the SGSs are smaller than our grid
resolution. ote also that for a given grid siZe: the resolution is determined by the Nuquist
wavelengti?Azx.

%:/@(At) . (3.55)

3.7 The Crank-Nicholson scheme

We will now look at another popular scheme called thenk-Nicholsonscheme. Like the
Dufort-Frankel scheme it is also implicit. Its popularity due to two facts. First, like all im-
plicit schemes, it is unconditionally stable. Second it hasecond order accuracy in that its
truncation error is second order in both time and space.

To develop this scheme it is first convenient to define

521/);? =7 =207 + 7. (3.56)

Thus the forward in time centered in space scheme (3.4) mayiden

n+1 n '%At 20n
0j+ =0 + @%. (3.57)
Recall that this scheme is conditionally stable under thnelitan
2k At

=—<1. 3.58
X=—77 < (3.58)
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From Section 3.5 we recall that an implicit scheme is alwagble. Thus we expect that the
consistent and implicit scheme

n+l _ gn KAt 2gm+1
9j+ =07 + @55”9j+ ) (3.59)
is unconditionally stable. We note that the only differebeéwveen the schemes (3.57) and (3.59)
is that the former is explicit while the latter is implicit. 8\also note that (3.59) is similar to
(3.40) except that (3.59) is forward in time while (3.40) entered in time.
We now combine the two schemes to obtain
grt = g7 At 52071 5207 3.60
j —j‘i‘“A—xzhxj +(1_7)zj}7 (3.60)
where~ is a number so thdt < v < 1. If v = 0 then (3.60) reduces to the the scheme (3.57),
that is, a pure explicit scheme.4f= 1 then (3.60) reduces to the pure implicit scheme (3.59).
If ~ is betweerD) and1 then the scheme is an implicit/explicit scheme which is somes
refererred to as aemi-implicit schemélo analyse the stability of the scheme we use von Neu-
mann’s method. The growth factof then becomes

_1- (1 —~)x(1 — cos aAx)

.61
1+ yx(1 — cos aAx) (3.61)

Recalling that the conditiofG| < 1 or that—1 < GG < 1 is a sufficent condition for numerical
stability we find thatz < 1 is always satisfied while-1 < G is satisfied if

x(1—2v) <1. (3.62)

Thus the scheme (3.60) isconditionally stableas long a% < ~ < 1. This is not surprising
because under these circumstances the weight is on thesinpalit. We also note that this shows
that the pure implicit scheme (3.59) is indeed unconditigrsdable. If howevel < v < % the
weight is on the explicit part. Under these circumstancesttheme is onlgonditionally stable
under the condition given in (3.62). We also note thatyfer 0 we retrieve the condition (3.31)
of Section 3.3, thatisy < 1.

The valuey = 3 is special. It constitutes the critical value at which thiesne (3.60) is still
unconditionally stable. For this special value the scheamimes
07t} — 207 + 07 L0 267+ 6

Ar? Ax? ’ (3:69)

1
n+l _ pgn

which is the scheme named the Crank-Nicholson scheme. Udieglaylor series expansion
(??) to substitute for the centered differences on the righehside of (3.63) we obtain

grtl _ gn 1 R )i )
A 3" Gaﬁ}j + [0,0] ) + O(Az®). (3.64)

J
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Expandingy; ! and[age]?“ using Taylor series gives

ot — gr 1y om
T = 0]+ 5 [20]] At O(ar), (3.65)
[020]" = [820]" + [0:(020)] ) At + O(AP). (3.66)

Substituting these series in (3.64) and rearranging teners gives
0] =k [026]" - % {20 — n [0,@20)]7} A+ O(AP) + O(A),  (367)
Furthermore, from the analytic diffusion equation (3.1) elxain
020 = k0,(020). (3.68)
Thus the second term on the right-hand side of (3.67) vasiahd (3.67) becomes
[0:0]7 = # [020] 7 + O(AF?) + O(Az?), (3.69)

which shows that the Crank-Nicholson scheme, besides h&iognditionally stable, is also of
second order in time and space even though it is forward ie.t{se Oppgave 5 pa side 36).

3.8 Adirect elliptic solver

One should, however, beware that using the Crank-Nichotsteme (3.63) turns the original
parabolic equation into an apparent elliptic equation. Bgluding the implicit terms on the
right-hand side of (3.63) the original local algorithm isfact turned into a non-local or global
algorithm. Due to the inclusion of these terms the solutibtirae leveln + 1, i.e., «9;7‘“, in
addition to depend on the solution at the previous time le\ato depends on the solution at the
adjacent space pointsAx away at the same time level. This is best illustrated by ezaying
the terms in (3.63) as follows

KAt KA KA n o KA W
_2Ax26j*+11 + (1 +22Ax2) 0t — 2Ax293:11 =0+ 55 07, —207 +67,,]. (3.70)

Thus we cannot solve foﬂ;?“ without knowing@;?jq1 and@;?jf. Imagine we are solving (3.70)

for increasing values of. Then for any arbitraryy we do know@;?_+ !, but we havent yet solved
for j + 1, and thus we do not knoﬂ;?jf. To solve such global systems we must revert to what is
commonly referred to as an elliptic solver. Since the diffasequation is a parabolic equation,
and thus constitutes a time marching problem, the ellipsives we have to apply the elliptic
solver for each time step. We are therefore in need of a metifeeteby an elliptic PDE can
be solved efficiently on the computer. The most efficienpétlisolvers are those referred to as

direct elliptic solverd One such method is the so call€@uss eliminationvhich we will us as

3Also so called iterative or indirect elliptic solvers may &ed, but they are slower.
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an example. It consists of two steps. The first is calléoraard sweepNext we find the actual
solution by performing &#ackward substitution
To get started, we first rewrite (3.70) into a more generahfor

a;07t + 0,00 4 ¢;00H = R, (3.71)

wherea;, b;, andc; represents the coefficents in (3.70). The use of the sulbgcafiached to
these coefficients is to acknowledge that they in generafuaretions of space. Likewisk; on
the right-hand side represents all “forcing” terms, thatoisr knowledge of the solution at the
previous time step(s). We also note that we are requiredlt@ £8.71) within a finite domain.
Thus atj = 1 and atj = J 6 is determined by the boundary conditions. For conveneirea/il
here assume that these are simple Dirichlet conditionsigh@’ and¢’; are known functions of
time.

For convenience we will also drop the superscript 1. Thus we are required to solve,

a0 1+ b0; + by = f;,  j=2(1)J —1, (3.72)

under the conditions ) )
0, =60, and 6;=40;. (3.73)

We observe that (3.72) may be written
A-0=1, (3.74)

where the tensad is the tridiagonal matrix

[ bg Co 0 ... 0 0 ]
as bg C3 ... 0 0
0 ay b4 0 0
A=| . . . . . C - (3.75)
0 0 0 bJ 2 Cj—9
0 0 0 aj_q bJ_l

and the vector® andh’ are, respectively,

02
03
o=1 _ |, (3.76)
071
and
hQ — as 00
hs
h' = _ . (3.77)

hJ—l - CJ—1‘9L
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Forward sweep

We are now ready to perform the forward sweep. The idea igtiace all elements of the matrix
A positioned in the lower left half, that is, to the left of theagonal elements, with zeroes. At
the sime time it is convenient to normalize the diagonal elets, that is, turn everone of them
into the value 1. We start with the equation foe 2, that is,

6262 + 6263 == h,Q (378)

We then normalize by dividing b, i.e.,

(92 + dgeg = Wa, (379)
where .
Co 2
dy = —= ==, 3.80
2 bg’ Wa by ( )
Forj = 3 we obtain
&392 + 5393 + 0394 == hg (381)
Substituting forW, from (3.79) and normalizing gives
93 + d394 = Ws (382)
where .
C3 3 — A3W2
ds3 = ————— == ° = 3.83
’ by — d2a3’ s by — dsag ( )
We now define the recursion formulae
b ;=2
;=9 5goa ¢ J=30)J =2 (3.84)
0 ;o =J—-1
and y
b ;=2
w; = - . (3.85)
L i =3(1)J — 1

bj*dj,1aj
Note that all the coefficent$; andw, can be calculated once and for all. For an arbitrawe
may therefore write

0]' + dejH = wy, j = 2(1)J — 2. (386)
We note from (3.84) that; _; = 0. Hence forj = J — 1 we obtain the very simple equation
Qj_l = Wj—1 (387)

wherew ;_, isgiven by use of (3.85). In matrix form we have thereforasfarmed (3.75) into

A0 =w, (3.88)
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where the matrix4’ is

[1 dy, © 0 0 ]
0 1 ds .0 0
, oo 1 ...0 0
A=, . _ _ , (3.89)
0O 0 O 1 dj_s
00 0 ...0 1
and the vectow is ~ _
%)
w3
Wy
W = ) ) (3.90)
Wj—2
_wal_

Backward substitution

We are now ready to do the backward substituion. First we fiote (3.87) that?;_; is simply
given byw,;_; and that the latter is known from (3.85). Second we note thaha w,’s and
thed;’s are known using the recursion formulae (3.84) and (3.8B)s we can solve for all the
remainingd;’s for j = 2(1).J — 2 simply by using (3.86) backwards, that is,

0, =w; —d;0;4, for j=J—-2(-1)2. (3.91)

This method is very simple to program, and is also very effic@nd fast on the computer.
An example on the usefulness of this method, in which you e @equired to program the
method, is given in Computer problem 3 named “Yoshida'’s &ayia jet current” in the separate
Computer Problems.

Exercises

1. Show that the scheme (3.12) is unconditionally unstahét,is, thatG| > 1 regardless of
the choice made foA¢ andAx.

2. Show that if G| = 1 then the chosen scheme has no numerical damping (dissipatio

3. Show that the growth factor associates with the scherd@)&

4kA 2
i t(l — cos aAr) (3.92)

= |1
G +Al’2

and hence that the scheme is unconditionally stable. Alsw shat|G| < 1 for all wave-
lengths. Note thaftz| decreases aAt increases.
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4. Show that the growth factor for the DuFort-Frankel sch¢&9) is

vcos aAz + /1 — 72(sinaAz)? _ 2rAt
1+~ VT A

G = (3.93)

5. Show that the expression (3.61) is indeed the expressiahd growth factor of the scheme
(3.60) when using von Neumanns analysis method.
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Kapittel 4
THE ADVECTION PROBLEM

4.1 Finite difference approximations

As we did for the diffusion problem we simplify the advectiequation to one-dimension in
space. Thus we will study numerical methods to solve thewatlg continuous equation:

80 + ud,0 = 0, (4.1)

whereu(z, t) is the advection speed along the x-axis. As alluded to in @ndp(4.1) is hyper-
bolic. Note that in general varies in time and space. We will nevertheless in many it&sn
below assume that it is uniform in time and space, that issic@nu = u, = constant.

As before we develop an algorithm by which (4.1) can be solwechumerical means by
making finite difference approximations of the derivatives this we use, as we did for the
diffusion equation, Taylor series expansions as outlime8action 1.8. One such scheme is the
forward in time, centered in space scheme, or

At =2(1)J -1
o =05 “OAr (61— 64) { }71 = 0((1)) L (4.2)
which worked well for the diffusion problem. However, if tieheme is going to be of any use
to us, we require that it is stable and consistent in a nuraksiense. Since the finite differen-
ce approximateion (4.1) is based on Taylor series expassianknow apriori that the latter
requirement is already satisfied.

To analyse its stability we use von Neumann’s method asrmdtlin the previous chapter
regarding the diffusion equation. Thus we start by substigtthe Fourier component (3.15) into
(4.2) to obtain

uAt |, oAs
280 ¢
where the common factef*/~* is removed. Recalling the definition of the growth facto(3,
and noting thafi sin Az = e*2* — e~ @27 we find that

Oni1 = O, — e A 9, (4.3)

G=1- zu—At sin aAz. (4.4)
Ax
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We observe that the growth factor now is a complex number witéal part given byt and an
imaginary part given by% sin «Ax. To find its required absolute value we use the well known
property of imaginary numbers, namely that its absolutee&quals the square root of the sum
of the squares of the real and imaginary parf$us

A 2
|G| = \/1 + <uA_t) sin® aAx > 1, (4.5)
T

which proves that the scheme is unconditionally unstatitesT

Never use a forward in time, centered in space scheme ford¥ection
problem. It is always unconditionally unstable.

We emphasize that although this scheme worked fine for tliestbih problem, it is totally
unacceptable with regard to the advection problem. We ahgterscore that this works both
ways. As we will show now, what works for the advection problis the centered in time, cente-
red in space scheme that we strongly emphasized was totalgss for the diffusion problem.
This does not come as a total surprise. As alluded to in Chaptee diffusion equation is para-
bolic while the advection equation is hyperbolic. We shahlerefore expect that the numerical
methods to be used are different.

Thus let us consider the centered in time, centered in spdeare instead, that is,

IR A @9

Q;Hrl _ 0?—1 o uﬁ <0n

Az VIt b

7j—1
This scheme is commonly referred to as teapfrogscheme. The reason is that we use infor-
mation from all the points surrounding the, " point, but do not incorporate any information
from the pointz;,t" itself. In a sense we are “leapfrogging” the point ¢*. The scheme is
traditionally fairly popular for several reasons. For otiee scheme is, as shown in Section 4.2
below, neutrally stable under the condition thatt < Ax, the so calleourant-Friedrich-Levy
conditionor CFL condition. That the scheme is neutral means, as showection 4.2, that the
absolute value of the growth factor is one,|6ff = 1. Thus there is no numerical or artificial
damping or energy dissipation associated with the schenanwgbing from one time level to
the next, a highly desireable property. Secondly the schemésecond order accuracy in the
sense that the truncation error is@fAt?) andO(Az?). However, as shown in Section 4.5, the
scheme containsumerical dispersiojthat is, gives rise to an artificial dispersion of energyeTh
scheme also containsphysical modethat has to be dealt with. All these properties are touched
upon in Computer problem No. 3 of the Computer Problem Nated,the reader is encouraged
to solve it.

Another popular and stable scheme in common use is the smlcg@ivindor upstreansche-
me. As the name indicates the scheme use information exelysrom upstream to calculate
the value at the new time level. It is a two time level schemé&kwls forward in time and one

Let A = a + ib be an imaginary number with real parand imaginary part. Then|A| = VAA* = /a2 + b2
whereA* = a — ib is the complex conjugate of.
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sided in space. If the advection velocity is positive it iskaard in space, and forward in space
if the advection velocity is negative. Thus,

97.1+1:97.1—uAt { QJT'L_QJT'L—I u >0
j

I Az | 07— 07 u<0

(4.7)

The scheme is stable under the CFL condition, that is, stbleng asiAt < Az. We note for
later convenience that if we assume that 0 then we may write (4.7) as

01+ = (1-C)0} +Co;, (4.8)
where At
u
= 4.9
C=7 (4.9)

is hamed theCourant numberSince the scheme is forward in time and one-sided in space it
is only of O(At) and O(Ax), that is, of first order in time and space. This is in contrast t
the leapfrog scheme that was of second order. The scheméadsother unwanted numerical
characteristics such as numerical diffusivity. Moreoteis diffusivity depends on the particular
choice made fo\t andAz, and increases as the Courant number decreases. For $os rthe
present authors do not recommend the scheme.

Since the upwind scheme is forward in both time and spacedsracy iSO(At) og O(Azx),
an accuracy one order of magnitude less than the leapfragrseht is however consistent since
it is based on Taylor series to produce the finite differermereximations. Despite of this the
upwind scheme has, as detailed in Section 4.6, one majotadicky It contains what we refer to
as numerical diffusion. In addition this diffusion depemuatsthe time step and space increment
chosen, and depending on the choice this diffusion may lge land sometimes larger than the
actual physical diffusion of the original problem. It théme tends to smooth out the solution
as time progresses, in aprticulat areas where large gradipear, e.g. fronts in the ocean and
atmosphere.

A third possibility is the so calledliffusive scheme. This is basically a forward in time,
centered in space scheme in which the value at the grid paittime leveln, 07, is replaced by
an interpolated value using the adjacent grid points, #at i

1
0 =5 (070 +071). (4.10)
in which case the scheme becomes
077" = 5 (071 +05-1) —ug— (07 —071).- (4.11)

This scheme is conditionally stable, but it is not a consisseheme. Its name also indicates that
it contains numerical diffusion. Because of these ratheaditantageous properties we do not
recommend the use of this scheme (cf. the solutions to Ca@npubblem No. 3 contained in the
Computer Problem Notes).

There are actually a number of advective schemes recomrddndgarious authors over
the past 40 years or so (see e@'Brien, 1986, page 165 and onwards for a summary). Many
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of these are now oblivious, since the reason for develogiegntwere based on the need for
computer efficiency combined with accuracy. As computergegrown in capacity the need
for these schemes becomes less obvious. Most modern cathgs dotually use higher order
schemes, say schemes®@fAt*, Az?) or higher (cf. Section 5.1).

4.2 Stability: The Courant-Friedrich-Levy condition

To show that the leapfrog scheme (4.6) is indeed stable we msékof von Neumann’s method as
outlined several times already and introduced in SectiBnThus we first replace the dependent
variabled in (4.6) by its discrete Fourier component (3.20) to give

At
O,11 = 06,1 — 2iu—sinaAz0,, (4.12)
Az

in (4.6). To find the growth factafr we first make use of (3.21) and then multiply by the growth
factor to obtain

G? +2iI\G —1=0, (4.13)
where A
t
A = u—sin aAz. (4.14)
Ax
The solution to this equation is
GLQ - —Z)\ :l: V 1 - )\2. (415)

Thus the growth factor is complex under the condition thatrddikand is positive. This was to
be expected since the factor in front of the first order terniri3) is imaginary. Under these
circumstances, and again using the theorem that the abs@lite of a complex number is the
square root of the complex number itself multiplied by itengdex conjugate we obtain (cf. eq.

4.5 of Section 4.1)
|G1a| = /G12GT, =1 (4.16)

Since by definitior®,,,; = |G|O,, it follows that there is no artificial or numerical damping or
distortion involved when going from one time level to the nébhe scheme (4.6) is therefore
neutrally stablemplying that the energy associated witls conserved. We note that this is in
line with the property of advection processes outlined iotide 2.3.

To obtain this desirable property the condition we must negthat the radikand in (4.15) is
positive. Hence the condition

1-X<0 or [M\<1 (4.17)
must be satisfied. Sincel < sinaAx < 1 it follows that if

A
|u|A—; <1 (4.18)
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then (4.17) is satisfied, that is, the condition (4.18) isfigant condition for stability for the le-
apfrog scheme (4.6). Moreover under this condition theflegpscheme also becomes neutrally
stable. The condition or criterion (4.18) is the CFL coratiti The ratio or number

C = lul 5 (4.19)

is theCourant numberSinceAz more often than not is given by the need to resolve the spatial
structure or typical wavelengths of the physical probldme, CFL condition becomes a stringent
condition on the time stepit.

Finally we note that like the the grid size also the time stefshioe sufficient to resolve the
typical periods of the physical problem. Commonly the tgpigeriod is much longer than the
Nuquist frequencpAt, and hence the CFL condition in most cases puts a much mangestt
requirement or\¢ than the requirement of resolving the typical periods offihgsical problem.
Thus for most meteorological and oceanographic problemsdbolution requirement is on the
grid size.

4.3 How to fix the intial boundary value problem

Although the leapfrog scheme is conditionally and neugrathble it is not without disadvan-
tageous properties. One of the problems with the schemea@ded with the number of ini-
tial conditions required, a problem already touched upo8aention 3.1 regarding the diffusion
problem. Thus the question is how to start the time marchioggdure. The forward in time
centered in space scheme is one possibility, but as showeadto& 4.1 this is unconditionally
unstable. However, we may nevertheless make use of thissecivien applied to a single time
step.
Thus we start by using the scheme

At
0] = 07 —ugr— (07
For the time level 2 and onwards we then use the leapfrg scl{ér6e The step (4.20) and
more generally the forward in time, centered in space schemsually referred to as the Euler
scheme. We emphasize that although this scheme is uncoralyi unstable it does not ruin the
solution when applied for one time step only. It may even keldsom time to time to avoid the
unphysical mode inherent in the leapfrog scheme (cf. Sedti8).

—60). (4.20)

4.4 Interpreting the CFL condition in terms of physics: The
method of characteristics

Let the slopes

= u(x,t) (4.21)
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A t
t=tc /
Karakteristikker /
?X
t=0 / P
x=0 x=L

Figur 4.1: Sketch of the characteristics in the plane. For: = u, = konstant> 0 the charac-
teristics are straight lines sloping to the the rightriit space as shown. if = L demarks the
end of the computational domain, then all information alibatinitial condition is lost for times
such that fort > ¢..

define special curves in thex space (cf. Fig. 4.1), and let us simultaneously define theiabe
differential operator

D* D*zx

o = Oy + Wagc. (4.22)

Then (4.1) may be rewritten to read

D6 = (0 along the slopes Dz
dt g PesS 4

We commonly refer to the slopes defined by (4.21) asctigacteristicaand (4.21) itself as the
characteristic equationSince the solutions to (4.1) also are solutions to (4.23)ften refer
(4.23) as thecompatibility equationWe observe that (4.23) tells us thats conserved along
the characteristics (4.21). Thus if we know the solutioriraetleveln = 0, that is,f(x,t = 0)

for 0 < = < L, then the solution at a random time leveland at a particular; point in
space is found by simply following the characteristic bamkdrd the initial time leveh = 0 as
illustrated in Figure 4.1. For = ug, whereu is a constant the characteristics deform to straight
lines with a positive slopé/u, whenu, > 0. From Figure 4.1 we may conclude that after a
critical timet = t. = L/uy all information about the initial distribution df is lost. Furthermore
follows that for times largeer than the critical time levet ¢., the solution in the computational
domain0 < = < L is determined wholly by the boundary conditionzat= 0. Since (4.1) only
contains the first derivative with respectitponly one condition is irx is allowed. The boundary
atx = L is therefore open in the sense that there is no boundary womdhat replces the

= u. (4.23)
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At
Q
n+l \‘
) /
) /
n-1 7
X
. P— P-
x=0 | R x=L

Figur 4.2: Sketch of the method of characteristics. Theadist between the grid points ae
in the verticaland\x in the horizntal direction. The slope of the solid line thgby, » is derived
from (4.21) and is given by/u. The point labelled) is therefore a distanceAt away fromz;.
If uAt > Az then the point) is located to the left of;_;.

differential equation there. The physical space theregfarprinciple, continues to infinity. Thus
the boundary: = L is a numerical boundary necessitated by the fact that anypuaten however
large, are limited in its capacity. This problem is espdgiabmpund for oceanographic models,
since the oceanic spatial scales are small compared torthkaisscales in the atmosphere. We
will come back to this problem in Chapter 7 where we will intigate details concerning open
boundary conditions constraining the solutions at opemHbaties.

We note in passing that since (4.1) and (4.23) are compatbsslution to (4.23) is also
automatically a solution to (4.1). We may therefore solv@3} employing numerical methods
as well as (4.1) in which case it is referred to asriethod of characteristic¥Ve will make use
of this fact to give a physical interpretation of the CFL eribn. We also note that the method
of characteristic may also be applied to much more compleklpms and systems (e.gister,
1966).

Since in this simple case (4.23) tells us thaits conserved along the characteristics, the
problem is reduced to find the charateristics in thé space, that is, to solve (4.21). As is now
common we then divide the computational domain inthespace into a grid as displayed in
Figure 4.2. Let us for a minute consideras being known for alk; and at all time levelg™.
Then at the time level"*! the characteristic through; is simply given by the characteristic
equation (4.21). To find the characteristic we simply makeaigefidifference approximation of
(4.21) considering that;.“rl can be approximated by;. Hence

r; — 1 = ujAl (4.24)

43



4.4. METHODS OF CHARACTERISTICS  KAPITTEL 4. THE ADVECTIONROBLEM

wherez, is the point at which the characteristic crosses the timel l&v Since we know both’!
andz;, (4.24) is really an equation which determines the locatior,. Commonly the location
of the zq is in between the grid point, for instance between the patntandz; ;. Sinced; is
known for all grid points, we may interpolate linearly beewvethe adjacent grid points to find
0%, or the value of) at the locatione, at time levelt = ¢". To this end we may use a two point

linear interpolation. Thus
TQ — Tj

0p =071 + N (07 — 07 ) (4.25)
Substitutingz from (4.24) into (4.25) than gives
0o = (1 —C)07 +C0F 4, (4.26)
where At
C= U?A—.CL' (4.27)

is the Courant number. Sindan accord with (4.23) is conserved along the charactengéget
as a first guess
9;1“ =05 =01-0C)07 +Co7 . (4.28)

Since the characteristic are the curves along which inftionas propagated (4.28) tells us that
0;?“, that is, the value of at the point(z;,t"*') in time and space equals the valuedddt the
point (z¢, t") in time and space (cf. Figure 4.2).

Figure 4.2 is drawn fot: = uy > 0, and may be used to visualize the CFL criterion for the
upwind scheme. First we note that singe> 0 it follows from (4.24) thatr < x;. Moreover
(4.24) also gives that the distance betwegrandz; is uAt. Thus if we additionally desire that
zj_1 < xg thenuAt < Az. If we compare this result with the upwind scheme as gived iii)(
we observe that for = uy > 0 the information used to compu9§+1 does originate from the
two points¢? andd? ;. In fact we may rewrite (4.7) for = v, > 0 to give

«95?“ =(1-0)0;+Cor,, C= uoﬁ—i (4.29)
which matches (4.28) exactly. Thus from (4.29) follows ttiet upwind scheme may be inter-
preted as the value défat the time leveh + 1, that is,@;l“, is found by a simple weighting of
the value9)? and?? , using the Courant number as weight. What the method of cteaistics
(4.28) reveals is that the latter interpretation is onlyidials long asiAt < Az. This is exactly
what the CFL criterion demands in order to make the numetipalind scheme stable, that is,
the Courant number must be less than one or that (4.18) mssttiséied.

Moreover, ifuAt > Ax then the characteristic through at time leveln + 1 (cf. Figure
4.2) will cross the time leveh to the left ofz;_;, that is,z;_» < z¢ < z;_;. Under these
circumstances the upwind scheme will still use (4.29) tewakef at the new time level, that
is, continue to use the weighted information using values;andz;_, at the previous time
level. This is obviously wrong and use of (4.29) will lead to major error. If this is allowed
to continue for time step after time step the error accunesland will finally give rise to a
numerical instability.
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The speed defined bz andAt, that is,Ax/At, is most often referred to as the signal speed
of the grid. The CFL criterion (4.18) may therefore be intetpd as a condition which constrains
the signal speed of the grid to be larger than the advectieackp In other words, the advection
speed must be small enough to let the area of dependenceAmeevithinz,;_, ogz,,, attime
leveln.

4.5 Numerical dispersion

Fra andre sammenhenger innenfor geofysikk kjenner vi tibfeenet dispersivitet, saerlig gjel-
der dette bglgefenomener (for instance tyngdebglger pét gann, planeteere Rossby balger).
Dispersivitet betyr at forskjellige bglgelengder forfuttseg med forskjellig fasehastighet. Ma-
tematisk uttrykkes dette for bglger ved at bglgefrekvensenr en ikke-lineaer funksjon av bgl-
getallet,o, that is,w = w(«), slik at gruppehastigheten, = d,w er forskjellig fra en konstant
og slik at fasehastigheten= w/a = ¢(«).

Anvender vi en bglgelgsning for adveksjonslikningen (4thjt is settef) = ©ye’=—<t),
finner vi at fasehastigheten= v, that is at nan er konstant beveger alle bglger seg med den
samme fasehastigheten, nemliguavhengig av bglgelengden. Den analytiske (fysiske)ihgsn
gen er altsdkkedispersiv.

Den samme analysen kan vi gjennomfgre for den numeriskdigadifferanse tilneermelsen
av (4.1). Som eksempel tar vi utgangspunkt i leapfrogskgtri¥a6), idet dette var det gunstigste
med tanke pa numerisk dempning. Vi setter derfor inn i (4e6) dumeriske utgaven av en bglge,
that is, en diskret Fourier komponent,

07 = Qe 2UATmenal), (4.30)
og far etter litt regning at
1 _ At
¢ = arcsin (uﬂ sin an) , (4.31)
eller normalisert at . |
= 5 arcsin (C'sina’), (4.32)

hvoro’ = aAx /7 og C er Couranttallet.

Av Figur 4.3, som viser den normaliserte fasehastighetem fsmksjon av det normaliserte
balgetallet,a’, som gitt i (4.32), ser vi tydelig at den numeriske dispaisjelasjonen avviker
fra den korrekte analytiske, nemligu = 1. Videre ser vi at de forskjellige bglgelengdene vil
forplante seg med forskjellig hastighet, og dermed at legskjemaet er det vi kallerumerisk
dispersivt Allerede fora’ = 0.5 ser vi at fasehastigheten er betydelig forsinket i forhalld t
den analytiske for alle Couranttall < 1. | praksis vil dette medfgre at for instance en topp
i energien vil bli spredt pa grunn av numerisk dispersiviietf. Oppgave 5 i Oppgaveheftet).
| tillegg ser vi at fora’ > 0.5 vil gruppehastigheten, endre fortegn. Det betyr at for verdier
ava’ > 0.5 vil bglgen og energien i bglgen forplante seg i motsatt nggnDette ble vist av
Grotjhan and O’Brien(1976). Dette er ufysisk og ma unngas, for instance ved dsteetikelig
romlig oppl@sning (velgéx liten nok).
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e Analytisk
osf I C=1.0
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Figur 4.3: Numerical dispersion for the leapfrog schemes Giwrves depicts the numerical pahse
speed as a function of the wavenumber based on (4.31) fausvialues of the Courant number
C = uAt/Az. The vertical axis indicates the phase speedrmalized by the advection speed
u. The horizontal axis indicates the wavenumber normalizea pAx where Az is the space
increment or the grid size. The analytic dispersion curyaessa straigt line corresponding to the
pahse speed= u, thatisc/u = 1. Note that as the wavenumber increases (that is the wawleng
decreases) the numerical pahse speed deviates more andraomorine correct analytic phase
speed for all values of the Courant number. For wave numbarshigivesaAx /7 > 0.5, that

is for waves of wavelengths < 4Ax the slope of the curves indicates that the group velocity
is negative. Under these circumstances the energy is patipggn the opposite direction of the
waves.

4.6 Numerical diffusion

Som vi sd i forrige kapittel gir leapfrogskjemaet en ugnskspersivitet, szerlig for verdier av
Couranttallet som avviker fra 1. Dette gjor at leapfrogsiget, til tross for at det er ngytralt
stabilt og er av annen orden, er uegnet for bruk i problem Bean inkluderer fronter eller sterke
gradienter som er darlig opplast.

Disse uheldige sidene ved leapfrogskjemaet medfgrte atigppsskjemaet lenge var me-
get populeert til lasning av adveksjonsproblemet. Imiddear ogsa dette skjemaet ugnskede
egenskaper. Det er nemlig numerisk diffusivt. Med numedi$kisjon mener vi at skjiemaet gir
lgsninger som oppfarer seg som om den fysiske prosesses;diff er tilstede (jmf. Kapittel
2.2). Dette medfarer at fronter og/eller skarpe gradieglaites ut kunstig. Et eksempel pa dette
er gitt i Figur 4.4 hvor oppstremsskjemaet er anvendt pa gyrreelstilstand som har ekstremt
sterke gradienter (jmf. ogsa Oppgave 5 i Oppgavehefte®r 200 tidsskritt er den opprinnelige
“bauta’-liknende fordelingen omgijort til en “klokke”-likende fordeling. Som vist i Opggave 5
i Oppgaveheftet vil ogsa andre fordelinger glattes nar erytier oppstremskjemaet.

Vi vil na se litt neermere pa opphavet il en slik diffusjon ipgtremskjemaet. For dette formal
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Oppstramsskjema
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Figur 4.4: Displayed is an example of the diffusion inherenthe upwind scheme. The solid
curve shows the initial distribution at time level= 0, while the dot-dash curve (red) shows the
distribution at time leveh = 200. The Courant number i§' = 0.5. Cyclic boundary condiions
are used at the boundaries of the computational domain.

omskriver vi (4.7) ved hjelp av en advektiv fluks (jmf. KapitR.3) definert ved

Fy = 2 [+ )8} + (u = Jul)67,.] S (4.33)

Foru > 0 (u = |u]) erdar = 07|u| 2L, mens foru < 0 (u = —|u|) er F* = —«9;7‘+1|u|%. Da
vil (4.7) kunne skrives

Oitt =07 — (F)' — ")), (4.34)

som gjelder uansett omer stgrre eller mindre enn null. Dersom vi setter inn Tay&kkene for
de enkelte leddene i (4.34), that is, setter

07t =07 + [0,0]7 At + 5 [070] AL* + O(AL?)

n n 4.35
0y =60 £ (0,07 Aw + L [026]" Az + O(A?) (4.35)

falger etter litt regning, og med bruk av@td = u?926, at

1 n
[0:0]; = —u [0,0]7 + §|u|(Aa: — |u|At) [8§H]j + O(Az?%) + O(AP?) (4.36)
eller ved bruk av Couranttallet definert i (4.18) at

00" = —u0,01" + AT 4 o 18201 + O(A? At? 4.37
10]7 = —u [0,0]] + 5 (1 \C|)[$L+O(x)+0(t). (4.37)
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Til annen orden i tid og rom er altsa oppstremsskjemaet éngjiiins-adveksjonslikning (Kapit-
tel 2),

0,0 + ud,0 = k020 (4.38)
hvor diffusjonskoeffisienten er gitt ved
= %(1 — 10 ul Az (4.39)

Dermed ser vi at de ledd vi slgyfet i (4.7) (&(Azx) og O(At)) gir et diffusjonsledd med en
diffusjonskoeffesient gitt ved (4.39). Vi legger merkediildiffusjonen er null dersom gvre grense
i CFL kriteriet (4.18) benyttes. Samtidig ser vi at skiemaekonsistent idet diffusjonsleddet gar
mot null narAx og At gar mot null uavhengig av hverandre.

4.7 Flux correction: Minimizing numerical diffusion

In contrast to the second order leapfrog scheme the firstr anol@ind (or upstream) scheme is
a positive definite scheme. Thus if the distribution of 8&y,t) at some arbitraty timeis such
thatd > 0 for all = then it is guarantined tha > 0 also fort = ¢ + At. Another important
property, and exemplified in Figure 4.4, is that the maximuatue is correctly propagated at
any time without any dispersion. These are valuable progsetthat is well worth retaining in any
scheme. The question therefore arises if it is possible thstroct a scheme or method whereby
these properties are retained and at the same time avoids |@xst minimizes, the numerical
diffusion inherent in the upwind scheme as shown in Secti6 Zhere are several schemes that
offers a solution. Here we will present one of them called MPB? which was first suggested
by Smolarkiewic£1983) (see als&molarkiewicz and Margoliril997).

Like many other schemes that offers a solution also the MPOAEthod bases its solution
on the use of flux correction. The particular method use8implarkiewic£1983) is to introduce
an advective flux that compensates for the diffusive fluxodticed by the first order upwnd
scheme. First we note that the upwind scheme

| henhold til Smolarkiewic1983) kan den innebyggede numeriske diffusjonen motsirke
ved & pafare entilsvarende negativ diffusjon. Som (4.38karer gir bruk av oppstremsskjemaet
en numerisk lgsning som svarer til en analytisk lgsninglavrigen

0,0 + 0, (ub) = 0, (kD,0), (4.40)

hvor « er gitt fra (4.39). Smolarkiewicz’s forslag til lgsning byer pa observasjonen at man
istedet for & lgse (4.40) bar lgse likningen

0 + O.[(u* + u)b] = 0,(k0,0) (4.41)
hvorw* er en “motdiffusjonshastighet” definert slik@t(u*0) = 0, (x0,0), that is
ut = ’“Z“”Q. (4.42)

2MPDATA is an abbreviation of “Multiple Positive Definite Aéetion-Transport Algorithm”
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Forslaget gar altsa ut pa a legge til en kunstig advektiv fldks= u*0 som i det kontinuerlige
tilfellet ngyaktig motvirker diffusjonen pa hgyre sie au4@). Dette ser vi enkelt ved & innsette
(4.42) i (4.41), som da blir identisk med den opprinneligeedsjonslikningen (4.1). Altsa vil,
teoretisk sett, innfgringenen av en advektiv fluks med enidgtast lik motdiffusjonshastigheten
u* medfgre at den numeriske diffusjonen oppheves eksaktobersevneren i (4.42) gar mot
null raskere end, 6 gar mot null vilu* ga mot uendelig. For & unnga dette foreStaolarkiewicz
(1983) og legge til et lite tall i nevneren i (4.42).

Den praktiske fremgangsmetoden foreslattSamolarkiewicZ1983f er ogsa elegant. For
hvert tidsskritt bestar den av en totrinnsrakett. Farantbestar i a finne en midlertidig lasning
eller predikator (eng: “predictor’}}?. Denne baseres pa en Igsning av adveksjonslikningen (4.1)
ved hjelp av et lavordensskjema slik som oppstramsskje(at). Det vesentlige her er ikke at
oppstramsskjemaet brukes, men at det valgte skjemaet regetesskapende at den ikke skaper
negative verdier dersom fordelingen opprinnelig er pegigfinit, og at toppene i fordelingen
forfluttes korrekt, altsa at skjemaet gir lgsninger av ordgr\¢) og O(Az) som har de samme
egenskapene, spesielt bevaring av energi og monoton(attelet ikke skapes falske negative
verdier for en stgrrelse som er en positiv definite) som oppssskjemaet. Predikatoren vil,
siden vi bruker oppstremsskjemaet, veere “infisert” av enemisk diffusjon som har glattet ut
alle mer eller mindre skarpe gradienter i tilstanden vedkiitet ¢”, og slik at de skarpeste
gradientene er glattet mest. Imidlertid vet vi at toppefteer forflyttet til de riktige posisjonene,
men dempet i verdi fordi arealet (“energien”) under fordgkn ved tidskrittet™ er bevart. For
eksempel vil en tilstand som er en smal klokkefunksjon ted 0 veere fordelt over et stgrre
omrade ved tidskrittet”, mens arealet under klokken er det samme som ved tidspunktet
slik som vist i Fig. 4.4. Toppen, eller maksimum, i klokkenferflyttet til riktig posisjon, men
har fatt en lavere verdi. Dette betyr at alle de initielle ggponnelige skarpe gradientene er blitt
ganske “slappe”.

Det som trenges i det andre steget i totrinnsrakette®riblarkiewic£1983) er derfor at de
disse “slappe” gradientene strammes opp. Hans forslagifior to, kalt korreksjons-steget (eng:
“correction step”), er & korrigere den midlertidige lgsyémé? ved a lgse (4.42) en gang til, men
na med motdiffusjons-hastigheten som gitt i (4.42), thatlisse

00 + 0, (u*) = 0. (4.43)

Igjen foreslar han & benytte et lavordenskjema, men i tillequke den midlertidige lgsningen
(“the predictor”) som Igsningen ved tidskritt#t, that is motdiffusjonshastigheten defineres ved

. KOO
w= (4.44)
mens skjemaet fat ved tidsskrittet™ ! blir
07t =60 — (FF — F7_,), (4.45)

3Denne metoden har fatt navnet MPDATA som star for “Multiptesfive Definite Advection-Transport Algo-
rithm”
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hvor
At

1
FY = 3 [(u* + [u™|)0% + (u* — \u*\)@ﬂ Ay (4.46)
Siden, som vi sa over, dette er det samme som a lgse en rensphatikning vil den pafarte
advektive fluksen ikke medfare noen forflytning av toppeh £ 0 hvor 9,67 = 0), men vil
fare til en omfordeling av arealet under fordelingen gittly@edikatorery?. Altsa er det kun
gradientene som blir pavirket, mens toppen (ekstremaiesydorblir i ro slik som vist i i gvre
panel i Fig. 4.5. At (4.45) gir den gnskede virkning skjgnvieed & observere at* i henhold til
(4.44) er null der hvod,.0? = 0 er null. Siderx i henhold til (4.39) er positiv for Couranttall som
oppfyller kriteriet for numerisk stabilitet, er fortegntiit«* bestemt av fortegnet t},0? (sélenge

0P er positiv), that isu* er negativ til hgyre for en topp, mens den er positiv til vemsor en
topp. L@sninger av (4.45) vil derfor forflytte lgsningen @yhe sider av toppen mot toppen, med
andre ord stramme opp rundt toppen nettopp slik vi gnskéledigy vil denne oppstrammingen
veere stgrst der hvat” er minst og misnt der hvof er starst, hvilket ogsa er slik vi gnsker.
Altsa vil de “slappe” gradientene strammes opp, 0g, sidenlat under fordelingen bevares, vil
maksimumsverdien i toppen gke.

For & oppsummere. Farst Igses altsd adveksjonslikninggnv@d hjelp av oppstremsskije-
maet (4.34). Dette steget kalles prediksjons-steget ogrgmidlertidig lgsning a¥ ved tiden
t"*1 = (n 4 1)At kalt predikatoren. Deretter beregnes en motdiffusjortast, «*, gitt ved
(4.44), og adveksjonslikningen Igses pa nytt som anvisé4 that is, nd med erstattet aw.*.
Dette steget kalles korreksjons-steget og gir en korrigendi avé.

Som det fremgar av Fig. 4.5 vil imidlertid ogsa korreksjateget i Smolarkiewiczs metode
(MPDATA) veere diffusivt idet det ogsa bygger pa et lavordsgesma av typen oppstramskjema.
Dette kan vi rette pa ved a innfare et nytt korreksjons-stey hok en ny motdiffusjonshastighet
beregnes basert pa lgsningen fra det farste korreksjegetsbg som deretter settes inn i (4.45).
Dette er da begynnelsen pa en iterasjonsprosess som kaagyjetet uendelige. Det krever
imidlertid stadig mere regnetid og vil ga utover effektatién til programmet vart. En regnema-
skinmessig mer effektiv mate er & gjaré kunstig starre ved hjelp av en skaleringsfaktor (her
kalt S.). Verdien av denne skaleringsfaktoren ma utprgves ngayeil egriere fra anvendelse til
anvendelse. For store verdier vil gi for mye oppstramnihgt ts, fare til at toppene blir smalere
og derved mere energirike enn de skal veere. | Fig. 4.5 nedrel péses lgsningen dersom vi
bruker en skaleringsfaktor p& = 1.3. Forgvrig vises til Oppgave 6 i Oppgaveheftet.

4.8 Unphysical solutions and numerical modes

Over har vi sett pa noen egenskaper ved forskjellige skjersam gir opphav til numeriske
lgsninger som inneholder ugnskede effekter som egentlifysrske, men som opptrer som til-
synelatende fysikk, altsa lgsninger som er skapt av detrelgevi anvender. Eksempler pa slike
ugnskede effekter var numerisk dissipasjon (ufysisk watednergi), numerisk dispersivitet (ufy-
sisk spredning av energi til andre bglgelengder eller feglser), og numerisk diffusjon (ufysisk
ledning av energi i rom og tid). | tillegg til disse har enkeklkjema ogsa lgsninger som kal-
les ufysiske ellenumeriske modethat is, lgsninger som ikke er inneholdt i den opprinnelige
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Figur 4.5: Eksempel pa oppstramning av den numeriske diiffies ved bruk Smolarkiewicz
metode MPDATA. | begge panelene viser den heltrukne svameek intialtilstanden (tidsskritt
n = 0). Den rade punktumlinjen viser Igsningen etter 200, den grgnne stiplet etter= 400

og den bla stiplet-punktum linjen lgsningen etier 800. Courant tallet er i dette tilfellet satt til
C = 0.5. @vre panel viser lgsningen med en skaleringsfaktof pé& 1, mens nedre panel viser
lzsningen dersom skaleringsfaktoren gkesStil= 1.3. Pa rendene er det brukt sykliske (eller
periodiske) betingelser (jmf. ogsa Oppgave 6 i oppgavebeft
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kontinuerlige likning.
La oss f.eks. se pa adveksjonslikningen (4.1) hvor vi aneetehpfrogskjemaet (4.6). Fra
den kontinuerlige likningen fglger at dersom begynnels@sbelsen settes til en enkel bglge,

0 = foe”, (4.47)

er den fysiske Igsningen gitt ved
f = eoeia(:cfAt) (448)

hvor som fara er bglgetallet od, er amplituden i bglgen. Det numeriske leapfrogskjemaet for
adveksjonsproblemet (4.6) kan ogsa lgses analytisk (jmpgave 2 pa side 54)

07 = O |Cre U2 4 (—1)CpeteUATH) | (4.49)
hvor (', » er to konstanter som bestemmes ut ifra begynnelses- elliedlbetingelsen, og hvor
= arcsi Aﬁ'(A) (4.50)

X = arcsin Al’ SIN{Ax .

Likning (4.49) faglger av (4.13) og av det faktum at vi i henthall (4.15) har to muligheter
for lgsning for vekstfaktoren. Den kontinuerlige likninger bare derivert en gang med hensyn
pa tiden. Derav fglger at vi bare har en initialbetingelsen $ra (4.47) er gitt ved

07 = Ope™ A (4.51)

som er utilstrekkelig til & bestemme de to konstantene ¢ Bette misforholdet har sin opp-
rinnelse i at leapfrogskjemaet er av annen orden i tid og tbat,is, som om det var et endelig
differanseskjema for en kontinuerlig likning av annen ordeid og rom. Den numeriske |1gs-
ningen (4.49) krever altsa to initialbetingelser mens uiebhar en til disposisjon. Numerisk
gjenspeiles dette i at (4.6) ikke kan brukes til & besterfimed tidskrittett = At, that is@}, da
dette krever a&;l, ellerd ved tidskrittett = — At er kjent. Sagt pa en annen mate betyr det at den
andre konstanten i var numeriske lgsning (4.49) bestemtifes lvordan det farste tidsskrittet
behandles. En meget vanlig metode er & bruke et skjema sonsigligei tid og sentrert i rom
(jmf. f. eks. likning 4.2) for det farste steget. Dersom vilker det her fglger at den numeriske
lzsningen var kan skrives (jmf. Oppgave 9.2),

07 = o [(71 - COSX) gielshe=") 4 (—q)m ! (71 - COSX) e"“(m“’?)] (4.52)
2cos y 2cosy

Videre kan det vises at ndkt og Az begge gar mot null, men slik at Couranttallet (4.18) er
mindre enn 1, that is at stabilitetskravet er oppfylt, vit derste leddet i (4.52) ga mot den
kontinuerlige lgsningen (4.48), mens det andre leddetdingt null. Det farste leddet i (4.52)
svarer derfor til den fysiske moden, mens det andre leddst &alsk numerisk mode. (P& engelsk
er dette fenomenet ogsa referert til som “time splittind’#gg merke til at fortegnet for den
ufysiske eller falske numeriske moden skifter tegn for htidsskritt.

Det er sveert viktig & merke seg at dersom ikke denne ufysibéeraimeriske moden kon-
trolleres eller drepes, vil den kunne fare til kraftig steg,i enkelte tilfelle til numeriske instabi-
liteter.
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4.9 The Asselin filter

Den enkleste maten a bli kvitt den numeriske moden i leapgkjgmaet, er med jevne mellom-
rom a foreta ett ensidig i tid, sentrert i rom tidsskritt, tie et vanlig Euler steg som vist i (4.2).
En annen metode som opprinnelig ble foreslatRabert(1966) og senere videreutviklet &s-
selin(1972) er a foreta en filtrering i tid. En tidsfiltrering av evilkensomhelst funskjon i tiden,
for instance)(z, t), fremkommer ved & anvende operatoren

O(x,t) = v0(x, t + At) + (1 — 29)0(z, t) + 70(x, t — At) (4.53)
hvor ~ er en vektfunksjon. Ved bruk av notasjonen innfart i KapOlkan (4.53) skrives
0 =07 + 407t — 207 4 0771, (4.54)

Dersom vi ser pa en enkelt periode, that is, setter éje"”"m, gir (4.54) at

07 = RO (4.55)
Forholdet .
R(y) = e—fl =1— 27+ 2ycoswAt (4.56)
j
kalles filterets responsfunksjon. Fepr= 0.25 er filteret et vanlig 1-2-1 filter, that is
" 1 n+1 n n—1

hvor tidspunktet: vektlegges med det dobbelte av tidspunktene 1 ogn + 1. | dette tilfellet
er responsfunksjonen er gitt ved

R(0.25) = %(1 + cos wAt) (4.58)

Sidenw = 27/T hvor T er perioden ser vi at et slikt filter giR = 0 for en bglge med periode
T = 2At, og R = 0.5 for en bglge med periodE = 4At. Altsa vil 2At bli filtrert bort menst At
balger dempes til halve amplituden. Effekten pa de langpéske bglgene er derimot minimal.

Det var disse egenskapene ved filteret (4.54) som Bathert(1966) ogAsselin(1972) pa
ideen om & benytte et liknende filter for & fierne den ufysisialen i leapfrogskjemaet. Dette
ble gjort slik. Vi antar at den filtrerte Izsninge@fﬁl, er blitt beregnet og lagret for tidspunktet
(n—1), savel som den ufiltrerte verdieff;, ved tidspunktet. Deretter brukes leapfrogskjemaet
til & beregne den nye verdi@gﬁ+1 ved tidspunktefn + 1) ved hjelp av de ufiltrerte verdiene ved
tidspunktetn og de filtrerte verdiene ved tidspunkiet- 1. For eksempel, dersom likningen var
er den enkle adveksjonslikningen (4.1) gir bruk av leapdiggmaet (4.6) at

e A
gl =g, Lo, -0 ). (4.59)

vl
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En filtrert verdi for tidspunktet, beregnes deretter ved a sette
" g n+1 n yka

Vi har da ikke noe mere bruk for de filtrerte verdiene ved tiditetn — 1, 9?, og kan erstatte
denne med de nye filtrerte verdiene ved tidspunktmemliggy. Vi kan da gjenta prosedyren
for & beregnd’**, og s& videre.

Vi skal merke oss at Asselinfilteret pavirker den numeriglabititeten, og at den gir opphav
til en numerisk diffusjon. Den numeriske diffusjonen gkezdwkende verdier av faktoren
mens den kritiske verdien for stabilitet minker med gkeneelivav~. Det siste ngdvendiggjer
at tidskrittlengdenAt ma minkes med gkende verdier avDette faktum medfgrer at selvom
v = 1/4 er gnskelig pa grunn av &t stay blir gyeblikkelig dempet (og derigjennom den
ugnskede ufysiske moden), er det fornuftig & bruke en lavergi av+. En ofte brukt verdi er
v = 0.08. Vi skal ogsa merke oss at gjentatt bruk av selv et svakt Agdtr (med~y = 0.08)
gjer at selv de lengre bglgeperiodene til slutt blir pavirfdiffundert). Et slikt filter bar derfor
brukes med en viss forsiktighet og ikke ngdvendigvis forrhtidsskritt.

Exercises

1. Show that the CFL criterion for the leapfrog scheme, tieisive scheme and the upwind
scheme all are given by (4.18).

2. Show that (4.49) is a solution to (4.6). Moreover, showt {da52) follows from (4.49)
when the initial distribution is given by (4.51), and whe#e?) is made use of to fin@yl.
Hint: Show first that, , from (4.15) may be written

Gi = ¢ X,Gy = '™ (4.61)

wherey is given by (4.50).
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5.1 Higher order advection schemes

As alluded to in Section 1.8 schemes with higher order trtianaerrors may be constructed
using of Taylor series expansion. As an example we show haartistruct a fourth order accurate
scheme for the advection equation

80 + ud,0 = 0. (5.1)

First we recall from the section on Taylor expansions (9&cfi.8) that (1.37) and (1.38) in
our notation can be written

1 1
9};1 = 0;? + [axe];‘m + 5[859]?&52 + 6[8;";9];%:53 + O(Ax4) (5.2)
Thus follows that
(L 1
Jj+1 j=l n o 2193 2 4
oA [8x9]j + 6[819]&1@ + O(Azx?), (5.3)

which we then used to find a second order approximation to plagad derivative in (5.1). In
(5.3) we have used the points adjacentjtdo construct the series, that is, the poititaz away.
Suppose we used points locatedAx away instead. Then the Taylor series (5.2) becomes

1 1
0;;2 = 9;5‘ + [8:09];?2&5 + 5[639]?(2&5)2 + 6[8;”;0];?(2Ax)3 + O(Aw“) (5.4)
and hence that
o, ., — 0" 2
Jj+2 j=2 _ n 4 2193 2 4
AL [8x9]j + 3[819]&1@ + O(Azx?Y). (5.5)

Use of (5.5) to construct a finite difference approximationct.d]} is as valid as using (5.3). In
the limit Az — 0 they both tend t@..6. We may therefore combine them linearly to give

[— or,., —on 1
Jj+1 Jj+1 Jj+2 J+2 n_ 3 2 4
ons T A = (@ D)+ p(a+ )[0I0A + O(Ast) - (5.6)
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wherea andb are linear weigths yet to be found. We may therefore constrdimite difference
approximation taj, 6 by truncating the series

a 07, — 07 b 07 o — 07 1 (a+4b
a$6n — Jj+1 Jj+1 Jj+2 Jj+2 - 836A 2 O(A 4
19:9]; ((z—i—b) 2Azx * a+b 4Ax 6 \a+b 0:6]A2" + O(Az')
(5.7)

Hence by chosing the numbersandb so thate 4+ 4b = 0 we eliminate the second term on the
right-hand side of (5.7), and thus the leading truncatioordrecome)(Ax*). Another obvious
requirement, necessary to ensure that the right-hand $ie® tends ta,.0 whenAz — 0,

is thata + b = 1 which then gives that = % andb = —%. Hence a fourth order in space and
second order in time scheme for the advection equation besom
gntt — ot 407, — " 107, — 9"
J J Jj+1 Jj—1 j+2 j—2
- S = 0. 5.8
2AL +“{3 2Az 3 4Ax } (5-8)

As we did in Section 4.5 we may analyse this scheme in termis afispersion properties.
Thus we use
9;1 _ @Oeia(Axfant) (59)

to substitute in (5.8) which gives

1 ) 4 (sinalAx 1 [sin2aAx
¢ = arcsin {uaAt {g ( AL ) —3 (W)} } . (5.10)

To leading order invAx we then obtain for the fourth order scheme

czu{l—%(an)4+~-~} (5.11)
Recalling (cf. Section 4.5) the second order in space legEcheme phase speed was

1 ' sin oAz 1 9
¢ = —;arcsin [uaAt ( Ay )} A~ {1 — ﬁ(an) + - } : (5.12)

Since0 < aAz < 7 it follows that the fourth order scheme is nearly always sigoeo the
second order scheme. This process of constructing higlder @inite difference approximations
may be continued. For example we note that the scheme

gntt — gn—1 307, — " 30" ., — o 107 ., — 6"
J J Jjt+1 Jj—1 Jjt2 Jj—2 Jj+3 Jj—3
2 = — =0. 5.13
oar " {2 2Ax 5 4Ax 10 4Az } (®.13)
is good toO(Axz®). Thus the dispersion relation becomes
1 ) 4sinaAx  3sin2aAx 1 sin3aAx
¢ = arcsin {uaAt {g Ar 5 2aia + 10 3ars } } . (5.14)
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which to leading order gives

36
czu{l—?(aAa:)6+-~-}. (5.15)
Comparing (5.15) with (5.11) and (5.12) shows that the sotier scheme is superior to the
fourth order scheme and so on. Potential complications gliew can arise from these higher-
order spatial treatments. These include the aforemerdicomputational modes (Section 4.6),
troubles at boundaries, and more stringent conditionsdionerical stability.

5.2 Non-linear instability

Som nevnttidligere vil ethvert ikke-lineaert problem av Byipolsk natur for en friksjonsfri veeske
bli instabilt etter mange nok tidskritt, til tross for at deteaere CFL kriteriet er oppfylt. At dette
er tilfelle er lett & overbevise seg selv om bare ved & lgsest@nkelt ikke-linezert, friskjonsfritt
hyperbolsk problem. Stay pfAx til 2Az skalaen vil far eller senere dukke opp. Amplityden
av stagyen vil veere liten til & begynne med, men etterhverhedguforutsigbart vil stayen vokse
eksponensielt. Dermed er Igsninen ubrukbar. VanligvigikeeesPhillips (1959) for den farste
analytiske Igsningen som viser dette teoretisk.

Far vi gar inn i noen detaljer om dette merker vi oss falgende;

1. Enhver “god” funksjohkan fremstilles som en diskret sum av bglger.

2. Dersom vi har et linegert system eksisterer hver enkeffdogdm om de andre bglgene ikke
var tilstede.

3. For et ikke-lineaert system vil bglgene vekselvirke ogwwelt danne nye bglgelengder.

4. For en numerisk lgsning med en gitt endelig gitteravstamdkan ikke alle baglger eksis-
tere.

Punkt 1 kjenner vi godt til. Det forteller oss at enhver 'gdaihksjon W (x) med period@L kan
fremstilles som en Fourierrekke, that is, foe [—L, L] kanW(x) skrives som

U(x) =ap+ i A SIN (0 T) + by cOS () (5.16)

m=1

hvor o, = mn /L er (det diskrete) bglgetallet,, og b,, er amplituden eller energien for bal-
getalleta,, 0og a, er middelverdien aw for = € [—L, L]. Punkt 2 sier oss at dersom systemet
er lineeert vil det ikke veere noen vekselvirkning mellom laslg. To bglgetog med forskjellig
amplitude, retning og bglgelengde vil passere hverandre at de endrer hverken amplitude,
retning eller bglgelengde. Punkt 3 understreker at dekie ¢k tilfelle for ikke-lingere balger. Her

IMed “god” menes her at funksjonen eksisterer og at funksjaedyv og alle dens hgyere ordens deriverte til en
vilkarlig orden er kontinuerlige
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vil bglgene etter & ha passert hverandre ha endret enténgeamplitude eller bglgelengde eller
alle tre.

Punkt fire papeker det faktum at nar vi fremstiller funksjonig(z) diskret med en gitt git-
teravstandAz har vi et bandbegrenset baglgerom hvor bglgelengden ikkevézne kortere enn
2Az, eller ata,,, € [0, 7/Ax], ellers kan de ikke eksistere som bglger i vart gitter. Dersohar
et ikke-lineaert system hvor bglgene vekselvirker og predersbglger med bglgetall > 7/Ax
(bglger med bglgelengder kortere ediz), kan ikke gitteret vart opplgse disse, og de vil bl
foldet (gitt) til et eller annet lavt baglgetall. La oss noékeilig kalle o < 7/2Ax for lave bglge-
tall eller lange bglger (that is bglger med bglgelengdarstennd Ax) og balger med bglgetall
m/Az < a < w/2Ax for hgye bglgetall eller korte bglger. De siste er bglger ineigelengder
mellom2Ax og4Ax som er de korteste bglgene som kan opplgses i et gitter ntedagstand
Ax. Punkt tre og fire over sier altsa at vi pa forhand forventesedwom all var energi til & be-
gynne med er samlet pa lave bglgetall (lange balger), s@\kke-linaere vekselvirkningene en
eller annen gang gi oss variabilitet (eller energi) pa betged haye bglgetall (korte balger).

For & belyse dette teoretisk skal vi se pa en modell hvorrfateitt ved likningen

Opu + ud,u = 0, (5.17)

altsa en ikke lineser-adveksjonslikning. La oss seivhtmyer(1963) bruke leapfrogskjemaet
siden vi vet at dette er stabilt i det linezere tilfellet, tisat

A
Wt = = 2 () — ()] (5.18)

J J J—

hvor A = At/Ax. Gjgr vi nd bruk av (5.16) og antar at middelverdiernuaer null (¢, = 0) kan
vi formelt skrive lgsningen av (5.18) pa formen

i

uj = Cy cos(%) +5, sin(?j) + U, cos(mj) +V, (5.19)

hvor amplituden&’,,, S,, er assosiert med bglgelengdéehz, amplituden,, med bglgelengden
2Az, og V assosieres med de resterende bglger med lavere bglgetallf/2Ax). Setter vi
nd (5.19) inn i (5.18) og bemerker @t} ,)* — (u}_,)* = (u},, — v} ) (u}, +uj_,) farviat
amplitudene ma forholde seg til hverandre som falger:

Cn+1 - Cn,1 - ZASH(UTL - V)
Snt1 — -1 = 2XC(U, +V)
Upr = U,_1. (5.20)

Den siste likningen i (5.20) sier at, beholder sine initialverdier, men ogsa at den kan ha for-
skjellige initialverdier for ulike ¢ = 1,3,5,...) og like (n = 2,4,6,...) tidskritt, for instance
Us,, = A0gQUs,,—1 = Bform =1,2,3,.... Ved a eliminereS,, fra den fagrste likningen i (5.20)
ved hjelp av de to andre far vi

Cpia—2C, +C, g = 4N (A+V)(B-=V)C,. (5.21)
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For a veere en stabil lgsning ma amplitudefaktorendfsr: balgen o2 Az bglgene veere (nu-

merisk) stabile. For & sikre dette ma tallverdien av vekstieen for amplitudene veere mindre
eller lik 1. For & undersgke under hvilke betingelser dettifellet gjar vi som far og definerer

vekstfaktoren ved? = C,,»/C,,. Innsatti (5.21) gir det likningen

G*—29yG+1=0 (5.22)
til bestemmelse at, hvor~ er et reelt tall gitt ved
Y=1+2 A+ V)(B-V). (5.23)

Likning (5.22) har rgttene
GLQ =7 + i\/ 1-— ’72. (524)

Sa lenge radikanden er reell vil derfor

|G172‘ = \/724—1—’)/25 1 (525)
Balgend Ax er derfor ngytralt, betinget stabil under betingelsen
1-~*>0, eller—1 <~ < 1. (5.26)

Som vi ser av (5.23) er dette bare mulig dersom initialverdie amplityden tiAx bglgen
erslikat|A| < V og/eller| B| < V. Med andre ord vit Az bglgen veere instabil dersom energien
i balgen med bglgelengde\z er for stor i forhold til energien i den delen som bestar agkan
balger.

| numeriske modeller for hav og atmosfeere som beskriver tsawg atmosfeerens ikke-
lineaere oppfarsel er det derfor svaert viktig & dempe el&n§ energien i de korteste bglgene,
eller “stgyen”, slik som beskrevet i Kap. 2.2 og Kap. 3.6.

5.3 The advection-diffusion problem

| kapitlene 3 og 4 leerte vi at diffusjonslikningen var ustdbr et skjiema som var sentrert i
rom og tid (leapfrog-skjemaet) , mens adveksjonslikninganstabilt for det samme skjemaet.
Samtidig leerte vi at adveksjonslikningen var ustabil ommnikbe et skjema som var forlengs i
tid og sentrert i rom, mens dette skjemaet gjorde diffudjansgen stabil.

Som nevnt i Kapittel 2 vil de fleste atmosfeeriske og osearfisgeaproblem innholde bade
adveksjon og diffusjon i en og samme likning. Vi er derfor hisidkombinere flere skjemaer og
sparsmalet blir da hvordan vi skal konstruere et skiema soer dtabilt.

For & se pa dette skal vi i det videre anta at vi arbeider i eredsjon. Den kontinuerlige
form av adveksjons-diffusjonsproblemet som gitt i (2.1)dden advektive fluksen gitt ved (2.2)
og den diffusive fluksen ved (2.3) far vi ved & kombinere (8d)4.1), that is

8,0 + ud,0 = kO20. (5.27)
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Vi kan for instance bruke skjemaet

6;?“ = 9;7‘*1 — Z—Axt(@;?“ -0 )+ QAﬁ—g(eﬁf — 29;5‘*1 + 6;?_’11). (5.28)

Merk at vi har evaluert diffusjonsdelen ved tiden— 1) At og adveksjonsdelen ved tider\t.
Dette gjor at skjemaet er forlengs i tid med tidskeift¢ for diffusjonsdelen og sentrert i tid for
adveksjonsdelen. Hver del er derfor stabilt for seg; dersom 0 er skjemaet stabilt overfor
betingelserC’ = ufL < 1 og dersomu = 0 er skjemaet stabilt for25 < 1. Faktorenl
fremkommer fordi vi har brukt tidskritte2A¢ for diffusjonsdelen.

Nar vi kombinerer skjemaene far vi en modifisert stabilivetingelse. Betingelsen finner vi
ved a benytte von Neumanns analysemetode. Likningen fastfaddtoren er (se Oppgave 1 pa

slutten av dette kapittelet)

G* +2iMG — Xy =0 (5.29)
hvor At At
u . K
AL = Ay sin(aAzx) og Xy = 1+ 4A—x2(cos alAzx —1) (5.30)

er to reelle tall. De to lgsningene for vekstfaktoren er derf

GLQ - —Z)\l :l: \/ )\2 - )\% (531)

Siden)\, < 1 falger at sa lenge radikanden i (5.31) er reell er skiema@{zlltid stabilt. Den
tilstrekkelige betingelsen for stabilitet av skjemaefg.er derfor

(uAt)? + 4kt
Ax? =

Vi ser at for respectively. = 0 og x = 0 sitter vi igjen med de vanlige betingelsene for stabilitet
av respectively diffusjonslikningen og adveksjonslilkgem. Men det (5.32) viser oss er at ved
a kombinere de to far vi en betingelse som er strengere enndiéduelle kravene. Dette er
visualiserti Fig. (5.1) .

Vi far det noe overraskende resultat at det & legge til diffussom fysisk virker dempen-
de pa stay i systemet, faktisk reduserer det maksimaleriftistkvi kan bruke for for instance
adveksjon. Dette er likevel ikke et alvorlig problem i osegrafi idet vi vanligvis har

RO udt

AV Az’

Tidligere i Kap. 3.6 nevnte vi at siden diffusjon vanligwgbes pa for a dempe eller forhindre

ikke-lineaere instabiliteter (se ogsa Kap. 5.2) kan det Viaerssiktmessig a bruke et Dufort-
Frankel skjema for diffusjonsleddet. Gjgr vi dette i (5.2Rdres skjemaet (5.28) til

n n— UAt n n 2l€At n n n— n
Hj“ = 0; 1— A—w(ej+1 -0 )+ A—x?(eﬂ'“ — Hj“ — 0 14 0% ). (5.34)
Her har vi kombinert et konsistent, betinget stabilt skjdoraadveksjonsdelen (leapfrog) med et
ikke-konsistent, betingelseslgst stabilt skjiema forudiipnsdelen. | det en dimensjonale tilfellet

1. (5.32)

u>0 (5.33)
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4k At
A2 innenfor rektangelet er
begge de individuelle
betingelsene oppfylt
omradet for

stabilitet er
innenfor parabelen
0og er mindre

uAt
+1I5

Figur 5.1: Visulisering av omrade hvor skjemaet til lgsniag det kombinerte adveksjons-

diffusjonsproblemet er stabilt. Omradet innenfor detlstiprektangelet er der hvor adveksjons-
delen og diffusjonsdelen er stabile hver for seg. Omradetrifor parabelen (skravert) er der
hvor skjemaet (5.28) er stabilt. Vi ser altsa at ved & konmeiee sentrert skjema i tid og rom for

adveksjon med et forlengs i tid, sentrert i rom skjema fofudion far vi en strengere betingelse
for stabilitet.

her kan det vises at det er stabilt s& lenge CFL kriteriet dme&sjonsdelen er oppfylt, men i det

mer generelle tilfellet med flere dimensjoner blir kriteriigt strengere Cushman-Roisinl984).
Mange forfattere (se for instan&ancy, 1981) argumenterer for a bruke et forlengs i tid og

sentrert i rom for bade adveksjons- og diffusjonsdelen (8Xid5.27). Da blir skiemaet slik:

Vekstfaktoren fglger da liknignen

Ut kAL
G=1- isA sin aAx + 2A—(cosan —1). (5.36)

T 2

Som vist iClancy(1981) er da skjemaet stabilt dersom de to betingelsene

KRAL |u| At

N <1, og <1 (5.37)

begge er oppfylt. Til tross for at FTCS skjemaet stgttessastisk av mange forfattere, anbefaler
vi det likevel ikke fremfor de mer konservative skiemaenerov
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5.4 The shallow water equations

The shallow water equations describe motions in a shallogao®r a barotropic atmosphe-
re (density and pressure surfaces are concurrent). It may ¢ shown that the full three-
dimensional equations of motion may be written as a sum dicamodes which individually
can be modeled with a set of shallow water equations. If a migalenodel is discretizised into
say N vertical levels one will have one set of equations for eaaticad level of the model, i.e.
N set of equations. Each of these has a so called “equivalg@tih’deorresponding roughly to
the height of the coordinate surface above ground/bottom.
One formulation of the shallow water equations are,

Ou+ udyu +voyu — fo+ 0,0 = 0 (5.38)
O + udyv +voyv + fu+ 0y = 0 (5.39)
v + u0, ¢ + v0yp + ¢(Oyu+ 0yv) = 0 (5.40)

We will study what kind of motions these equations suppog.Will assume that the depen-
dent variables may be written as a basic state plus a petiombae.v = U + v, v =V + v/,
¢ = ® + ¢'. The equations are linearized around the basic state witlecite V = Ui + Vj and
a geopotential heighk . We then obtain,

ou = —Udyu—VOou—+ fu— 0,0 (5.41)
v = =U0v—VOou— fu+ 0,0 (5.42)
O = —Ulyu+ Voyu+ ®(0,u+ dyv) (5.43)

where we have dropped the primes and and¢ are the perturbed quantities. We will further
assume thal/, V and® are constants.
To proceed we will assume a Fourier solution

h = hye ™t pilax+By) (5.44)

wherea andj are wave numbers in the andy-direction, respectively, ankl denotes the vector

h = |:U] : (5.45)
¢

Insertion into the linearized equations give the followlhm@mogeneous linear equation,

A-h=0 (5.46)
where the tensad is given by
—i(aU + V) +iw f —i
A= —f —i(aU 4+ BV) +iw —if3 : (5.47)
—ia® —ifP —i(aU + BV) +iw
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For non-trivial solutions to exists, the determinant of thiesor.A must be zero giving three
solutions for the frequenay, namely

wi = Ua+4+Vp (5.48)
wy = Ua+VB+/®(a2+ 32+ f2 (5.49)
w3 = Ua+VE—/®(a?+ 32) + f2 (5.50)

The first solution is simply the geostrophic balance. Thidsily seen by for instance study-
ing the equation for, i.e.,

Ou=—-U0,u —Vou+ fv—0,¢ (5.51)
Introducing the Fourier solution (5.44) we obtain
—twu = —taUu — ifVu + fv —iag. (5.52)

Substituing forw, from (5.48) then gives

—i(aU + fV)u = —i(aU + V)u+ fv —iap (5.53)
or 1 1
v = ?iagzﬁ = v= ?aggqb, (5.54)

i.e. in geostrophic balance

The two other solutions are combined inertia (the frequenadg proportional tof) and
gravity waves (the frequency goes @& (a2 + 32)). Recalling thatv = /(a? + 5?)c wherec
is the phase speed, we see thistgiven byc = \/gH, i.e. gravity waves. The full solution to the
linear problem is a sum over all possible solutions for alVezaumbersy andg.

If these equations are solved numerically with horizontidtive replaced by finite dif-
ferences, we must replace by sin(aAx)/(aAz) and g by sin(5Ay)/(5Ay). Normally the
inertia-gravity mode has a much higher frequency than thesByp moded? > U? + V2, and
these modes becomes unstable first. For simplicity we thergiutl = V' = 0.

Thus

w|At = At\/ o {Sino(éié@ + Sinﬁ(iﬁ‘w + 2 (5.55)

and the CFL criterium then becomes,

V20 + fQAxQ% <1 (5.56)

Since the first term dominates it follows that in practice

At Ax
20— <1 or At< — 557
V2o 5 (5.57)
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where the factok/2 stems from the two-dimensionality of the problem.

In an atmospheric model the largest equivalent depth isoopately10000m giving a speed
of the inertia-gravity waves of the order80m/s. This is considerably more than the wind speed
and sets strong limitations to how long time steps we can tala ocean model the equilibrium
geopotential height = gH, whereH = 4km, thus giving limiting the time steps to secoAds
In contrast to the atmosphere the inertia-gravity wavesains tidal motion and the storm surge
signal. Thus we are restricted to such limitations on theststep if we want to simulate these
important oceanic features.

5.5 The semi-implicit method

From the analysis above we notice that by introducing a predsrce (in addition to advection)
the CFL criterion becomes much stronger (shorter timejstéps therefore tempting to treat
terms responsible for this behaviour implicitly while weat other terms explicitly, the so- called
semi-implicit method.

For clarity we write

ou = A, — 0.0, (5.58)
v = A, — 0,0, (5.59)
Op = Ay — (0,u+ 0yv), (5.60)

whereA,, A, and Ag include advection and Coriolis terms on which we will use lgepfrog
method. The remaining terms will be integrated impliciilye then get the following finite dif-
ference eauations,

n+1 _ , n—1

% = [AJ" - [aZQb]nH, (5.61)
n+l _ ,n—1

- 2Atv = A" = [0, (5.62)
n+l _ n—1

thqb = [A]" = @ ([0:u]"" + [9,0]"), (5.63)

To proceed, the first two equations are solved with respemg‘ljé and v;?,j ! respectively
giving,

W = w4 2ALA]" — 24t [0,¢)" T (5.64)

" = "L 2AL[A T — 248 [09,0]" ! (5.65)

derivation with respect ta: andy respectively and inserting into the equation fpgives a
Helmholz equation,
AL ([07¢]" + (00" ) — " =B (5.66)

2For H = 4000m g = 10ms’ and grid sizeAz = 20000m follows thatAt < 141s
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where B contains known quantities at time levelsn — 1, . ..

With proper boundary conditionss(or its normal derivative at lateral boundaries), these
equations may easily be solved by standard numerical msthtaving obtaine@d™*!, we easily
find "1 andv™*!. This method is widely used in atmospheric models as it isiptesto use
longer time-steps. We do not have to take the gravity modedsp@ H into account when esti-
mating an upper bound for the time step. Note that we canntitidon the ocean because then
the inertia-gravity waves constins the signal as alludeabiove.

5.6 The Semi-Lagrangian method

The semi-lagrangian method is constructed in order to taka nger time steps for advection
than the Leapfrog method permits. In addition it is very aatel For each time step one cal-
culates where parcels arriving at a grid point came from.séhgeparture points will normally
differ from the standard grid-points and the values of thegpiostic variables at time (n) must
be estimated by interpolation from the surrounding gridhpealues. The new value at the grid
points at time (n+1) due to advection are then simply theevalithe departure point at time (n).
By using an interpolation method with sufficient accuracy,ihstance cubic interpolation, the
method is more accurate than using second order differeamugd eapfrog time-integration. In
addition the stability is independent of the length of timedistep as long as the departure-points
values are calculate by interpolation (not extrapolatielowever, the accuracy strongly depends
on how accurate one can estimate the departure points ahdevrif long time steps the estima-
tes will be inaccurate. Another drawback is that the metleogiires additional computations and
this overhead may be as costly as taking a shorter time stépavgimpler method. The method
is widely used in atmospheric models; often in combinatiaithe semi-implicit method.

Exercises

1. Use von Neumanns method (Kap. 3.3) to show that the expre@s.29) is indeed the
correct expression for the growth factor when using the sehgiven in (5.28).

2. Show that the condition (5.32) is a sufficient conditionrfamerical stability.
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Kapittel 6
GENERAL VERTICAL COORDINATES

Most modern models employed in the meteorological and aggaphic community replace the
normal geopotential vertical coordinate with a new cooatin For instance in the atmosphere is
it quite common to formulate the governing equations udiegaressure as the vertical coordina-
te. In the ocean it has become quite popular to use a tem#owing coordinate or the potential
density as the vertical coordinate. The latter are oftearretl to as isopycnal models. Also mo-
dels that use a hybrid vertical coordinate, that is, combinénstance an isopycnal coordinate
with a terrain-following coordinate.

To obtain the governing equations in the new coordinateegyst is common to transform
them using their formulation in ordinary Cartesian or geteptial coordinates. Since there are
more than one vertical coordinate in use we will first transfahe equations using a general
vertical coordinate, that is, a coordinate system thataegs the geopotential height coordinate
with a general verical coordinate.

6.1 Transformation to a general vertical coordinate

In general we transform from one coordinate system of inddpet variables, say, v, z, t), to
another system, sdy’, v/, s, t'), by specifying how the independent variables in the tramséal
system depend on the independent variables of the origyséés. Here we will only replace
the vertical height coordinate Accordingly we define the transformation simply by

=z y=y, s=s(z,y,21t), and ¢ =t, (6.1)

where we have only replaced the normal geopotential hembridinate: with a general vertical
coordinates while the horizontal coordinates are left unchanged ingkdgnensional space. To
ensure that the transformation is unique we must requirestigaa monotone function of height
z. Mathematically this means that the gradient @fith respect to: does not change sign within
a fluid column, or

d,s 20, andd.s # 0. (6.2)
This is also a necessary condition to ensure that also tleesevransformation = z(z/, ¢/, s, t')
exists.
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KAPITTEL 6. GENERAL COORDINATES 6.1. TRANSFORMATION

Let¢’ denote any of the three independent variableg’, andt’ in the new coordinate system,
and similarly let¢ denote any of the three independent variables andt in the original system.
Then the transformation (6.1) gives

0.6/ =0, O’ =0y =0, 0,0/ =0,y =0, and 9,t' =o' =0,  (6.3)

while
0.2 = 0yy' = ot = 1. (6.4)

Likewise follows
0s6 =0, Opxr=0py =0, 8ny =0py=0, and O.t= 8y/t =0, (6.5)

while
856/.1' = 8ny = 8,5/15 =1. (66)

Det understrekes her at sideer monoton med hensyn p&il 9.s # 0 og likeledes),z # 0. Vi
legger ogsa merke til at dersom vi transformererftd seg selv, dvs = 2 vil 9,5 = 0,z = 1.
Landy = ¢(xz,y,2,t) = (', y, s,t') betegne en hvilkkensomhelst skalar. Den farste egen-
skapen ved transformasjonen er at
0.0 = 0,5041. (6.7)

Hvis vi na deriverer) med hensyn pa en av de uavhengige variable i det koordirtategs vi
transformerer til, for instance, far vi

&yiﬂ = 8t1/)(‘3t/t + a$¢at/$ + 8y1/)8t/y + az¢at/2 = &/1/) + 3Zsas¢at/z, (68)
hvor det siste likhetstegnet fglger ved & anvende (6.3)).(§i kan ogsa lgse (6.8) mhijpy). Da

far vi
Opp = Optp — 0,800y 2, (6.9)

Tilsvarende falger ogsa at
Bath = Oyt — B.503p0y z, 09 Dy1h = Oyt) — B,505pyy 2. (6.10)
La oss na definere den horisontale gradienten titlet nye koordinatsystemet med
Vb = 10yt + jOy 1), (6.11)
Ved bruk av (6.9) og (6.10) far vi da at
Vit = Vb — 0,50,V 2. (6.12)

Videre finner vi at den horisontale divergensen til en hwvikemhelst vektor, for instance
transformerer som
Vg-a=V,-a+0,0,a-V,z (6.13)
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6.2. GOVERNING EQUATIONS KAPITTEL 6. GENERAL COORDINATES

Merk at alle vektorer projiseres inn i horisontalplanettt®egjelder ogsa gradienten i (6.12).
Dette gjar at metriske termer assosiert med vertikalgradietil flatens i et geopotensielt koor-
dinatsystem blir eliminert.

Som kjent er den individuelt eller materielt deriverte, fiostanceD1) /dt (pa engelsk 'mate-
rial derivative’) uavhengig av koordinattransformasjoriggeopotensielle koordinater er denne
utskrevet

D
D% = a0 Vi - wids, (6.14)
mens den i det nye generelle vertikale koordinatsystemet er
D1 Ds
— = O+ Vit + —-0u, (6.15)

hvor Ds/dt er endringen av flateni retning av den tredimensjonale hastigheten. Dersom vi na
gjer bruk av (6.9) - (6.12) til & erstatte leddene i (6.14)\iar

% =0pb4+u-Vab+ (w—0pz —u-V2)0,8051. (6.16)

For a repetere sa er den indivduelt deriverte invariantfovéoordinat-tranformasjoner. Dermed
ma hgyre siden i (6.15) veere lik hgyresiden i (6.16), eller

Ds

o = (w—0pz —u-V;2)0,5 = wo,s. (6.17)

Den siste identiteten definere hastigheten
w=w—(Opz+u-Vsz)=w— (Os +u-Vgs)osz. (6.18)

Herav ser vi at dersom = z vil w = w. | dette tilfellet er altsav hastigheten gjennom de
faste nivaflatene i et geopotensielt koordinatsystens &m materiell flaté er den kinematiske
grenseflatebetingelsen = (9;s + u - Vys). | det tilfellet er alts&w = 0, hvilket er i trad
med definisjonen pa en materiell flate. For enhver ikke meiteftate vil w # 0 og beskrive
hastigheten til partiklene gjennom den ikke materielleefiat. Forskjellen mellomw og w er
altsa flatens egenhastighet i det geopotensielle koosyist&met, mens selv som fgr beskriver
den totale vertikale hastigheten i det samme koordinagayst.

6.2 Transformation of the governing equations

6.2.1 The hydrostatic equation

Ser vi na farst pa den hydrostatiske likningen

0.p+pg=0 (6.19)

1En materiell flate er en flate hvor ingen materielle partikferov & passere gjennom
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KAPITTEL 6. GENERAL COORDINATES 6.3. TERRAIN-FOLLOWING CORDINATES

er denne transformert

Osp + pg0sz = 0. (6.20)

Denne likningen kan for instance brukes til & erstatte deisketfaktorend),z 0g . s som falger
~ Ogp Py

O0sz = ———, 090,s = — (6.21)
Py Osp

6.2.2 Mass conservation

La oss sa se pa transformeringen av massebevaringslikninge
Op+ V- (vp) =0. (6.22)

Innsetting av divergensen fra (6.13) og for den vertikaignerte fra (6.7) og bruk av (6.18) gir
ganske enkelt at
Oy (0s2) + Vs - (00s2) + Osw = 0. (6.23)

6.2.3 The momentum equation

Bevaring av bevegelsesmengde er litt mer komplisert

6.3 Terrain-following coordinates
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Kapittel 7
OPEN BOUNDARY CONDITIONS

As we all know, computers can only hold a finite number of nuraele theirrandom access
memory(RAM). Thus even the biggest computers can only hold a finit@lper of variables in
their memory at any time. This is one of the main reason whyerical oceanography is less
mature than numerical meteorology. Recall that in the aphere the typical lenght scale of a
synoptic low at subpolar latitudes is about 500 - 1000 km |evtie typical time scale is a few
days. In contrast the length scale of a low in the ocean istalibul100 km while the time scale is
a few weeks to months. These differences are associatedheittifference in the Rossby radius
of deformation that in the ocean is about two order of magl@tismaller than in the atmosphere.

To illustrate this point let us consider a global model witlgrad size of about 2 degrees
(Figure 7.1 upper panel). A mesh size of 2 degrees, or abduk20 entails that the grid size is
about one fifth of the the atmospheric Rossby radius. Thisoteaable grid size for a numerical
atmosphere model. If we, however, scale this to the Rosshysaf deformation in the ocean,
the grid for the atmosphere model would look like the one ldiggd in the lower panel of Figure
7.1 which has a grid size of about 3-4 times the Rossby radideformation. No meteorologist
in his right mind would consider it to be an adequate grid forumerical weather prediction
(NWP) model. To obtain a similar tolerable resolution in twan we have to employ grids of
mesh sizes 2-4 km, or 1/200th of a degree. Thus the need for RAMich higher for an ocean
model than for an atmosphere model covering the same relgiaddition comes the fact that
since the mesh size is decreased so is the time step needeédfypthe CFL criterion. In practice
it therefore takes a much larger computational effort toste say a 24 hour “weather” forecast
for the ocean for a given area on a given computer than to gecaisimilar weather prediction.
So to enable computers to provide numerical ocean weathecdsts as fast as todays NWP
models for the same area we need much faster computers. T®timiags even worse recall that
the time scale in the ocean is much longer than in the atmospheveather prediction of say
ten days correponds to an ocean forecasts of say one month.

Global weather predictions with more than adequate reisolub resolve the atmospheric
weather systems are common today. Such forecasts are rievésabnational institutes as well
as at the European Centre for Medium-range Weather FoseelB8MWF). However, there are
still local effects, noteably processes associated widlgular topography, that is not yet resolved
properly by the global model. Thus most national institytesviding public meteorological
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Figur 7.1: Upper panel shows the Earth’s surface covereddyeggree mesh. Lower panel shows
a similar mesh of 30 degrees mesh size. The figure conveyiuditrates how a 2 degree mesh
in the ocean would look like in the atmosphere scaled by thesBpradius of deformation.
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KAPITTEL 7. OPEN BOUNDARY CONDITIONS

services run a limited area model which is “nested” into ébglanodet. When nesting a finer
mesh model (or inner model) into a coarser mesh model (or autelel), one need to transfer the
model results of the outer model to the inner model via themmon boundary. Thus one need
a condition at these boundaries. Since fluid is allowed ts pagly through the baoundary these
common boundaries are commonly referred topesn boundariedNesting of a finer mesh model
into a coarser model are also sometimes referred tyaamical downscalingince the inner
model provides a solution that is dynamically consistentmaraling of the coarser solution to
a scale that take into account the finer scales, for instane¢ala more realistic representation
of the topography.

The situation for the ocean is somewhat different. Firsbpgl numerical ocean weather
predictions are not yet feasible at all on todays compuienss the global ocean models that
exist doesiotresolve the oceanic weather. This is particularly true ieréceanic component of
the coupled global climate models, or so called AOGCMs (Atpieere - Ocean Global Climate
Models). To provide synoptic ocean weather predictions wesdfore have to make use of the
nesting techniques, and that is what is done today. Suchdstg updated daily, for Norwegian
waters are for instance provided by the Norwegian Metegiokld Institute to the public at the
website: http://met.no/kyst_og_hav/havvarsel.html.

For & gjere ting verre med tanke pa havvarslingsmodellerrkendet faktum i tillegg at
tidsskalaen i havet er mye lengre enn i atmosfaeren. Mens ydepsske meteorologi har en
tidsskala pa en til tre dager, er den tilsvarende i havet @hrtager til opp i mot en maned
og kanskje lenger. Disse forhold har som konsekvens at hdelieo med samme geografiske
dekning som en tilsvarende modell for atmosfeeren stillee stgrre krav til en regnemaskin.
Konkret gir dette seg utslag i at en oseanografisk modeltnewye mer av maskinens minneka-
pasitet (RAM - Random Access Memory). Samtidig krever dehdtsvis korte gitteravstanden
at et mye kortere tidsskritt ma anvendes (pa grunn av krévairmerisk stabilitet) hvilket betyr
at en havvarslingsmodell vil bruke uforholdsmessig myegéertid pa et 60 timers varsel enn en
tilsvarende atmosfaerisk modell som dekker samme geogeadiskade.

Konsekvensen er at dersom man gnsker a konstruere en giharblingsmodell som opp-
lzser den synoptiske skalaen vil selv en forholdsvis enladeti stille sa store krav til maskin-
kapasitet at en lgsning ikke er mulig. Det geografiske ontrfmtedagens synoptiske havvars-
lingsmodellet ma derfor begrenses til et regionalt omrade hvilket medfatrenodellen har apne
render, that is, render som ender i det apne havet og ikkes landkyst eller annen form for na-
turlig rand (for en definisjon se kap. 7.1). Ogsa i atmosfabarvi apne render. For eksempel er
den gvre vertikale grenseflate egentlig “uendelig” hayteogpd en regnemaskin ma imidlertid
beregningene avsluttes for en endelig hayde over bakkean&en grunn til at &pne render er av
betydning i atmosfaere og hav er at man ofte benytter sakatinggsom teknikk for & nedskalere
fra for instance en global modell til en regional modell sliden det gjares til daglig i veervarsling
for for instance Norge. P& tvers av disse rendene kan, i detlige hav og atmosfaere, vaeske
fritt stramme igjennom, og bglger forplante seg uhindrgind render er altsd ikke materielle

1At the Norwegian Meteorological Insitute the limited areadgl at the time of writing is HIRLAM - the High
Resolution Limited Area Model
2se for instance http://met.no/kyst_og_hav/havvarsal.ht
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grenseflater. Nar vi avslutter vare beregninger ved slikeedgnder krever vare likninger at det
settes betingelser eller randkrav ogsa her. Som for mangye anatematiske problem vil de be-
tingelsene vi palegger pa en pen rand veere med pa & bestesmiregen innenfor randen, altsa
i det omradet hvor vi er interessert i lgsningen.

| den numeriske vaervarslings barndom strevet ogsa metamoe med laterale dpne render,
slik som oseanografene gjar i dag. Allerede i slutten av 48éunder forsgk pa en numerisk in-
tegrasjon av den barotrope virvellikningen stgtte J. CearR. Fjgrtoft og von Neumann pa dette
problemet (se€Charney et al. 1950). Pa den tiden var regnemaskinene “sma” og de var $tenvi
til & lzse virvlingslikningen for et begrenset omrade. Dedar de ogsa ngdt til & ta problemet
med apne render pa alvor. De lgste problemet ved & speskiisgiagen langs de rendene der
det strgmmet inn, mens de brukte en form for gradient belsegse kap 7.2) langs de rendene
det strammet ut. Som det ble vist Blatzman(1954), oppfylte ikke denne type randbetingelse
de krav som ma settes til en slik betingelse. Lasningedhirney et al(1950) viste seg a veere
instabil. Problem forbundet med &pne render og fastsettalsipne randbetingelser er altsa ikke
nye innen vaeskedynamikk.

7.1 What do we require from an OBC

Rged and Coop€1986) har gitt falgende definisjon pa en apen rand:

En &pen rand er en kunstig rand med den egenskap at forstgrrekapt innenfor
randen, that is, beregningsomradet, uhindret kan forlataluten & forstyrre eller
pa annen mate gdelegge lgsningen innenfor beregningsamrad

Dette medfarer at vi kan (og ma) stille visse krav til en bggiise som skal gjelde ved apne ren-
der. Disse kravene er de kriterier vi etterpa vil bruke fore@ldmme om var anvendte betingelse
er god eller darlig. Far vi ser neermere pa disse kravene enatetlig & legge til at ogsa det
motsatte bar veere tilfelle ved en apen rand, nemlig at inésjon om hendelser skapt utenfor
vart modell- eller beregningsomrade ma fa bre seg uhindret beregningsomradet. Problemet
med det siste er at vi slett ikke alltid har slik informasjon.

Ett absolutt krav ligger allerede i definisjonen, that igsfgrrelser (for instance Kelvin bgl-
ger) skaptinnenfor beregningsomradet skal ikke forstgiier pa annen mate gdelegge lgsningen
innenfor beregningsomradet. Altsa skal for instance hadgapt i det indre ikke reflekteres ved
den apne randen. Videre er det et absolutt krav at den areeetingelsen ikke skal fare til nu-
meriske instabiliteter. Det er ogsa naturlig & faye til némmelle krav. For det farste at skiemaet
som brukes ved randen bgr ha samme ngyaktighet som det agdi@y, det andre at betingelsen
bar sammen med de styrende likningene veere et noenlundemelert matematisk problem,
that is, ha en lgsning som eksisterer og er noenlunde entydig

En oppsummering av apne grenseflatebetingelser fini@sapman(1985) ogReed and
Cooper(1986, 1987). | det videre skal vi komme inn pa noen av de mesttd betingelsene,
og se pa deres svakheter og deres sterke sider. | det sistela@r ogsd omtalt en i det senere
mye brukt metode kalt FRS (Flow Relaxation Scheme) (se feemlpelMartinsen and Enge-
dahl, 1987;Cooper and Thompset989). Det spesielle med FRS betingelsen er at den foruten &
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oppfylle de fleste krav vi stiller til en apen randbetingetsgsa gir mulighet til & padytte det ind-
re informasjon om den ytre lgsningen dersom vi har slik infasjon (for instance informasjon
om tidevann). Vi skal i det videre ga inn pa noen populeere tijemte apne randbetingelser.

7.2 Radiation conditions

Stralingsbetingelser er en fellesbetegnelse pa betiagaistypen
Orp + cp0p0 =0 (7.1)

Her representeres en av de avhengige variable, menser z-komponenten av fasehastigheten
tilharende denne avhengige variable. Man antar med andratade forstyrrelsene som er pa
vei ut er bglger, som brer seg med en viss fasehastighet.arachenlikning av (7.1) med (4.1)
gjenkjenner vi (7.1) som en adveksjonslikning nied =i - c,¢, hvorc, er fasehastigheten. Fra
Kap. 4.4, som omhandler karakteristikkmetoden, falgertdasehastigheten gir helningen av
karakteristikkene i faserommet. Det er altsa bare heltisppe$ysiske problem som tilfredstiller
en slik likning, nemlig bglger som beveger seg i fasehastgfs retning.

To opplagte spesialtilfeller av (7.1) har fatt sitt eget magen farste nar fasehastigheten er
null (¢, = 0) og den andre nar fasehastigheten gar mot uendejig{ o). Dersom vi setter
fasehastigheten lik null (svarende til at karakteristikder vertikale ¢,  rommet) gir (7.1) ved
en tidsintegrasjon at,

¢ = const. (7.2)

Dette kalles erfiastholdt betingels&let den avhengige variable, ikke endrer seg med tiden.
Dersom fasehastigheten antar den andre ytterlighet{ oo), felger av (7.1) at derso ¢
skal veere endelig méa gradienten pa tvers av grenseflatenndgreller,

0,6 = 0. (7.3)

En slik betingelse (som svarer til at karakteristikkene eridontale i faserommet ) kalles en
gradient betingelse

Dersom fasehastigheten er endelig, men forskjellig fr hat vi en ekte strlingsbetingelse.
Problemet er da redusert til & bestemme fasehastighgtédersom vi vet at Igsningen har en
balgeform idet den nar den &pne randen, og dersom dennengrk§Enner vi ogsa fasehastighe-
ten. For en barotrop Kelvin bglge vet vi for instance at fasgigheten er gitt ved,

co = /gl (7.4)

hvor g er tyngdens akselerasjon éfjvanndypet pa stedet.

La oss som et eksempel se pa likningene for bglger i en kandldylede . La i betegne
dybden av en vannkolonne agvannkolonnens fart over bunnen (antas uavhengig av dybden
idet vi ser bort ifra friksjon mot bunnen). La oss ogsa antbetegelsen ikke er pavirket av
jordrotasjonen eller andre krefter. Da kan de styrenddnigene skrives

du = —gd,h (7.5)
&h = —Houu (7.6)
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Tar vi nd og multipliserer likningen fot med en ukjent funksjon og legger til likningen for
far vi etter litt regning at

@u+AH@u+A<@h+§@¢):o (7.7)

La oss videre definere en differensial operal-gérslik at

D* D*x

=0+ —0, 7.8
a T (7.8)
that is, en individuelt derivert i den spesielle retningetr (jmf. Kap. 4.4). Kan vi na finne ei

som tilfredstiller likningen

D*x

g
pr— H = — 7.
dt A A (7.9)
kan likningen (7.7) skrives
D*u D*h
A =0 7.10
a N a (7.10)
Fra (7.9) fglger at
C
M =£o, (7.11)
hvor ¢y = \/gH og dermed at (7.10) kan skrives
D* h
+eo—= | = 7.12
(), (2or) = 722
langs
D*x)
= 0. (7.13)
( dt 1,2
Vi legger merke til at (7.12) og (7.13) egentlig er to liknergsom utskrevet er
9] h 0 ny 0 (7.14)
¢ u+coﬁ + o0y u—l—coﬁ = 0, .
h h
Oy (u — COE) — 0y (u - coﬁ) = 0. (7.15)

Som far kalles de to likningene i (7.12), that is, (7.14) od %, for kompatibilitetslikningene.
De to likningene i (7.13) er de to karakteristiske likningeen fgrste likningen i (7.12) (med
+ tegn og operator nummer 1) tilsvarende (7.14), beskrivebglge i positivz-retning med
fasehastighet,. Den andre, som tilsvarer (7.15), beskriver en bglge i negatetning med
fasehastighet-¢,. Likning (7.12) uttrykker at den spesifikke kombinasjonenda avhengige
variableu og h, nemligu + CO%, er bevart langs karakteristikkene. Av disse likningenesiker
vi at lgsningen av (7.5) er sammensatt av to bglger med fasghat hhv+c, og —cy.

La oss anta at vart problem er a lgse (7.5)for < L og at rendene = 0 ogz = L er
apne. La oss videre anta at en bevegelse er generert i det fodinstance i form av en initiell
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hevning av vannstanden lokalt. Hva er na den rette randimtian? Fra kompatibilitetslikninge-
ne (7.12) ser vi at informasjon om den initielle hevningdrmye seg langs de to karakteristikkene
gitt fra (7.13). Mot den hgyre randen= L vil informasjonen bre seg Iang%% = ¢y, 0g Mot

den venstre randen = 0 langs2~ = —c,. For & unnga refleksjon ma vi na serge for at infor-
masjon ikke kan bre seg tilbake til det indre. Vied= L svarer dette til at ingen karakteristikker
her ma helle innover, that is, her ma
D*x
=0 7.16
(), 719
Fra (7.15) fglger at for = L er
h
eller .
U= Cog +const, forx=1L (7.18)

Dette er stralingsbetingelsen for et likningsett med taalde. Imidlertid ser vi fra (7.5) at ved
a derivere den fgrste med hensyntpgg den andre med hensyn pdar vi at u ma tilfredstille
balgelikningen med fasehastigheten gitt ved

cu=+/gH. (7.19)

Den naturlige randbetingelsen foer da (7.1) med denne fasehastigheten. Dette er ngyaktig hva
(7.18) uttrykker. Setter vi uttrykket fok fra (7.5) inn i (7.18) far vi nettopp (7.1) megl = «

og ¢, = c¢,. Dette utgangspunktet ble brukt &zed and Coopef1987) til & konstruere en
svakt reflekterende apen randbetingelse ogsa for mer denpreblem basert pa et arbeid av
Hedstram(1979).

7.3 Implementation of the radiation condition

The radiation condition (7.1) is often used in combinatiathvather conditions. Thus it is of
interest to investigate its implementation in a numericabel. The following is essentially the
implementation given ilRged and Coop€g1986).

To get started we assume that the computational domainsniit< = < L with z = L as
the open boundary. In addition we use subscHpb denotep values at the open boundary. As
before we will use superscriptto denote the time level, that i€, = nAt (cf. Fig. 7.2).

Siden (7.1) er en adveksjonslikning er det naturlig & brukexe skjemaene angitt i Kap.
4.1. Videre er det viktig at det skjemaet vi velger har sammgaktighet som det skjemaet vi
har brukt i det indre. Her skal vi for enkelhetsskyld anta eieblitt brukt et skjiema som er av
farste orden i tid og rom, for instance oppstramsskjemaatk&n vi bruke det samme ensidige
skjemaet i tid og rom for & oppdatere vare variable pa ranalésd oppstramsskjemaet. Vi antar
derfor atc, > 0 og falger notasjonen i Fig. 7.2, that is, diskretiserer#dm falger

%+1_¢%+C ¢%_ %—1 :0 (7 20)
At Az '
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t H=

B-2 B-1 B

v

Figur 7.2: Sketch of the mesh in thher plane close to the right-hand open boundary. The com-
putational domain is then to the left of= L. The lettersB, B — 1, andB — 2 denote grid points
respectively at the open boundary, the first point insidectiraputational domain, etc, white

n — 1, etc. denotes the time levels.

eller om vi vil
B = (1= rg)eh + o0 (7.21)
hvor A
Te = cd,A—Z;. (7.22)

Likning (7.18) forteller oss at stralingsbetingelsen etigmir en ekstrapolasjon av verdiene
av den variable ved tidligere tider mot randen. Men hva eeffastigheter,? Dersom denne
ma bestemmes ma dette gjgres ved vart kiennskap til lzsmifugaidligere tider. Vi kan for
instance, delvis som anbefalt &rlanski (1976), lgse (7.17) med hensyn pa fasehastigheten
(eller om vi vil 4). Men siden vi ikke kjenner verdien pa randen ved tidspunkte ma vi ga
ett tidsskritt tilbake i tid. Samtidig bar vi, som argumenty Rged and Coop€i1987), ogsa ga
ett romskritt innover, idet vi gnsker a fglge karakterikék Da falger fra (7.21) me®® — B —1
ogn — n — 1 at en mulig fasehastighet er

n—1

n
/ B-1~ ¥B-1
= = Poo1 = O (7.23)
B-1 B—-2

Siden fasehastigheten er antatt & vaere stgrre enn null méseigt sa er tilfellet. Vi definerer
derforry som falger

/ . < /
%:{% o 0=Ty (7.24)
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som deretter brukes i (7.21) til & finré,"". Dersom var &pne rand er til venstre (ikke til hgyre
som antatt her) vil ulikhetene i (7.24) matte snus.

Som nevnt over er det bare det rene bglgeproblemet, thateésydlger uten pavirkning av
friksjon, vind, eller jordrotasjon, som tilfredstilleidningen (7.1). | alle praktiske oseanografiske
modeller vil jordrotasjonen og vindkreftene veere tilstamg vil pavirke lgsningen. Altsa vil
stralingsbetingelsene i mange sammenhenger veere langeffekte, og vil i de tilfelle hvor
jordrotasjonen og vindkreftene sterkt pavirker lgsningeere et darlig alternativ. Det finnes
derfor ogsa en rekke andre apne randbetingelser (se fomgiedRzed and Cooped 986, 1987;
Palma and Matanp2000). | det videre skal vi derfor ta for oss noen av de meptifgere apne
grenseflatebetingelser som brukes.

7.4 The sponge

00 o

En meget anvendt betingelse, populeert kalt svampen, ga dtlpgge til et omrade utenfor
det opprinnelige beregningsomradet som har egenskaperesoswamp. Dette oppnas ved at
man i tilleggsomradet, eller svampomradet, gker de natfisiekommende friksjons- og/eller
diffusjons-parameterene slik at lasningene dempes pgsiyténnover i svampomradet.

Som et eksempel la oss igjen se pa (7.5) men na med bunnfrjkbt is,

ou = —g0o.h—yu (7.25)
oh = —Ho,u (7.26)

hvor v er en konstant. Videre skal (7.25) og (7.26) lgses)fer * < L medz = 0ogz = L
som apne render. Utenfor de apne rendene legger vi na til@ansvfor instance for > L et
omrade fral. < = < LL. | dette omradet gkes na verdien-aeksponensielt, that is,

_J ; 0<a<L
7_{ ,.yoek(z—L) - L<xz<LL (727)

hvor v, er verdien av friksjonsparameteren det opprinnelige beregningsomradet, ofte kalt det
indre, og\ er en parameter som bestemmer hvor hurtig friksjonen i sesmgker.

Salengey er en konstant lokalt, that is, er en saktevarierende faamkay =, kan en balge-
lgsning av (7.25) og (7.26) skrives

h = hge~27teio(@et), (7.28)
hvor

_ (N

¢=1/gH (m) , (7.29)

og hvora er bglgelengden oy, en konstant. Derav ser vi at namgker vil amplituden avta, og,
salenge bglgelengden er fast, at ogsa fasehastighetarar. Dette medfarer at bglger som gar
inn i svampen, hvoty gker i henhold til (7.27), vil bremses opp samtidig som de plesnKravet
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om aty skal vaere en lokal konstant gjgr at svampomradet, som masddglet opprinnelige be-
regningsomradet ma ha en viss starrelse. Dersarker for raskt, eller om vi vil svampomradet
er for kort, vil ikke bglgene oppfare seg i henhold til (7.28) refleksjoner vil oppsta.

Et annet problem med svampen oppstar dersom vi har tvundgerbthat is, har padrag pa
randen (sdkged and Cooped986), that is, et likningsett av typen

ou = —go,h—yu+T (7.30)
oh = —HOo,u (7.31)

hvor r er padraget. | dette tilfellet vil lasningen i svampen lakakre sammensatt av en bglge-
lgsning og en lgsning dominert av balansen mellom vind&neft-, og friksjonskreftene, that is,

u = 7/, hvilket medfarer at ndy gker vil u avta sa kraftig at masse hoper seg opp i svampen.
Dette medfgrer pa sikt at Igsningen i det indre ogsa pavirkes

7.5 A weakly reflective OBC

Ved & benytte karakteristikkmetoden er det mulig & konstrea svakt reflekterende grenseflate-
betingelse ogsa for problem som er ikke linezere og som indehbade effekten av jordrotasjon
og vindkrefter (seRged and Coopef 987).

Som et eksempel la oss igjen betrakte likning (7.5), menggel@a effekter av ikke-lineaere
ledd, jordrotasjon og vindkrefter, that is, gruntvannsiitgene,

ou+ ud,u — fv = —go,h+ F* (7.32)
v +udv+ fu = FY (7.33)
oh+ 0. (hu) = 0 (7.34)

hvor F*,| F¥ er komponentene av vindkreftene, ¢ager Coriolis parameteren. Tar vi na og mul-
tipliserer (7.34) med\, og legger til den farste likningen og danner en felles ojerdefinert
ved

D* Dz
—9,+ =20, 7.35
a T (7.35)
far vi at A ma oppfylle likningen
= — z 7.36
7 u+ u+ R ( )
som gir
A = i%, ¢ =/gh. (7.37)

Etter litt regning falger herav at de to kompatibilitetslikgen som svarer til (7.32) og (7.34) og
de tilhgrende karakteristiske liknignene er gitt ved,

(D ) (ut2c)= fo+ F* IangS(D I) =uztec. (7.38)
dt ), dt ),
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j:l J=JM j=

Figur 7.3: Skisse av FRS sonen, beregningsomradet og desiike tellere.

For & unnga refleksjon far = L ma vi sette at

D*x
dt ),

Ved innsetting i (7.38) gir dette at kompabilitetsliknimgeerstattes av likningene,

_0. (7.39)

z=L

O(u+2¢) + (u+ )0y (u+2¢) = fo+ F* (7.40)
O(u—2c) = fo+ F* (7.41)

for x = L. En endelig differansetilneermelse av disse likningen péea vil gi en svak reflektiv
betingelse.

7.6 The flow relaxation scheme (FRS)

En metode som farst er kommet til senere, og som ogsa kommendteorologi, kalles “Flow
Relaxation Scheme”, eller stramtilpassningsskjemawi{es 1983;Martinsen and Engedahl
1987;Cooper and Thompsoh989;Engedahl1995a). FRS som apen grenseflatebetingelse bru-
kes for instance i Meteorologisk institutt’s havvarslinggdell MI-POM som daglig produserer
varsler av vannstand, stream og hydrografi i norske farv&mgédahl 1995b;Rged and Fossum
2004¥. En relativt god beskrivelse av FRS som &pen grenseflatesdsie finnes ogsashi et al.
(1999, 2001). En av fordelene med dette skjemaet er at daivtednkelt tillater & spesifisere en
gitt ytre lgsning, for instance tidevann, som dermed kanipges som lgsning i beregningsom-
radet.

| korthet gar metoden ut pa & modifisere den numeriske |geniag et hyperbolsk liknings-
system innenfor en buffersone (kalt FRS sonen) for hvesskdtt. Buffersonen, som bestar av et

3se http://met.no/kyst_og_hav/havvarsel.html
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fatall gitterpunkter (vanligvis 5-20 gitterpunkter), iges til beregningsomradet (se Fig.7.3). In-
nenfor FRS sonen relakseres (eller tilpasses) den nureddskingen til en pa forhand spesifisert
lzsning, ofte kalt den ytre lgsningen. Tilpassningen faragd at det defineres en vektfunksjon
som for hvert gitterpunkti FRS sonen beregner et vektet alidd den spesifiserte ytre lgsningen
og den Igsningen som er beregnet numerisk ut i fra de styriémdegene.

La for instancep(z, t) vaere en slik variabel og la beregningsomradet W@erer < L, hvor
x = 0 er en apen rand. Som Fig. 7.3 viser legges da buffersonefiouteeregningsomradet
fraz = —M til x = 0. La na gitterpunktene veere definert ved= (j — 1)Ax, hvor telleren
j = 1(1)J gjennomlgper alle gitterpunktene, bade buffersonen oggméngsomradet. Da svarer
j = Jtilden fysiske randen = L, j = 1til ytterkanten av buffersonen= —M, mensj = JM
svarer til punktet: = 0, that is, det punktet der buffersonen limes til beregningsalet ved den
apne randen. Lewe);“ ! betegne den ytre spesifiserte verdien i ethvert gitterptirtidspunktet
t"*! = (n + 1)At, og la¢} veere den numeriske lgsningen ved samme tidspunkt i de samme
gitterpunkt. | buffersonen = 1(1)JM er da lgsningen ved tidspunktét™! gitt som et vektet
middel avg? og (gzﬁe);?“, ved hjelp av formelen

P = (1= ay)ds + ()it 1 j=1(1)JM, (7.42)

hvor «; betegner vektene. Ved & la vektenvariere fraa; = 1 ved ytterkanten av FRS sonen
(j = 1) til ayy, = 0 ved den apne randep = JM, ser vi av (7.42) at ved ytterkanten av
buffersonen er den numeriske Igsningen lik den spesifisﬁﬁé = (gbe)?“, mens ved den apne
randen er den numeriske Igsningen lik Igsningen av de sr.iyrlélmingemw;?+1 = ¢}
Eksperimenter viser at oppfarselen til lgsningen nar eeader FRS er falsom overfor for-
men til o« savel som vidden til FRS soneklértinsen and Engedahl987;Engedahl 1995a). |
falge Martinsen and EngedallL987) er en hyperbolsk tangens en brukbar fornfothat is,

1
aj:1—tanh]2 i =1(1)JM. (7.43)

En av ulempene med FRS er at man ma utvide beregningsomildatgtd & omfatte buffer-
sonene, men dette oppveies i en stor grad av fleksibilitetéength ved at en ytre Igsning kan
spesifiseres. En annen ulempe er at anvendelsen av (7.4®yggal pa fundamentale konserve-
ringsprinsipper. For a se litt neermere pa det siste skalmi sbeksempel anta at vi skal finpe
hvor ¢ er en lgsning av det kontinuerlige problemet

Som et eksempel skal vi se pa numeriske lgsninger av detrkantige problemet

o =Lg] ; xel0,L], (7.44)

hvor £ er en romlig differensialoperator. La oss som over si at 0 svarer til den apne grense-
flaten, mens = L svarer til en fysisk grenseflate, that is, her overtar griéatsbetingelsen for
(7.44). La som fﬂ(gbe)?“ betegne den spesifiserte lgsningen. Laser vi na (7.44) edol &y et

i tid ensidig skjema far vi

;= ¢ + ALLY, (7.45)
¢ er med andre ord en forelgpig lasning. Ved hjelp av (7.4284@s Igsningen na slik at
¢t =(1—a;)d; +a(e);™ 1 J=1(1)J (7.46)
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hvor vi har utvidet omradet for (7.42) til & omfatte buffenem savel som beregningsomradet.
For a sikre at I;z;sningem;?+1 i beregningsomradet er lgsning av (7.44) settes vektfonies)
a=0forj=JM(1)J,thatis,

Qf:{l—mmm%% ; j=11)JM -1 (7.47)

0 . j=JM(1)J

Dersom vi settep” fra (7.45) inn i (7.46) etterfulgt av & trekke frg¢”*' p& begge sider av
likhetstegnet fglger at

N7 =L; +7 |:(¢6)] ¢j ] (7.48)
hvor koeffisienteny; er gitt ved,
o Oéj
V=T o (7.49)

Lar vi nd At og Az ga mot null ser vi at (7.48) er en endelig differansetilnadsmev den
kontinuerlige likningen

oo =L+ (6 —¢) ; wel0,L]. (7.50)

Vi observerer at bortsett fra et tilleggsledd er (7.50) Wkd@4). Vi observerer ogsa at tilleggsleddet
er differansen mellom den spesifiserte ytre lgsningen ogzdeable selv ganget med en faktor.
Denne faktoren er i henhold til (7.49) null ved den apne ramdens den gar mot uendelig nar vi
naermer oss enden av buffersonen. Det betyr at betydninggetleddet gker jo lengre innover
i FRS sonen vi kommer. La oss na anta at den spesifiserte gsnaettes lik null. Da vil (7.50)
veere en endelig differansetilnaermelse av den kontinuelikgingen

Oh¢ = LIg] — ¢ (7.51)

that is, at FRS’en oppfarer seg som en svamp med friksjorffdsoenty. Fremdeles vily veere
null ved den apne randen, gke monotont ettersom vi bevegémniosver i buffersonen for til slutt
a ga mot uendelig i enden av FRS sonen. Av dette fglger atlgene i FRS’en pa mange mater
er en svamp, og at lgsningen i FRS sonen vil oppfare seg sckrebvesi Kap. 7.4.

For & belyse at FRS metoden gir opphav til falske divergeskal vi her se pa et enkelt
eksempel, nemlig problemet gitti (7.5) og (7.6). Vi obseevdarst at dersomhx og At gar mot
null vil (7.46) anta formen

o= (1—a)p"+ ag.. (7.52)

Vi benytter na denne betingelsen bade/arg u. Da fglger at
(1 —)0h™ + adthe = —H(1 — )0, u* — Hadyue + H(u™ — )0, (7.53)

De to farste leddene pa hgyre side av (7.53) er de leddendleif&it om vi hadde relaksert
divergensen til hastigheten direkte, that is, hayre sidgi #). Ved & benytte (7.52) som grense-
flatebetingelse dukker det opp et tredje ledd pa hgyre si¢é.&8) som skyldes at ogsa tilpass-
ningsparameterem varierer over FRS sonen.
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For at ikke disse “falske” divergensene skal bli for patremge falger at FRS sonen ma ha
en viss lengde og at tilpassningsparameterana veere saktevarierende, saerlig i overgangen
mellom beregningsomradet og FRS sonen.

En skal merke seg at denne falske divergensen og det falsksj6hen” i (7.51) begge
forsvinner om den spesifiserte Igsningen settes lik |lgemray (7.44), i hvilket tilfelle FRS er
en perfekt apen grenseflatebetingelse. Som regel er ikke tiléllet. Hvor god FRS’en er som
apen randbetingelse er derfor avhengig av hvor godt vi kasifipere den ytre lgsningen.

7.7 Favored combinations

Oppgaver

1. Show that a one-sided, finite difference scheme in timespade of the radiation condition
(7.1) can be written

n+l _ ¢% ) Co >0
%5 —{ (1+ cst) 6 — coilom 3 s <0 (7.54)

The open boundary is to the left so that subsciptlenotes the values of the variables
on the open boundary while subscript+ 1 indicates the values to the right of the open
boundary.

2. Bruk (7.54) til & vise at stralingsbetingelsen “bare” erieterpolasjon av verdier fra det
indre.
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Kapittel 8
FLERDIMENSJONALE PROBLEM

| de foregaende kapitlene har vi, med unntak av KapRfeimest sett pa problem med bare
en romlig dimensjon. | dette kapittelet skal vi se litt pakvingen av a ta med flere romlige
dimensjoner, og se litt pa forskjellige mater a konstrueaifmensjonale gittere.

8.1 Diffusjonsproblemeti to dimensjoner

La oss farst se pa det to-dimensjonale diffusjonsprobletinat is,

0,0 = k(026 + 850). (8.1)
Ved a benytte en ensidig differanse i tid og sentrerte egdelifferanser ir ogy (dette var stabilt
i en dimensjon) slik vi gjorde for Poisson problemet i Kagli2?, kan den numeriske analogen
av (8.1) skrives

For a undersgke stabiliteten av dette skjemaet bruker viNemnmanns metode. Imidlertid inn-
settes na en Fourierkomponent som er to-dimensjonal,ghabim har et baglgetall i begge de to
retningene,

07, = O, IATe A, (8.3)

Innsetting av (8.3) i (8.2) gir da vekstfaktoren

A A
G=1+ QHA—; (cosaAzr — 1) + 2/<¢A—;2 (cos BAy — 1), (8.4)

hvor 3 er bglgetallet iy-retningen. Som vi ser er denne helt lik (3.28) bare med ket pa
grunn av vi nd har to retninger. Anvender vi von Neumansréildtelig kriterium for numerisk
stabilitet (3.25) falger

At At
1< - — — Ay—1) <1 .
1<1+ QKA.CL'Q (cosalAzx — 1)+ 2/<¢Ay2 (cos BAy — 1) < (8.5)
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Som for det en-dimensjonale tilfellet er den hgyre ulikhet8.5) automatisk oppfylt, mens den
venstre ulikheten gir

At At
- — R — < .
N (1 — cosaAx) + HAy2 (1 —cosfAy) <1 (8.6)
Siden venstre side av ulikheten i (8.6) oppnar sin starstai vér cos oAz = cos Ay = —1

folger at dersom
At At < 1

er kriteriet oppfylt for alle valg avr og 3. Dette betyr at vi ma velge tidsskrittet slik at
1 Ax?Ay?
At< ———— —7 8.8
~ 2k Ax? + Ay? (8.8)
Dersom rutenettet er kvadratisk, thatis = Ay = As, fglger at
A 2
At< 22 (8.9)
4k

Sammenlikner vi nd (8.9) med (3.31) finner vi at tidsskritéetuseres med en faktor pa 2 nar flere
dimensjoner innfares. Stabilitetskriteriet er altsatkdijerpet nar flere dimensjoner innfgres.
Dette er et generelt resultat som gjelder for alle skjemagligeat stabilitetskravet er strengere

jo flere dimensjoner som innfares, selvom om reduksjonsfaktkan variere noe.

8.2 Adveksjonsproblemetito dimensjoner

Vi skal na ta for oss adveksjonslikningen i to romlige dinjensr. Denne skrives da
00 +u-Vgl = 0,0 + uo,0 +v0,0 = 0. (8.10)

En sentrert annen ordens tilnaermingag y (leapfrogskjemaet) gir da

le:rl = le:rl - UE(HjJrlk - ijlk) - UA—y(‘gij - ijzq)‘ (8-11)
Stabiliteten undersgkes som fgr ved hjelp av von Neumantsdagthat is vi setter inn Fou-
rierkomponenten (8.3) inn i (8.11) far vi som far at vekstéakn er bestemt av likningen (4.13),
that is

G? +2iI\G —1=0, (8.12)
men na med gitt ved
A A
A= u—t sinanJrv—tsinﬁAy. (8.13)
Ax Ay

Som far er altsa vekstfaktoreh gitt ved

GLQ - :|:\/ 1 - )\2 - Z)\, (814)
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og som far er altsa leapfrogskjemaet ogsa i to romlige difjoees ngytralt stabilt under beting-
elsen av at)\| < 1. Med det nye uttrykket foA betyr dette at

At At
—1 <u—sinaAz + v—sin Ay < 1. (8.15)
Ax Ay

Siden bade-1 < sinaAz < 1 0g—1 < sin 3Ay < 1 er dette oppfylt dersom

At At
_ < .
uAIJrUAy_l, (8.16)
eller AzA
ray
At < ———2——, 8.17
~ ulAy +vAx ( )
Dersom vi setter, = v = u, 0g Az = Ay = As fglger at bevegelsen er pa bglgen
At 1
= <z A
Uiy S 5 (8.18)

som bekrefter hypotesen over at stabilitetskravet skgerge vi utvider til flere dimensjoner.
Dette henger sammen med at nar bevegelsen som her gar didgyiteret er “gitteravstanden”
ikke gitteravstanden langs aksene men lengden av hyp@enaksé\s+/2. Farten i gitteret er
derfor gitt ved%. Samtidig er den fysiske farten giti| = vu2 + v2 = u,+/2. Som rimelig
er ma stabilitetskriteriet ta hgyde for dette.
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Kapittel 9

NOEN AVSLUTTENDE
KOMMENTARER

Av de foregaende kapitlene, som i hovedsak har tatt utgamdsp diffusjons- og adveksjons-
problemet, gar det med all tydelighet frem at for a gjgre bauknumeriske metoder til lgsning
av atmosfeeriske og oseanografiske problem er det ngdvendig dar og hvorfor en endelig
differanse metode virker. Dette kalles faumerisk analyséDen numeriske analysen bestar altsa
i sikre oss at den metoden vi har valgt er riktig, og gir oss ‘tkenrekte” Ilgsningen pa problemet.
Vi har da en algoritme eller et numerisk skjema for lgsningeat neste problemet er da a
fa dette til & virke pa regnemaskinen. Dette kalles for imm#atering og er et emne innenfor
regnemaskinvitenskafeng: computer science). Dette kan veere en frusterendeawppgseg
selv, og tar ofte lang tid. Prosessen kalles ofte for “deinmgjg det mye av tiden gar med til &
fierne kodefeil, bade av formell art og ren feilkoding frare@en hand. Nar vi endelig er kommet
sa langt gjenstar a vise resultatene frem. Det har ingenitieéngjare den numeriske analysen
og implementeringen dersom vi ikke kan “se” resultatet. flste trinnet er derfor &isualisere
resultatene. Dette er ogsa en egen vitenskap og lgiidisk design

De to siste emnene har vi ikke i noen seerlig grad bergrt, mamgm Igsning av oppgavene
i Oppgaveheftet er enhver ngdt til ogsa a sette seg inn i dstesmnene. Alti alt ser vi at det &
lzse atmosfeeriske og oseanografiske problem ved hjelp aenska metoder bestar av tre deler,
nemlig (i) numerisk analysg(ii) implementeringpd en gitt maskinvare, og (iijisualiseringav
resultatene.

Til slutt skal det nevnes at det finnes flere gode bgker som ndiéaemnene over. Et godt
eksempel er boken skrevet alaltiner and Williams(1980). Som det fremgar av bokens tittel
er den rettet mot meteorologi, men den er blitt stdende sasskeren for meteorologer savel
som oseanografer som en god og grunnleggende leerebok i iskranalyse. | den senere tid er
det ogsa kommet mange tildels gode leerebgker i numerisksmatttet mer mot oseanografi.
Et godt eksempel er boken skrevetlaidvogel and Beckman{1999). Ogsa boken skrevet av
Griffies (2004) bgr nevnes, men den kan nok bli i det tyngste lagetfkelée.
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