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Problem 1: The QG PV equation
In the following, you can use either pressure orz-coordinates with the Boussinesq

approximation.

a) Derive the thermal wind relations from the geostrophic and hydrostatic balances.
b) What is the full vorticity equation? What is the quasigeostrophic version of the

equation? Explain which assumptions you make.
c) Write the full temperature (or density) equation, and thenits geostrophic version.
d) Combine the QG equations to obtain the QG PV equation.

Problem 2: Barotropic Rossby waves

a) Write down the expression for the Rossby wave phase speed, given a constant mean
velocity,U .

b) LetU = 0 andβ = 1. Consider the following wave:

ψ = Acos(5.1x+ 2y − ω1t) (1)

What is the frequencyω1? What is the phase speed in thex−direction,cx? What is
the group velocity in thex-direction,cgx?

c) Now let the wave be the sum of two waves:

ψ = Acos(5.1x+ 2y − ω1t) + Acos(4.9x+ 2y − ω2t) (2)

What is the group velocity in thex-direction of this wave?

Problem 3: Stratified boundary waves

Consider a wave which exists at the lower boundary of a fluid, atz = 0. For this wave,
the PV in the interior is zero. LetN andρ0 be constant, and let the upper boundary be at
z = ∞.
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a) Write the expression for the PV. Substitute in a wave solution of the form:

ψ = A(z)eikx+ily−iωt (3)

Solve for the vertical dependence ofA(z).
b) Assume there is a topographic slope, such thath = αy. Find the phase speed of the

wave, assuming zero background flow.
c) Now assume the bottom is flat, but that there is a mean velocity U = Λz. Find the

phase speed for the wave.
d) Compare the two results. In particular, what does the shearhave to be in (c) so that

the phase speed is the same as in (b)?

Problem 4: Stability over a slope

Consider a barotropic flow over the continental slope in the ocean. There is no forcing
and no Ekman layer, andβ = 0. The water depth is given by:

H = D − αx (4)

The flow is confined to a channel, with walls atx = 0 andx = L (Fig. 1). There are no
walls at the northern and southern ends; assume that the flow is periodic in they-direction.

x=0

x=L

H = D −    xα
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x

Figure 1: A channel with a bottom slope.

a) What is the PV equation governing the dynamics in this case?What are the bound-
ary conditions?

b) Linearize the equation, assuming no mean flow. What is an appropriate wave solu-
tion? Substitute the wave solution to find a dispersion relation.

c) Now assume there is a mean flow,V = V (x) ĵ (which follows the bottom topgra-
phy). Linearize the equation in (a) assuming this mean flow. What are theqs contours?

d) Write down an appropriate wave solution for this case. NotethatV (x) can beany
function ofx. Substitute this into the PV equation. Then multiply the equation by the
complex conjugate of the wave amplitude, and derive a condition for the stability ofV .
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