Arrayer, plotting, animering og
differenslikninger

Ole Christian Lingjaerde, Dept of Informatics, UiO

21. september 2020



Dagens agenda

@ Kort repetisjon av animering
@ Plenumsgvelser 5.29, 5.39 og A.1 fra Langtangens bok

@ Introduksjon til differenslikninger
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Mange mulige fremgangsmater for & lage en "film" av en sekvens
med plott. To teknikker dere ma kjenne til:

e Metode A: Vis plottene mens programmet kjgrer

e Metode B: Lagre plottene som nummererte bildefiler



Oppgave: Lag en animasjon som fortlgpende viser grafene til
polynomene

for x € [-2,2].



Metode A: vis film under kjgring

import matplotlib.pyplot as plt
import numpy as np

# Sett opp plott
plt.axis([-2, 2, -20, 20]1) # zmin, zmaz, ymin, ymaz

# Definer z-verdier
x = np.linspace(-2, 2, 100) # z-verdier til plotting

# Plott y=z

lines = plt.plot(x, x)
plt.title("y = x")
plt.draw()
plt.pause(0.5)

# Plott y=z~2, y=2°3, ..., y=x¢"20
for k in range(2,21):
lines[0] .set_ydata(x**k) # UOppdater plottedata
plt.title(f"y = x~{k}")
plt.draw() # Oppdater plottet
plt.pause(0.5) # Kort pause mellom hvert plott



Metode B: lag bildefiler og konvertér til film

import matplotlib.pyplot as plt
import numpy as np

# Sett opp plott
plt.axis([-2, 2, -20, 20]1) # zmin, zmaz, ymin, ymaz

# Definer z-verdier
x = np.linspace(-2, 2, 100) # z-verdier til plotting

# Plott y=z
lines = plt.plot(x, x)
plt.savefig("figures/tmp_0000.png")

# Plott y=z~2, y=2°3,...., y=x"20

for k in range(2,21):
lines[0] .set_ydata(x**k)
plt.draw()
plt.savefig(f"figures/tmp_{k-1:04d}.png")

# Terminal> convert -delay 30 tmp_*.png movie.gif
NB: Du trenger ImageMagick for & kjgre den siste kommandoen i

terminalvinduet som kombinerer bildefilene til en film. Se
https://imagemagick.org/.



Exercise 5.29: Judge a plot
Assume you have the following program for plotting a parabola:

import numpy as np

x = np.linspace(0, 2, 20)

y = x*x(2 - x)

import matplotlib.pyplot as plt
plt.plot(x, y)

plt.show()

Then you switch to the function cos(18wx) by altering the computation of y to y
= cos(18*pix*x). Judge the resulting plot. Is it correct? Display the cos(18m.x)
function with 1000 points in the same plot.

Filename: judge_plot.



Exercise 5.39: Animate the evolution of Taylor polynomials
A general series approximation (to a function) can be written as

N
SiM.N)= ) fil(x).
k=M

For example, the Taylor polynomial of degree N for e* equals S(x;0, N) with
fr(x) = x¥/k!. The purpose of the exercise is to make a movie of how S(x; M, N)
develops and improves as an approximation as we add terms in the sum. That
is, the frames in the movie correspond to plots of S(x; M, M), S(x; M, M + 1),
S(x;sM, M +2),...,5x;M,N).

a) Make a function

animate_series(fk, M, N, xmin, xmax, ymin, ymax, n, exact)



a) Make a function

animate_series(fk, M, N, xmin, xmax, ymin, ymax, n, exact)

for creating such animations. The argument £k holds a Python function imple-
menting the term fx(x) in the sum, M and N are the summation limits, the next
arguments are the minimum and maximum x and y values in the plot, n is the
number of x points in the curves to be plotted, and exact holds the function
that S(x) aims at approximating.

Hint Here 1s some more information on how to write the animate_series func-
tion. The function must accumulate the f;(x) terms in a variable s, and for each
k value, s is plotted against x together with a curve reflecting the exact function.
Each plot must be saved in a file, say with names tmp_0000 . png, tmp_0001.png,
and so on (these filenames can be generated by tmp_%04d . png, using an appropri-
ate counter). Use the movie function to combine all the plot files into a movie in
a desired movie format.

In the beginning of the animate_series function, it is necessary to remove all
old plot files of the form tmp_x*.png. This can be done by the glob module and
the os.remove function as exemplified in Sect. 5.3.4.



b) Call the animate_series function for the Taylor series for sinx, where

fi(x) = (=DFxZ+1/0k + 1)), and x € [0,137], M = 0, N = 40,
y € [-2,2].

c) Call the animate_series function for the Taylor series for e, where f;(x) =
(—x)¥/k!,and x € [0,15], M =0, N = 30, y € [-0.5, 1.4].

Filename: animate_Taylor_series.



Exercise A.1: Determine the limit of a sequence

a) Write a Python function for computing and returning the sequence

T4+ 1/(n+1)
C3—1/(n+ ¥

dp

Write out the sequence for N = 100. Find the exact limit as N — oo and
compare with ay.
b) Write a Python function for computing and returning the sequence

sin(27")
D, = ey n=0,....,N.

Determine the limit of this sequence for large N .



c) Given the sequence

_ Sl — )

D,
h

h=2", (A.47)

make a function D(f, x, N) that takes a function f(x), a value x, and the
number N of terms in the sequence as arguments, and returns the sequence D,,
forn = 0,1,..., N. Make a call to the D function with f(x) = sinx, x = 0,
and N = 80. Plot the evolution of the computed D,, values, using small circles

for the data points.
d) Make another call to D where x = 7 and plot this sequence 1n a separate figure.

What would be your expected limit?
e) Explain why the computations for x = 7 go wrong for large N.

Hint Print out the numerator and denominator in D,,.
Filename: sequence_limits.



Fglger og differenslikninger

Fdlge: xo,x1,x0,...

Eksempler:
X = w, n=12,.
Yo = n®—n, n=1,2,..
z, = Iog(l—i—%), n=12.

Differenslikning: formel som knytter sammen x, med en eller flere
tidligere ledd x,_1, Xxn—_2, .. ..

Eksempler:
Xn = Xp—1-+ Xp—2, N=2,45,...

Yn = 2Yp—1+27", n=1273, ...
zy, = a1Zp-1+azZpo2+ -+ arzp—r



Hvorfor er differenslikninger viktige?

(A) De opptrer naturlig i mange sammenhenger:

o Lan(t) = lan(t-1) + renter - avdrag

o Antall ulv(t) = antall ulv(t-1) + fgdte - dgde
o Antall bakterier(t) = 2*antall bakterier(t-1)
@ Posisjon(t) = Posisjon(t-1) + forflytning

Eksempel:

Vi setter inn xg kroner i banken. Hvis det er p prosent rente pr &r
kan verdien etter n ar uttrykkes som

p
n=1{1 7) n—
X <+100X L



Hvorfor er differenslikninger viktige?

(B) De kan spare oss beregningstid:
Eksempel 1:

Vi kan finne de fgrste 1000 leddene av x, = n! raskt ved 3 sette
x1 = 1 og benytte formelen

Xp = NXp—1, N=2,3,...

Eksempel 2:

Vi kan finne de fgrste 1000 leddene av x, = n(n+1)(2n+1)/6
raskere ved & sette x; = 1 og benytte formelen

x,,:x,,_l—l—n2, n=273,...



Hvorfor er differenslikninger viktige?

(C) Ofte eneste alternativ:

Eksempel:

Xn = Xn—1(a = Xp-1)(b — xn-2)
Her er det vanskelig & finne et eksplisitt uttrykk for det nte leddet.

Dvs vi klarer ikke & finne en (nyttig) formel for & regne ut x, uten &
referere til tidligere verdier i fglgen.



