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Exercise 6.1 (Free-variable LK)

Prove the validity of the following formulae in free variable LK.

1. The formula FS from Exercise 3.2 a: (∃x∀y(¬s(y, y)→ s(x, y)))→ ∃z s(z, z)
2. ∀x∃y (q(x)→ p(x, y))→ ∀u∃v (q(u)→ p(u, v))

3. ∃y∀x p(x, y)→ ∀u∃v p(u, v)

Exercise 6.2 (Multi-variable Substitution Lemma)

Let I be an interpretation, and let σ be a ground substitution. Let α be a variable assignment
such that α(x) = vI(σ(x)) for all variables x with σ(x) 6= x. If A is a formula such that σ(A)
is closed then vI(α,A) = vI(σ(A))

Prove this variant of the Substitution Lemma.

Note: σ is a ground substitution if σ(x) is a closed term for all variables x with σ(x) 6= x. In
this lemma, σ replaces all free variables of A by ground terms.

Exercise 6.3 (SNNF)

A formula is in Skolemized Negation Normal Form (SNNF) if it is in negation normal form and
it contains no ∃ quantifiers.

(∀ quantifiers may occur anyewhere in the formula)

Proposition: any closed formula A can be transformed into an equisatisfiable formula A′ as
follows:

• Transfrom A into NNF

• Beginning from the outside, replace every sub-formula ∃xB by the formulaB[x\f(y1, . . . , yn)],
where f is a new function symbol and y1, . . . , yn are the free variables in ∃xB.

• A′ is the result of doing this replacement for all ∃ quantifiers.

Note: since we replace ∃ quantifiers from the outside in, and A is closed, all the yi are univer-
sally quantified in A.

a) Convert the following formula to SNNF:

∃x∀y (p(x, y, y) ∧ ∃z p(y, z, x))

b) Show that A and A′ are equisatsifiable, i.e. there is an interpretation that satisfies A iff there
is an interpretation (not necessarily the same) that satisfies A′.


