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Exercise 6.1 (Resolution Calculus)

Show that the following set of clauses is unsatisfiable, using resolution.

Up at, {-p,7}, {-p, =7}, {p,~q}}

Solution

L {p,q}

2. {-p,r}

3. {-p,r}

4. {p.~q}

5. {p} —Resolvent of 1. and 4.
6. {—p} —Resolvent of 2. and 3.

7. O —Resolvent of 5. and 6.

axiom

Up, 4}, {—p,7}, {=p,—r}, {p,~q}, {p}, {-p}, O}
Up, a4}, {-p, 7}, {-p,—r}, {p,~q}, {p}, {-p}}

Up,at, {-p, 7}, {-p,—r}, {p,~q}, {p}}
Up.at, {=p, 7}, {=p, =}, {p, —aq}}

resolution

resolution

resolution

Exercise 6.2 (CNF and Resolution Calculus)

Show that the first two formulae are valid and the third formula is unsatisfiable by using the
resolution calculus. Remember that you may have to negate some of the formulae before trans-
forming them to clause form.

a) (p—=(g—r) > @Ag—T)
b) (kpVg) =) AN(g—=1)AN=1) =D
c) "pA(=gVr)A(=p— (gA-r))

Solutions



a) Since we want to prove that the formula is valid, we negate it and prove that the resulting
set of clauses is unsatisfiable.

—((p—=(g—=r) = @Ag—T))

=(=(=pV(mgVr)V(=(pAq) Vr)) Using A— B=-AV B
=-(-pV(~qVr)A=(=(pAg) V) Using ~(AV B) = ~AA-B
=-(-pV(=gVr)A==(pAg)A-r Using -(AV B) =-AN-B
=(—pV(~qgVr)APAg N-r Using —A= A

The resulting set of clauses is

{{-p, ~¢, v}, {p}, {¢}, {=r}}

{=p. ~q, 7}

{p}

{q}

{-r}

{=p, —q} — Resolvent of 1. and 4.
{=p} - Resolvent of 3. and 5.

[] — Resolvent of 2. and 6.
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b) Again, we need to prove that the negation is unsatisfiable.

~(((mpVq) = @) AN(g—1)AN=1) = D)
=(@VYAN(gVg)A(~gVr)AN—rA-p

he resulting set of clauses is

Up, 4}, {~¢, 4}, {—q, r}, {-r}, {-p}}

L. {p, ¢}

2. {ﬂq, q} — Since this clause is valid, we could remove it if we wanted to
3. {—q, r}

4. {-r}

5. {-p}

6. {q} —Resolvent of 1. and 5.

7. {—q} — Resolvent of 3. and 4.



8. 0 —Resolvent of 6. and 7.

¢) Since we want to prove that this is unsatisfiable, we don’t need to negate this formula.

“pA(mqgVr)A(=p— (gA-r))
=-pA(—gVr)AN(pV(gA-T)) Converted to NNF
=-pA(—qVr)AN(pVgA(pV-r) UsingAV(BANC)=(AVB)A(AVCO)

The resulting set of clauses is

H-r} {~q r}, {p, ¢}, {p, —r}}

{-p}
{—q, r}
{p, ¢}
{p, -r}

{p, r} — Resolvent of 2. and 3
{p} — Resolvent of 4. and 5
[J — Resolvent of 1. and 6.
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Exercise 6.2 (Positive and Negative clauses)
A positive clause is one where none of the atoms is negated, e.g. {p, q}. A negative clause is
one where all of the atoms are negated, e.g. {—p, —¢q, —r}.

(The empty clause counts as both positive and negative.)

Show that every unsatisfiable clause set .S contains at least one negative clause and at least one
positive clause.

Hint: there is a very simple interpretation that satisfies all clauses that are not positive. And
another, also very simple interpretation that satisfies all clauses that are not negative.

Solution
Proof idea: Prove the contrapositive of the statement.
If S contains no negative clauses, or S contains no positive clauses, then S is satisfiable.

We can split this statement into two cases:

(i) If S contains no negative clauses, then S is satisfiable.

(ii) If S contains no positive clauses, then S is satisfiable.



Proof for (i):

Suppose S contains no negative clauses. Then every clause in S contains at least one non-
negated atom p. We construct an interpretation Z = S that makes all atoms true.

Proof for (ii):

Very similar. This time, each clause in S contains at least one negated atom —p. We construct
an interpretation Z = S that makes all atoms p false, thus satisfying —p.



