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The maximum number of marks for the whole exam was 100.
The minimum number of marks required for each grade will be published

afer the exam was graded.
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The final grade for each candidate is based on an evaluation of the delivered
work as a whole, and may therefore in some cases deviate from the bounraries
given above.

Question 1 – Sequent Calculus

Prove the validity of the following formulae using the given calculus.
Upload a file with your proofs
A) ((p∧q) → r) → ((p→ r)∨ (q → r)) using propositional LK [6 marks]
B) ∀x (p(x) → q(x)) → (∃x p(x) → ∃x q(x)) using first-order LK [7 marks]
C) ∃x ∀y (p(x) ∨ q(y)) → (∃x p(x) ∨ ∀y q(y)) using first-order LK

[7 marks]
D) 2p→ (3q → 3p) using the modal sequent calculus [5 marks]
E) 23p→ (32q → 33(p∧q)) using the modal sequent calculus [8 marks]

Question 2 – Resolution

Prove that the following formula is valid, using the resolution calculus

∃x∀y∀z ((p(y) → q(z)) → (p(x) → q(x)))

Remember that resolution is a refutation calculus, i.e. you can derive
that a set of clauses is unsatisfiable.
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Arriving at a correct set of clauses: 10 credits
Correct resolution proof: 5 credits

Question 3 – An inductive proof

Recall that I |= (A↔ B) if and only if vI(A) = vI(B) for any propositional
interpretation I and any two propositional formulae A and B.

Show that if C is a formula consisting only of the atom p and the equiva-
lence connective ↔, then C is valid in propositional logic if and only if C con-
tains an even number of copies of p.

Example: (p ↔ (p ↔ p)) ↔ p is valid because it has 4 copies of p,
but (p↔ (p↔ p)) ↔ (p↔ p) is not.

Hint: what is the truth value vI(C) in an interpretation I if C contains
an even or an odd number of ps?

vI(C) =

{
??? if the number of p in C is even
??? if the number of p in C is odd

Prove this (i.e. the statement for both the even and the odd cases at the
same time) by structural induction on C.

[10 credits]

Question 4 – Multiple Choice Mix

A) If A is a valid formula of propositional logic, then 2A is valid in modal
logic K.

B) Are these terms unifiable? f(x, g(y)) and f(h(y), g(z))

C) Are these terms unifiable? f(x, y, g(x)) and f(h(y), z, z)

D) Given a set S of 42 propositional formulae built from only 4 atomic
formulae p, q, r, s. Then there are at least two formulae A,B ∈ S that are
logically equivalent [2 marks]

E) If a set S of propositional clauses contains one atomic formula p only
negatively (i.e., only ¬p but not p), and ¬p occurs in every clause of S,
then. . . [2 marks]

Select one alternative:

• S is satisfiable

• S is unsatisfiable

• S could be both satisfiable or unsatisfiable

2



Question 5 – Intuitionistic Logic

Consider the formula: A = (p→ q) → ((p→ ¬q) → ¬p))

A) Show that A is valid in intuitionistic logic using the LJ sequent calculus
[8 credits]

B) Show that A is valid in intuitionistic logic using the model semantics.
I.e. show that in any intuitionistic structure, for any world w, if w  p→ q
and w  p→ ¬q then w  ¬p [10 credits]

You may use ‘ASCII art’ like ||- for the ‘forces’ symbol, ||-/- for ‘does
not force’, etc. if required.

Question 6 – Preserving validity

In the lecture, we proved the soundness of propositional LK by showing that
all LK rules preserve ‘falsifiability upwards.’

It is possible to prove soundness in almost the same way, but talking
about validity instead of falsifiability, which sometimes appears more intu-
itive.

Recall the definition of a valid sequent from Lecture 3, slide 4:

A sequent Γ ⇒ ∆ is valid if all interpretations that satisfy all
formulas in Γ satisfy at least one formula in ∆.

Instead of preserving falsifiability upwards, we can say that our rules
preserve validity downwards:

An LK-rule θ preserves validity (downwards) if for any instance
w1 . . . wn

w of θ such that all premises wi are valid, also the
conclusion w is valid.

(Note that for the preservation of falsifiability upwards we had to con-
clude that one of the premises is falsified. Here we can assume that all
premises are valid)

For instance to, see that ¬-left

Γ ⇒ A,∆

¬A,Γ ⇒ ∆

preserves validity downwards, we have to show that if the premise is valid
for some Γ,∆, and A, then also the conclusion is valid.

Assume that Γ ⇒ A,∆ is valid. We have to show that ¬A,Γ ⇒ ∆ is
also valid. So let I be an interpretation that makes all formulae in Γ as well
as ¬A true. We have to show that one of the formulae in ∆ is true. Since I
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makes ¬A true, I makes A false. Since Γ ⇒ A,∆ is valid, and all formulae
in Γ are satisfied, either A or one of the formulae in ∆ has to be satisfied.
A isn’t satisfied, so it has to be one of the formulae in ∆, which is what we
had to prove.

Show in a similar way that the rule ∧-left preserves validity downwards
[6 marks]

Show in a similar way that the rule ∧-right preserves validity downwards
[8 marks]
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