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UNIVERSITY of OSLO 

Faculty of Mathematics and Natural Sciences 

Exam in:  INF4130/9135: Algorithms: Design and efficiency 

Date of exam: 18th December 2018 

Exam hours: 09:00 – 13:00 (4 hours) 

Attachment: One 

Exam paper consists of: 7 pages (including the attachment) 

Permitted materials: All written and printed 

 

Make sure that your copy of this examination paper is complete before answering. 

 

You can give your answers in English or in Norwegian, as you like. Tear the attachment page 

out, fill in your answers to Question 6.b, and deliver it with the white version of your answers.  

 

Read the text carefully, and good luck! 

Assignment 1 Undecidability (18 %) 
Alice and Bob discuss the curriculum concerning undecidability. They define the following two 

formal languages: 

      NO-MACHINE = {<M> | Turing machine M is a decider, and rejects every input}. 

      MAYBE-NO-MACHINE = {<M> | If Turing machine M halts, then it rejects its input}. 

Question 1.a  

For the four Turing machines defined below, help Alice and Bob to decide if <Mi> is in the 

language NO-MACHINE, MAYBE-NO-MACHINE, both, or none. 

1. M1 = “On input w: 

(1) reject.” 

 

2. M2 = “On input <M, x>: 

(1) Simulate M on  x. 

(2) If M accepts, reject. 

(3) If M rejects, reject.” 

 

3. M3 = “On input w: 

(1) if w  w: accept 

(2) else: reject.” 

 

4. M4 = “On input w: 

(1) if w =´010´: accept 

(2) else: reject.” 
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Question 1.b  

Alice claims that NO-MACHINE  MAYBE-NO-MACHINE. Bob claims that Alice is 

wrong. Explain briefly why Alice is correct. 

Question 1.c  

Prove via a reduction from the halting problem that NO-MACHINE is undecidable. 

Question 1.d  

Now, Alice reasons as follows: Since NO-MACHINE is undecidable and MAYBE-NO-

MACHINE contains NO-MACHINE, we can conclude that MAYBE-NO-MACHINE is also 

undecidable. Bob says that Alice’s proof is invalid. Who is correct? Explain your answer 

briefly. 

Assignment 2 NP-completeness (15 %) 

Question 2.a  

We will here investigate a decision problem called Multi-Way-Partitioning [MWP]. In 

MWP you are given a multiset (that is, a set where values can be repeated) of natural numbers 

S, and a natural number m. The question is whether or not it is possible to partition S into m 

subsets summing to the same. Let 

MWP = {<S, m> | S can be partitioned into m subsets, all summing  

to the same value}. 

Is MWP NP-complete? Prove your answer. (You may assume that P  NP.) 

Question 2.b  

We now define the following problems. Notice that we are defining one language for each k, 

so that k is not a part of the input (like for 2-SAT, 3-SAT, etc.). Let 

MWP-k = {<S, m> | S can be partitioned into m subsets of size at most k, 

all summing to the same value}. 

Example: <{1, 2, 3}, 2> is a yes-instance of MWP-2, but a no-instance of MWP-1, since one 

subset will need to have size 2. 

Finally, we define the problem L to be the union of all MWP-k problems. That is: 

L = ⋃ MWP-k

∞

𝑘 = 1

 

Is L NP-complete? Prove your answer. (You may assume that P  NP.) 

Question 2.c (Should be removed?) 

Is MWP-3 NP-complete? Explain your answer. (You may assume that P  NP.) 
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Assignment 3 A*-search (18 %) 
We are given the following graph and want to use the A* algorithm to find the shortest path 

from S to G. 

 

The proper A* algorithm requires a so-called monotone heuristic. With a monotone heuristic 

the algorithm never needs to move nodes back into the priority queue once they have entered 

the tree.  

Question 3.a  

Below are two proposed heuristics h1 and h2. For each node N, the h-value is an estimate of 

the distance between N and G. 

Node h1 h2 

S 4 4 

A 3 3 

B 6 7 

C 1 1 

D 3 3 

G 0 0 
   

Answer the following questions: 

i) Is h1 monotone? Justify your answer. 

ii) Is h2 monotone? Justify your answer. 

Question 3.b   

Both heuristics h0 and hexact given below are monotone. (You need not prove this.) Create 

another monotone heuristic h for the graph by filling in a table with your values.  

Node h0 hexact 

S 0 4 

A 0 3 

B 0 6 

C 0 2 

D 0 3   

G 0 0 
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Question 3.c  

We now look at the general case, not the specific graph above. As stated in the introduction, 

the A*-algorithm requires a monotone heuristic. Heuristics with other properties will have 

some form of negative effect on the algorithm. They may cause the algorithm to fail, or 

behave differently. It will then technically no longer be the A*-algorithm.   

i) hi is not monotone, but an underestimate. That is, h is never larger than the actual 

shortest path to the closest goal node. 

ii) hii is neither monotone, nor an underestimate. That is, h may be both larger and 

smaller than the actual shortest path to the closest goal node. 

iii) hiii is always 0. 

Assignment 4 Triangulation (10 %) 
We are given the following points in the plane. 

 

 

 

Below is a possible triangulation. All angles are shown or immediately inferable, and they 

also define the shape and the relative distances of the figure formed by the above points. 

 

             

Question 4.a  

There are more possible triangulations. Draw all the remaining ones, including symmetric 

variants.  

Question 4.b  

Which triangulations are Delaunay triangulations, if any? Explain why they are of the 

Delaunay type.  

30°

60°

45°90° 30°

60°
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Assignment 5 Dynamic programming (18%) 
An array “integer array L[N]”, indexed from 0 to N-1, contains positive integers. We want to 

find the largest sum we can get from a subset of these integers, when a subset is not allowed 

to contain numbers that occur next to each other in the array. 

Question 5.a  

Explain what sort of table or tables you want to use for solving this task with dynamic 

programming. What is the meaning of the different entries of the table(s)? 
   

Hint: At each point during the process you have to make a difference between the sum you 

can obtain by including the current value of L and by not including it. 

Question 5.b  

 Write down the recurrence-formula you will use to fill the table(s).  

 Indicate how you want to initialize the table(s). 

 Draw the suitable table for the example L =  [3, 1, 1, 4, 1, 5] and fill it in according to 

your initialization and formula 
  

Question 5.c  

Write a method/function that receives an array L as a parameter, and computes the answer to 

the above question. Make sure that the maximal sum for the actual L is delivered as a result of 

the method. You can e.g. use statements like “int A[ ] = new int[L.length]”. 

Question 5.d  

Suppose we also want the indices in L of the numbers included in the sum. How can you 

compute these indices, and how much extra space do you need? 

Assignment 6 Matching (14%) 
We are given the following graph G, with the indicated matching M with one edge. 

 

Question 6.a  

Give an intuitive reason for why no perfect matching can be found in this graph. 
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Question 6.b  

Run the Extended Hungarian Algorithm on the above graph, starting at the indicated matching, 

and making larger and larger matchings for as long as possible. For each larger matching 

make a new drawing of the graph, and indicate in the previous drawing what augumenting 

path you used to obtain it. 

The algorithm will stop before we have a perfect matching (see above). Your task is to show   

how the situation is (it will differ, depending on your choices) when the algorithm stops with 

the conclusion that no larger matching exists. 

Notice: In the Appendix a neutral version of G is drawn in a number of copies, and you can 

use these to show the situation as you get larger and larger matchings. You should draw the 

final situation on the appropriate copy. Tear out the sheet, and deliver it together with the 

white copy of your answers.  

Directions for drawing the final situation:  

 The root node of the tree you are building should be indicated with an extra circle 

around it. The edges of the current matching should be marked with a thick line.  

 “Colors” of the nodes made during the treebuilding process should be indicated as 

follows: 

o The root and all nodes with the same color (red on the slides) should be given a 

cross within the circle. 

o All nodes with the other color (blue on the slides) should have their circles 

fully filled. 

o Nodes that are not seen by the tree building process should be empty inside. 

 The edges that are included in the tree, but are not in the matching, should be given an 

arrow showing in which direction the edge was followed during the (last) tree building.  

 Subsets of nodes that, during the treebuilding, are «collapsed» to one «super-node» 

should get a closed curve around them, but the original nodes should retain their “old” 

color (contrary to what was done on the slides). 

Assignment 7 String Search (7%) 
We want to search for the pattern: 

     eucatastrophe 

in a string: 

a eucatastrophe is a dramatic event that leads to the 

protagonist´s well-being 
  

With the Horspool algorithm; for which letters of the alphabet will we get a maximum shift of 

the pattern? And what is the length of this maximum shift? Assume the English alphabet a – z. 

 
  

[ End of exam. Next page is the attachment ] 
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