DYNAmMICS  part -

\n general * Dynomic§ describeS tine connechon betwedn  an oojects
mohpn ond 1the forces aLh'(\g) upon (t.

When dealing with - a ma/\l'fULl.Cd'Df And we  wont E to mout it fFomn tS
ﬁ-afﬁf\(f) posihon ¥0 & rargqet  posihon , we netd 4o know  flae dynomiC
progel hes of the wmonipwloxor so that we con predict  how twe  voarious
forees  ad ageleranony will affett the novement.

- 1€ for exXomple 400 gman forees dre  agplicd 10 pro duce movement,
Wt may Wave o t00 slpw wmo yement,

= Wk twe (ofces at 400 STONG, we ney (CSK making the  monipu lador
colide witle pther obj€( S (A fhe nulDhwent 07 haw it
Swinging e,)(cess{ud\ﬂ witlh  respect o the desiredd  posihon |

From  forwacd -, inver Se -, and  yeload Kinematics we hoavt described
the mohdn Df Awe (0ot withowt the (rce€S dwhot produce the wiohonsS.

Sope | Wt wneede +o0 be able
SWUA Aot wWe  are gblc 1O
a (ontrolled and niCe woy.

40 express twe dynamics of tue vobot,

ontrpl 4he mohons o€ Hhee monlpiiotor

- How wmucw force do eachh  of twe respechue

jornts  need
in order to move ?

-

How muchh Hrce  is needed 1o kecp +hce

resyc chve joints
" place ?

A kyrical Yask n dygnamics s o delue e dynamical model
of the mohigulofor wsing twe €uler - Logrondgye eqguah'ons

Euler - Loy rangc

ERETRS
ot aé}K Gy,

Tk
Dynamic motipn of fhe rdboti( manipllator:

T =0(9)4 +C(3.4)9 +g(q)

= The goal S usually 4o express the dynamics on this Jror:qv



= We hrst weat to  fad the Llagrangion term L.

= Then wt wse v Euler- tagrange eguahon +o Gndd Ty
{or eacn joink (if we have 32 jonts we have to Hnd
/ri l,tl nT& \ .

- We we twe Lagrangian L fr AniS.
- We have 1 deriuate witlhv resyect 10 tme

= A st we have fuat

’(’1 - n s Ahe wnumber of joNnks
T - -' - Ti-Tha oar Ahe  Euler - LagrangR  expredfions
Th for each  joint.

We  Ule  Awis 40 write yue dynom(C equoion  for
twe (0bot :

T =0(4)9 +C(g.9)g + g(q)

Components of tue Aynomic model {00 & manipulotOor
T =0(4)9 +C(g.9)¢ + g(q)

This  can be wriitten o8 folowing for o ZDoF ( 2joont)
ount Pt \ator -

du di di . Cu Cin Ci3 A
T - d2) d22 dzs ﬂ' + Cyy Ca2 (a3 q_ “+ 92

ds d3x das €3y €3 a3 93

Ean ferm in ane  dygnamical  model represents forces that
act on the vooot (this is destribed in dekail (A a book called
"Robo®¢S" by Brund Sicivvano  (yow can fnd & if yow search for ot
O goo9le 0)).

- D(q)gq = the acccleravon term
- D(q) Adescribes twe inerton.
T The diagonal 1terms of the madriX D(q) represeint s the
nmoment 0f inerfoc at POINnY © in the nmaifUlator

while fle other joints are blocked.

= Al other ks repreSent  the effect of awelerahon
on the joink



- ((q19)V9 = the auadrabhc velocity term
- ((q,9) desuives the centrifugal and conolis forces
- The Adlagonal yerms describe the Centrifwgal effeck.
- AW other H4erms  describe Ywe ofioliS e (felt.
= 9(4) 7 fhe  grauity e

o~

A VCCAOr thoX  Aescribes the force exterked on
tne fobot due +o O[auft\o.

- 9 ond q  are Neors

- 9 s the velodt o4 the woint variable
_ o e ) .
T either O or d bkafedd on joint typc

-9 i Xue accelerahon o4 twe  joint vesiable
~ either O or d lkafed on jolnt ype

Lograngian  ntro

- Before we get B the dynamical model of the robot | we have
o do sowme calculohons.

- Twe brst step is € calunlote the (agrangian term.

Lograhngiain © The difference bebtween Kineh'( energy ond
pottnhal energyy.

- L=K-P

- We lhave 10 moalke Sove asSupphons about owr

maniphlafor in order 4o bt able 1o calculate the
eneroyy €S,

= BodYy (ompOsihon * a joint and the attached lnk
can be counted as  Dhe bocktj lmass o not -
some LinkKS may  count ad magssless. The +ask

Wswol\y) - presents  lhow many masses twert are onck
whak Yhe vy represent.

- Body shop€ © A link withh of without s joint
(on be (onsidered qreg\/o,v\rouu\arl (,Lj\ir\d([La,L solved .



- MASS  dismbuwtion: masS can be 0\'\s+ﬂ'budc6d

uniformiy ( or noh- uniformiy) of Wncentrated N a
single ro(/\’c (point Mmadsd ).

TWeSE assnmpTions  in flutince how we colcuwlate tue
Aynammichl model . ASSumphons aboUt body omposihbons
Ackate  how manyy rmasses art Present ancl 0SS Phon$
abdbWWE body ghapc adl mass Alsrri bubhon determine how
wWe o\ ulore  fwe  enlrau . = Read the task carefully.

Fmatm% the Lm%rouxswm - (ovmponent s
L= K - P = \xnenc energy - pokenhal eneflgy.

- Kineie enerqy -

1 1
K = EmvTv + E(UTI‘U For one-link

1 n
K= EQT[Z MiJ i (@D i (@) + Jui (@O Ri(QOLR (@7 ] i ()14 For n-DOF links
=1

- Vi=Ju(g)q - Wi = Jwlq)q
- T,- inerha tensor (T =R L R, in 3evw,ra,k\
a\so  called = nwrha fensor ofF maisS wm with resrect to tue
inerko. konsor of base fowne.
MmaSS m; — bt
g witw re spect lxx  lxy  Ixe - 9veS WS an idea abot  lLow
{0 the (oordinake | = lyx Ly ye wmass (S AlSbutedd In @
frome axtached J lex  dzy ez fgicl body.
10 body of wrass
™My . T\ i wswally given ande Yo \awve o Gndk T yowrseld.
- Ri = rotabon matricCes

F\XX Rxg R xz
R = Rawe Ry Ry
Reax Ry Rt

- PorenbAll entrgy

P =mgh For one-link

n - V\ = rc | = I/\Llﬂ)/\‘t
P= Z migTrg For n-DOF links
i=1
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Example - how to bnd fhe lograngian for o spPhecical

moanipwlator:
1 Ke ds*‘*L; X3
dif=da*tl2
—>

1) Find the Jaobian for fue wanipwlotor

S 0 $i O

o _ Cli 0 -Ci 0
T’ 0 | 0 A,
0O O QO O Trans for b 0N
nmami(e §
-G S\ G Ce 0
TS = -Sidt - C2 S 0
(v 0 Sz di
0 0 0 I
—Cily S G (e (. C (d}* olz\
—‘—‘; - 'SISZ —C\ C.zS| CzS.(d-s-kd—L)
(v 0 Sz di + 5, (d3 ¢ d2)
0 0 0 (

Helpful variables -

0 S Ci(2
ZO = o l 2| z “Cy ) il = (,7_5\
| 0 S2
CiCr (dy+ A \to [Cl(,l (dy+ dy) 1
O0:1-0, - C2 5 (4}-\0\7_) - 0 = (Y (d}.\dz_)
dit 52 (da+dz) dit+ 52 (da+d2)

[ Gt (dn+dy) | o | Ciez Cds 4 d)
03 -0, = €281 (dy + da) - |o | = €281 (dy + da)
di+ 52 (da+dz) | 52 (da+d2)




Fl'v\di\r\f) Jv and dw:

‘Lzsucd’&*‘tz\ }
0]

\)Vl = %o K(03'003= [ (.IC‘L (d}‘ﬁdl\

- S92 (A3 ade)
Jvz = 2, * (03-0) = | - S8 (Ast )
Cq (C)\z‘t dl)
G Cr
\\\13 = 2L = Cz 8 )vi=%;“x(°"-0;"8 rev.
$2 Ju = 2io lin.
Q Jw.’ S 2i- rev.
Jw' = Zo - lo \)w; =0 lin.
S
Jwy T 20 7 G o dws =0
()

Putbing it tgether vields the jacobian matrix

_ [JU] - Ju. Jva ‘)Ua
J ) JU) Jlul <)uu7_ JW}

“C S, (dat da) -CzSn(d?*'o(z\ C(r
CiCvL (d3+dz\ -S,.S82 (ol's-idz,\ (XY )V
= 0 C1Cdy +d2) S
(0] S 0
0 —Cy 0 S &\w
| 0 0

2) Fn'r\dk(r\c\/) +he Kinehc u\ergﬂ

-~ We kot e Kinebe encergy fF cach mass  seporately.
and  add  twue KinLtc enefgies {foc el mass +O 9et
the +totor Kinebc enerqy.

- Sinct ow examele has 2 'bon\tS and- Alhns 2 serarate
mo.sses, the total Kinhe enemyy is K= K tK,1K 3,

- we colewlare  Kinghic energy (00 callh moss present ok
not twe Joints I links.

- We uwse twe jalobian  alliX oy a SToC R0y eoing .




~ The idea 8 thott we calanladke twhe KinehC energy of con  mgss
Scporadcly and (omflC’CLL:j 9ot fhe next w0sSes.

by
PVO\‘CV\DUV\D - Jo when c,o\\(,\x\m\\'/\fj Ki we ov\\\g ook ok wmosS | and
wot only (%noﬁ. AL Nociabley et Ao\ wits masseS L andl 3.
jomt s wp 1o
Yt 1-Yn —owhen  laslading Ko we  look at magses 1od 2 and
eXists, anove  variable § twok  deal Wikl mass L
= Tor wmosSS 3, we ook oX twe whole rpbot.
) ] |
Flr\&l \(\ ; K\ = /2_ M|\)|TU| 1 ‘/2 UL).TT. w
=S we Set all values Ywak are (onhe Ctedk 4 mMass
1 and 3 40 0O (because woe only focS on MaSS 1),
S we et (olumn 7 and 3 in the Jjartobkion 1o O
becowse twevy art related o MRS L gadk 3.
Twig gives us -
_ 0 0 O 0 0] 0
Jv - 0 0 Jw = 0 0 0
) o O ) 0
D We e jnevrha tensor = O (debhned wswnaul
N e FasiK). Be aware Yt W 1S A mmadrix  So
sinte 'x's O (it wil be fllek witwh  Oss.
S Tl Unear and angular- velocites ore
we need . O o0 O ‘.il o |
e Wneac Y v = dv, g = | 0 0 0 .| =]0©
and © 0 o 93 o J
ANGUND— -
velouXxy of _ O D O 9, 0
Wl mpss Lwr = Yy ,0q = | 00 O 9, =10
I O O 94 9

S We pur (t oal Poacther Yo get Ko

Ki= Yemu, vt 2w Tw,



Fcr\dw\g) ‘(\7. : K'L = VZ MoV " Uy + '/Z UJzTTz w

S Wwe Set al Ja\ues Yot are (onhe Ctek 0 masS 3
10 0 (becaUse oo onrly LocrS on  pusseS 1 ond ).

S we set (olumn 3 in The jacokion 10 O
becouwse v ¢S related o mass 3

TWig gives us§:

S wWe wawe jnevtia knsor 1= O were +oo

S Tl e and onguler= velocites ore -

) 0 0 0] [ ‘érl »)
Ve = v, g4 7 g g % % | = |°©
%33 o

. 0 5 0 q." q,LSl

WeT w9 T ?'E)‘ g 4| = | 9%
(3'3 9.

S We pwx (F al Ogether o get Koo

T
Ki= K'L= ‘/2 V"\lULT\JL + l/2, (Vo)) T w

o o1 7 To ‘ qls' Tl 0 o 415'
= z YV\’L 0 0 4 /7_ ﬂ.“.c‘ O 0 o a'LCl = 0O
0 0 4, 0 0 o .,



— . T
Findinay, Kq = Ky= 'I2 MUy " Uy f2 W3 Tsu,

2 We doptt set oy ualues o O becawse we art kacwmh'/\g the
KaLhc energy or Ye lost mass ondk now all PRVIDUS massScs
art  (acluded .

Twig gives us -

[ mGsi(dat da) ~C25,(dg +de) CQr
JV’ CiCL (dn,‘*ob.\ - 5.8 (0{1+de €6,
0 CL(OL's-ldl\ (%]
0 g ©
».\Uu- 0O -G g
I 0

D We e inertia knsor 1,7 O wnere +oo

D Te Unear ande ongulr veloci ties ore

. “Cas, (dat da)  ~Casildg+da) e 9,
\13: JU'}Q’ - G (L (ds'*o(v.\ ’S|S7,(o{‘5+d-,_\ (.56, 94
0 Cilely +da) S 94

~C2 S (A3xd) G - €25 (As+a:) Oy 4 Cq O3
GCp (Ady+ A1) 4, - §162 (0\3*dz\é}z X (15.9;
C'L(d;*o\z\éh. t Sl“j—J

Wy = 3\;036-]' N ° -¢ g 2| - J¢
I o 9, %

> We pux it al Hogether to get Koo

l ! T
Ky= 12 muyT g + 72 Wi Tsw,
‘(‘L S\(J\‘!’*d‘l—\ q’\ -C15, (A'b*d\?,\ql = (.\(,1, q;
G, (4= A'L\il - §.162 (0\3*d1\‘:)2 x C‘LS\‘.a-:s
_ C'L(d\;*o\z\éh. t Sl‘i—J

,LV"‘3
- 2

~C2 S (A3%d) G - €280 (Asta) Oy + ¢ Cq s
Gez Ay A4, - ¢ 62 (A3xda)q, * (25,9,
_ («‘z_(d:}*dl\é\ﬂ. t Sl(i—:“

. T .
‘ 418 o 0 o g1 $)
+ .
/'L 90y 0 0 0 él}(,\
9, 0 °0 o q,




\ . : ‘ '
= E M, ( (13 S, t 9.C (dqt dl)\z t9,C.8, (dy &o\—,,\ - Q}c\(_.,_

The fotal Kinebe energy is giNetn by K= Ko tKex K3

3) Tinding twe fotenbhal encrgy

S we use e formula. P o= mg\a {0 co\cwloke Y\ue
toten h o\ ENLrgy K ealhh  moss.

D We uSe geometry o cdoslofe  The height  to the foint
WWUC e mass  (§ centered (dx.eer\dkirxfj on whokt the task
specLb6es.

D W Awis dask we lhowe I masseS | and o\l ot uuxieo(mLU
A StMbuted.

- 9 i3 twe cg)row\\‘ox,’n'OnouL constant
cent2r OF
MmossS 2 - M,
center OF
A moss V-
\
I
\/\\2 z&l
From 1l o\rouuMs we can  See From the d\ro»wiag we can  See
that W = Y24 So  tue fhat W= A\, So  tue
potenbal wnergy) I '/zm.@dq potenbal wnere vy K Pz=m—¢3d.




“Flf\dlf\g Py P‘s = M4 ‘3\\3

centki 0F mMosS 3 - Mo
- middle 0L FThe \ength dq xds
d-"*d3 &/

: 9
5 I Sin®- = ‘/7_(&1*613\

> Y = k) (dz*dz\sz_

d D hy = Aot Tlde v Ay Se

........ ) P3=mwmy o
= mﬂ)g% (o * Y2 (Aqeds)sa)

Now we con $ind Ywe total potential energy)

? = P\‘\’?l *?3 = ./7.,\!\/\'6(14 t MzSd, + M1 3 (dl'\' l/z (A'I,'de,\Sl\

1) Assembling e Lagrangion tecm
O Now thak we Vhave  found tue Kinehc ondk potential energy,
we.  con  asSsemble U ngra,ngim=

= K-P = (K tKL v G- (B 4P+ P2)
\ . : | .
= EW\'} ( (ﬂ,}Sz t QL(Z(d'S* dl)\L +q>|C1S‘(A3‘kd‘L\ - 136\(.1.
t (42052 (dy+d2))® + g3 51Cq + 9,C2C (dsede) - §,5, 52 (dz+da))

- ‘/‘Lmlsdq - ngd., _m33 (d|'\'l/2 (d’b‘kd3\31)

That 'S (¢! )

D Now we have found the lograngian ond  we ort one step
closer +o oteS(,vibil\g twe  dynonices pf ow monipUlatdr. Twis
wil be fThe theme 04 next weeks growrp SesSion.



Tips for fwe oblig :
1) Start earuﬁ'.l.!l.

S Twere art a ot of calculations and mathh to do, So yow
Should  do yourSelfg a Favor and starc eally )V

1) The expressions might be long  and a"litt(c” bit Waly, so you
con wse  pythhon Imatlab ®» order 10 checK twe expressions
Yow 4ot

3) TY 4o do task | by land - this s relevant foc the tXam
as qow Wil most LiKely Wave 4o colculote dynomics  for
0. 2 00F vObot.

4) Ddon't solve +tasK 2 by Wond ! AS & previous ¢rowp
teother said - 9 ou will lhatte WUL(SLLG botgoﬂd "ef—ogw'h'om ).

= Use fytlnon or matlak hert i Yow want 0 be happy )
5) Read the tosk and the informabon about twe robot

(wke [nerha. Of mass distvipuhon) CAREFULLY as dwere ofe
"hinks" about what Yo have to do.



Example - dynamics of i rlanar ZDOF robot

I Y2
s /’“ - Ly is o cectanqwlar Solid
| — 2, wtth uA\('O/va Afis’mloum
__JI 2\ - n0SS . TS 1S cguuvalent +o
ce— howing its mass  oncenivottol
(2 L N Xt middle  of tue link.

TWES eSS 1S m,.

- M1 S & Yoir\t MASS. A pont
9o MoSS has no  nerbioe | so
1tS (nerta Xnsor is owoM)S Q.

Ko
D This means that 5 rokakionol kinehc
ran s olwoys O S0 Yyou Aon 't lhewe
to ca\iaare kbt al. (o, Kw, =0.).

—The [rst \ink is oo rectangwlor Solidh it wniker mly  disiribute d
MosS M. Twe (nerhd  +nsor foc m, V§:

o o O
\.= [0 0o o©
0 0 1,22

TasK: Find the L&srqu)ian term .
1) Find T, ond T9.

-5 0 ¢ O
o _ - ('\ @] S\ 0
DH - table - WA U o o
Q O 0 |
i \ Oi | A 'd\\ l 1\
N ( o 0 O
| (9‘ +90° L ( 0° ’ 0 A, = o | 0 O
3 z ¢
(3 0 L. 0 ) o 0 (4
o 0 0O |
=95 0 G Ci Lz*
N\ - C 0 il ¥
T?. \AL O l 0 L‘
0 0O O |



2) Find +twe Ja(ollon

)- [JUX Ju= [2e* (0,700.) 2,7
Ju Jw=[2 0]

sl C [ o
Ju = il ? S Jw = 0
®) 0 [

5 Covcnlate the  potambal ande Kine b energy

O 0O

Poktnbal © P = P «P 2 = m, 9 x Wiz Qe

MosS \: WAGRSS 2 ¢
r \ {
I J—F
L
b | Ly
W= l/l Ll
= MBS wniormly Al Stvibuted, — W, 1S a pont mMass
o ‘IS at twe (enter o S0 fue MmosS centee (S
fwe book\a/la'n\( in XnaX point.
- Pz gl T M2am gL, = Parmaghe T my gL,

Total poktnhal energy :

p=7+P,= '/'Lm.cOL. + Mgl



Kineh C

K=K 1%

-
'/'LM‘VlT\/l + I/'LUUI I,lwl 1 ‘/'LVV"L\)‘LT\/-L t I/Z_ UJTIz w2

Comgonents -

. ¢ 0 0 9, 0
Vi=duq = | G0 o il ]°
0 0 0
) - S L'l. Gy e. Y L?.Ql —k(lL'L
N2 = \\\I-La.l, = Gl S L = CiLa9, + sl
o D ’ \

€

\)
—-Oo
o o
—
co
[ —

\l
o © O

= There is no eoint in Calcwlahng Wz becawse M (S ao point  mass
A& s inerhae tvsor egual to 0 So tts  angular IAbC  velouty
omeont will be 0.

S Tt by compeonent (8 T, — fue inelfhoe 4ens0f. As desuilece
eoliecr \we \ave T, ~ R LR,

To WOMPULL Yis | we need 4o know Ritwhile |,

S Ru 1S qien by asfigning oo wordinatt  frame 1o tue
Mass  and  Bnding tune (Otohon o LHoame O
10 4w Hawe.

wosS  qiven,

9 Wz
K2 - The rotehon between Grame
\/m / 0 asnd  frame m s
T )W S 11 e
- n  aound o
2. . Gbout an asbitrary angle
gm theta O, .
X
¢, -S§, ©
/N 2o - K\ = 5( (\ 0
(o) O I
Yo

Xo



2 Cal cwlating 1. = &\ R,T

—

C\ "S‘ 0 0 0 0 (,( Sl 0
T = S Gy 0 o 0 0 -5y ¢, ©
o o | L 0O 0 (= o o |
[ 0O 0 \\r(l S] 0] 1 [ 0 0 0 }
= 0 0 st ¢, o =] 0 0o O
0 (TREXY | O O l O O \i 22

Now wt Lot o\ omfovents « So we n calculate K onck Ko

c oo

Ki = ‘llml\)l_'—Vl + |/2 UJ|T1l W

= 3 m 0 0] +
2 n " 5
~
| 0 0 .
z :LIO .X [Ql“/anzl.,z%
9|\(|’tl B,

Ke = imu,Tv, + 12 Wy L, W,

| -SILlél J‘(GL')_ T —SlLlén 'J‘(‘L:-L
T 2™y Cila6, + 5.l Ci L2 9.0"‘ sil=2
0

~I=
—
OO O
—_—
9
1
OOO
Coo
» Vo
)
—
—
_SDC)O
-—J

I : . ) : .
= S my CoLy%0, — 5,00 Lale®, - sicilale O + (% Lot
+ QlL L‘L‘Lég L L‘LL’Lé’A + SILILLLZ él + Slll:b‘l'»
\ . .
= 2 mq (L8 + %)
. \ . .
Total Kinehe emergy = K= K 4Ky = ‘\2'_ 0% 1,22 + 2 ma (L?8 + L%)

Thwe Loagrongion: L= K-P

L= 12851, 22 + Yzma (La*8 + L) - 'lamigly - mogly

I



