































































































Dynamics parts
In general Dynamics describes the connectionbetween an objects
motionand the forces acting uponit

Whendealing with a manipulator and we want it to move it from its
tasting positionto a target position we need to know thedynamic
roperties of the manipulator so that we can predict how the various
orces and accelerations willaffect the movement

If for example too small forces are applied to produce movement
we may have a too slow movement

If the forces are too strong we may risk makingthe manipulatorcollide with otherobjects in the environment or have it
swinging excessively with respect to the desired position

From forward inverse and velocity kinematics we have described
the motion of the robot withoutthe forces that produce the motions

5000 we need to be able to express the dynamics of the robot
such that we are able to control the motions of the manipulator in
a controlled and nice way

How much force do each of the respective joints need
in order to move

How much force is needed to keep the respective joints
in place

A typical task in dynamics is derive the dynamical model
for the manipulator using the Euler Lagrange equations

Euler Lagrange

tis 2 2 5
Dynamic motion of the robotic manipulator

T D q g q g g t gig
The goal is usually to express the dynamics on this for


































































































We first want to find the Lagrangian term L

Then we use the Euler Lagrange equation to find Tk
for each joint if we have 3 joints we have to find
Ti Tz Ts

We use the Lagrangian L for this
We have to derivate with respect to time

At last we have that

e Ig
n is the number of joints
Ti Tn are the Euler Lagrange expressions
for each joint

we use this to write the dynamic equation for
the robot

t D q g q g if gig

components of the dynamic model for a manipulator
t D q g q g if gig

This can be written as following for a 3Dof 3joint
manipulator

I tail tt
Each term in the dynamical model represents forces that
act on the robot this is described in detail in a book called
Robotics by Bruno Siciliano you can find it if you search for it
on google

D q g the acceleration term

DCA describes the inertia

The diagonal terms of the matrix D q represents the
moment of inertia at joint i in the manipulator
while the other joints are blocked

All otherterms represent the effect of acceleration
on the joint


































































































q g g the quadraticvelocity term

g g describes the centrifugal and coriolis forces

The diagonal terms describe the centrifugal effect
All other terms describe the coriolis effect

g q the gravity term

A vector that describes the forceexterted on
the robot due to gravity

g and qi are vectors

g is the velocityof the joint variableeither O or d based on joint type
g is the acceleration of the joint variable

either or di based on joint type

Lagrangian intro

Before we getto the dynamicalmodel of the robot we have
to do some calculations

The first step is to calculate the Lagrangian term

Lagrangian the difference between kinetic energy and
potential energy

L K P

We have to make some assumptions about our
manipulator in order to be able to calculate the
energies

Body composition a joint and the attached link
can be counted as one body I mass or not
some links may count as massless The task
usually presents how many masses there are andwhat they represent

Bodyshape a link with or without its joint
can be considered a rectangular cylindrical solid


































































































Mass distribution mass can be distributed
uniformly or non uniformly or concentrated in a
single point point mass

These assumptions influence how we calculate the
dynamical model Assumptions about body compositions
dictate how many masses are present and assumptionsabout bodyshape and mass distribution determine how
we calculate the energy Read the task carefully

Finding the Lagrangian components

K P kinetic energy potential energy
Kinetic energy

I

1

Vi Ju q g Wi Jw q g
I inertia tensor Ii Ri li Rit in general

also called
inertia tensorof base frame
massmi but
it's withrespect
tothe coordinate l Yg

gives us an idea about how

iii
iii

mass is distributed in a
frameattached rigid body
tobodyofmass
mi Ii is usuallygivenand you have to find Ii yourself

Ri rotation matrices from forward kinematics

E
potential energy

h rci height

Claudia Badescu

Claudia Badescu

Claudia Badescu
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Example how to find the lagrangian for a spherical
manipulator

pitot

1 Find the Jacobian for the manipulator

t I g g Transformation
matrices

I If I

at p
Helpful variables

Zo Y z fi 22 1
o o f

G d t d
Cas Cds dz

s in I Iii's
03 o

c Cz dat dz
CzSi Cds dz

s a n 1 11


































































































Finding Ju and Jw

Jv Z X 03 o
251 dat dz
ice fastdz

Jvc z x cos o ISisa d t dz

Ju Zz I Jui Zi i on Oi i pegJu Zi

Jw Zi i
wi o

rev
Jw Zo Y tin

Jw Z Ii Jw 0

Putting it together yields the jacobian matrix

j Y Ju Ju Ju
Jw Jwa Ju

d d
c

g
tael

as d de
asS's s t dz
Ci 2

o colds dz Sy
3s

2 Finding the kinetic energy
We find the kinetic energy for each mass separately
and add the kinetic energies for each mass to get
the total kinetic energy
Since our example has 3 joints andthus 3 separate
masses the total kineticenergy is K Kit Kat K3
we calculate kineticenergy for each mass present and
not the joints links

we use the jacobian matrix as a startingpoint


































































































The idea is that we calculate the kinetic energy of each mass
separately and completely ignore the next masses

Y K so whencalculating Ki we only look at mass I andoretending
hat only ignore all variables that deal with masses 2 and 3
joints upto
he i th when calculatingKz we lookat masses 1 and 2 and
exists ignore variables that deal with mass 3

For mass 3 we look at the whole robot

finding K 12 Miu Tu t 12 w TI w

we set all values that are connected to mass
2 and 3 to 0 because we only focus on mass 1

we set column 2 and 3 in the jacobian to o
because they are related to mass 2 and 3

This gives us

sit ow 1
we have inertia tensor 11 0 defined usually
in the task Be aware that I is a matrix so
since it's 0 it will be filled with Os

The linear and angular velocities are

weneed
the'inear u or 888 111 1and
angular
velocityof
eachmass wi swig 18 8 111 1

We put it all together to get ki
K 12 Miu Tu t 12 W TI w

ml 7 14 17 11 1 0


































































































Finding Kz Kz 12Mantua t 42With wz
we set all values that are connected to mass 3
to 0 because we only focus on masses 1 and 2

we set column 3 in the jacobian to o
because it is related to mass 3

This gives us

sit ow 1 c 81

we have inertia tensor 12 0 here too

The linear and angular velocities are

ve sua 888 111 1
win 19 811 L

We put it all together to get K2

K Kz 12MzVitVe t 42With wz

my T 1.1 T I to


































































































Findings k 12Maustv3 42Wattswas
wedon'tset anyvalues to o because we are calculating the
kinetic energyfor the last mass and now all previous masses
are included

This gives us

o

Casi dz dzJu f c
s dat da

cicz datdz s sz dat da Gsizeds da

c Cz

out
we have inertia tensor 13 0 here too

The linear and angular velocities are

u Ju g f c
s
cyst

del casted de

gs
gotcicz datdz s sz dat da

zed ya

c Cz

casildstde g cos castdz ite t ciczitsL ace castdz g siszldstdzlgztczs.gs
cold tda get 5293

We put it all together to get Kz iii

casildstde g cos castdz ite t ciczits
i

cold tda get 5293
Casildstdeg cos castdz ite t ciczits

cold tda get 5293

T I


































































































Im g sa t gzcz datdz tgcosCd tda E ace
gzasz datdz t g s.cz t g catcdstdz gassa deeds

The total kineticenergy is given by K Kitkat ks

3 Finding the potential energy
we use the formula P mgh to calculate the
potential energy for each mass

Yee
g

geometry to calculate the height to the point
where the mass is centered depending on what the task

In this task we have 3 masses and all are uniformlydistributed

g is the gravitational constant

FindingPl P might

MT
t

centerof
mass2 me

f
Ets's f me d ha

g
he d

n

04

From the drawingwe can see From the drawingwe can see
that he lad so the that he d so the

potential energy is Pz mzgd


































































































Finding P3 Ps m gh

gg

d
many

sin Tata'T
y 42 datda sz
has d t 12 dz tds Sz

Pz myghz
my g d t 42 datdz se

now we can find the total potential energy

P P PatP Yamgd t mzgd t m g d t 42 datdz S2

41 Assembling the Lagrangian term

Now that we have found the kinetic and potential energy
we can assemble the Lagrangian

L K P KitKat Ks P t Pat P

Im g sa t gzcz datdz tgcosCd tda E ace
gzasz datdz t g s.cz t g caccdstdz gassa deeds
Yamgdi mzgd my g d t 42 datdz se

that's it

Now we have found the Lagrangian and we are one step
closer to describing the dynamics of our manipulator This
will be the theme of next weeks groupsession


































































































Tips for the oblig
1 start early

There are a lot of calculations and math to do so you
should do yourself a favor and start early

2 The expressions might belong and a little bit ugly so you
can use python matlab in order to check the expressions
you got

3 Try to do task I by hand this is relevant for the exam
easy ftp.ost likely have to calculate dynamics for

4 Don't solve task 2 by hand As a previous group
teacher said you will hate yourself beyondrecognition

Use Python or matlab here if you want to behappy
5 Read the task and the information about the robot

like inertia or massdistribution CAREFULLY as there are
hints about what you have to do


































































































Example dynamics of a planar 2D of robot

with uniformly distributed
mass This is equivalent to

YÉ
É

arectaramarsai

having its mass concentrated
in the middle of the link
This mass is mi

me is a pointmass A point
mass has no inertia so
its inertiatensor is always 0

Thismeans that its rotational kinetic
termis always 0 so you don't have
tocalculate it at all So Kw2 0

The first link is a rectangular solid with uniformly distributed
mass ml The inertia tensor for m is

881
Task Find the Lagrangian term
a Find T and T

tis a É E FDH table

t.tt a
8 0 0 I

s o c 4TE A Az J C O S

8 6 8 4


































































































2 Find the Jacobian

j Y Ju Zox 02 Oo z

Jw Zo O

su fi's out
3 Calculate the potential and kinetic energy
potential P P P2 might tmz ghz

mass 1 mass 2

Otc
4

m

101
187

M is uniformly distributed
so its at the center of

m2 is a point mass
so the mass center is

the body link in that point

P might 12m gl Pz maghz Magh

total potential energy
P P t Pz 12m gl t mz gl


































































































Kinetic

K Kit Kz
12m VTV t 12W I W t 12Mav TV t 42WTIz wz

components

ri su 8 1 1 1
u sus f se f I it gs
w 1 1 1 1 1
There is no point in calculating wz because me is a point mass
and has inertiatensor equal to 0 so its angularkinetic velocity
component will be 0

The last component is I the inertia tensor Asdescribed
earlier we have I Ri li Ri

To computethis we need to know Ri while I was given

Ri is given byassigning a coordinate frame to the
mass and finding the rotation from frame 0
to this frame

I I o and frame m is
given by Riz am i so a
rotation around to

it

theta Qi

it


































































































Calculating I Rit Rit

I 1 I
L It 1 1

Now we have all components so we can calculate K and K2

K 42mv TV t 42WITI wi

ml I 1 51 11

I
o f 8g 1120121 izz

Kz 42MVTV t 12 WII Wz

Emil sit sit IEEE
tmz si la Q sic Latz sic LizQi t ci ti

t Ci 1220 t s CiLaIzE t SicilzizQ t sits
I ma 1220 Ii

Total kineticenergy K K tKz I Qi l zz t z me 1220 t Ii

The Lagrangian L K P

L 20 tl zztY2MzLLz2QtIt 2migLi Mzgl


