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Veloaty Kinemahes -

- The Neouty of the tool +ip relahve +o the base.

- In order to Erow WS [ we netd 10 know the  velouweS of <oth
Yot sepafattly. So , at what Unear velovities do the prifmahc
oints translate ond  at what maw\&f velouheS 40 the
rotahonal ‘pPlnts rotate?

- Wt need veloukry KWAUMARCS becausSe when wt woat to ontd\l  *he
motors o0& twhe oot it sn't cnowglh o only wse The posihoNng ot
The JoNnES | huk  we need +ueir  yelohi€s os  well.

The \)c\oci’nj o o Quntc

S iSmabc yonkt: > revowte joint:
q
1< "

V=9k w=0

\,:

=2 Vv is twe linear velocity

2w i The ongulay velo ity

D 4 is the joInt variables derivoarve - either B of A
S K s the waix veckor

Py we don't o\d‘kul\\j wSe Al S T in calculohons | but (t'g wseful
o see what values = we ae dealing witw.

Thwe Jacobian

Our encl qood N vc\oa‘f\:) Kindmahcs & 4o decide the veloty  of vwe
tool Hip. ThiS s given by & ond the formunlo. S

2 ) U W daobian  Hwe Frons formaRon  from
_ J : Wint yariables 4o  tool - P veloty.

g a i —a 6Xn mafriX whert N = nr of
joint varikbles

VERERE 11 Wit velodty > g s a Vector withh tue velouty of  each
W = Jwq ) basd on ) It variaple .



F('no\(/\ﬁ fhe JYacobian

The Joacobionn 5 builvx ke YW

Ju > Jy amd \\w ore 3 xn  mairiCes , where
J J At the numboer of  yoint  variables.
w D Jdy S Xwe lineor velodty  port and Jw S Fhe

angul o VLol Y part.

To KU in *he Jocobian, we HRnd Jv oad Jw scrowod{ly.

Eallhv olumin @ in )y ek Jw s decidedd  aorading to whether e

Vot joint i fedolute OF prismahe . The formwnlas  acC

_ Zi- revo\ute
0 Prismatic

Jv; =

Zi., x(0n-0;-1) revo\ute
o Joi
Zi-y pPrismahic

But , whert do theSe valwes come from 7 Fram the forword Kinemahcs !
For exomrele (i f yo have a (obot with three joints |, yow will haue
threg  tonsSprnabdonmalrices between tue 'Jo\‘r\ﬂ .
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-2 the 2'S come Fom  tue Third columin
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- ?:o = ? ] ) m\w&\ﬁs
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2 the 0'S (ome Fowm the fourtlh olumin
= 0n is Fhe ongin o+ Toz (Hwis i 03 a5 N=23 }95’\*5)

2 0o =£0.0.0] ﬂm\wm&_g

= 0 oed ©z omt HOM T° and, T2 respechutty



Now dhoat we know whot omponents +ue Jacobion
of « we on ook ot an examrle.
Velod(ty KinemahicS of on PRR manipulotor”
1) Find T3 LTS and LI B A | i
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1) wnte the Jacobian, only wsing the components

[ 2o z, *(05-0) 2. *(03 - 02) = Ju
Ve 0 ) 22 > Jw
?ﬁanht> QU0 WANC reyoluit
joint eint ")oivv\'
1= =7 (=3

1) Find all  Ywe (omponents of +he jotobion ond write them

Th -vectors -
C '2 ésu\)’L B SU\)‘}
T 75\1\ ~
o) 0 ~S2
to = | 0|, T, = [V ] T2=| 0O 5
TWwe  0- vetkors
3 (203 yA(2
03 = a3y Sy
Oy SeCy4aric+ on
0 I a2 (2
0o, = 0 0, - 0
(0N 02§ 2+n
iy (203 +A1(2 3 C2Cy
03 - 0, = A Sq 03 ~0¢ = Ay $q
03 S2Cy

01 StCy4avLdv

Calcnlahing 2, *(05-0,) ond 2 *(03°02)

LrOSS PrOdU\C/JC — A = [ab,c] B = [d,ef]

AxB = [(bf— ce), (cd — af), (ae — bd)]



X Y T X Y

0 ol 0 0 -1 &
i3 (203 1 Q20 @&y S8y Q3S2lyAazie 3 (20 ¢+ Q1 (2 Ay Sq & 03 - 0.

~035,Cy - St
2, % (03-01) - 0 = Jv,
Ay Ce €y 4+ Ca

X v Ew X ‘3
-$q O Cw - S Q &« 2
an3(2C3 ayS3  AySi(s3 a3 C3 aySy & 03 ~0O2
Ny C2 Sn
2 X (03 ‘07_) = N (o = 3\/3
-®15.53

) Fill in the Jacobi matrix withh these components

Jui Juz .)u3
Ju = [ 2o 2 *(05-0) 2.%x(03-0) ]

O ~-a35:0y - a1 Ay (154
= o 0 a1 (3
) Ay Ce €3y +a1C AR,

J\'JI JWZ \)w) 0 O 51
Jw = [. 0 ) 22 j = -l O
0 0 -

(@)

0 ”0&351(3 - A§1 0\‘5(1,53 W
> 0 a1 (3 Jelouty  ginenmaah(s
) = Iy G Gy “03 5253 | D of 4he PRR rokot
0 D) 51
0
0
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Usir\g TWe  Jagobion

Now tinat wt have our daobiaN, we on use £ 4o do
Some  alculohons.  FOC ¢cxample | wWe  con WS€ YW Joco bian 0
calcnlode  the  velollty of the WOL 6P gven tag U!Lloc,\'hj 04 +the
joInt  variables.

: . . - di 0.000% m s
Velocty of joint variobles 9 6. | - 0.3 radls
93 0.02 radls
The  jPink vasiables ot givenas a, = 32 wmm, §,= 30", O5= (0,
a, = 100 mim | &3 = 203 mm \
rondom  yalwes
What 5 +ue velouty) of tne ool tp 7 osen  for
tWwis +ask
g = Jg 2 the goneral Prmulo

Wuoally 1 we don't want Lot the lincar sad angulor veloahes, but just
the  \laeor ue\ou’+y. There fore we con Pt § like this:

[0

Here we \Wowe W15ty + AeST &y (1S,
) ) 0 &K1 (3
NV = JU‘} ana w = ij, -0y (z2(C3 - a2 Ce Ay S5

5o Jinte we only want The bneal velouty) of the ool +ip, we wse
N> )y ‘1— :

V= Ju 9
D ~6&3570y - AS1 Oy (154 3 mmls
= D) 0 &1(3 O:} roals
I 0yl ol -Ry 5783 0.02 radls
Q -101,739 155,19 3 mmls -63.12
= Q 0 107Y,§0 0.3 raals = 2.0%
l 176,24 S1.63Y 0.02 radlis 124, 58

SO AWs s the velouty of twe to0l WP reakhue o Awe base frome
N the Ry and T difechons.



Singularihes

- Conbgurohon of fue robot whee moboh in some direchon i$
imPossible . The 400\0Np becomes blogked i ek posihon.

\

- Minor morement 0€ the tool cowleh require ‘nhnite Force in

the jointS - 50 @ mindr moutment N faeory  could regure an
AN force 4o a(,’mouuj do ihid movement.

“Doesn 't mean  that jolnds will £y off into the stratosphere at
wper luminal  geeed§ | but the jownts might gtroin  and break .
— on old  gromp teacker

D 4hiS meons that F Jou den + taKe the su\gmwihcs
it0 aclount | the oints might end up 'n gingular
configurohons ond twey con be dedtroyed.

- Mathemahicoly | singulafiies \appen when rankK J(q) C maX.
The  maximwna  valke 1§ the nuMber of  colnans on
the Jacobian oA rank  J(gq) is the number of linearly
independent olumins in )(4) . Thi§ mems that i€

rond J(g) Crmax fHra Sset of joint voriables g theh 4he
MNP ALORY (S in o Jdinglor  (onbgurahon.

We N also  Bnd dingularthes uging the jacobian . This
9vén 6}9 The dettrminant o€  Ju. So
singuloviries of o robot we would

lJvl = 0 (1d1 = Q)

- We v aso And singwlor thes by Ut observing the robot
AN Jdn'\r\K(r\D oot whwert it conld  go wrong.

)
N order 10 fnc the
SolU€ Aw($

Singwlarifies mowy coffespond  to points on 1w boundaly

of the workspace -
these are points of maximm reags of the manipulator.

NEar singW\GEIHes | o wnigue soluhdn P A inverse kinemahs dotsn't  exist . \n

Suin  cases twere oy be no soluhon OF  there mo) be in({nik\\\r) manYy) soluhons



St‘f\gmw(’ra of the PRR (sW) manipulotor
S We do thd a;\ov\yh'cod\ﬂ, b9 Joluinj 3ol = O.

The deMiminant of o 3%3  maliX is guen by

(a b c] .
J= d e ; PS - you Con either

g h 1] do tWi§ by hond
or withh python
or moklol ).

a b c

det(J) =det(|d e f
g h i

_le f1_+w|4 f| d e
det(])—a|h i| b|g i+cg h

det()) =a(exi —f*h)—b(d*i —f*xg)+c(d*h —exg)

detJ)=a(e*xi —f*xh)—b(d*i —f*g)+c(dxh —exg)=0

finte we o only fnd the dckeenmnont  OfF Jguare v iCes , we
cannot wse Ywe wwele Jocobion. Twert bore, we decouple +he Ju
Emiontnt  Hom ) by itsclf.

Jv = 0 0 aC3

0 ~03S57Cy - dS A+ (254 \\
|\ &y G Gy v -y §7353

Finding tue Singularihe s by Ldv)

det (Ju) = dk 0 0 a1 (3

0 ~03 570y - AST Ay (154 \l
\ Ay Cr Cy +aqCa -y §7253

7

det (”&351U - St 0\3(153)
0 A1 (3

=(cav5eCy —azsz2) (ay ()

\)

- 0\‘51 S1(C t - ar03S2Cs



Sc%'no At (Jdv) equal to O

-yt S (3t = a03S2 0y = g D k152Gt ac 03 S C3 =0

03 Sz C3 (1€ ¥ &) =0

Edher w18.Cy = O or i3 taz =0

4 N

a3 will wever be 0, (3 = 0
§O S'L (3 = 0.

= sin (B2) cos (B3) =0
Thi§ Wagpens when  either O3

i$ 0 or WO or when BOq i3
0° or -90°

Now we hnave fund fhe joint variable 5 that leadk to  singilor
Confgurabons for tinis robot.



