































































































Dynamics part 1 Lagrangian

Dynamics the study of a robot's motion and the forces and torques that
cause the motion it involves for example applications from concepts from
physics to modelthe behavior of the robot This is important for controlling
robotic systems and forunderstanding how the robot interacts with the
environment This canalso be used to design control algorithms toadjust
the forcesandtorques applied to the robot in order to move it

Whendealing with a manipulator and we want it tomove it from its
starting positionto a target position we need to know thedynamic
properties of the manipulator so that we can predict how the various
forces and accelerations willaffect the movement sachretwyftakonaganigoe

If for example too small forces are applied to produce movemen
we mayhave a too slow movement

If the forces are too strong we may risk makingthe manipulatecollide with otherobjects in the environment or have it
swinging excessively with respect to the desired position

This is why we need the robot's dynamics

Dynamics can be divided into two areas kinematics which we already
have looked at and kinetics Kinematics deals with the description
ofmotionwithout considering the forces and torques that cause the
motion Kinetics takes the forces and torques into consideration

So let's start with looking at the dynamics of a robot

Atypilaltwindyxmisis
derivethedyxmiealmodelyyyyyWoMtNfor the manipulator using the Euler Lagrange equations

what is theEuler Lagrange he iaYE
IFYintExpression zag zig

Lagrangian

fightingofjointvariables

mm

444 j yen a new men
Tie for each joint K l n

t Ig
n is the number of joints
T i Tn are the Euler Lagrange expressions
for each joint
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The dynamicmodel is represented then by the vector T of joint
torques that act on the robot's joints

I fm
i

iE nffeY me
thiren positis ies

The torques foreach joint represented by T can be used to control the
motion of the robot Sobyadjusting the torques you can gainprecise

titillate iii can also be rewritten
D q C f I g

The goal is usually to express the dynamics on this form

General steps to find the dynamics
1 Find the Lagrangian term L

entails finding kineticand potential energy of each masslbody

2 Use the Euler Lagrange equation to find Tk for each joint

I Wehavethe inaieah I for this

3 Rewrite the dynamicmodel into this form if required in task
T D q I q g if glg

components of the dynamic model for a manipulator
T D q I q g if glq

niffaffrewritten as following for a 3DOF joint

L a.IE a 1
D C g

EE a E
on google


































































































Torque the force that causes rotational motion When a
torque is applied to an object it causes it to rotate around an axis

Inertia tregnet a property of objects thatsays that they
YHrnkma.fr acffstonormiehryg8f.anging motion unless an

D q if the acceleration term

D q describes the inertia

48 afackt.tn ieier iitInieTosoI and

q g if the quadratic velocity term

C q q describes the centrifugal and coriolis forces

I I fr Ergiii EEn eEnt's 3

All other terms's d e the coriolis effect
what makes a straight path curved when you
aremoving on something that's already moving

g q the gravity term

Ine S t If ftp.the
forceexerted on

important to understand how much force needs to be applied
to counteract gravity




































































































Btw what are g g and g

the'srotsf joinoitntstositisffongector it represents a of

µ

g is the velocity of the joint variable
I eithfruefatgrudenbased on joint type

either orasas.am

E
g is the acceleration of the joint variable

joint acceleration vector

simple example
the merry goaroundis heavy so itneedsmore force to move or stop
which is what the Dlg matrix
describes

When the merry go wound is
spinning and you hold on you
feel a force pulling you outwards
which is the centrifugal force

if you try to walk on the merry go around in a straight
line it willbe very hard and that's the Coriolis effect These
two are described by 9,9 matrix

Claudia Badescu


































































































Lagrangian intro

Before we getto the dynamicalmodel of the robot we have
to do some calculations

The first step is to calculate the Lagrangian term

Lagrangian the difference between kinetic energy and
potential energy

L K P
We have to mankeordsome assumptions about our
manipulator er to be able to calculate the
energies

Bodycomposition a joint and the attached link
theseare can be counted as one body mass or not
usually some links may count as massless The task

usually presents how manymasses there are and

I
in the what they represent
taskmore
or less Bodyshape a link with or without its joint
clearly can be considered a rectangular cylindrical solid

I Mass distribution mass can be distributed
no assumptions uniformly or non uniformly or concentrated in a
willmake single point point mass
calculations

HARI These assumptions influence how we calculate the
dynamical model Assumptions about body compositions
dictate how many masses are present and assumptionsabout bodyshape and mass distribution determine how
we calculate the energy Read the task carefully

Body composition howmanymasses are present and how do thebodies look Are we considering joints t links as one mass body
or are we considering joints and links separately A mix

Mass distribution uniformly distributed or point mass

point mass mass is concentrated at one point and that's where
the centre of mass is too Inertiatensor is always 0

uniformly distributed mass is evenly distributed over the
mass body and the center of mass is in the middle
of the body mass

Body shape willaffect the inertiamatrix ti but this matrix
is usually given to us


































































































Finding the Lagrangian components

L K P kinetic energy potential energy

Kinetic energy

I

y
Vi Ju q g Wi Jw q g
I inertia tensor Ii Ri li Rit in general

inertiatensor of mass mi with respect to the
inertia tensorof
massmi but

I
lxxit's withrespect

Sanae j if gives us an idea about now
mass is distributed in a

frameattached rigid body
tobodyofmass
Mi
y

Ii is usuallygivenand you have to find Ii yourself

1 I
twhiith ateraingawithwetnetoptimgarias.tv nangdetMItiPly

Ri rotation matrices

canbe from base frame to
the coordinateframe of thecalculated Ri É mass

usingbody

willshow
h

so what you do is assign a coordinate frame to the mass

Inte.intsstgnapanggnud
the rotation r between base and

this coordinatesystem Btw how you put the frame on the

Potential energy

h rci height


































































































Example how to find the lagrangian for a spherical
manipulator

pitot

1 Find the Jacobian for the manipulator

t f g g Transformation
matrices

I If I

at p
Helpful variables

Zo Y z fi 22 1
o o f

G d t d
Cas Cds dz

s in I II's
03 o

c Cz dat dz
CzSi Cds dz

s a n 1 11


































































































Finding Ju and Ju

Ju Z 03 00 f E I

iv z cos 0
a

so to oil re

Jw to J

Jw 7 i Jw 0

Putting it together yields the jacobian matrix

1 1 1 I
Ei

Jw

centre of masses Assumptions

EET.fimi I itiiiiin.tinwitnTifitfhifthatkiddie
Body 2 joint 2 alone

Body 3 joint 3 attachedlink


































































































2 Finding the kinetic energy
We find the kinetic energy for each mass separately
and add the kinetic energies for each mass to get
the total kinetic energy

Since our example has 3 joints andthus 3 separate
masses the total kineticenergy is K K t Kat K3
we calculate kinetic energy for each mass present and
not the joints links

we use the jacobian matrix as a startingpoint

The idea is that we calculate the kinetic energy of each
magsseparately and completely ignore the next masses

BTetending t so when calculating Ki we only look at mass I and
thatonly ignore all variables that deal with masses2 and 3
joints up to
the i th when calculatingKz we lookat masses 1 and 2 and
exists ignore variables that deal with mass 3

For mass 3 we look at the whole robot

so the jacobian matrix go.tn s thevelocity of the endeffectorto the velocities of
when calculating the kinetic energy for the first mass the
other columns are set to 0 in the jacobian because they representthe contribution of the remaining masses to the energy of the
system since we wantonly the kinetic energy of the firstmass
wedon't need toconsider theeffects of the other masses on the
kinetic energy of the system The same goes for the next mass
and so on

Finding K K 12Miu Tu t 12 W TI w

tweet all values that are connected to mass
2 and 3 to 0 because we only focus on mass 1

we set column 2 and 3 in the jacobian to o
because they are related to mass 2 and 3

This gives us

sit ow 1


































































































we have inertia tensor 11 0 defined usually
in the task Be aware that I is a matrix so
since it's 0 it will be filled with Os

The linear and angular velocities are

weneed
menear Ita 1 1and
angular
velocityof
each mass wi swig 1 8 111 1

We put it all together to get ki
K 12Miu Tu t 12 W TI w

ml 7 14 17 11 1 0

Finding K2 K2 12Mantua t 42With wa
tweet all values that are connected to imagesto 0 because we only focus on masses

we set column 3 in the jacobian to o
because it is related to mass 3

This gives us

sit sit c

we have inertia tensor 12 0 here too

The linear and angular velocities are

ve sua 888 141 1
win 19 811 L


































































































We put it all together to get K2

K Kz 12MzVitVe t YaWitIz wz

my T 1.1 T I it
Findings K 12MzUstUz t 12WatIs w

we don'tset anyvalues to o because we are calculating the
kinetic energyfor the last mass and now all previous masses
are included Nott

matcheswherecentreofmassis locatedon the robot
This gives us

it
itakethisintoaccountbydividingby 2 asthat'swhere

SiSz d e dz
Ci G

Cic fastde gya ya

jw fg f g thisis because when we calculate kineticenergywe focus onwhere thecentre ofmasses areand

we have inertia tensor 15 n'iritis
The linear and angular velocities are

Icas dat da Czs dz dz
V3 Ju 9 L facefastde Is ÉÉ

t
siszldstdzlgztwssw.ci

I
We put it all together to get Kz
K 12MzUstUs 42WatIs w


































































































I m f
Casildstde it cos castdz it ciczits
ace castdz it siszldstdzlgztczs.gs

cold tda get 5293

likeabove so because ciczcastdz g siszldstdzlgztczs.gs
cold tda get 5293

followingerrorin

calculations 42195g 8 agg

Em g sa t gzcz datdz tgcosCd tda E ace
gizasz datdz t g s.cz t g caccdstdz gassa deeds

The total kinetic energy is given by K Kitkat ks

3 Finding the potential energy
we use the formula P mgh to calculate the
potential energy for each mass

we use geometry to calculate the height to the point
where the mass is centered

g is the gravitational constant

Ending t

Ending Pe magna

centerof

my ya
n

mm

fj T.jo
From the drawing we can see From the drawing we can see
that he lad so the that he d so the


































































































Finding P3 Ps Magh

4j

sign

Ja

d
y 42 datda s z
has d t 12 datdz Sz

Pz myghz
my g d t 12 datdz se

now we can find the total potential energy

P P PatP Yamgd t mzgd t m g d t 42 datdz S2

41 Assembling the Lagrangian term
Now that we have found the kinetic and potential energy
we can assemble the Lagrangian

L K P KitKatKs P t Pat P

Im g sa t gzcz datdz tgcosCd tda E ace
gizasz datdz t g s.cz t g caccdstdz gassa deeds
Yamgdi mzgd my g d t 12 datdz se

That's it

Now we have found the Lagrangian and we are one step
closer to describing the dynamics of our manipulator This
will be the theme of next weeks groupsession


































































































Example dynamics of a 2D of robot

with uniformly distributed
mass This is equivalent to

t
having its mass concentrated
in the middle of the link
This mass is mi

me is a pointmass A point
mass has no inertia so
its inertia tensor is always 0

Thismeans that its rotational kinetic
term is always 0 so you don't have
to calculate it at all So Kw2 0

The first link is a rectangular solid with uniformly distributed
mass ml The inertia tensor for m is

this is usuallygiven
1

Task Find the Lagrangian term
a Find T and T

tis a É E FDH table

ioj.toE Fi a
000
I 0 O
O 1 Lz8 0 0 I

s o c 4TE A Az J C O S

8 6 8 4


































































































2 Find the Jacobian

j Y Ju Zox 02 Oo z

Jw Zo O

su fi's out
3 Calculate the potential and kineticenergy
potential P P P2 might tmz ghz

mass 1 mass 2

Otc
4

m

101
187

M is uniformly distributed
so its at the center of

m2 is a point mass
so the mass center is

the body link in that point

P might 12m gl Pz maghz Magh

total potential energy
P P t Pz 12m gl t mz gl


































































































Kinetic

K Kit Kz
12m u Tv t 12wit I w t la mi vatu z tlIwtIzwz

Components willbe 0causeme
is a pointmass

v sua 1 88 1011 1

u sus f se f I it gs
w 1 1 1 1 1
There is no point in calculating wz because me is a point mass
and has inertia tensor equalto 0 so its angular kinetic velocity
component will be 0

The last component is I the inertia tensor As described
earlier we have I Ri li Rit
To computethis we need to know Ri while I was given

Ri is given by assigning a coordinate frame to the
mass and finding the rotation from frame 0
to this frame

so fromthe baseframe
to themass frame

O and frame m is

ok given by Riz011 1 I d

about an arbitrary angle

ÉÉ
theta Qi

it


































































































Calculating I Rit Rit

I 1 I
L It 1 1

Now we have all components so we can calculate K and K2

K 42m v TV t 42WITI wi

ml I 1 51 11

I
o f 8g 1120121 izz

Kz 42MVTV t 12 WII Wz

Emil sit sit IEEE
tmz si la Q sic Latz sic LizQi t ci ti

t Ci 1220 t s CiLaIzE t SicilzizQ t sits
I ma 1220 Ii

Total kineticenergy K K tKz I Qi l zz t z me 1220 t Ii

The Lagrangian L K P

L 20 tl zztY2MzLLz2QtIt 2migLi Mzgl


































































































Tips for the oblig
1 start early

There are a lot of calculations and math to do so you
should do yourself a favor and start early

2 The expressions mightbe long and a little bit ugly so you
can use python matlab in order to check the expressions
you got

3 Try to do task I by hand this is relevant for the exam
as you will most likely have to calculate dynamics for
a 2DOF robot

4 Don't solve task 2 byhand As a previous group
teacher said you will hate yourself beyondrecognition

spy Use Python or matlab here if you want to behappy
5 Read the task and the information about the robot

like inertia or mass distribution CAREFULLY as there are
hints aboutwhat you have to do

Task 2 link Planar arm

licit Liz LizÉ I
Linkmass is uniformly distributed for both
I and I are 0

Find the lagrangian


