

















Inverse kinematics part 1
Repetition forward kinematics

Forward kinematics You have the angles or length variables of the joints
and you want to know where the tooltip ends in space

Example calculating forward kinematics of a robot
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11 Add coordinate frames to

the drawing

Z in the direction of action

111 j
t Xi 900 to Zin

Xi needs to intersect Zi i
if not we move the origin Oi so
theyintersect

y from the right hand rule

2 Fill in the DH table

Hilson
Ii

i 111cylindrical manipulator

Oi angleof rotation for a revolute joint
angle from Xi to Xi about Zi

di distance moved for a prismatic joint
distance from Oir to intersection of Xi and Zi l

ai distance from intersection of Xi and Zi i to Oi

Li angle from Zi to t measured about Xi

essentially we want to find the transformations between
these 4 frames

goal find transformation between base frame and end effector
frame
H HYHEH



3 For each link 1,213 we use the special matrix and
fill in all the values Oi di ai ai that we found
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4 Find transformation from base frame to tool tip frame
In forward kinematics we essentially want to find the
transformation from base frame to tooltip frame because
we want to know where the tool tip is with respect to the base

we want to find H's remember HY HEHE
H HY HEH
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the forward kinematics



Inverse kinematics

Inverse kinematics Given the position of the tool tip what are
the joint variables Oi and di

more useful than forward kinematics because we often
know the point we want to reach where we want the
tool tip to be but not how to get there what joint
angles and extentions we have to use in order to get there

more difficult it requires thinking outside the box

Example from oblig 5 you want to use a manipulator to draw
a circle on a paper You can calculate some points that together
define a circle Todraw the circle the tip of the manipulator has to

passthrough all these points

Foto we can use inverse kinematics to calculate the angles of the8 joints of the manipulator needed to reach each point These
angles will then besent as commands to the manipulator in
order to control it

this is what you'll do in oblig 5

Method I the analytic approach recommended

The idea is to set up a system of equations andsolve for the
joint variables O and di we end up with expressions for ti and di

we wantwntichusiorrifonatressionnteriastiditiin thot
Iittala kinematics matrix it is a translationvector xigiz

This vector is the position of the tool tip in the base frame and
that's what we use tocalculate the inversekinematics

we set up a set of equations on the form
is the pointx a translation vector

g f we want toy b
z c

from forwardkinematics reachand ismatrix known

the goal is to put the variables on the left hand side
of the equation Qi and di

we do this by manipulating the expressions algebraically



g
ome useful formulas to use

80

example
calculating the inverse kinematics with analytical appr

Tom the previous example we have the forward kinematics

H go j If
positionof tooltip
inbase frame

From this we get the equations
to solve these we use the trigonometricx Catdo't
formulas and some creativityI died

our variables are Qi de and dz and di la la l are known

1 Finding do starothgoutitheth most

Z d t da d z d
both t and di are known

2 Finding O

Y go I I t IIe tan 0

Tips 7 look for
tan 0 I O arctan E common terms in the

an atanzcy.AE 8 sttu



Note we use the atom 2 function instead of the
normal are tangent function

different programming
languages may have
different implementations

in python its atar 2 y x
Wich isthe arctangent of
y x

Atan2 is the 4 quadrant atom allows us to know in whichof the
quadrants the result is in and is defined for all Vallefonys tan 225

normal because the tangent is so if tan I we
thesame for 2 quadrants don'tknow whatangle

wehave we need
atan2

3 Finding d

x2 y c dz t Sid a ditz t s 2 d

d c 2 t s 2 d3
Tips 2 calculate

d Tty x ye and reduce byFienactsistent
so we have the inverse kinematics

so if you have a point within the
0 atanz yet
dat Z d tominatthegointinguffat finals

get your manipulator thered Faye

PS you don't have to find
PS the IKproblem may not theexpressions inanyparticular

order but if one expression l
have a solution and the depends on another expressionsolutions might violate joint 2 youhave tofind 4 firstlimits and might not be unique

andthen 2

but here the are just concernedwith finding expressions for
the joint variables but in practice
we can applydifferent methods to get
an actually usable solution



Method 2 geometric approach

The idea is to project the manipulator in various planes and
pretend it's in 2D

we look at the manipulator in side view
we look at the manipulator from top view
and then identify as many equations as possibleusing
trigonometry

Example finding the inverse kinematic equations using the geometric
approach

projecting onto the side view

Items
remain

Theheight of the tooltip which is in

of link I di and the variable length
of link 2 dz so

dad LII z a at a z a

Note We cannot find 0 from this
drawing cause rotating 0 would cause the
tooltip to move in and out of the plane
but that's not possible since we're in 2D

21 Projecting onto the topview plane Xo yo plane

byusingthe tangent

tano

O arctan Tx
aten2 y X

Using pythagoras C2 azt c

Ps the solution of the geometrical
approach relies on the start configuration



Related to inversekinematics youmight get asked about the number
of solutions that exist for a manipulator

to do this we can analyse the manipulator and visualise
how it would reach points inside the workspace outside the
workspace and on the boundary of the workspace

In the example above we have

DII one solution within the workspace
one solution inside the workspace

J O solutions outside the workspace

f 4 workspace

singularities configurations where the orientation and position of the
end effector cannot be uniquely determined by the jointparameters
Thisleads to loss of Dots so that the robot cannot move in
certain directions

Near a singular configuration the inverse kinematics can either
give infinitelymany solutions or no solution at all because at a
singularity the relationship between the joint movements and end
effector movements becomes undetermined or verysensitive

we will come back to this inthe velocitykinematics port


