
 

REPETITION forward kinematics
inverse kinematics
velocity kinematics

ORWARD KINEMATICS
Forward kinematics find the end effector given the joint
variables
we use the DH convention it is a recipe for finding the
forward kinematics

recipe
1 Draw coordinate frames on the manipulator

The rules are

z in the direction of action

at If
Zi

x according to the rules

Xi I Zi i

xi nemedfetoointer.ietaoeish.t

y according to right hand rule

tips
when setting the frames try to have as little
change between the frames as possible because
it leads to a simpler DH table



2 Fill in the DH table

gytifdifaift
Oi angle from Xi to Xi measured about Zi i
di distance from Oi to intersection of Xi and Zi i

ai distance from intersection of Xi and Zi i to Oi

Li angle from zi to Zi measured about Xi

3 Use the DH table to fill in the special matrix
for each link joint

go

SaiSai
Ai I

cog

this gives the transformation between 2
frames that come after each other

4 Find the transformation between the base and
each of the frames by using this formula

HY HEHE
the forward kinematics is the
transformation between the base frame and
the tooltip frame
the position of the tooltip is given by thelast column 3 first rows of the
forward kinematics matrix
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a sketch workspace and
classify robot according

It's a PRP robot

Workspace

Pity
b Assign coordinate frames to the robot according

to DH convention and write the DH table

DH table

qq.qa.IE sort
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lenghtof1111 Is Tty t d y
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c Derive the forward kinematics
finding A HY Az H z As HE using
the special matrix

anti



Az Hi 9

As H 8

Finding HY HE and Hj forward kinematics

H a

HE HYH z A Az

t 11
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INVERSE KINEMATICS

Inverse kinematics Find the joint variables angles or
distances based on the tool tip position

We can use the geometric approach where we
look at the robot from different planes and use
geometry to find expressions for the joint variable
or we can use the analytic approach where we
set up n nr of joint variables equations
and try to solve for the joint variables

Recipeanalytic approach
1 Take the translation vector part from the forward
kinematics which describes the position of
the tool tip and set up equations like this

X X part of translation vector

y y part of translation vector
2 Z part of translation vector

2 Then use these to solve for the joint variables
by using trigonometric rules and algebra rules

Recipe geometric approach
1 Draw the robot and relevant frames from different
perspectives and pretend it's 2D

project in side view where we look at the
manipulator from its side

project in top view where we look at the robot
from above

2 Use geometric rules to find expressions for the
joint variables
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e Derive the inverse kinematics of the robot

Analytic approach

If I 4,3
2 loft L t Lst d Sz t offLat Lst d Cz

Lit Lz t d

1 Solving for d
Z Li tha t d d Z L Lz

2 Solving for d
X d Sz t loft
Y Czd

352 off X

we see that if we square both sides
Yeseset Isaf a and we can then

coff x 2 Sid 12 Sz d
y Cz d ca'd

loft x t y Sz'd t ca'd
L Casi d

Is Moffet
Ly t d Moffet

d Toff Xty Ls Ly

Alternatively d la La Ly since Oz
doesn't depend on d



3 Solving for Oz
X I s t loft loft X Sad
y Czds

we know that sin cos tan so we can
calculate this and get rid of d and be left
with Oz only

Idf lofty to lofty
we use aton 2 as usual

Oz atanz y loft x

Geometric approach
side view yo Zo plane

the z coordinate of
Mtf

joint is soit's not

the tool tip depends on
how extended the first

1 Iif
Yo can't rotate because it's only 2D and

a rotation would go outside of the plane
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VELOCITY KINEMATICS
Velocity kinematics finding the velocity of the tool tip
with respect to the base frame

to find the velocity of the tool tip we need the
velocities of all previous joints
to deal with velocities we need the jacobian matri

velocity of tool tip is given by

E Jg J is Jacobian J I

joint velocity

Jug Ju is the linear part of the Jacobian

W Jwg Jw is the angular part of the Jacobian

Recipe for finding the Jacobian

set up a scheleton of the jacobian first using1
the rules below

2 Find Ju and Jw
since the Jacobian can be written as J yow
we can find Ju and Jw separately

Ju the linear velocity partwe use
these to

Y
and one zit for prismatic joints
column in
JuandJw Jw the angularvelocity part

jw
Zit for revolute joints
o for prismatic joints

3 Assemble the Jacobian according to J yow
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d Derive the Jacobian for the robot
Scheleton

j I go Zi x 03 o
Zg

Ju

Z prismatic
prismatic refolute

Zo E Zi F z

find these from HY a HE zz H Zz

03 o f da
off

8ft f f
Z x o o g x É

E
Jacobian

I
I o I



Singularities Positions of the robot where minor
movement could require a loot of force to move thus
movement in specific directions can be impossible

Usually singularities exist when the tooltip is on
the boundary of the workspace
We can use the determinant of the Jacobian to
calculate the singular configurations of a robot

Jul 0

HOMOGENEOUS TRANSFORMS
The idea of homogeneous transforms is to be able to
represent the movement of the robot with respect to
different coordinate frames

usually we have a base frame a world frame
and a task frame

Recipe for using homogeneoustransforms
1 If you have multiple frames identify the frame withcoordinates 0.0.0 and use this as an intermediate
stopping station between the frame where you are
and the frame you want to go to

This is because you know the translation
vectors from the 10.010 coordinate frame
to your other frames
You can then use the formula

HY HEHE

Inverting a homogeneous transform

HE Hy RY RY d
I



2 Find the rotation between two and two frames
and the translation vector between them to assemble
the homogeneous transform

H I 9 and eventually multiply
according to above rule

use right hand rule s for the rotation

post multiply rotation matrices if the rotation
between frames happens with respect to more
than I frame

exercise from the b

Eff
t1 Find the homogeneous transformation

relating each of these frames
to the base frame Oox YoZo

ads t.IEYwe have 2 choices

Find HI and use it
to find HE HE HYHz
and corresponding technique
for H's cube side 20cm in

the center of the
Find Hi andH's directly table and frame is
in this case its easy but in the middle
that's not always the case

table is a Ix Im
square

rotation by IT
around y axis



2 Find the homogeneous transformation relating the
frame OzXz Yz Zz to 03X y 323

that from frame 2 to 3t Z axis by 1.9m and rotate
our frame by 1800 around
the current y axis


