
 

Week 6 homogeneous transforms
In robotics we use frames coordinate systems
to describe a robots position and movement The
frames are important for the robot to know
where it is and how it should move in order

ato complete a task We usually use 3 frames

Base frame where the robot is placed attachedto the robot
Task frame where the robot is supposed to do a task

I framecan f ex be placedon anobject in the world if
thetask is to pickupan object frame is relative to task

World frame the entireworkspace a fixed reference frame
Tool frame frame placed on the end effector

Homogeneous transforms let us go from one frame to another
They represent the position and orientation of a rigid body
la body that has a solid shape in Space A homogeneous
transform matrix combines both translation and rotation transformations

Useful whendetermininghowtomove the endeffector to adesired positionand
orientation inspace taskframe starting from a known positionandorientation base

Homogeneous transforms are for example used in forward kinematics
as you will see later

We can use homogeneous transforms to translate any point
representedin one frame to another trane
Example Homogeneous transforms can be usedto describe the

relationshipbetween configurations Lasand 63 263and 103and
a Thesecanthenbeused togettherelationshipbetween a andd
which is the configuration sa relativetotrane la

Homogeneous transformations are described by 4x4 matrices
Their general form is like this

c åitimi
R rotation matrix describes how a frame is rotated by an angle

We have 3 axis on our coordinate systems so we have 3
rotation matrices one for rotation around the X axis one for
y axis and one for z axis They are
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tiI å En FåImamermen

gj fin rotating the x axisby an
angle of 0

Ry 850 I å rotating the y axisby an
sint cosA angle of 0

Rao YEE II rotating the taxis by an
angle of 0

We often write cos and sin in a shorter way to take up
less space We have cos0 Co C and
sin Oz 502 Sa

The axes can either be rotated clockwise or
anti clockwise The angle is positive when we
rotate anticlockwise and negative when we
rotate clockwise Think about the Unit circle

We use the right hand rules to determine the angle and
if its negative or positive These are the rules

i
d translation vector describes how far the origin has moved inspace

this is described by a vector containing numbers about how the
origin moves along each of the axes X y and Z

CIM EEEEE.is å å
translation in z direction

PS H and T mean the same thing in this document H stands
for homogeneoustransforms ondt for transformations but these
represent tre something here



How to do calculations with homogeneous transforms
so let's see how we can use homogeneous transforms In a simple
example where we have a world frame for the environment around
the robot a base frame wherethe robot is standing and a task frame
forwhere it should work Sousually what we want is the transformation
between the baseframeand task frame

We can do this in two ways

I Directly find the transformation rotation and translation
between base and task frame usually this is a little more
complicated

transformationbetween base frame and the world frame
and then from world to the task frame
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the samemethod here as for
vector addition some way of
thinking

so in our example to find HÅ you need to
find the transformation HE and HF

wenanemwona reasonwhy we use the world frame is because
romein 1010,0 its origin is 10,010 so it's easy to find the translation
tomakeitsimple from worldorigin to the baseorigin and task origin

But to be able to to find the transformation
between base andworld TE you first have to find
the transformation between worldandbase TE and
then take the inverse This is becausedikkave

to
follow the wayofthinking for vector ad

When we have these transformations we can use a rule

TY TY TI we simply multiply TE andTJ
in this order

we make a diagonal line always in this
direction not Z and t then cancel out so we
end up with HG



The notation TY means the homogeneous transform from frame
X to frame y So this is basically the rotation and translation offramey
with respect to frame X
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we aremethod
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World

We can set up the homogeneous transformation matrices like this

H I 9 HE I d Få d

To find HE we can use the inverse of HI This is given by
the formula

H H
I RIT _Ri TATT meanstransposed

0 I tetimik.in ivneinEi.mEm

Ri is the rotation matrix from frame 0 to frame 1 This means
how frame 0 rotates to match frame 1

youcanalsosay that it is the rotation of frame i relativetoframe0

di is a vector that describes how the frame moves in space so
the origin o matches 0

youcanalsosaythat itstheorigin of framei relativetotrane0

The same applies to Rk Rå dk då for their respective
frames



If we say that 00 0,0 0 0 300,450 100 02 500 650 100
what are the homogeneous transforms that we defined earlier

Årotation matrix and then the
translation vector for each
homogeneous transform

ÉHi Ro gi
da EE

First we have tofigure out 1010,0
aboutwhich axis the frames are
rotated From frames 0 and I we
can see that Xo and Xi are parallel which means that Xo is not
rotated to match x so the rotation must be around the X axis

We then use the right hand rules to figure out the angle and the
signof the angle Following this the angle of rotationbetween frame
0 andel is 900 112 We put this in the rotation matrix for
the x axis

Rx 0 0
is Ri Rx I s

The vector d is found by o Do which just gives on

I
We insert these into thehomogeneous matrix formulatoget

o
03007 Rotation matrix

H I 4 Hit É j o 48 translation vectorI O

a convention always like this

we do the similar calculationsforT
HE

E d



Trang the x axis is rotated 900 h to match frame I

R Rx 8 T
tam 2 relativeto frame0
columnvar i says x andto are thesame
columnvis 2 says yr is the tfromtraneOle

I
g a

columnvel 3 says ta is theold y ly andnegati

då is found by or 00 which gives då 500 650 100

i f 8 Å If
this describes the position of frame2
origin interm of frame 1 so it is described

I in this coordinatesystem

0
findustneformula

for the inverse
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Iifgijthygnethe
vector additionmethod from above

along with the formula TY TITI This is now we think



yr

O to find T we need to use T and TE because by the formula
given above we get
TI TI TI we can find TI by simply multiplying thematrices Ti and Ti together

We do some matrix multiplication

O i O Ol illj o I 0 0 0 1

how to gofrom frame I to 2 frame2 described relative to frame I

PS If you have to solve a task where the frames are rotated
around more than one axis you can multiply the rotation
matrices together

R Ry ø Rt 0 here a frame is rotated an angleØ around
the y axis and then around Z axis at an
angle 0

the order of multiplication must be the some as order of rotation

If you have a point porepresented in frame 0 and you want to
represent it in frame I Laspl
the frames like this pl Ryposo

can use the rotation matrix between

If you have totake bothrotationand orientation intoaccount the formula for
finding a point with aspect to om frame A when it is defined inanotherframe B

PA TIP you are the transformationmatrix



Compositions of rotations
consecutive rotations of a frame with respect to different axes

A frame can be rotated with respect to more than one axis so when
we want to find the rotation matrix we have to separate the rotations
to find the rotation matrix with respect to one axis and then the other
Then all these are multiplied but the order matters

We can rotate the axis with respect to a current frame or fixed
frame and this affects how we multiply the rotations together

The meaning of current frame is that when you do a first
rotation then you have a new orientation for the frame and
when you do another rotation it is with respect to this current
neworientation

Then you postmultiply multiply the new rotation
matrices after eachother

This is what we would do if our frame rotations
were composed of more than one rotation with
respect to each other

The meaning of fixed frame is that you do all rotations
with respect to a fixed frame This means that you do a first
rotation to obtain a new orientation of the next trane The second
rotation is not done with respect to this new orientation but
with respect to the original fixed trane

Then you pre multiply multiply the new rotation
matrices before eachother
we get them in reverse order

We don't use this soo much but it's good to know

current frame rotation fixed frame rotation

For more into about this read in the book and do
The tasks for this week



Jarametrizations of rotations

3 ways in which a rotation can be represented using only 3
independent variables

1 Euler angle representation Any set of rotation can be
described by
1 a rotation by Ø about the t axis
2 a rotation by 0 about the current y axis
3 a rotation Y about the Eentz axis

This is given by the formula
see Postmultiplying

ZYZ eller angle
transformation

2 Roll pitch yaw angles Any set of rotations can be
described by 3 rotations around the fixed X y z axes

yaw Yo Y rotate Xo about an angle Y
rotate yo about an angle 01I III z J rotate to about an angle 01

This is given by the formula

pre multiplying

3 Axis angle representation Any set of rotations can be
achieved by a single rotation about a suitable axis in
space by a suitable angle This is given by the formula

K unit vectordefining the axis
angle of rotation around k



Basic homogeneous transforms

Igaefes Tydeswiberotation
translation

The idea is that we can combine these basic homogeneous matrices
to find the homogeneous transformations in another way than we
did earlier F ex it we were to find HI from our example
we would have to find the rotation angle and axis and the
translation in x y and t direction put this into in the matrices
and multiply

H Rot 90 Trans x 300Transyinso Trans t.no


