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\eld aty  Kinemoh(s -

- The Neouty of the tool +ip relahve +o the base.

- In order to FrOow WS [ we netd 10 know the  velouweS of <oth
Yok serafattly. So ., at what Unear velouities do the prifmahc
oints translate ond  at what maw\oJ‘ velouheS 40 the
rotahonal ‘pPlnts rotate?

- Wt need velodkry KWAUMARCS becasSe when we woat to ontd\l  *he
motors o0& twhe oot it Sn't cnowglh o only wse The posihoNng ot
The JoNntS | huk  we rneed +ueir  yelohi€s os  well.

The \Jc\oci’nj o o Qinte

S iSmabc jont > reowte joint:
q
1< "

V=9k w=0

\,:

=2 Vv is twe linear velocity

VW i The ongulay velo ity

D 4 is the joInt variables derivoarve - either B orf A
S K s the waix veckor

Py we don't o\d‘\Mx\L\\j wSe Al S T in calculohons | but (t'g wseful
o see what values = we ae dealing witw.

Thwe Jacobian

Our encl qood N vc\oa‘f\:) Kindmahcs & 4o decide the veloty  of fwe
tool tip. TWiS s given by & ond the formunlo. S

2 ) U W daobian © twe Frons formaRon  from
_ J Wint yariables 4o  tool - P veloty.
g - f} S 6*Xn mafriX whert n= nr of
joint varikbles

v o= Jy 11 Wint \lL\OLi‘r\p - q, 1S a Jector withh fue velouty of  each
W = Jwq ) basd on ) It vaiiowle .



Fmo\(r\f) fhe Jdacobian

The Joacobionn 5 builvx ke YW

Ju 2 Ju ad Ju are  3xn madrices , whele
J J At the numboer of  yoint  variables.
w D Jdy S xwe lineor velodty  port and Jw S Fhe

angul o VLo Y part.

To KU in *he Jocobian, we HRnd Jv oad Jw Scrov\od{ly.
Eallh columin @ in )y ed Jw s decidedd  aoraing to whether e
v -tla yoint s fevolute OF prismah’'¢ . The formulas  arC

Jv; =

Z;-, X (OV\_ O| - |) rC\jO\\Li'c J e Zi"l re\]o\u_{-c
Zi-, Prismakic wr T 0 prismatic

But , whert do theSe valwes come from 7 Fram the forword Kinemahcs !
For exomeit (£ you have a (obot with three joints |, yow will haue
threg FronsSprnabdn waatrices
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Now dhoat we know whot omponents +twe Jagobion S mad€ out

of « we on ook ot an examrle.

Velocty  Kinemahics of on RRP manipulotor
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1) wWnte the JacObian, OV\U() U\,S\'r\ﬂ The components

[ 20 *(03-00) 2, <(03-0/) 133 2 Ju
Ve 2o [ O > Jw
revolutt g QU0 WA prumahnc
join¥ joiny joink )

= =2 ‘=3

1) Find all e (omponents of the jatobion ond wrttc them

Twe 2z —vectors - o ) e

T 4)\»"
o Y G C2
%0 - 0] X | %I = —C'\} \ %1 = Sy C2
I o) Sz

TWe  0- veckors

O
(.(2(&3"*0\2)
o OO = ©
0, = it (0\} “0\7_) 0
o+ S (aa* van)
0 | [ o
0, = 0 0, ° 0
(0N} J (X
i C|(2(0\3’(*’°\Z) c.(:(m"w\z) o
0 -0, *~ sice (o *0‘7-\ 0; -0 -~ sice (an® +0\z\ b
RN §2 (aqa* +0\1) ¢z (aq* +0\1)

Cal culahing 2.%(05-0,) ond 2, *(053-0.)

(,rOSS PrOdU\Ct — A = [ab,c] B = [d,ef]

AxB = [(bf— ce), (cd — af), (ae — bd)]



0 O | ») o) & Zo
& O’_s '00
- b -5iC (0\3" + 0\z§
= X € =
.20 X (03-003 = o (,(2(& UKZ) JV|
0 o)
X Y X Y
Si -C 0 S -C) & 2
A b C N b & 0, -0
-0 C -5z (an? *0\?—3
2, X (0‘3 'O|) = -5NC = -Si 52 (0‘3"*0"') = Jvz
Sib+ (i CZ(OQ* +0\1_\

q) Fil in the Jactob matrix with Fhese (omponents

) Jur Jv,
Vi
Ju = [ 20 x(03-00) 2, *(05-0/) 2. ]
-5 (0\3* +0‘l\ —C\§>2 (0\1* {'0\?—3 GC2
= (.(2(a3X+0\z) -S.S-L(a-ﬂ'*o\?-) g, Cz
o Cz (an* + 0 ) S2

Jw, Jwe \)Wg 0 S, 0
Jw = [,Z., 2, 0 = 0 - o)
| Q 0

| -sica (a5 +0‘7-\ -G S2 (aq® "0\?—3 G C2
(,(2(a3“+0\2) - S, S2 (a_)i- .\-0\1_) g, Ce JU
o Ce (0\3* 0 ) 52
J ~ 0] S 0
0 -0 O Jw
I | 0 0
s \Jctou"rr) Kinenaah(S

o£ the RRP rokot



Usir\% e  Jagobian

Now twnatr wt have our JdacobiaN, we an uwse v 4o  do
Some  codculodions.  FOO eXample ) We  con W€ AW jacobian 0
calcunlofe  The  velouty of the BOL Hp  gven +he velouwty Ot Hhe
joInt  variables.

: . . - di 0.000% m s
Velocty of joint variobles 91 6. | - 0.3 radls
93 0.02 radls
The Jolnk NafLables ot ?)NU\ as &, = 31l mm, 9' = 300 | 92: (Do")
a, = 100 mm | &3 = 203 mm \'
rondom yalwes
What 5 +ue velouty) of tne ool tp 7 osen  for
this +ask
g = Jg 2 the goneral Prmulo

Wuolly 1 we don't want Lot the lincar sad angulor veloahes, but just
the  \lacor ue\ou’+y. There fore we con it § ke this:

[

\owe A= 52' mm , 9, = 300 | 9?_2 (aoo,
@, - 100 mm | &3 = 203 mm

Here we

\):JU"} and w = Jw 2

5o Jinte we only want The bneal velouty) of the ool +ip, we wse
N> )y ‘1— :

V= v %
-5 Cv (0\-3"E *’0\13 —CS2 (O\‘;* +0\13 GC2 3 VO\OUS
() Ce (M* + 0\1.\ 4
~36.3S -210.26 0.47% 3 vad (s -3NU. 44
= \12.9% - 13 0.259 0.3 radls = 105 . P4y

SO AWs s the " velouty of twe o0l WP reakhue o e base frome
N the Ry and T difechons.



Singulatities

- (onﬁo\\\}\rmh‘OW of the robot where mokion n some

We¢ can  also

We Y ) W&t owcrd(ng thwe robOt
anA w\'mm\s AUt w1t cowld  go wrong.

Sir\qu\mrihes mowy correspond 4o

n o 0SS &L (ontrol

TeUWQWES 40 |\owdle
4 W (obot of
S l'ng\MN Rnes.

v’ OIS wnet you Cannot halt a (onkangus  motion,

durechon S
iNPosSible . T MONRWAOT

W whable to weove i A ceStaun AU rLEDON.

\

- Minor morement 0€ the ol (owuld regquire (nbnite  force in
the joints

) = S0 A mind/ moutment N KUeory could regure an
WMANni force 1o acmm\\j Ao 1his movemen +.

"“Doesn't meon  tlaat

joints will fly off into the siratosphere at
wper luninal  geeed§ | bt the jonts might  gtrodn

anck breoX "
— o old grone teacdher

D 4hiS mwons that F Jou den t+ taKe the Ju\gwtwihc.s

inf0 aclount | the oints might end Wp in gingular
configurohons ond twey con be dedtroyed.

Mathe naolh Cod\

Codingulas ihes happen  when rank )(g) ¢ maX.
The MmAXimwnA vallwe 1§ the number OF

colwnins  'n
the  Jacobioan oA rank  J(gq) is the number of linearly
independent olwmins in )(4) . Thi§ mems that i€
ron J(g) Cmax fHr o set of joint variables g  then e
MPULBIr 1S in o Jinglor  (onbiguranon.
S MmeNS Mok twe olumng are NOE Lineorty 1ndpendunt .

fnde Gingulorthes using the jacobion” This IS
9N 6y 1the dettrminant of Ju. So A order 40  fnc the
singuloviries of o robot we would SolWUE Anis

lJvl = 0 (1d1 = Q)

con Aso hnd Jir\gw\arf’ﬁcs L

points on it boundaly

of the worKkSpace -
these are points§ of maximm reags of the manipulator.

Y/) nugse  unmahcs  fauld

NEOr singW\KIHes | o wnigue soluhDn P Al inverse kinemahs dotsn't  exist | \n
sudr cases twee MM be o Solwhon of tihere

mo) be ir\GV\H‘L\\\’) Moy soluhons

ovef e robot s mwpuenment.

A Singulasity oculs whun hae (obots degrees of freedom gt redudd | resulbng

SRt es  jpuolve [ ex o\dctiua additonol digrees of fredon
chonging WL fOLot 'S Najety) of novemdirt

plown miv\J 4o avord



St‘f\gmwi’rn of the PRR lish)  manipulotor
S We do thd mmkyhca\\ﬂ, b9 Joluif\j Jul = O.

The deMiminant of o 3%3  maliX s guen by

[a b ¢
J=1]d e f

g h 1] WA ik (Jy) =0 it indicodes hnak
dhe o0t Uuxes abiliv 0 modL in
MmorL  direthons in spate = oy we

a b ] ovly wee |y pat,

det(J) =det(|d e f|)
g h i

det(J) =a |e {|—b|3 };|+c

de|
h h

g
det() =a(exi —f*h)—b(dxi —f*xg)+c(d+h —exg)

detJ)=a(e*xi —f*xh)—b(d*i —f*g)+c(dxh —exg)=0
finte  we can only fnd the dettrmnont of Sgqhare vnodriCes, we

cannot wse Ywe wwele Jacobion. Thert bore, we decouple +hne Jv
Emiontnt  Hom ) by itsclf.

-sice (as= +0‘7-» —CiS2 (aq® *0\1—3 GC2
JV = (.(2(0&3‘&(&3) - S, S (0\_>1~ 4'0\;_) g, Ce
o) Cz (on* + 0q) S2

JV desanives  Low twe \ineor

oy : e 0SIh0n G Twe and - eHRCtor
Finding {ue Singularises b [du ) D ats, Wit ot ueeuTes.
D M C 9 J
-sice (ay *0\13 - Sz (ot *U\LB GC2
det (\)\J\ = dek (2o caz) - S S (as? + ) Sice
o CZ(CM* +0\7.\ S2
-6 52 (an?* £ 0) S\ Ce
— - o
= h ((M +0\A Cz(oq* +0\1.\ S2
—C\S> (0\1* *0\13 G C2

- Co(‘z(as"fokz)’
CZ(OA* “‘0\1_\ 52



= -5 ¢ (as% *a2) ( s15:% Cas* v o) - S\Czl(al*’fou))

- C\Cl(o";*a‘\('(\511(0‘3*“”0\2\‘ (\(.27' CO&‘}’VO\L§)

P'\e\\e\m({gmws“ \
S —
-5v52t Car* v ae) - S\Cli(ml*ﬂ‘mz) = -silas* ton) (Szz*szB = -5, (ast o)
- (\511 (0\3*+0‘2\ - Q" Ca v+t 0\15 R O ('S a) (Szt + CLLB= -¢, (as”® +Q?—\
)

I
- St (0\3**07—3('5' (0‘15“*'0\2_\3 g SllCl (on* ¥0\~¢.\z

= C|CL(-°‘)*\+0\'L\(’(\(0\1*'{'0\7_\\ = (,,1(7,(&‘3“*'&1\1'

det ()Y = (2(oa* +a ) (s ¢,*) = c(a~*vo)"
—
\

We stk ke dekeliminoant 4o O to Bnd SiNgINlosihes ¢
det ()) = O = (¢ (ay* vad' =0
TS meons Yot ether ¢, =0 or @®1“ta., =0

= s =0 when B = -0 or B, = 90°

k) S'n{)LMOJ H—V) LO{\&RC\\U\YO&OV\ or 6.

% PasmoliC  pirts  allore onlyy Hanslahdn alng an oaXS ond don't
COUSTL OnY) pashon wontttaiXt  or dsgenerfcy) | yo A don -t
lead to Tsingnlariies. Howeud | prsmaAhC jirts (a suffer  Lomn
oty llmnta honts.

Now we nave fund the joint voridble s that (tadk o singulor
COnﬁgU\f‘a\h'OV\S for tnis robot l"ﬂ wing e Aemunont Of T Ja CobioN.

We (on ko find ML singWor conBgWahons by analying fre oeot . we  can
se¢ e following posiions ae Singos OnEYUA AT .

. 92= ’700
—  Afre moanpWodr oS
WpWads  and (§  (o- C:O — e moanipulatol  points
6= 90" kntor witn, L LinsC AoWnwds o0 (5 Co-lia o,
- havd. wiha AR LIRS 2- Sronne,

u



