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Thévenin and Norton (1/3)

Two equivalent models of signal sources (e.g. a sensor or other
transducer): a) is called the The Thévenin form and b) the Norton
form. Note: Outputresistance RS is the same in both models while
vS(t) = iS(t)RS . A more general model would consider an output
impedance, i.e. including output capacitance/inductance rather
than just a resistance.



Thévenin and Norton (2/3)

In general any 'black box' two terminal circuit of passive linear
components can be expressed as Thévenin or Norton equivalent
circuit, with an equivalent resitance RS (or impedance ZS) and
(optionally) a signal or DC source. One often talks about the
'impedance seen in this node' where the second node implicitly is
Gnd.



Thévenin and Norton (3/3)

To get the resistance in this node, stop the time varying signal (if
any and if possible) and supply a test current iX or test voltage vX
between the nodes and measure/compute the voltage or current
respectively. RS is then δvX

δiX
.

To get the signal source, for the Thevenin equivalent,
measure/compute the output voltage (voltage-signal) for open
circuit between the two terminals and for the Norton form,
measure/compute the current (or current-signal) for a short circuit
between the terminals.
The Thevenin can be transformed into the Norton form or vice
versa by using vS(t) = RS iS(t).



Example: output resistance of MOSFET
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Intermezzo: Signal Naming Convention in the Book

The book uses upper case letters with upper case indices for large
signal variables and DC point of operation for linearised signal
approximations (that you �nd using large signal analysis). Lower
case letters with upper case indices to denominate linearised signals
around a point of operation, i.e. with both DC (point of operation)
and inearized (!) AC (i.e. small signal) components. Lower case
letters with lower case indices are small signal components that
move around zero, i.e. with the DC point of operation removed.
The latter is equivalent to the AC component for completely linear
(!) systems. So for example:

iD ≈ ID + id



Small Signal Analysis iD(vGS)

Equivalent to a 1st order Taylor expansion,
the small signals only model a linear
approximation around a point of operation.

ID(VGS) ≈ iD(vGS)

= ID(VGS) + (vGS − VGS)︸ ︷︷ ︸
vgs

∗ dID
dVGS︸ ︷︷ ︸
gm

For strong inversion, active region:

gm =
dID
dVGS

= knVOV =
√

2knID

For weak inversion, active region:

gm =
dID
dVGS

=
ID
VT



Small Signal Analysis iD(vDS)
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Again a 1st order Taylor expansion, i.e. a
linear approximation around a point of
operation:

iD(vDS) ≈ iD(vDS)

= ID(VDS) + (vDS − VDS)︸ ︷︷ ︸
vds

∗ dID
dVDS︸ ︷︷ ︸

1

ro

For active region (both strong and weak
inversion):

ro =
dvDS

diD
=

1

λI ′D
=

VA

I ′D
=

V ′
AL

I ′D
(5.26/27)



MOSFET Small Signal Circuit Model
Replacing circuit components with small signal circuit models is a
way of using circuit analysis instead of maths to analyse the
linearised behaviour around a point of operation. Small signal
circuit models model only the deviations from the DC point of
operation, i.e. they assume all DC points of operation are zero. So
they only model for example vgs but NOT vGS !

This is the equivalent small signal circuit of a MOSFET in the
active region, low frequency variant, i.e. neglecting capacitors



MOSFET T-Model

The previous model variant is called hybrid-π and is preferred by
the lecturer. The book sometimes uses the equivalent T-model,
which might simplify analysis in some cases.



Applying the Small Signal Equivalent Circuits

1. Set all constant voltage sources (including DC biases) to Gnd

2. Set all constant current sources (including DC biases) to
zero/open circuit

3. Substitute transistors with small signal equivalent circuit



Example: Common Source Ampli�er

A = −gm(RD ||ro)

RO = RD ||ro
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Intrinsic Gain from Small Signal



Intrinsic Gain vs Bias Current



CS Ampli�er with Current-Source Load



CS Ampli�er Analysis



CS summary

Rin ∞
Ro ro
Gm gm
A −gm(ro ||RL)

In a general ampli�er model:

In general we want to �nd:
vi
ii
= Rin while vo connected via RL to Gnd

vo
io

= Ro while vi connected via RS to Gnd
io
vi
= Gm while vo connected to Gnd

vo
vi

= A while vo connected via RL to Gnd



CS with source degeneration no RL

Good as current source, e.g in current mirror, but not so good as
ampli�er.

RO ≈ (1+ gmRS)ro

gm → Gm =
gm

1+ gmRs

Much higher output resistance. Still no
net-increase in gain!



Derivation of RO (1/3)

Kircho� for node vs :

vs

(
1

RS
+

1

ro

)
= (0− vs)gm+0

1

RS
+vo

1

ro



Derivation of RO (2/3)

Kircho� for node vo :

vo
1

ro
+ (0− vs)gm = vs

1

ro
+ io



Derivation of RO (3/3)
From node vs :

vs = vo

1

ro
1

RS
+ 1

ro
+ gm

Substitute into equation for node vo :

vo
1

ro
−vsgm = vs

1

ro
+ io

io = vo
1

ro
− vs(gm +

1

ro
)

io
vo

=
1

Ro
=

1

ro
−

(
1

ro
1

RS
+ 1

ro
+ gm

)
(gm +

1

ro
)

=

1

ro

(
1

RS
+ 1

ro
+ gm

)
− 1

ro
(gm + 1

ro
)(

1

RS
+ 1

ro
+ gm

)
=

1

(ro + RS + roRSgm)

RS<<ro≈ 1

ro(1+ RSgm)



Derivation of Gm (1/3)

Kircho� for node vs :

vs

(
1

RS
+

1

ro

)
= (vg − vs)gm+0

1

RS
+0

1

ro



Derivation of Gm (2/3)

Kircho� for node vo :

0
1

ro
+ (vg − vs)gm = vs

1

ro
+ io



Derivation of Gm (3/3)

From node vs :

vs = vg
gm(

1

RS
+ 1

ro
+ gm

)
Substitute into equation for node vo :

io = vggm − vs(gm +
1

ro
)

Gm =
io
vg

= gm − gm(
1

RS
+ 1

ro
+ gm

)(gm +
1

ro
)

= gm

(
1

RS
+ 1

ro
+ gm

)
− (gm + 1

ro
)(

1

RS
+ 1

ro
+ gm

)
= gm

1(
1+ RS

ro
+ RSgm

)



CS with source degeneration summary

RI ∞
Ro ro + RS(gmro + 1) ≈ ro(1+ RSgm)

GM gm
1

1+RS

(
gm+

1

ro

) ≈ gm
1

1+RSgm

A −GM(Ro ||RL) = gmro
RL

RL+Ro



CS with source degeneration with RL

Av = −GmRO
RL

RL + RO

≈ −gmro
RL

RL + (1+ gmRS)ro

... and more degradation to Av when load
RL < gmRS ro!
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CG ampli�er



Rin of a CG ampli�er (book)

vx = (ix+gmvgs)ro+ixRL ⇒ Rin =
ro + RL

1+ gmro
≈ 1

gm
+

RL

gmro
(7.53, 7.54)



Derivation of Ri (Philipp) (1/3)

Kircho� for node vs(i.e. vi ):

vi
1

ro
= ii−vigm + vo

1

ro



Derivation of Ri (Philipp) (2/3)

Kircho� for node vo :

vo

(
1

ro
+

1

RL

)
−vigm = vi

1

ro
+ 0

1

RL



Derivation of Ri (Philipp)(3/3)

From node vo :

vo = vi

(
1

ro
+ gm

1

ro
+ 1

RL

)
Substitute into equation for node vi :

ii = vi

(
1

ro
+ gm

)
− vo

1

ro

ii = vi

[(
1

ro
+ gm

)
−

(
1

ro
+ gm

1

ro
+ 1

RL

)
1

ro

]
ii
vi

=
1

Ri
=

(
gm(

1

ro
+ 1

RL
)

1

ro
+ 1

RL

)
+

(
1

ro
( 1

RL
− gm)

1

ro
+ 1

RL

)

=

gm
RL

+ 1

RLro
1

ro
+ 1

RL

=
gmro + 1

RL + ro



Rout of a CG ampli�er

vx = (ix − gmvgs)ro + ixRS ⇒ Rout ≈ ro + (gmro)Rs (7.58)

(Philipp: see derivation of CS with source degeneration. It's exactly
the same!)



Derivation of Gm (Philipp) (1/2)

Kircho� for node vo :

0
1

ro
−vigm = io + vi

1

ro

io
vi

= Gm = −(gm +
1

ro
)



CG summary

RI no RL ∞
RI

ro+RL
1+gmro

≈ 1

gm
+ RL

gmro

RO no RS ro
RO ro + RS(gmro + 1) ≈ ro(1+ RSgm)

GM = io
vi

−( 1

ro
+ gm)

GM = io
vsig

−
gm+

1

ro

1+RS

(
gm+

1

ro

)
A0 =

vo
vi

= vo
vsig

= −GMRO (1+ gmro) ≈ gmro

A = −GM(RO ||RL) (1+ gmro)
RL

RL+RO



Content

Thevenin and Norton Equivalent (book 1.1)

Small Signal Analysis and Transistor Model (book 6.2)

CMOS Common Source (CS) Ampli�ers and FET Intrinsic Gain
(book 7.3)

Common Gate (CG) Con�guration (book 7.4-7.5)

Cascode Con�guration (CG and CS in series) (book 7.4-7.5)

Common Drain Stage/Source Follower (Book 6.3)

Improved Current Mirrors/Sources (book 7.6)



Cascading Filters in General, total A (1/3)

v
sig

BB1 BB2
R
in14

R
in24

R
out21

R
out32

G
M12

1 2 3

4

G
M23

1)

1)

2)

3)

R
L

R
sig

4)

5)

1. Compute Norton/Thévenin equivalent small signal resistance
Rin24 between nodes 2 and 4

2. Compute small signal Rin14 between nodes 1 and 4 replacing
1) with Rin24



Cascading Filters in General, total A (2/3)

v
sig

BB1 BB2
R
in14

R
in24

R
out21

R
out32

G
M12

1 2 3

4

G
M23

1)

1)

2)

3)

R
L

R
sig

4)

5)

3. Compute small signal gain A1 =
v1
vsig

= vsig
Rin14

Rin14+Rsig

4. Compute small signal intrinsic (!) transconductance GM12 and
output resistance Rout21 with ideal voltage source input
v1 = A1vsig and A2 =

v2
v1

= GM12
Rin24

Rin24+Rout21



Cascading Filters in General, total A (3/3)

v
sig

BB1 BB2
R
in14

R
in24

R
out21

R
out32

G
M12

1 2 3

4

G
M23

1)

1)

2)

3)

R
L

R
sig

4)

5)

5. Compute small signal transconductance GM23 and output
resistance Rout32 with ideal voltage source input v2 = A1A2vsig
and A3 =

v3
v2

= GM23
RL

RL+Rout32

A =
v3
vsig

=
Rin14

Rin14 + Rsig
A1A2A3 (1)



Cascode gain stage as CS and CG in series (1/2)

Acas = ACSACG = A1A2 (2)

ACS = A1 = gm1ro1
RI2

RI2 + ro1
(3)

ACG = A2 = −(1+ gm2ro2)
RL

RL + ro2
(4)

For ACG we have set RS = 0 as we set v1 = viACS , i.e. an ideal
voltage source with RS = 0 ...

Acas = −gm1ro1(1+ gm2ro2)︸ ︷︷ ︸
Acas0

RI2

RI2 + ro1

RL

RL + ro2
(5)

= Acas0

ro2+RL
1+gm2ro2

RL(
ro2+RL
1+gm2ro2

+ ro1
)
(RL + ro2)

(6)

= Acas0
RL

RL + ro1 + ro2 + gm2ro1ro2
(7)



Cascode gain stage as CS and CG in series (2/2)

According to (7)
RL Acas = Acas0 ∗ ...
∞ 1

gm2r
2

o2 ≈ ro2
ro1+ro2

≈ 1

2

ro2 ≈ 1

gm2ro2



Cascode Ampli�er

The book does a slightly di�erent approach looking at the
undivided small signal analysis of both CS and GC stages together,
arguing that the total transconductance GM ≈ gm1 And that the
total output resistance is much increased to RO ≈ gm2ro1ro2 giving
the same net result.



Cascading Filters in General, total RO

BB1 BB2
R
out2sig

R
out3sig

1 2 3

1)

2)

R
sig

sig

1. Compute Norton/Thévenin equivalent small signal resistance
Rout2sig between nodes 2 and vsig (for small signal purposes
vsig = 0)

2. Compute small signal Rout3sig between nodes 4 and vsig using
Rout2sig



Cascode Ampli�er with In�nite Load Resistance



Alternative: Do small signal analysis without separating into
stages

con�rmimng with global (!) GM and RO

GM =
gm1(gm2 +

1

ro2
)

gm2 +
1

ro2
+ 1

ro1

(8)

RO = ro2 + ro1(gm2ro2 + 1) (9)

GMRO =
gm1(gm2 +

1

ro2
)

gm2 +
1

ro2
+ 1

ro1

(ro2 + ro1(gm2ro2 + 1)) (10)

= gm1gm2

(1+ 1

ro2gm2
)

gm2 +
1

ro2
+ 1

ro1

ro1ro2(
1

ro2
+

1

ro1
+ gm2)(11)

= gm1gm2(1+
1

ro2gm2

)ro1ro2 (12)

= gm1ro1(1+ gm2ro2) (13)



Folded Cascode with In�nite Load Resistance



Cascode Ampli�er with Finite Load Resistance (1/2)

The load RL must be of equal magnitude as RO to get the bene�t
of the increased gain AV ! So here with a simple pFET we are back
to square one.



Cascode Ampli�er with Finite Load Resistance (2/2)

Better: employ a cascoded current source.



Dependency of Gain on RL
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Common Drain Ampli�er/Source Follower



Common Drain Ampli�er/Source Follower

A =
RL

RL +
1

gm

RO =
1

gm
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Cascode Current Mirror

Increased output impedance, but quite a bit of output voltage
headroom necessary ...



Modi�ed Wilson MOS Current Mirror



A CD-CS Ampli�er

Larger bandwidth than simple CS ampli�er
(explained later in chapter 9).
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