EX04 — THE Z-TRANSFORM

Delivery deadline: 23 September 2022.

We highly recommend you to collaborate and interact with each other when working on these tasks. Still, the
exercises shall be solved independently and must be assessed in the weekly submission sessions. It is expected that
everyone is familiar with the approval requirements for exercises. This is described on the course homepage:
http://www.uio.no/studier/emner/matnat/ifi/IN3190/h22/curriculum-related/

Observe: The sum of points in total is 15, while the maximum score obtainable in one week is 10.

Goals and reflections:

e The Z-transform is a key transform in the analysis and processing of discrete signals and systems. It converts
a discrete sequence of complex or real values into a representation in the z-domain, which is a complex
frequency-domain representation of the sequence. The tasks this week will help you discern the nature of the
Z-transform.

e The region of convergence (ROC) is the part of the complex plane where (all values of z) where the Z-transform
of the signal x(n) exists. This means that the Z-transform sum converges and hence that

X)) =13 a(n)z"] < .

Using the triangle inequality, we saw on introduction slides 3 and 4 that this implies that the ROC is some
band between some radii r; and ro outside of the origin of the complex plane: 71 < |z| < ro. (Note that rq
can be zero and 73 can be c0.) There are several properties of a signal (or system) that can be discerned
from the ROC of the signal (or system):

— Causal system: the ROC is outside of some radius r in the complex plane.
— Stable system: the unit circle is included in the ROC.

e Note: it is hence the Z-transform X (z) and the ROC that together describe the z-domain representation of a
signal. There can be two (or more) sequences x1(n) and z5(n) that have the same transform X;(z) = X»(z)
— but their ROCs will differ! Check for example the z-transform of x1(n) = u(n) and x2(n) = —u(—n — 1)
which are both the same. But their ROCs are not the same: |z| > 1, and |z| < 1, respectively.

e Analyzing the poles and zeroes of the system function H(z) = Y (2)/X(z) involves finding the z values where
H(z) is zero, and the z values where it diverges (goes towards infinity).

Exercise 1 — Z-transform, ROC, and implementation: 6 Points

An LTT system is defined by the following difference equation that connects the input x(n) to the output y(n):

y(n) = Sy(n —1) = Zy(n —2) + 2(n). (1)

a) Apply the Z-transform to Eq. and collect all terms involving Y'(z) and X (z). Use X(z) to denote the
Z-transform of z(n) and Y'(z) to denote the Z-transform of y(n). You can take advantage of the Z-transform

property Z{z(n —k)} = 27k Z {z(n)}.

X
Y(2) = — fz) —
, Y(z)
b) We define the system function H(z) as H(z) = XG)

Show that H(z) can be written as Eq. below. Where are the poles and zeroes of H(z)? What is the ROC
of this system if the system is causal? Is the system stable for the case of it being causal?
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c¢) What is the impulse response h(n) of this system?

h(n) is the inverse Z-transform of H(z), taking the ROC of H(z) into account. A convenient approach to
solve this problem can be to perform a partial fraction decomposition of Eq. . Thereafter, you can identify
the inverse Z transform of each of the fractions using a table of Z transforms, e.g., Table 3.2 in Rao & Swamy.

Exercise 2 — Z—Transform, from exam in 2014 3 points

a) Show that the Z—transform does not exist for the discrete signal z (n) = 1, for —oo < n < 0.
b) Prove the differentiation property of the Z—transform:
d Z{n z(n)}
2x(z)= 2T
X (2) PR
where X (2) = Z{z(n)} = > x(n)z"". Here, Z is the Z-transform operator.
¢) The Z—transform X (z) of a causal system z [n] is

1023 + 40z

X(z):m.

Find the poles and zeroes of X (z) and tell what is their order.

Exercise 3 — Exam task in 2012: Z-transform and region of convergence
(ROC) 3 points

a) Find the Z-transform and ROC to the data sequence

1
= for ne[-2,2, neZ
n
z(n) =91 0 for n=0,
0 otherwise,

where 7Z represents the room of integer numbers.

b) Find the Z-transform and ROC to the function
z(n) = n2" tu(n — 1)

Hint: You can apply some properties of the Z-transform to simplify the task — or you can go directly into the
Z-transform definition an apply an appropriate variable substitution.

c) Consider two finite data sequences z(n) and h(n). Show that this rule for convolution holds:
z(n) * h(n) <2 X(2)H(z),

where * denotes the convolution operator. Briefly explain why this property can be useful.

Exercise 4 — Parts of an exam task in 2017: Averaging filter 3 points

A system can be described by its impulse response, h(n), such that the out signal is given by y(n) = h(n) * z(n).

a) A system has h(n) = {1,2,3,3}. Sketch h(n) and express h(n) using a sum of unit steps u(n). Make sure to
label the figure axes.

b) What is the energy of this system? Is the system causal?

c) What is h(—n+1)?



d) Find y(n) when z(n) = {1,0,1} and h(n) = {1,2,3,4}.

e) We will design a system which is an averaging filter. For each n, y(n) shall be the average of the input and the
previous two samples of the input x(n).

o Write the difference equation that connects y(n) and z(n).

e Is this system recursive?
f) Calculate and sketch the impulse response of the system.

g) Assume the transfer function H(z) = Y (z)/X (z) is given as:

1
H(z) = 3?(22—1—2—!—1)

What are the zeroes and poles of this system?



