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Sample space € the set of all sample points for a given experiment
Events are subsets of the sample space
A¢ Complement of an event A is the set of points in € but not A

Axioms for events

Q is an event

For every sequence of events Ay, Ay, - -, the | J;2; A; is an event
For every event A, the complement A€ is an event

Axiom of Probability: a probability rule Pr is a function mapping
each event to a real number so that

Pr(2) =1

For every event A, Pr(A) >0

For disjoint events Ay, Ag, -+, Pr (U2, 4i) = >0, Pr(4;)
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Range 0 < Pr(A) <1 for any event A

Complement Pr(A€) =1 — Pr(A)

Events A and B are independent if Pr(AN B) = Pr(A) Pr(B)
Events A and B are mutually exclusive if Pr(ANB) =0
Pr(AuU B) =Pr(A) + Pr(B) - Pr(ANB)

Conditional probability: probability of A given B under Pr(B) > 0

Pr(AN B)

PH(AIB) = =5
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Pr(A) = Pr(AN B) + Pr(A N B°) = Pr(A4|B) Pr(B) + Pr(A|B¢) Pr(B°)
Suppose |J;2| B; = Q where B;'s are mutually exclusive
Pr(A) =) Pr(ANB;) =Y Pr(A|B;)Pr(B)
i=1 i=1

Bayes' rule: Given Pr(A|B;), we obtain Pr(B;|A)

PrBIA) = =5 ) T S, Pr(AlB,) Pr(B;)
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Formally, a random variable (RV) is a function X : Q@ — R s.t.
1) X is undefined or infinite for a subset of ) that has 0 probability;

2) {w € QX (w) <z} is an event for each z € R;

3) for every finite set of RVs X1, --- , X,,, we have

{we QX (w) <z, -+, Xp(w) < x,} is an event for each
z1 €R,--- Jx, €ER.

(Cumulative) Distribution Function (CDF) of X is a function
Fx : R — R defined by

Fx(z) =Pr({w € QX (w) < z})

We omit w for simplicity F'x(z) = Pr({X < z})

Fx is non-decreasing, right-continuous, F'(—oo) = 0 and F(co

) =1
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X is a Continuous RV if its cdf Fx is differentiable e.g.,
Gaussian and exponential RVs

Probability Density Function (PDF)

dFx(z)
dr

Pr({X € [z, + Az]}) = fx(x)Az for small Az

fx(z) =

X is a Discrete RV if its cdf F'x is piece-wise constant with jumps
at z = x; s.t. Pr({X = x;}) > 0 e.g., Bernoulli and Poisson RVs

Probability Mass Function (PMF)

fx(x) =Pr({X =z}) = lim Fx(z)— Fx(z —9)

6—0t
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Let g denote a function of RV X

Elg(X)] fg xz)dz if X is continuous
E[Q(X)] = Zig(ﬂﬁz)fx(xz) if X is discrete

Mean of X is E[X] and Variance of X is E[(X — E[X])?

Exponential RV: X has exponential distribution with parameter \ if
Fx(z) =1—exp(—Az) forx >0

fx(x) = Aexp(—Az)

E[X]=1/)\, Var(X)=1/)\?
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Let X = [X1,---, X,,]" where RV X;'s are defined on a common
probability space

Joint CDF Fx(x)=Pr({X1 <z1,--, X, <zp})

Joint PDF fx(x) obtained by taking 0/0x; for all i

Pr({X:1 € [z1, 21 + Az1], -+ , Xn € [Tn,Tn + Azyn]}) = Px(X)Az1 -+ Azy

Joint PMF fx(x)=Pr({X; =x1,--- , Xp, =zp})
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Conditional density of Y given X

_ Ixy(,y)
fy(ylz) = Fx (@)

Bayes' rule: given conditional density of Y given X the conditional
density for X given Y

Fx(aly) = frle)fx(x) _ fr(yle)fx(z)
Iy (y) [ fy(ylz) fx () da

Fx(aly) = frle)fx(x) _ fr(yle)fx (@)
Iy (y) Yoo fr(wlz) fx ()
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If X >0 and e >0, then

Proof:

e >tE[X]
< > P({x = x})tE‘fX]
e>tE[X]
<) Pr({X = x})tE[X]
B X 1 1
[tE[X]] t
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Let X1, -+, X, be independent RVs and X; € [a;, b;]. Then for
any €, S, = > | X; satisfies

— 62
Pr({Sn — E[Sn] > €}) < exp (M)

—9¢2
Pr({S, — E[S,] < —€}) < exp (M)
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