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Computation Tree Logic (CTL)

® logic to describe trees of computations
¢ introduces by Clarke and Emerson in 1981

® deciding model checking for transition systems is
very efficient

Edmund M Clarke (1945-)

E. Allen Emerson (1954-)

IN5110 -
Specification and
Verification of

Parallel Systems

Tobias John

Overview

Syntax and
semantic

CTL vs. LTL

Basic MC
algorithm
Sat sets

MC algorithm

Fixpoint Calculations

Complexity
analysis


https://www.mn.uio.no/ifi/english/people/aca/tobiajoh/

Unfolding a transition system to a tree
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Remember: Syntax of CTL*

Definition (CTL* formulas)

Let AP be a set of atomic propositions and p € AP. The set of CTL* formulas
is defined as the set of all state formulas ® whith

O = T | L]p| D | &N | Jp | Vo state formulas
o = D | | pAp | Op | Cp | Op | ¢ U path formulas

CTL: restrict to “simple” path formulas. (O®,® U @,...)
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Syntax of CTL

o = | p| ®1ADy | =P | Jp | Vo state formulas
O | & U Dy path formulas

©
|

® note: 0P and &P can be defined with the given operators
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Example: CTL semantics

How do computation trees look like that are models for the given

M

formulas?
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CTL semantics, example 1

Vblack

A00black
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CTL semantics, example 2

VO black

V(grayUblack)
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CTL semantics, example 3

3O VUblack

VO3 O) black
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More Examples

® oo often green?
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More Examples

® oo often green?
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More Examples

® oo often green?
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More Examples
® oo often green?
Yav<ogreen

®* Mutex?
VO(=erity V —erity)

® Progress (both processes reach critical section infinitely often)?
(VOV<Oerity) A (YOVO erita)

® Response (each request has eventually a response)?
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More Examples

oo often green?
Yav<ogreen

Mutex?
VO(=erity V —erity)

Progress (both processes reach critical section infinitely often)?
(VOV<Oerity) A (YOVO erita)

Response (each request has eventually a response)?

VO(request — Y<Oresponse)

Restart (a (re-)start state is always reachable)?
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More Examples

® oo often green?
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Semantics of CTL formulas (analog to CTL¥*)
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Semantics of CTL formulas (analog to CTL¥*)

Definition (=)

Let T'= (Q,%,—,I,AP, L) be a transition system with ¢ € ). We define that
T and g satisfy ® (T, q = ®) as:

T,qF=

T

T.qF p

T,qF
T,qF
T,qF
T.qF
T,mE
T,7 =

-P

P A Dy
Jp

Ve

Od

D, U Py

T,q~EL

iff p € L(q)

iff T, q = @

iffT,q ):(I)l and T,q ):(I)Q

iff there is a path m = (q,q1,...) in T with T, 7w |= ¢
iff T, 7 = ¢ for all paths 7 = (q,¢1,...) in T

iff T, 7! = @

iff Ik e N. (T,7* = Py AVO <1 < k. T,7' = ®;)
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CTL vs. LTL

CTL and LTL are not equally expressive, as neither is more expressive than the
other.
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CTL and LTL are not equally expressive, as neither is more expressive than the
other.

Theorem (CTL vs. LTL)

Let ® be a CTL formula, and ¢ the LTL formula that is obtained by eliminating
all path quantifiers in ®. Then:

® = ¢ or there is no LTL formula that is equivalent to ®.

Example

Consider & = VOVOp. Is it equivalent to COp?
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CTL and LTL are not equally expressive, as neither is more expressive than the
other.

Theorem (CTL vs. LTL)

Let ® be a CTL formula, and ¢ the LTL formula that is obtained by eliminating
all path quantifiers in ®. Then:
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Examples: expressiveness

IN5110 —

Specification and
Verification of

® there is no LTL formula for Parallel Systems

° vov‘:‘p Tobias John
* YO3IOp (restart)

Overview

Syntax and
semantic

CTL vs. LTL

Basic MC
algorithm
Sat sets

MC algorithm

Fixpoint Calculations

Complexity
analysis

4-17


https://www.mn.uio.no/ifi/english/people/aca/tobiajoh/

Examples: expressiveness
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Expressiveness

modal p-calculus
w-tree automata

N

w-word automata
Biichi automata
(never claims)

JLTL

CTL*

CTL LTL

LTL without O

IN5110 -
Specification and
Verification of
Parallel Systems

Tobias John

Overview

Syntax and
semantic

CTL vs. LTL

Basic MC
algorithm
Sat sets
MC algorithm

Fixpoint Calculations

Complexity
analysis

4-18


https://www.mn.uio.no/ifi/english/people/aca/tobiajoh/

Example: CTL vs. LTL

Let us consider the following four formulas:

CTL: VOVOp VOV(Op
LTL: OCp SOp

Which of the CTL (LTL) formulas are equivalent?
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Example: CTL vs. LTL

Let us consider the following four formulas:

CTL: VOVOp VOV(Op
LTL: OCp SOp

Which of the CTL (LTL) formulas are equivalent?

CTL: VOVOp # VYOV(QOp
LTL: Oop = <OQ0p

Counter example for CTL:

SAS G,
& S

T
ONIVER
% %"
STSNBS>

pLEE
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Example: CTL vs. LTL
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Sat-sets

Definition (Sat-set)

The satisfaction set Sat(®) is the set of states in a transitions system 7" that

satisfies ®.

Definition

A transition system T' = (Q, X, —, I, AP, L) satisfies ®, written as 7' = @, iff all
the initial states of TS satisfy ®: I C Sat(®P).
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@

Example: Sat-sets

® YOdead?
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Example: Sat-sets

NN

e V<Odead?
¢ Sat(V<dead) = {dead}
e 3O hungry?
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Example: Sat-sets
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MC algorithm: idea
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MC algorithm: idea
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Example: MC algorithm
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Example: MC algorithm

® =3O hungry N 3(eat U —dead)

Sat(3 O hungry) =
{born, sleep}

° Sat(®) = {born, sleep}

Sat(d(eatU—dead)) = {born,
hungry, eat, content, sleep}

Sat(—dead) = {born,
hungry, eat, content, sleep}

Sat(dead) = {dead}
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Example: MC algorithm
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Example: MC algorithm
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Recursive definition of Sat

1. Sat(T) =
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Recursive definition of Sat

1. Sat(T) = Q Spel'i\fliil:i?)n_and
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Recursive definition of Sat

1. Sat(T) = Q.
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Recursive definition of Sat

S 0N =

. Sa
. Sa
. Sa
. Sa

t
t

T

t(P

t

—

(
(p) =
(
(

1
P

A

~—

)=Q.
{s € Q| pe L(s), forany p € AP}.

d ) = Sat(@l) N Sat(<I>2)

SAS G,
& S

T
ONIVER

%
STSNBS>

"’DCCC*
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Recursive definition of Sat

1 ° (T) Q Speg}li‘iiii—?)n_ and
2.8 t(p) {s €@ |peL(s), for any p € AP}. Parall Systems
3. Sat(®1 A o) = Sat(Pq) N Sat(P2). Tobias John
4. S t(_‘q)) \ Sat( ) Overview
5 Sat(30 ®) =
CTL vs. LTL
Basic MC
algorithm
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Recursive definition of Sat

A

Sat(T) = Q.

Sat(p) = {s € Q | p € L(s), for any p € AP}.
Sat(®1 A Po) = Sat(Pq) N Sat(P2).

Sat(—®) = @ \ Sat(P).

Sat(FOQ @) ={s€ Q| Is'.s = s’ As € Sat(®)}
Sat(3OP) is
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Recursive definition of Sat

A

Sat(T) =

Sat(p) = { €Q | pe L(s), for any p € AP}.
Sat(®1 A Po) = Sat(Pq) N Sat(P2).

Sat(=®) = Q \ Sat(®).

Sat(FOQ @) ={s€ Q| Is'.s = s’ As € Sat(®)}
Sat(3OP) is the largest subset R of @ such that

6.1 R C Sat(®) and
6.2 s € R implies 35’ € R.s — &'.

. Sat(EI(<I>1 U (132)) is
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Recursive definition of Sat

A

Sat(T) = Q.
Sat(p) = {s € Q | p € L(s), for any p € AP}.

(
(
Sat(®1 A Po) = Sat(Pq) N Sat(P2).
(
3
(

_|

®) = Q\ Sat(®).

Sat(FOQ @) ={s€ Q| Is'.s = s’ As € Sat(®)}
Sat(3OP) is the largest subset R of @ such that

6.1 R C Sat(®) and

6.2 s € R implies 35’ € R.s — &'.

Sat(3(Py U ®y)) is the smallest subset R of () such that

7.1 Sat(®2) C R and
7.2 s € Sat(®y) and 3s’ € R.s — 5" implies s € R.
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Basic algorithm

® recursive algorithm on structure of ¢ G
® 3O and 3 U need special treatment (fixpoint algorithms) NG
1 input: finite transition system T and @ LD
2 output: Sat(P) Overview
3
4 switch @ Syntax_and
5 T => return Q semantic
6 D => return {s€Q|p€ L(s)} CTL vs. LTL
7 P => return Q )\ Sat(®P) Basic MC
8 D1 A Py => return Sat(<I>1) n Sat(q)z) algorithm
9 30 => return {s € Q | post(s) N Sat(P) # 0} Sat sets
10 (81 U @) => ""Ufp for I U S
11 Jod => “‘gfp for IO"'
Complexity
analysis

® Remark: post(s) ={s' € Q|s— s}
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Fixpoint algorithms (intuition)

® goal: compute largest (smallest) set of states, based on a recursive
definition

® we start with minimal (maximal) set

* iteratively: add (remove) states from the set based on the definition

® terminate: if the set does not change anymore

® the current set is largest (smallest) solution
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Fixpoint algorithm for dO

IN5110 —

Specification and

° Remember: Verification of
Parallel Systems
® Sat(3OP) is the largest subset R of @ such that ~

Tobias John
1. R C Sat(®) and
2. s€ Rimpliesds’ € R.s — 5. Overview
Syntax and
semantic
1 R := Sat(®); CTLvs. LTL
2 while {s€R|post(s)yNR=0} #0 do Basic MC
3 let se€{s€ R| post(s) N R=0}; aleotithn
i . Sat sets
4 R := R \ {8} ! MC algorithm
5 od y Fixpoint Calculations
6 return R; .
Complexity
analysis
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Fixpoint algorithm for 4 U

IN5110 —

Specification and

L4 Remember: Verification of
® Sat(3(Py U ®y)) is the smallest subset R of () such that p e

Tobias John
1. Sat(®2) C R and
2. s € Sat(®y) and 3¢’ € R.s — ¢’ implies s € R. Overview
Syntax and
semantic
1 R = Sat(<1>2); CTL vs. LTL
2 while {s€Sat(®1)\ R | post(s)yNR#£D}#0 do Basic MC
3 let s € {s € Sat(®1)\ R | post(s) N R # 0}; aleotithn
4 R = RU({s}; ::;sers»
algorithm
5 od; Fixpoint Calculations
6 return R; Complexity
analysis
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L B N O R R

Example: 3(T U (a =c¢) A (a # b))

fe} @

{a,b,c}

{b,c}
R := Sat(®2);
while {s € Sat(®1)\ R | post(s) NR# (D} #0 do
let s € {s€Sat(®1)\ R | post(s) N R # 0};
R = RU{s};
od;
return R;
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L B N O R R

Example: 3(T U (a =c¢) A (a # b))

{c} @ IN5110 —

Specification and
Verification of
-allel Systems

“obias John
rview
:ax and

(b)

{a,b,c}

{b, C} = anticLTL
'} VS.

c MC

R := Sat(®2); & @ -
while {s € Sat(®1)\ R | post(s)NR# 0} #0 do gorithm

let s € {s€Sat(®1)\ R | post(s) N R # 0}; HERBC D

- . Complexit;
odl.% ’ R {S} ' anaTypsisxI Y

return R;
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Complexity of CTL MC

® remember: algorithm acts recursively on structure of ®
e for each subformula: computation is polynomial in size of TS
® also for the fixpoint computations

® therefore: CTL MC is in
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Complexity of CTL MC

remember: algorithm acts recursively on structure of ®

for each subformula: computation is polynomial in size of T'S
® also for the fixpoint computations

therefore: CTL MC is in P (1)

Why should we use LTL at all?
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Complexity of CTL MC

remember: algorithm acts recursively on structure of ®
for each subformula: computation is polynomial in size of T'S
® also for the fixpoint computations

therefore: CTL MC is in P (1)
Why should we use LTL at all?

® some properties not in CTL (e.g. strong fairness)

® for some properties: CTL formulas are exponentially larger than equivalent
LTL formulas

¢ sometimes: CTL MC methods can be used to efficiently do LTL MC (if
property is also in CTL)
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Summary

® introduce CTL

® compare CTL and LTL

® basic CTL model checking algorithm
® complexity of CTL MC: P

® next lecture:

® symbolic model checking
o efficient data structures
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