
Course Script
Static analysis and all that
IN5440 / autumn 2020

Martin Steffen

http://www.ifi.uio.no/~msteffen


ii Contents

Contents

3 Types and effect systems 1
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

3.1.1 Types and type systems . . . . . . . . . . . . . . . . . . . . . . . . . 1
3.2 Type checking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
3.3 Type inference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3.3.1 Type inference problem . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.3.2 Unification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.4 Control flow analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.4.1 Control flow analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3.5 Correctness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.5.1 Semantic correctness . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.5.2 Semantics correctness & subject reduction . . . . . . . . . . . . . . . 31
3.5.3 Type safety . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31



3 Types and effect systems 1

3
Types and effect systems
Chapter

What
is it

about?
Learning Targets of this Chapter

type systems
effects
functional languages
type inference and unification

Contents

3.1 Introduction . . . . . . . . . . 1
3.1.1 Types and type sys-

tems . . . . . . . . . . 1
3.2 Type checking . . . . . . . . . 2
3.3 Type inference . . . . . . . . 10

3.3.1 Type inference problem 11
3.3.2 Unification . . . . . . 17

3.4 Control flow analysis . . . . . 24
3.4.1 Control flow analysis . 24

3.5 Correctness . . . . . . . . . . 28
3.5.1 Semantic correctness . 29
3.5.2 Semantics correct-

ness & subject
reduction . . . . . . . 31

3.5.3 Type safety . . . . . . 31

3.1 Introduction

In this part, we cover various type systems. In [3], the focus is on the “non-standard type
systems” parts (covering flow information and effects). The slides reorder the material a
bit, in particular we start covering standard type systems and type inference first (in case
to have that covered, should the time run out).

In the introduction, we used the while-language to illustrate type and effect systems or
annotated type systems in a simple setting, where the typing part was trivial. In this
section, we deal mainly with functional languages, i.e., λ-calculi; we touched upon that in
the introduction already.

3.1.1 Types and type systems

As said in the introduction, the notion of “type” is rather broad. Types play different
roles in programming languages. There are connections between those roles.
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Describing the memory needs for data

3.2 Type checking

As in the introduction, when talking about type systems, we focus on functional languages.
Of course, for non-functional languages, type systems are equally important. Also the di-
viding line between functional languages and non-functional languages, in practice, is not
so clear. Most languages, that are know as “functional” have non-functional, impera-
tive aspects. And in languages, not considered as functional, one may design programs
“functionally” when that fits.

The while-language was presented as some core imperative language (with or without
procedures), focusing on state-change (via assignment), and simple control constructs like
sequential composition, conditionals, and loops. Those aspects indeed are core features
and make the language already Turing complete.

Now we are shifting to a functional “core language”, known as the lambda-calculus.
Though the syntax, shown in Table ?? is not “the” λ-calculus, like one if its canoni-
cal pure versions. We say a bit about the selection of constructs soon, but indeed it’s a
Turing complete functional core calculus, analogous to the way that the while-calculus is
a Turing-complete imperative core calculus.

Syntax

e ::= c | x | fnπx⇒ e | funπf x⇒ e | e e terms
| if e then e else e | letx = e in e | e op e

(3.1)

π ∈ Pnt program points
e ∈ Expr expressions
c ∈ Const constants

op ∈ Op operators
f, x ∈ Var variables

The syntax is a variation of an (untyped) λ-calculus, the prototypical “functional lan-
guage”. Instead of “λ” as symbol for functional abstraction, the language here uses fn and
fun. The language distinguishes syntactically between the “standard” abstraction fn and
abstraction for recursive functions. Standard representations of the untyped λ-calculus
would not bother to make that distinction: the untyped λ-calculus is Turing complete and
therefore expressive enough to encode recursion. The most well-known encoding makes
use of the so-called Y-combinator (see for instance here); those encodings don’t play a role
for us here, our language directly supports recursion.

Likewise, the untyped λ-calculus could encode conditionals etc. However, the lecture uses
the more elaborate syntax for two reasons. We are interested in illustrating program
analysis, where control flow constructs like conditionals are most likely to be part of the

https://en.wikipedia.org/wiki/Fixed-point_combinator#Fixed-point_combinators_in_lambda_calculus
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abstract syntax. Even if conditional would be encodable in a more basic syntax, that will
obscure the analysis (and make it less “realistic”). Likewise, recursion will pose specific
problems, the treatment of which would be obscured when relying on an encoding.

Finally, we are not working with an untyped calculus: we make use of typed versions of the
language, and for the typed λ-calculus, things change: without adding recursion explicitly,
the calculus is not Turing complete (which makes it hard to argue that it’s a simple form
of a standard functional programming language).

What does not belong to the standard calculus are the labels. Those will be needed (as
before) for the intended analysis later (not for the basic stuff like standard type checking
and standart type inference).

It’s worthwile to remember the CFA from the introduction, where the functional calculus
was labelled, as well. Unlike here, the labelling in the introduction was for all constructs
whereas here, we label only the two forms of abstractions. Abstractions are anonymous
functions, i.e., functions without a name. Of course, one can give functions a “name”;
in the syntax here, that’s done with the let-construct. When writing something like
let f = (fnx ⇒ e), then fnx ⇒ e is the function itself, whereas f is a variable and one
can the variable f see it as a name for the function.

It’s not always that one thinks or should think of variables as “names” for entities, like
when doing x := 5 is a name for 5, or, even weirder, when doing x := y, thinking “x is a
name for y”, i.e. they are synonymous. But we are in a functional setting. That makes
variables like f declarative (or single-assignment, and not just static single assignment, but
really single-assignment). So f is never changed, it just used to represent the anonymous
function. In that way, it’s justified to think of f as the name of the function. That a
variable is a a way to refer to an (immutable) value whereevery it’s mentioned and can
be replaced by that is known as referential transparency. This replacement “whereever
you see f you may replace it by fnx ⇒ e, it’s the same” refers to substitution, i.e.,
substution is the technical term for “replacement”, and we will encounter that as well: the
operational semantics of the language is based on substitution. For imperative, updatebale
variables, thinking of variables as “names” is less appropriate, and one cannot have a purely
substitution-based semantics.

Back to the abstract syntax: here, the anonymous functions are “labelled” (by a subscript).
This is how the analysis keeps track of the function definition, in that sense it’s the “name”
under which the function is known by the analyses. In the introduction, we had already a
look at some analyses and at some variant of the functional calculus. There, all constructs
where labelled, whereas here, it’s only the abstraction. This difference is motivated by the
fact that here we will be interested in a (slightly) different analysis. 3-4

Examples

Example 3.2.1 (Application).

(fnX x⇒ x) (fnY y ⇒ y)
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Example 3.2.2.
let g = (funF f x⇒ f(fnY y ⇒ y))
in g (fnZ x⇒ x)

It’s worthwile to think about the latter example and especially the role of fun (the “recur-
sive” function abstraction). To understand the function, one has to look at (funF f x ⇒
f(fnY y ⇒ y)), of course. The fact that this function is called g is irrelevant, but the name
is introduced for later usage (in the second line). It’s probably also clear: f is not the
name of the function, the (recursive) function is anynymous (but given an “outside” name
g by the let-construct. Or rather one should say: f is the “inside” name of the function.
Recursion means, a function calls itself, and to do some properly, it needs a name, f in this
case. The name f acts like a bound variable inside the body of the function, completely
analogous to x for the function’s formal parameter in that example. So, foth f and x
are bound variables scoped within the body of the function, though only x is a formal
parameter, the argument of the function, f is not an argument; an issue that came up
during the lecture.3-5

Types

• Curry-style typing

τ ∈ Type types
Γ ∈ TEnv type environment

τ ::= int | bool | τ → τ (3.2)

• base types:
– bool and int
– standard constants and operators assumed (true, 5,+,≤, . . .)
– each constant has a base type τc

• type environments (finite mappings)

Γ ::= [] | Γ, x:τ (3.3)

“Curry-style” means that abstractions like fnx.e don’t mention a type for the formal
parameter. The alternative with a syntax like fnx:τ.e is called “Church style”. Both
variants exist in real programming languages. Also, leaving it up to a user whether
mentioning a type or leaving it out on a case by case basis is possible. Some programmers
may prefer to add types for being more explicit and documenting the type of expected
arguments or prefer to leave it out, for compactness or convenience (and adding them or
leaving them out may be decided case by case).

In Curry-style typing, it’s a problem to figure out what the type of an argument actually
is (if any). The process of figuring that out is commonly known as type inference; some
people prefer the word type reconstruction for it (and also type synthesis is used here and
there). Some other interpretations of the terminology of “type inference” also exists, but
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they are not so common. In case that explictly giving the types is optional for the user,
the problem is called partial type inference (or partial type reconstruction).

The base types won’t play a prominent role in the development, the calculus simply picks
some common ones, where Booleans are needed for the conditionals. There is one restric-
tion for the constants here, namely they are typed by one of the base types. That means
there are no functional constants. More precisely: the operators can be seen as built-in
functional constants, but their arguments are base types, which means, the operators are
not higher-order. That may very well be different in real languages, and is done here just
to simplify the representation here.

As for type environments Γ from equation (3.3). They play the role of “contexts” (also in
the technical sense of dealing with context-sensitive analyses). It is assumed that they work
as finite mappings, basically as a representation of the symbol table. Three fundamental
things one can do with such a “table” is: creating an empty one, adding a new binding
(“enter”), and looking up an entry (“lookup”). The first two operations are part of the
definition from above, for the lookup of x in Γ we write Γ(x). We may also write Γ[x 7→ τ ],
and use dom(Γ). Γ in general acts like a stack. 3-6

Judgments and derivation system

Type judgments

Γ `UL e : τ (3.4)

• derivation system:
– Curry-style formulation
⇒ non-deterministic
– nonetheless: monomorphic let

• type reconstruction/type inference 3-7

Monomorphic resp. polymorphic let.

The slide mentions that the type system later will treat the let-construct monomorphi-
cally. That refers to a very central contribution in type inference, namely the so-called
“polymorphic let”. So we do something slightly simpler here. Generally, polymorphism
resp. monomorphism relate to the character of the type system for a language. A type
system is monomorphic if each program has (at most) one type. It’s at most and not
exactly one type, as a program may fail to be well-typed. Alternatively can can say, a
language is monomorphic, if every well-typed program has exactly one type, that’s why
it’s called mono-morphic. A language is polymorphic, if it’s not the case, i.e., if it’s not
monomorphic.

There are various forms of polymorphism, according to a classical classification by Cardelli
and Wegner [1], there are 4 main variants. Arguably the two most important or most
interesting are parametric polymorphism and inclusion polymorphism (both together called
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in [1] also as universal polymorphism). Inclusion polymorphism is also known as subtype
polymorphism (as made popular by object-oriented languages). The two remaining ones
are called coercion and overloading (both being ad-hoc polymoprhism).

Let-polymoprhism is of the parametric kind, and we might encounter it later. But as said:
not right now, the calculus restricts itself to monomorphic lets. From a practical point
of view, supporting only monomorphic lets is a terrible restriction, it invalidates basically
all advantages of polymorphic functions. In other words, there is not much of a point to
have polymorphic functions but not polymorphic lets. It’s like supporting polymorphic
functions, but without being able to naming them by a let-construct while preserving
its polymorphic nature. As a consequence, one could make only monomorphic re-use of
polymorphically defined functions. I.e., if one wants to use a function two or more times,
it must be in situations involving the same type. For using a function one time only,
the distinction between monomorphism and polymorphism becomes meaningless, there is
also no re-use if the function (and one might not even bother to introduce a name for
the function, for a singleton used, one could simply use the function anonymously). Of
course, there still remain some use for monomorphic lets for polymorphic functions: if
part of a library, one could define polymorphic functions and offer them at the interface
with let-style bindings. That restrict them for monomorphic use. So each client code base
can use the function only monomorphically, but different code bases can make different
decisions.

For fairness sake: there are uses of monomorphic lets. Especially within the Haskell
communitiy, a case have been made [5] that monomorphic lets have their place, and ac-
tually since version 7, GHC treats local let definitions monomorphically. Local means,
in particular, the restriction does not apply to functions in library-interfaces. The mo-
tivation is efficiency of type inference. See for instance at https://wiki.haskell.
org/Monomorphism_restriction or the discussion http://gallium.inria.fr/
blog/monomorphic_let/ in the context of ocaml.

At any rate, our type inference will cover monomorphic lets. The key issues can be well
understood under this restriction, though the system deviates in the discussed aspect from
what is known as the Hindley-Milner-Damas type inference.

Subtype or inclusion polymorphism will probably not be covered in this lecture, at least
not as far as the underlying type system is concerned. On the other hand: when dealing
with the “non-standard” part of the type system (the annotations, the effects etc.) then
there will be “inclusion polymorphism”. That is related to the “lattice treatment” for
instance when dealing with data flow information as in the monotone frameworks (except
that it was not formulated making use of type-theoretic notions).3-8

Church vs. Curry style

Next we present two versions of the simply typed λ-calculus. Though for type inference,
we are working with Curry-style typing only, it’s instructive to contrast both versions,
discussing the notions of type system vs. type checking.

The Curry and the Church formulations look very similar (which should not come as a
surprise); they express somehow the same typing discipline for the calculus, except that

https://wiki.haskell.org/Monomorphism_restriction
https://wiki.haskell.org/Monomorphism_restriction
http://gallium.inria.fr/blog/monomorphic_let/
http://gallium.inria.fr/blog/monomorphic_let/
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in the Church-style formulation, the user is forced to give the types for variable explicitly,
in the other formulation, they are left out.

Underlying type system (Curry style)

Γ ` c : τc Con Γ(x) = τ
Var

Γ ` x : τ

Γ ` e1 : τ1
op Γ ` e2 : τ2

op Op
Γ ` e1 op e2 : τop

Γ, x:τ1 ` e : τ2
Fn

Γ ` fnπx⇒ e : τ1 → τ2

Γ, x:τ1, f :τ1 → τ2 ` e : τ2
Fun

Γ ` funπf x⇒ e : τ1 → τ2

Γ ` e1 : τ1 → τ2 Γ ` e2 : τ1
App

Γ ` e1 e2 : τ2

Γ ` e0 : bool Γ ` e1 : τ Γ ` e2 : τ
If

Γ ` if e0 then e1 else e2 : τ

Γ ` e1 : τ1 Γ, x:τ1 ` e2 : τ2
Let

Γ ` letx = e1 in e2 : τ2

Table 3.1: Simply-typed λ-calculus. Curry-style

Church style

Γ ` e1 : τ1 Γ, x:τ1 ` e2 : τ2
Let

Γ ` letx:τ1 = e1 in e2 : τ2

Γ, x:τ1 ` e : τ2
Fn

Γ ` fnπx:τ1 ⇒ e : τ1 → τ2

Γ, x:τ1, f :τ1 → τ2 ` e : τ2
Fun

Γ ` funπ(f :τ1 → τ2) x:τ1 ⇒ e : τ1 → τ2

Typed λ-calculus vs. untyped

The syntax of our calculus is some variation of “the λ-calculus”. There is, however, not
exactly one version of that calculus. To the very least, there is the untyped λ-calculus,
the purist one, a very minimalistic system originally developed for providing a foundation
for math and logics etc., not so much for computer science. Typed variants came slightly
later.
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Anyway, in that form, is really purist, there are only three constructs, variables, abstrac-
tions (i.e. functions), and application of functions. Unlike in our version, there are no
such things as basic constants (like integers, booleans etc), there are no conditionals, and
there is no syntax for recursive functions. That (untyped) λ-calculus is known to be a
fundamental computational mechanism, “equivalent” to Turing machines (and other com-
putational mechanisms). Those are equivalent insofar that Turing machines can encoded
“programs”in the λ-calculus and vice versa. There are other such formalism; since there
are all equivalent in the mentioned sense that each can encode each other, it’s taken as
granted that “this is what can be computed mechanicall” (Church’s thesis), and com-
putable functions are just defined as those being encoded by such a formalism, which one
is, does not matter (from a fundamental point of view).

Being computationally complete also means, one can encode everything representable on a
computer. That includes numbers, booleans, conditionals, etc., in particular the constructs
that we included in the syntax of our not-too-purist calculus. In particular, one can encode
recursion and non-terminating functions or programs in the classical λ-calculus.

So, why do we then use a syntax supporting basic data types, conditional, and recursion,
when those can be encoded? There are two reasons for that.

One is: one can encode things like numbers, conditionals, recusion etc. into the purist
calculus (and there are even more than way one can do that). Howerere, the structure
(and thus nature) of the construct is no longer visible and available for the analysis.
Somehow, the specific nature has been compiled or encoded away. For instance, one can
encode booleans in the λ-calculus. Actually, it’s not so hard to do encodings like that
systematically. It’s not pensum, but perhaps interesting. For natural numbers, such an
encoding is known as Church-numerals. The analogous encoding for boolean —one could
call them Church-Booleans— simply looks as follows: the two functions

λx.λy.x and λx.λy.y (3.5)

represent the two boolean values true and false. Actually, to be more precise, when used
in a disciplined manner, they behave as the values true and false. Equivalently they may
also be used (by following a different disciplined usage) as false and true, i.e., the other
way around. And finally they are just some functions, namely something that corresponds
to the first projection (throwing away y) and the second projection.

But any type system cannot distinguish the Boolean-like nature of that values, it’s just
functions. Actually, it’s characteristic for the purist, untyped λ)-calculus, that it only
consists of function: literally every (closed) expression is interpreted as a function (and a
value at the same). I say closed expression, because a variable in itself is, well, a variable,
so one cannot say, a variable “is” or is interpreted as a function in itself. Being untyped,
it means, and expression (being a function) can be applied to any other expression. So,
being untyped means, any syntactally correct (closed) expression is a legal program. It’s
compariable with the trivial type system for the while-language. In that context we say,
the type system is trival since the type system accepts all syntactically correct programs,
so the type system has not purpose at all (on top of the parser, so to say). A language
with a trivial type system can also be said to be untyped, of course.
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Since in that untyped calculus anything goes and there us no use for a type system, one
can also not check whether a boolean value true resp. false is actually used as intended in
the mind of the programmer cannot be capture by a type system. This information simply
does not exist at that level of abstraction. In the same way, that one cannot check that
at the standard machine instruction level. At the lowest level of standard memory, there
is only a contiguous stream of 0’s and 1’s and at that level alone, it makes no sense to ask
whether it’s an integer, a command, a boolean. If we want to analyse statically programs
dealing with booleans etc., we need to do it at a level of abstraction, where these things
exist structurally, i.e., syntactically. The same for conditonals and recursion.

That’s one argument why our calculus supports those constructs and data structure. The
second one has to do with the question: how does a type system restrict the calculus.
That it indeed restrict the allowed programs is obvious, otherwise, as said, it would be a
trivial type system and that’s not different from being untyped. Static type system always
classify the syntactically correct programs into the well-typed ones and the ill-typed ones.
However, how restrictive a type discipline is, well, it depends. At this point, we want to
discuss what is know as simply-typed λ calculus. It’s like having available as types the
ones mentioned in equation (3.2): at any rate, functional types, plus some basic types,
here integers and booleans. Note: the calculus supports higher-order functions, but still
it is called simply-typed.

If we talk about that calculus, there are still two basic flavors of that. The one that we
have seen the syntax for is known as Curry-style. The syntax does not even mention
the types. See also the section concerning Church- vs. Curry-style type system. So the
question now is: taking the untyped syntax (i.e., Curry-style), how restictive is imposing
a simply-typed discipline on top of that?

The answer is: it’s a radical restriction. The untyped calculus is Turing complete, the
typed one is not! In particular, all program terminate. So, it’s not really a good model for
a programming language. Actually, also things we mentioned before, that Booleans and
natural number etc. can be encoded, that’s no longer true with the typed version. One
can still “program” some functions like from the Church booleans from equation (3.5) and
same for the Church numerals. Those, one cannot use those functions that they behave as
one wants them to, like one can do arithmetic on the numbers. The type system forbids
that.

Is that caused by the fact that we use the simple type discpline of the simply typed λ-
calculus? Well, it depends. We can go for a more expressive type system, adding type
variable, adding polymoprhism etc. If we do that in the standard way, we would still not be
able to get non-terminating functions. The type discipline would still enforce termination.
That would apply to the system with type variables later, that would apply to what is
known as polymorphic (or second-order) λ-calculus; System F is another name. And it
would apply to even more expressive system. So recursion would still not be encodable.
That why it’s a good idea to simply add it to the syntax. Corresponding systems are
called “simply-typed λ-calculus with recursion/.

For the boolean encoding and the Church-numerals, actually going to something like the
second-order calculus would allow some form of encoding in the way we showed and being
still well-typed. But we are not going all the way to system F, we will be dealing with a
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weaker system. It’s kind of like in between the STL (“first-order”) and System F (“second
order”), namely right where type inference is still decidable!

As a side remark: the word “first-order” resp. “second-order” don’t refer to the functions,
also the STL supports higher-order functions.3-9

Church vs. Curry

Let’s discuss two questions in the context with both formulations.

is it an algorithm? Is it polymorphic discipline

polymorphic3-10

3.3 Type inference

Type inference is one core problem or technique when doing static analysis using types,
i.e., a core problem for type checkers in general. Terminolgy-wise, one may distinguish
type checking versus type inference. As hinted at, the word type inference is perhaps a
bit infortunate or misleading. The type system are often specified in the form of inference
systems or deduction system. We have seen instances in the two versions of the simply
typed λ-calculus, and also earlier. An inference system is a bunch of rules, specifying
how to “derive” or “infer” (in a step-by-step manner). In our context, deriviving whether
a program is well-typed or not, resp. which type(s) it should have, if well-typed. In
both cases of what is conventionally called type checking as well as what is called type
inference, the system is given in the form of an inference system, which makes the name
”type inference” a bit misleading. We mean by type inference or type reconstruction that
we start with a Curry-style formulation: the user does not give the type when introducing
a variable, hence the corresponding type must be reconstructed or inferred. But also in the
Church-formulation, the problem is given by an inference system, using inference rules.
Type reconstruction and corresponding classical techniques for that are the focus in this
section.

Anyway, type checking vs. reconstruction is anyway a gray area. In the Church for-
mulation, the type for variable declarations is given by the user, so it neads not to be
reconstructed. Though an argument can be made: while the variable declarations are
already equipped with a type, usages are not, and neither are other constructs, like func-
tions applications. In those cases, the type needs to be “reconstructed” as well. Only of
each and every substructure of a program is already annotated by a type (from the user),
only then one should speak of type checking, checking whether all the type annotations
are done correct by the user.

In the current set-up (standard types, not too complex calculus), no language would
require that the user annotated all constructs. Also that’s not needed, since annotative
all variables basically does the job. Especially, if variables have to be introduced first
before they are used, as is the case in calculus. That means, if the user introduces a
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variable first, then the corresponding type, given by the user can be remembers. In our
formalization in the type environment Γ. Concretely that may be a symbol table. When

Actually, also the word type checking may be up-to dispute.

3.3.1 Type inference problem

Inference algorithms

• take care of terminology
• so far: no algorithm! (price of laxness)
• foresight needed
• guessing wrong ⇒ backtracking (and we seriously don’t want that)
⇒ required: mechanism to make

– tentative guesses
– refine guesses

• we start first: with the underlying system

Next we tackle what is called type inference. The terminology of type inference is stan-
dard (it goes back to Milner etc.), but some prefer to call it type reconstruction, as we
discussed.

No matter how it’s called, it’s here about algorithms. The type system so far did not
correspond directly to any algorithm for type checking (or flow or effect analysis) . . .

It is useful here to revisit the previous rules of the Curry-style type system and reflect on
why those rules are not directly an algorithm. The basic culprit is the rule for abstraction
FN. In the formulation here, where we have also a rule for recursive function abstraction,
also that rule is not “algorithmic” (rule Fun).

To get the right mental picture, one need to be clear about, in which way the rules at
intended to describe an algorithm, at least ultimately. Rules can be interpreted as a
“logical” derivation process: given all the premises, the conclusion can be derived. That’s
ok, but when it comes to the question how to establish a judgment, one better switches
perspective: namely: to establish the conclusion, one has to establish the premises first.
Nothing really changes, of course, but thinking in this goal-directed way (“what do I need
to do to establish a goal”) may lead to a recursive procedure. Concretely in our setting
and our rule, though, we need to be explicit about what is actually the goal? Of course,
we have judgements of the form Γ ` e : τ . With that interpretation, the goal to establish
is a boolan question (“yes/no”). Is it the case or not that e has type τ (given a context).
For type inference, though, the question is Γ ` e : ?, which means: “is e well-typed, and
if so, infer me the type”. It’s the latter way that we think about the judgements.

With this interpretation and concentrating here on Fn: the culprit is the fact that the
premise of the rule has to guess type τ1. What is the status of τ1? Well, τ1 is a symbol
we use to represent types (a non-terminal in the grammar for types). It’s not a type
itself. Another terminology is that it’s a meta-variable representing types. That τ is a
meta-variable for types means, we use that symbol to “speak about” the type system, but
it’s of course not itself a type. Especially it’s not a variable in or of the type system.
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The notion of “meta-variable” sounds esotheric, but actually it’s not; think of how one
would do an implementation. Let’s try a recursive check procedure, assuming that the type
rules where an implementation in the sense of a (non-deterministic) recursive procecure.
The conclusion would be a call to a function, say tcheck (for do-a-type-check), with
input a context, an expression, and a type) and a boolean return. That’s a simplifying
assumption, as we typically want to have the context Γ and expression e as input, and the
type as output, but let’s use the simpler “boolean” yes/no problem for illustration. That
would mean, the type-check procedure could look like (in some unspecified programming
language):

tcheck(gamma : Context, exp : Exp, type : Type) =
if exp = app (exp1 exp2 ) ....

Now, type is a variable in the unspecified programming language, the formal parameter
of the procedure, and is of type Type, which, one the one hand, is some concrete type in
that said programming language and, on the other hand, is used to implement the types of
the language whose type system we intend to implement. At any rate, type is a variable,
but not of the language we are implementing, but of the language we use to implement it.
Thus it’s a meta variable, a variable of the language use to implement the target language
(or the language used to “speak about” the target language).

One core “enabler” to make type inference work is to internalize the notion of “variable”
from the meta-level to the level of the language we are dealing with. That means that
the concept of types needs to be extended to include type variables. That will be called
augmented types.

Augmented types

fancy name for: “we have added type variables”

τ ∈ AType augmented types
α ∈ TVar type variables

(3.6)

τ ::= int | bool | τ → τ | α
α ::= ′a | ′b | . . .

(3.7)

With type variables added, what has changed? The allowed types, obvious have changed,
now that we have added type variable in equation (3.6). Now there are “more” types
available, at least syntactically. On the other hand, the set of ground types has not
changed, it’s still integers, booleans, and functions, not more. We discuss the consequences
of adding variables mostly for the Curry-formulation, because that is what we need to do
the classical type inference. But we will shortly look at “Church” as well, to look around
a bit broader.

On general, a type containing a variable represent many types, actually infinitely many
types. One may call them instances of that types, i.e., special cases in the sense that
choices are made for type variables. When concrete choices are made for all type variables
insfar that the resulting instance no longer contains variables, it’s called ground instance
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of that type. In the same line, a type without type variables is called ground type (and
more generally, a term without (free) variables may be called ground term).

What does a type with variables stand for? It represents all its instances. That means a
program with a type containing type variables has many types, infinitely many actually,
and hence, that’s a case of polymorphism!

Curry formulation

Let’s start observing that here, that set of programs is unchanged by the augmentation,
since the abstract syntax does not mention types (unlike for the Church-style formulation).
If we take another look at the type system from Table 3.1. Note: the type system there
/does not change at all (apart from the fact, that the meta-variables τ , τ1 etc. mentioned
in the rules now refer to augmented types).

What changes then, it the type system still has the same rules (only “more types”, but
still the same ground types)? As just mentioned, the presence of type variables in the type
system represents polymorphism. However, as discussed in connection with the rules of
Table 3.1 without type variables, the type system already caputured a polymorphic type
discipline! For instance, the function fnx ⇒ x as canonical illustration, has infinitely
many types, like

int→ int, bool→ bool, (int→ bool)→ (int→ bool), . . . (3.8)

Each one is derivable by the previous system: the crucil rule for that example is T-Fn,
which mentions the meta-variable τ1, which can be chosen as an arbitrary ground type in
the previous setting.

Now that we have type variables, we can choose arbitrary types, including non-ground
type. For instance, we could give that identity function α→ α (or ′a→ ′a).

Why is that better? The system still allows to derive infinitely many types, in particular,
all the ground types from equation (3.8) are still derivable. However, now that we have
variables, also α → α is derivable, and that non-ground type represents all its instances,
including all its ground instances. So, the original system was polymorphic in the technical
sense, adding type variables makes the type system “aware” of that fact.

So are we done then? Not really, the problem of type inference has not been solved. The
type system is non-deterministic. Though the type α→ α can be derived now, the other
types are derivable as well. So, the system is not an algorithm (being non-deterministic).
The goal will be to turn it into one. In this particular case of the identity function, the
goal is to get a formulation that derives α → α a being the “best” type. It’s the best in
the sense that it captures all other potential types as special cases, i.e., as instances.

That all fit together in the end depends on the fact that such a most general type 1) always
exists (for typable programs) and 2) that one can find it, and find it halfway efficiently.

Both cases brings us back to the notion of lattice. . . 3-11
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Church formulation

[fill in later]3-12

Substitutions

mapping from variables to “terms”

• “syntactic mapping” here:
– “terms” are (augmented) types
– variables: type variables

θ : TVar→fin AType

• considered as finite functions: we write dom(θ).
• ground substitution: mapping to ordinary types (no variables)
• substitutions: lifted to types in the standard manner
• composition of substitutions: θ1 ◦ θ2 (or just θ2θ1)

Substitutions will play an important role in the following (and are an important concept
in general). They are called “syntactic mapping” above, since terms (here types) are
considered syntax (as opposed to values or similar, which is considered “semantics”). So,
a state as a mapping from variables to values is considered a semantic thing and different
from a substitution. Terms normally contain variables (otherwise there would be no point
of substitutions anyhow . . . ) and terms without variables are generally called ground
terms. Consequently, a substitution where the result does not contain variables is called
a ground substitution.

By lifting, one simply means; if one knows the effect of a substitution on variables, then
it’s straightforward to use the substitution also as a mapping from terms to terms (here
types to types), simply by replacing all the variables inside a term one by one. It’s a
simple recursive algorithm.

Above we defined substitutions as finite functions, i.e., function with a finite domain of
variables. Sometimes, θ’s are also considered as total functions (over “all” variables),
setting θ(α) = α when α /∈ dom(θ).3-13

Algorithm: basic idea

• instead of guessing type now ⇒ postpone the decision
⇒ use of type variables

replace:

Γ, x:τ1 ` e : τ2
Fn

Γ ` fnπx⇒ e : τ1 → τ2
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by

Γ, x:α ` e : τ2
Fn

Γ ` fnπx⇒ e : α→ τ2

– x:α when α is fresh (otherwise unused) means: type of x is completely arbitrary.
– syntax-directed now?
– τ1: meta-variable for types
– α: (still meta variable for) type variables

α’s completely arbitrary?
Consider body

e = x g

for fnπx⇒ e
⇒

– a function type: α = β → γ
– fit together with type of g ⇒ condition or constraint on β
– judments “give back” not just the type, but also “restrictions” on type variables.
– represented as constraint1

– ⇒
Γ ` e : (τ, C)

Under the assumptions Γ (which might “assign” to (program) vari-
ables: type variables), program e possesses type τ (again poten-
tially containing type variables) and imposes the restrictions ”em-
bodied” by C on the type variables.

The presentention here deviates from that in [3] (and from previous years). It’s just a
presentational issue, as the rules become quite more readable. Otherwise, the content is
the same. The difference is the following: generating constraints in the typing rules is a
kind of 2-phase approach. In the first phase, generate constraints, and afterwards, in a
second phase, try to solve them (in our setting, by unification, see below). The alternative,
which one often finds in the literature (for instance the original paper) is a one-phase-
approach: one eagerly not just generates constraints while traversing the abstract syntax
tree in the typing rule, one solves them eagerly at the same time (here by unification).

It should be noted that the “solve-the-constraint-while-you-go” works fine for the situation
here (with unification). For more involved settings, though, it’s not just a matter of
presentation to do a 2-phase-approach and postpone the solution of the constraints. In
more complex situations, the “on-the-fly” solution may no longer work.

The intuitive reason for that is as follows: The typing rules traverse the syntax tree in
a particular manner, collecting information bottom-up. As it turns out, for unification
and for collecting information about “the most general type”, that works fine. If the
information being collected is more complex, this “bottom-up” treatment of solving the
constraints may not work anymore (collecting them bottom-up is just fine). An example
would be data-flow analysis (take reaching definitions as examples). Solving them involves
(as we know) a fixpoint algorithm, due to loops in the program or recursion. Type systems,

1In the book, what is given back is a substitution instead.
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however, typically don’t go “up-and-down” a syntax tree, it’s often a “one-sweep” process.
That “sweep” could be used to collect thus flow constraints, and in a second phase, they
could be solved (which would involved fixpoint iteration).

There are, however, the notion of local or bidirectional type inference.3-14

Constraints

• generally:
– constraint(s) is a formula with free variables
– solving a constraint set: finding values for the variables such that here formula

becomes true (satisfiability)
. set of constraints = interpreted as ∧ (conjuction)

• more precisly here: (term) unification constraints
• notation τ1 =? τ2
• many other forms of “constraints” systems exists with specialized solving techniques
• here: term unification3-15

Constraint generation

T-Const
Γ ` c : (τc, ∅)

T-Var
Γ ` x : (Γ(x), id)

α fresh Γ, x:α ` e0 : (τ0, C0)
T-Fn

Γ ` fnπx⇒ e0 : (α→ τ0, C0)

α, α0 fresh Γ, f :α→ α0, x:α ` e0 : (τ0, C0) C1 = {τ0 =? α}
T-Fun

Γ ` funπf x⇒ e0 : (α→ τ0, C0, C1)

Γ ` e1 : (τ1, C1) Γ ` e2 : (τ2, C2) α fresh
C3 = {τ1 =? (τ2 → α)}

T-App
Γ ` e1 e2 : (α,C1, C2, C3)

Γ ` e0 : (τ0, C0) Γ ` e1 : (τ1, C1) Γ ` e2 : (τ2, C2)
C4 = τ0 =? bool C5 = τ1 =? τ2

If
Γ ` if e0 then e1 else e2 : (τ2, C1, C2, C3, C4, C5)

Γ ` e1 : (τ1, C1) Γ, x:τ1 ` e2 : (τ2, C2)
Let

Γ ` letx = e1 in e2 : (τ2, C1, C1)

Γ ` e1 : (τ1, C1) Γ ` e2 : (τ2, C2)
C = {τ1 =? τ1

op, τ2 =? τ2
op} Op

Γ ` e1 op e2 : (τop, C1, C2, C)



3 Types and effect systems
3.3 Type inference 17

We are a bit sloppy here with the notation (but the rules are intended to be precise
nonetheless). The sloppyness refers to the fact that constraints C are seen as sets of
elements of the form τ1 =? τ2, but we do not always write it as set {τ1 =? τ2}. Also
when we put two constrain sets together (by building set-union), we simply write C1, C2,
as opposed to C1 ∪ C2. Instead of seeing it as sets of basic unification constraints, could
also see it as a conjunction (for instance using ∧), but all of that is just notation. The
intention is: a set of constraint is statisfied by a solution, if all the constraints inside the
constraint set are satisfied, and that makes it a conjuction of basic constraints (“and”).

3-16

3.3.2 Unification

In this section we cover something thoroghly classical, “unification”. However, we should be
careful, what we are doing is the most basic, classical notion of unification, also called term
unification. So when we in the following talk about “unification” that’s what we mean.
Besides that, there are many variations and extensions of this very basic and fundamental
concept (semi-unification, unification-modulo-this-and-that, higher-order unification . . . ).
Most of them are outside the scope of the lecture (though not necessarily for type-based
analysis or static analysis). However later, we will touch upon unification modulo some
equivalences, that will be in the context of augmented type systems (for control flow
analysis or other problems).

But what is characteristic for term unification? Well, it’s unification for terms. Unifica-
tion means generally “to make equal”, namely here by substitution. Substitution means
replacing variables, here replacing variables in terms by terms (which in turn may contain
variables). That leads to a notion of equivalence: two terms are unifiable, if they can be
made equal by unification, i.e., by finding a substitution that, when applied to the two
terms, makes them equal.

Variables in a term stand for arbitrary terms, so a term containing variables represents
infinitely many terms, for the different choices for the variable. For precision’s sake,
infinitely many only if the pool of available terms is infinite, which is basically always the
case except for degenerated languages. Note that substitutions replace variables by terms
which can contain variables themselves. Terms without variables are called ground terms
and substitutions that replace variables by ground terms are called ground substitutions.

Replacing variables in a term can be interpreted as specializing or refining the term,
making it more concrete. Instead of leaving some places in the term completely open,
replacable by all possible terms, a substitution restricts the represented terms. Applying
a ground substitutions, replacing all variable, obviously fixed the term completely.

Terms

Early we started with asking what is characteristic for term unification, and we focused
on discussing unification. So still the question remains: what is characteristic for terms?
Terms are a syntactic concept. They may be interpreted, i.e., one may attach a meaning
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or semantics to them, but that’s something extra. Terms as such stand for themselves,
they are nothing else than the syntax, and that also means, two terms are equal when
they are (syntactically) equal. That’s the strictest form of equality, everything is identical
to itself, but unequal to anything else, (and that’s what was meant, when saying terms
stand just for themselves). At least that’s the case focusing on ground term, but see later
the discussion about the role of variables.

There may be variations on the notion of terms. For instance one may work with “typed”
version, which are called multi-sorted terms. Or single-sorted, i.e., where there is only one
sort. The latter is what we need. A specific choice of a (single-sorted) term language is
defined by a alphabet or set of symbols (function symbols, term formers, term construc-
tors), each with a fixed arity. The arity is how many argument a symbol takes. Symbols
with arity zero are called constant symbol.

One can construct new terms from old terms by applying a function symbol to terms,
respecting the arity. That make terms ordered (finite) trees (with nodes marked by the
symbols from the alphabet and in accordance with the agreed arity of the symbols). So:
terms are trees. By way of terminology: an alphabet together with fixing arities for the
symbol is called (single-sorted) term signature, but it’s not crucial for us.

Actually, there is a different way of fixing a language of terms (or trees), and that’s the
good old context-free grammars (for us conventionally written in BNF).

We are interested in types, which are considered as terms for the purpose of term unifica-
tion. They are given by the BNF from equation (3.2) (without variables). Also the abstract
syntax of the calculus is given as grammar, in equation (3.1). There, the non-terminal e
is even called terms (or expressions). However, there are aspects of that grammar which
makes it slightly problematic to see it only as “terms” in the sense described, namely the
use of bound variables. Typically, with bound variables, syntax is considered equal up-to
consistent renaming of bound variables (known as α-equivalence). That means, it is often
wished to treat such expression with a weaker notion of equality than the one that is
characteristic for terms, namely that terms are equal only to themselves. Still, expression
in the λ-calculus are often called terms. Even though our version of augmented types (see
equation (3.6) has no bound variables, only free ones. But also there, the issue of “does the
actual choice of variable names matter or rather not?” shows up (and the better answer
is, type are better considered up to renaming also for free variables). In general, the no-
tion of strict identity for terms applies only for ground terms, adding variables complicate
matters.

So sum up, we are dealing with types (containing type variables). Terms which may contain
variables (but not bound ones) and with identity as the only equivalence on ground terms
is what is covered by term unification. The fact that there are free variables (whose exact
identity does not matter), is part of that setting, and the free variables are more or less
uproblematic. One has just to keep that in mind sometimes, but it’s pretty natural, and
we will remark on that fact in the context of the unification algorithm.
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Non-terms and non-term unification?

Unification is making things equal and term unification is doing that for terms, which are
specific by they strict interpretation of equality: two ground terms are equal if they are
identical. More general forms of unification still make things equal, though with a looser
interpretation of what it means to be equal.

As ground terms, the expressions 5 + 3 and 5 + 3 are different terms (where + is a binary
function symbol written in infix). However, which this choice of symbols, one plausibly has
a specific interpretation mind and with that interpretation comes non-trivial equalities. In
the example, one presumable considers both terms equal (and equal also to a term 8 and
many others as well). Considers are as terms, one does not interpret the two expression (or
interprets them “by themselved”). One sometimes also speaks of uninterpreted functions
(i.e., not particular meaning or interpretation attached).

Anyway, moving away from the syntactic, uninterpreted notion of terms so more loose
notions of equality complicates matters. In particular, unification becomse more tricky.
Actually, one may easily end up in a setting where unification becomes undecidable.

For the simple form of type inference on the underlying type system here, it is not relevant,
there one does term unification. But later, we will encouter additional information on the
types (augmented types, perhaps with flow information, or augmented by effects). At that
point, we are no longer in the plain term-based setting.

Sometimes one can still do unification modulo the relevant congruence, but we will not
do that. Instead, we move to a slightly different formulation using “simple types” and
which will involved constraints. In the classicaly type inference, we presented a constraint
based formulation as alternative to an eager presentation, where unification was done at
the point when needed. We said, it’s partly a matter of taste, but the more complex the
analysis becomes, the move usefule becomes that freedom from separating the collecting-
the-constraints phase from the solving-the-constraints phase.

Unification

• “classical” algorithm (Robinson [4])
• many applications (theorem proving, Prolog etc.)
• definition: substitution

A unifier of two types τ1 and τ2: a substitution θ such that

θ(τ1) = θ(τ2)

• unfication problem given τ1 and τ2, determine a unifier for them, if it exists 3-17
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Ordering substitution (and unifiers)

• better formulation of unification problem: given τ1 and τ2, determine the best = most
general unifier for them (if they are unifiable).

• solve unification constraint τ1 =? τ2
• easy generalizable to constraints: θ |= C

Ordering: “less general”, “more specific”

θ1 . θ2 if θ1 = θθ2 (for some θ)3-18

• most-general-unifier of two types = “the” least upper bound of all unifiers

In the informal text, we have touched upon the issue of being “more general” resp. “more
specific”. That was for terms with variables, where replacing variables in a term by sub-
stitution makes the term more specific. Here, we order terms but substitutions (which is
related and conceptually analogous). The definition is rather intuitive, a substitution, say
θ1 is more specific than another one, say θ2, if the effect of the more specific one θ1 be
achieved by applying the other one θ2 and applied some other substitution θ afterwards,
making the rest of the “choices” if nessessary.. The order is non-strict, insofar that is clear
that the relation defined above is reflexive.

What kind of (order) relation are we dealing with?

That the binary relation . is reflexive and transitive. That straightforwardly from the fact
that the identity function is a substitution, and that the composition of two substitutions
is again a substitution. Those two properties, reflexivity and transitivity, makes . to a
pre-order.

What about anti-symmetry? If that would hold as well, . would be a partial order.
Anti-symmetry would mean that the following implication were true

if τ1 . τ2 and τ2 . τ1 then τ1 = τ2 .

Does that hold? The immediate reaction is: no. The simplest example is trying to unify
two variables, α1 and α2. Then θ1 = [α1 7→ α2] and θ2 = [α2 7→ α1] are both unifiers;
actually there are “others” as well, namely those of the form θ′ = [α1 7→ α′, α2 7→ α′].
Assuming that α1 and α2 are different variables, all those substitutions are the same, in
a way. They take two separate variables α1 and α2 and replace them by a common one
(they unify them by a common choice for a variable). But which variable we choose for
that is immaterial. So we are back to the discussion, which role variables play for terms
(and here now for substitutions). Respectively, it’s a question of when are two terms (and
here now substitutions) “equal”. And a good answer is: equality up-to renaming is the
adequate notion. If we take equality up-to variable renmaing as equality, then . is indeed
a partial ordered.3-19
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On the notion of renaming

As said, for types and substitutions, the choice of particular variables is immaterial, that’s
what is meant by “up-to renaming”. It’s probably obvious, that does not mean, one can
choose variables randomly. For example, if one is given the term (= type here) α1 → α2,
then one cannot rename α1 to α2. In other words, the two types α1 → α2 and α2 → α2
are obviously not equivalent. It’s also not renaming, neither is α1 → α2 a renamed version
of α2 → α2, nor the other way around.

However, α2 → α2 . α1 → α2: there is a substitution that specializes the second type into
the first, but the other way around it does not work. Renamings actually indeed specific
substitutions. Renaming is, unlike instantiation, i.e., ., something that one can reverse or
invert. So for a renaming in one direction, there is an inverse renaming. After all “up-to
renaming” is an equivalence relation, which implies symmetric. On can define τ1 is equal
up-to renaming with τ2 as τ1 . τ2 and τ2 & τ2 (one could write τ1 ≷ τ2). It involves two
substitutions which are inverses of each other. And that implies that the substitutions
are injective. In the above illustration, identifying α1 with α2 by [α1 7→ α2, α2 7→ α2] is
non-injective, i.e., non-invertible and thus a substitution which is not a renaming. 3-20

Unification algorithm for underlying types

U(int, int)) = id
U(bool, bool)) = id

U(τ1 → τ2, τ
′
1 → τ ′

2) = let θ1 = U(τ1, τ
′
1)

θ2 = U(θ1τ2, θ1τ
′
2)

in θ2 ◦ θ1

U(τ, α) =


[α 7→ τ ] if α does not occur in τ

or if α = τ
fail else

U(α, τ) = symmetrically
U(τ1, τ2) = fail in all other cases

An interesting case is the one involving variables. First things first, for that case. In the
cases with one argument being a type variable α, and the second one some type τ , it’s
perfectly fine if τ is a type variable α′. So the cases are not interpreted like τ is α or a
non-variable term. Maybe that is clear, but just to make sure, I point that out.

Now the interesting part, namely the condition that α does not occur in τ . That is known
as occur check. This check is needed for unification, like here for type inference. It’s also
needed in theorem proving, and logic programming, in languages like Prolog. However,
for efficency reason, Prolog implementations may decide to omit that check.

Looking at that case of unifiability of a variable with a term in case the occur checks fails.
That can be seen as trying to solve a fix-point equation. However, no choice for the type
variable α make α equal to τ if τ contains α. At least not for standard terms, which are
finite. If one allowed infinite terms, a solution would exists, but that’s not what we are
after. Conventionally, terms are finite trees, likewise types are finitely constructed.
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There is, however, the notion of recursive types. It may allow the use of fix-point operators
on the type level, i.e., the type still is a synactically finite abstract syntax tree. But it may
correspond to represent an infinite tree. Similarly one can introduce recursion syntactically
at term level, the idea would be the same. However, if one added recursion to the type
language is not the same as having infinite tree. Recursion may capture infinite trees,
sure enough, but one crucial property of terms disappears, namely terms are equal when
they are (syntactically) equal. They are no non-trival equality on terms. With recursion
as part of terms, one typically wants that a recursive term is “equal” to its unrolling. At
any rate, to deal with infinite trees (or recursive notations) makes things rather hairy. It’s
therefore out of the scope for the lecture.3-21

1-phase type inference algorithm

We presented type inference as a two phase approach: the type rules generate a set of
(term unification) constraints, which then are to be solved in a subsequent phase. That
unification phase may fail, in case of contradictory constraints.

In many presentations, the solving of the constraints is interleaved with the typing rules.
We show a corresponding formulation next, but apart from the “eagerness” when doing
unification, it’s analogous. Often, the presentation is also not written by using rules, by
a function, like W ′, as shown on the slide. As discussed, the algo would not the famous
algorithm W, since we left out polymorphic lets.

• formulated here as rule system
• immediate correspondence to a recursive function:

W ′(Γ, e) = (τ, θ)

instead of

Γ ` e : (τ, θ)

• not 2-phase, giving back a set of unification constraints C
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T-Const
Γ ` c : (τc, id)

T-Var
Γ ` x : (Γ(x), id)

α fresh Γ, x:α ` e0 : (τ0, θ0)
T-Fn

Γ ` fnπx⇒ e0 : (θ0α→ τ0, θ0)

α, α0 fresh Γ, f :α→ α0, x:α ` e0 : (τ0, θ0) θ1 = U(τ0, θ0α0)
T-Fun

Γ ` funπf x⇒ e0 : (θ1θ0α→ θ1(τ0), θ1 ◦ θ0)

Γ ` e1 : (τ1, θ1) θ1Γ ` e2 : (τ2, θ2) α fresh θ3 = U(θ2τ1, τ2 → α)
T-App

Γ ` e1 e2 : (θ3α, θ3θ2θ1)

Γ ` e0 : (τ0, θ0) θ0Γ ` e1 : (τ1, θ1) θ1θ0Γ ` e2 : (τ2, θ2)
θ3 = U(θ2θ0τ0, bool) θ4 = U(θ3τ2, θ3θ2τ1)

If
Γ ` if e0 then e1 else e2 : (θ4θ3τ2, θ4θ3θ2θ1θ0)

Γ ` e1 : (τ1, θ1) θ1Γ, x:τ1 ` e2 : (τ2, θ2)
Let

Γ ` letx = e1 in e2 : (τ2, θ2θ1)

Γ ` e1 : (τ1, θ1) θ2Γ ` e2 : (τ2, θ2)
θ3 = U(θ2τ1, τ

1
op) θ3 = U(θ3τ2, τ

2
op)

Op
Γ ` e1 op e2 : (τop, θ4θ3θ2θ1)

3-22

“Classic” type inference

• we did not look at the full well-known Hindley-Damas-Milner type inference algo-
rithm

• missing here: polymorphic let
• monomoprhic let: “almost useless” polymorphism
• Note the fine line

– polymorphic let: yes
– polymorphic functions as function arguments: no!

the classical type “inference” algo

• higher-order functions,
• polymorphic functions, but
• no “higher-order polymorphic functions” 3-23

• dropping the last restriction: type inference undecidable
• no type variables in the underlying type system (the “specification”), the type infer-

ence algo does
• types (with variables) and type schemes ∀α.τ
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3.4 Control flow analysis

3.4.1 Control flow analysis

Control flow analysis

• remember introduction: CFA touched 2 times
– constraint analysis
– as effect-system (”call-tracking”)

• goal CFA (general): “which functions may be applied in an application” more pre-
cisely:

CFA

to which function abstractions may an expression evaluate to3-24

• augment or annotate the type system with extra information

It is worthwhile to compare the control-flow analysis presented next with the treatment
in the introduction. Also for the simple while-language, we did something that could
be called control-flow analysis, namely to determine the edges of the control-flow graph.
Building the control-flow graph could be called a simple form of control-flow analysis,
but normally, no one does that, as it’s so simple and it does not require any complex
techniques. Of course, that it was so simple comes from the fact that the language was
so simple. Even adding procedures did not pose any real problems as far as building the
graph was concerned: there were no procedure variables, no higher-order procedures or
functions nor other complications. Each procedure had a constant name and the name
designates the functions. More concretetly, the name of the function can be seen as an
abstract version of the address of the procedure, i.e., where the control flow should jump
to, when the process with the corresponding name is called. And that is statically known.
One also says, it’s procedure calls with static dispatch. Dispatch refers to act of “jumping
to” the code of a procedure or function. In the simplictic setting of the while-language,
that’s a non-problem, it can easily be done statically to determine the jump-target, but
it gets more complex with dynamic dispatch, where the target cannot be determined
statically, but the dynamically. Of course, static analysis can be used to approximate
candidate targets, for the purpose of analysis or optimization. Higher-order functions lead
to dynamic dispatch, but also other language features such as late binding of methods,
which is characteristic for object-oriented languages. So control-flow analysis is concerned
with finding out, at least approximately, where “the control go to when doing a call”.
That’s the tricky part of the control flow, determining where the control flow goes in a
sequential composition or a conditional, as we did for the control-flow graph in the while
language, is considered a non-problem.
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Control-flow analyses earlier in the lecture

Ignoring the building of the cfg for the imperative calculus, we touched upon control-
flow analysis in the introduction two times in the context of a functional language. At one
point, the problem of control-flow analysis (in the section about constraint-based analysis)
was defined as the question

“for each function application, which functions are potentially applied”.

That’s of course related to the formulation of CFA from above. In the introduction, that
analysis was not formulated in a type-based way, it was given by a set of (conditional)
constraints. Of course, one could phrase the problems as augmented type system, it’s a
matter of presentation.

The second time an analysis related to control-flow analysis was touched upon in the
introduction was the call-tracking analysis. This time we used a type-based formulation.
In that analysis, the question was for each expression

“which function abstraction may be applied during execution of the expression”
(effect).

That was formulated as effect analysis. One can compare the rules presented next to the
ones from earlier. They are quite similar, as call tracking analysis is not much different
to the cfa problem here. Note, however, the analysis here is not really an effect system,
we are not interested what happens during evaluation, as is done for the call-tracking
analysis. 3-25

Annotations

labelled abstraction fnπ and funπ

annotations: set of function names,

ϕ ∈ Ann annotations
τ̂ ∈ ˆType annotated types
Γ̂ ∈ ˆTEnv ann. type environments

ϕ ::= {π} | ϕ ∪ ϕ | ∅

τ̂ ::= int | bool | τ̂ ϕ→ τ̂

Γ̂ ::= [] | Γ̂, x:τ̂

Erasure to underlying type system:

bτ̂c bΓ̂c
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As for the call-tracking analysis in the introduction, the functions, i.e., the abstractions,
get labelled or annotated to make them identifiable and the analysis will deal with sets
ϕ of such labels. The arrow types are annotated accordingly (as was the case for the call
tracking analysis from before).

So, both the call tracking analysis and the control flow analysis here are operating with
annotated types of the form

τ̂1
ϕ→ τ̂2 .

The intended interpretation, however, of these annotations are different! Here, the ϕ on
the arrow constructor approximates the set of functions that the corresponding expression
can evaluate to. That refers to the values at the end. For the call tracking analysis, ϕ on
the arrow type was called latent effect and approximated the set of functions potentially
being called during an evaluations of that function. The judgments of the call-tracking
analysis had been more complex, as well, as they contained also an effect component (the
“typing part” being of the form τ̂ :: ϕ). The analysis here is not an effect analysis.

One may compare the rule for applications in both analyses.

Γ̂ ` c : τc Con Γ̂(x) = τ̂
Var

Γ̂ ` x : τ̂

Γ̂ ` e1 : τ1
op Γ̂ ` e2 : τ2

op Op
Γ̂ ` e1 op e2 : τop

Γ̂ ` e0 : bool Γ̂ ` e1 : τ̂ Γ̂ ` e2 : τ̂
If

Γ ` if e0 then e1 else e2 : τ̂

Γ̂ ` e1 : τ̂1 Γ, x:τ̂1 ` e2 : τ̂2
Let

Γ̂ ` letx = e1 in e2 : τ̂2

Γ̂, x:τ̂1 ` e : τ̂2
Fn

Γ̂ ` fnπx⇒ e : τ̂1
{π}∪ϕ→ τ̂2

Γ, x:τ̂1, f :τ̂1
{π}∪ϕ→ τ̂2 ` e : τ̂2 Fun

Γ ` funπx⇒ e : τ̂1
{π}∪ϕ→ τ̂2

Γ̂ ` e1 : τ̂1
ϕ→ τ̂2 Γ̂ ` e2 : τ̂1

App
Γ̂ ` e1 e2 : τ̂2

The interesting rules are the ones for functions, i.e., for dealing with the two forms of
abstractions and with function application.

For Fn, for instance: the rule involves “guessing”, insofar that in the premise an arbitrary
ϕ is mentioned! As a consequence, the rules are not interpretable as algorithm. Another
aspect which makes the rules non-algorithmic has to do with the fact that the abstractions
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don’t mention the type τ̂1 of the formal parameter (as we are dealing with a Curry-type
formulation). This has nothing directly to do with the control-flow analysis, but was
already the case for the underlying type system (without annotations). Of course, even if
we were dealing with a Church-style system, i.e., where the user is required to give types
when introducing variables, it is not plausible to expect the user to give also control-flow
information. So, even if in that setting, classical type inference or type reconstruction for
the underlying types is unecessary, the control-flow problem would not go away.

Anyway, the rules of this (and similar) systems cannot be seen as type checking algorithm,
but rather as specification of the analysis. How to algorithmically check and analyse a
given program is a separate question. 3-26

Example derivation

x:τ̂Y ` x:τ̂Y
`(fnX x⇒x):τ̂Y

{X}
→ τ̂Y

y:int ` y : int
`(fnY y⇒y):τ̂Y

`(fnX x⇒x) (fnY y⇒y): τ̂Y

with
τ̂Y = int {Y }→ int

3-27

Equivalence of annotations

• annotations ϕ are considered as sets
• one could axiomatise this (UCAI)
• i.e., one could import equality on sets into equality on types:

τ̂1 = τ̂ ′
1 τ̂2 = τ̂ ′

2 ϕ = ϕ′

τ̂1
ϕ→ τ̂2 = τ̂ ′

1
ϕ′

→ τ̂ ′
2

• types (and Γ̂’s) are considered only modulo this equality
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Equivalences

seems like a minor or obvious point, but: it can give serious technical headaches when we
go for an algorithm (combining it with type reconstruction or inference). 3-28

The discussion around the treatment of ϕ and the importance of equivalences seems slightly
obscure. The ϕs are intended as finite sets and it seems clear enough, when two sets are
equal (namely when they have the same elements), end of story.

That would be indeed ok, especially for now. Later, however, we will deal with techniques
to algorithmically do type checking resp. type inference and also do type inference in
combination with annotated types. One core technique, as we know, involves unification.
That works straightforward if one unifies “terms” (the standard unification is understood
as “term unification”). However, if one wants to use unification on things that are more
complex than terms, things can get hairy. Sets are more complex as non-trivial equiva-
lences hold, like {1, 2} = {2, 1}. Sets are still comparatively simple. They are governed by
a few well-understood, simple equivalences: commutativity, associativity, identity, unit.
That means, unification still works fine (“unification modulo set equivalences”), it even
has a name: UCAI-unification. But as said, sets as the information of interest are quite
simple, if one tries to figure out more complex stuff in the analysis, corresponding uni-
fication may no longer work and one may even end up with an undecidable problem.

Therefore, one often follows a different route (perhaps later), not relying on unification
modulo some equivalences.

Underlying vs. annotated type system

• desired relationship between the original type system and the annotated one:
⇒ The annotation does not “disturb” the original one
• conservative extension
• note:

– type systems reject programs
– flow analysis and similar: typically don’t reject, just analyse

Fact

• if Γ̂ `CFA: e : τ̂ then bΓ̂c `UL e : bτ̂c
• if Γ `UL e : τ , then Γ̂ `CFA e : τ̂ for some Γ̂ and τ̂ s.t. τ = bτ̂c and Γ = bΓ̂c.3-29

3.5 Correctness

We always stressed that static analysis is not just approximatove, but it’s a safe over-
approximation (or alternatively, a safe underapproximation). Anyway, its results can be
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relied upon. That can be seem as a question of correctness or soundness of the type
system.

I.e., if the type system says, such an such program is well-typed, then, well, what then?
It does not make sense, to say, if the static type system allows to derive that program
is well-typed, then this is the factually case and the program is type-wise ok. The type
system defines well-typedness. But if one has a silly or “wrong” type system, then it could
be that some programs that better should not be counted as well-typed are accepted by
the type system, and thereby rated as statically well-typed. It’s only that the type system
is flawed (and should not be called correct).

So, this section discusses how to define “correctness” of a type system in a meaningful
manner, and how to prove it afterwards. Correctness means that the type system or the
static analysis in general states something true (but approximative) about the program’s
behavior, i.e., what it does at run-time. In order to state that properly, one needs a
descriptopn of that, i.e., one needs to described or formalize the semantics.

We did that before for the while-language, in the form of an SOS, a structural operational
semantics. We don’t have enough time left to do similar things for the functional language.
As a consequence, without a formalized semantics, the connection between the type system
and the semantics is sketchy. We simply discuss, how such a correctness-connection can
be captured and established. That will be a general path for establishing correctness
for type systems, also for type systems augmented with additional information, so the
general set-up actually is independent from the details of how the semantics is concretely
defined.

3.5.1 Semantic correctness

• as always: the analysis as (over)approximation
• correctness formulated here as subject reduction
• assume : typing for op is properly given

Theorem 3.5.1. If [] `CFA e : τ̂ and ` e −→ v, then [] `CFA v : τ̂

The name “subject reduction” is often used for this kind of results (in type systems).
There is a (historical?) reason why such results are called subject reduction, but it does
not matter for us and the word does not provide much inside.

A better term for the theorem would be preservation of well-typedness under reduction.
Indeed, sometimes the result is also called like that, or just preservation. Anyway, it’s a
very central lemma, basically justifying the term “static typing”. Why is that? The initial
the state of a program is well-typed by definition, as the compiler allows only well-typed
programs to run. If one has “subject reduction” it means, well-typedness is preserved
when doing one step (well, in our case it’s a “big step”). Both facts together immediately
imply that all configurations reachable from the initial one are well-typed.

Since, once established at the beginning, well-typedness is preserved, there’s no need to
check it over and over again when running the program. In other word: there is no need
for run-time type checking! Hence the word static typing.
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While being central for static type systems, subject reduction in isolation does not guar-
antee “correctness” or that in general the type system does anything meaningful. For
illustration, a trivial analysis, where all programs are well-typed (the type would corre-
spond to the logical “true”) would enjoy subject reduction. The same holds for the type
system that rejects all programs (corresponding to “false”). The latter one lead to the
fact that the initial program is ill-typed as well, therefore the “base case” for all reachable
configurations is not met. Anyway, both are cases of rather useless type systems that do
enjoy subject reduction.

The missing piece that make a type system “meaningful” wrt. a semantics is to connected
it to the absence of the errors one intends to target (or the things one wishes to analyse).
Informally speaking the connection between the type system and the freedom-of-error is
something like “a well-typed program does not exhibit an error right now”. Now if all
reachable programs are indeed well-typed, then obviously the program is error-free.

The “right-now” could mean, the next step does not raise an error (resp., if there is non-
determinism: none of the possible next steps raise an error) or alternatively: the current
configuration is not “erroneous”.

By speaking of error-freeness, of course we don’t mean the program is absolutely error
free. Free of errors refers only to the errors the type system is designed to catch. For
standard type systems (not effects, or other fancy stuff), the type system refers to values
at the end of a computation, and consequently, errors are of the kind “wrong data value”
(like a string where an int is expected etc.)

In some contexts and for traditional reasons mostly: the absence-of-error-now result is
sometimes called progress. The intuition being the following: The operational semantics
describes error-free behavior, there are no rules describing what happens if there are run-
time type errors (or other errors). So, one way of dealing with “errors” would be simple
not to put in a rule that describes what happens in that case. The operational semantics
simply concentrates on the “positive” side of things. As an example, the rules don’t
describe what happens of we apply an integer to a boolean value:

5 true

In reality, probably some run-time error would occur (hopefully at least, that would be
better than some random behavior). However, there is no SOS rule which applies to that
situation, which means the above application is stuck (there is no “progress”). Of course,
values are “stuck” in that sense too, but legitimately so: values are those expressions which
are intended to be the end of a computation. The above application is not a value, and
lack of progress there is an indication of an error. So, connecting the type system to the
intended absence of errors would be something like:

“a well-typed expression is either a value or can done one more step (progress)”.

In the type system, it is immediately clear 5 true is ill-typed (“now”). Less clear is wether
a well-typed expression can ever reach such an ill-typed (and stuck) expression, so it refers
to a future error, not an error now. For that, one needs subject reduction.
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That describes in some detail the connection between (absence of) errors and the type
system for standard type systems. For the non-standard type system here (i.e., the anno-
tation part dealing with control-flow information), the question we want to ask is: given
` e : τ̂1

ϕ→ τ̂2 and e reduces to an abstraction, then it is immediate to see that the label of
the abstraction must be in ϕ.

One key lemma for subject reduction is preservation under substitution.

Lemma 3.5.2 (Substitution). Assume [] `CFA e0 : τ̂0 and Γ̂[x 7→ τ̂0] `CFA e : τ̂ . Then
Γ̂ `CFA e[x 7→ e0]:τ̂

3.5.2 Semantics correctness & subject reduction

• subject reduction: standard name for key to correctess (aka type safety) in static type
systems (here type and effects)

Goal (“Milner’s dictum”)

A well-typed program cannot go wrong.

• goal a bit more technically: no “erroneous” state is reachable, starting from a/the
initial state

• erroneous state: a state where a run-time type error “manifests” itself
– wrong arguments to a function
– data stored in variable not declared/dimensioned to hold that kind of data
– “method not supported” error
– . . .

3.5.3 Type safety

Type safety: 3 easy pieces

• Induction: all reachable “states” are well-typed
base case initial state is well-typed
induction step Well-typedness is preserved under doing a step (= subject reduction)

• a well-typed state is not erroneous at that point

• base case trivial/by assumption: only well-typed programs are run
• since well-typing is preserved: no run-time type checks needed (efficiency, static typ-

ing)
• with effects: subject reduction = simulation (however: CFA here no effects yet)

As mentioned earlier, the key to correctness of a type system, i.e., type safety, is subject
reduction. Type safety is a statement over all reachable states of a program, no matter
whereto the program runs, nothing bad will happen. That leads to an inductive proof,
where the induction step is known as subject reduction (or with a more understandable
word preservation of well-typedness under reduction.
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