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While language and control flow graph

Static analysis

® starting point: while language from the intro gndlalithat

(Script undergoes

* labelled syntax (unique labels) e
semester)
® labels = nodes of the cfg
Martin Steffen
e initial and final labels
i i Targets & Outline
° )
edges of a cfg: given by function flow Intraprocedural
analysis
3 functions (definition see script / book) e
Available expressions
L. Reaching de':initions
1. init : Stmt — Lab Very busy oxprssions
Live variable analysis
. Lab
2. final : Stmt — 272 T—
properties and
3. ﬂOU) 5 Stmt — 2LabXLab semantics
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Flow and reverse flow
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labels(S) = init(S)U{l | (I,1") € flow(S)YU{l" | (I,1') € flow(S)} ==t

® data flow analysis can be forward (like RD) or backward
® flow: for forward analyses

e for backward analyses: reverse flow flow™, simply invert
the edges
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Program of interest

® S,: program being analysed, top-level statement
® analogously Lab,, Var,, Blocks,
® trivial expression: a single variable or constant

e AExp,: non-trivial arithmetic sub-expr. of S,
analogous for AExp(a) and AExp(b).
o useful restrictions
° jsolated entries: (I, init(Sy)) ¢ flow(Sy)

® jsolated exits  Vly € final(S.). (l1,l2) ¢ flow(S,

® label consistency
[B1]',[Bs]' € blocks(S) then B = B
“[ labels the block B"

® even better: unique labelling

)
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Avoid recomputation: Available expressions

[#:=a+b]%[y:=axb]'; while [y>a+ b]?
do ([a :=a+1]% [z :=a+b]*)

® usage: avoid re-computation of expression



Avoid recomputation: Available expressions

[ :=a+b]%[y:=axb]'; while [y>a+0J
do ([a :=a+ 1%z :=a+b*)

® usage: avoid re-computation of expression

Goal

For each program point: which expressions must have
already been computed (and not later modified), on all paths
to the program point.



Available expressions: general

given as flow equations (not C-constraints, but not
really crucial, as we know already)

uniform representation of effect of basic blocks (=
intra-block flow)

2 ingredients of intra-block flow

kill: flow information “eliminated” passing through the
basic blocks

generate: flow information “generated new"” passing
through the basic blocks

later analyses: presented similarly

different analyses = different kind of flow information
+ different kill- and generate-functions
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Available expressions: types

* interested in sets of expressions: 2AEXP
® generation and killing:
killag, genag : Blocks, — 2AFXP-

® analysis: pair of functions
AEentryv AEcsi : Lab, — 2AEXP*
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Intra-block flow specification: Kill and
generate
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killAE (I:x = a]l) — Martin Steffen
kil lAE ( [Skl p] l) Targets & Outline
kll lAE ( [b] ! ) = Intraprocedural

analysis

Determining the control
flow graph

genpe([z :=a)l) = JUp—

Reaching definitions

genAE ( [Skl p] l) = V.ery hnfy exnressin_ns
genpe ([b]) = ”
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Intra-block flow specification: Kill and

generate

Eillag [z := a]')
killAE([Skip]l)
Eillag ([b]")

genag [z := a]l)
genag ([skip]')
genAE([b]l)

éa’ € AExp(a) | z ¢ fo(d')}
AExp(b)
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Flow equations: AE

split into
nodes: intra-block equations, using kill and generate

edges: inter-block equations, using flow

Flow equations for AE

N { 0 I = init(S,)

N{AEcz (") | (I',1) € flow(Ss)} otherwise

AEcsit(l) = AEentry(l) \ killag (BY) U genag (BY)

where B! € blocks(S.)

® note the “order” of kill and generate



Available expressions

¢ forward analysis (as RD)

® interest in largest solution (unlike RD)
= must analysis (as opposed to may)

® expression is available: if no path kills it

® remember: informal description of AE: expression
available on all paths (i.e., not killed on any)
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Example AE

[z:=a+b%[y:=axb]'; while [y>a+b?
do ([a :=a+ 1%z :=a+b*)






Reaching definitions

® remember the intro

® here: the same analysis, but based on the new
definitions: kill, generate, flow . ..

[z :=5]" [y := 1]} ;while[z > 1]? do([y := a*y]®; [z :

z—1]")
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Reaching definitions

® remember the intro
® here: the same analysis, but based on the new
definitions: kill, generate, flow ...
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Reaching definitions: types
® interest in sets of tuples of var’s and program points
i.e., labels:

gVar.xLabl | 1o o Labi = Lab, + {7}

® generation and killing:

killrp, gengp : Blocks, — gVar. xLab]

® analysis: pair of mappings

?
RDentry, RD.zi: : Lab, — 9Var. xLab,
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Reaching defs: kill and generate
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k’illRD([.’L‘ = a]l) =
killro ([skip]')
killRD ([b]l) = Targets & Outline

Intraprocedural
analysis

gengp ([z:=a])) = Do e conr
genRD ( [Ski p] l ) Reaching definitions
gengp ([0] ! ) = e

Live variable analysis
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Reaching defs: kill and generate

killgp ([ := a]')

kz’llRD([skip]l)
killRD([b]l)

gengp ([x := a]l)
gengp ([skip])
gengp ([b]')

=2 S

{

U
0
0

(z,7)}U
{(x,1') | B" is assgnm. to x in S}

(z, 1)}

Static analysis
and all that
(Script undergoes
changes and
cleanups during
semester)

Martin Steffen

Targets & Outline

Intraprocedural
analysis

Determining the control
flow graph

Very busy expressions

Live variable analysis

Theoretical
properties and
semantics
Semantics

Intermezzo: Lattices

Monotone
frameworks

Equation solving

Interprocedural



Flow equations: RD

split into
® intra-block equations, using kill and generate

® inter-block equations, using flow

Flow equations for RD
RDentry(l) -
RDezit(l) = RDentry(l) \ Killrp (B!) U gengp (BY)

where B! € blocks(S.)

* same order of kill/generate



Flow equations: RD

split into
® jntra-block equations, using kill and generate

® jnter-block equations, using flow

Flow equations for RD

RDentry(l)

{ {(x,?) | z € fo(S:)} I = init(S,)
U{RD ezt (') | (I',1) € flow(Ss«)} otherwise

RDeyit(l) = RDentry(1) \ Killrp (BY) U gengp (BY)

where B! € blocks(S.)

* same order of kill/generate



Very busy expressions

if [a > b]!
then [rv:=b—a]*[y:=a—"b?
else [a:=b—a]*[r:=a—b]

Definition (Very busy expression)

An expression is very busy at the exit of a label, if for “all”
paths from that label, the expression is used before any of its
variables are “redefined” (= overwritten).

® usage: expression “hoisting”

Goal

For each program point, which expressions are very busy at
the exit of that point.
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Very busy expressions: types

* interested in: sets of expressions: 24EXP.
® generation and killing:
killyg, genyg : Blocks, — 2AFxP.

® analysis: pair of mappings
VBentryv VB¢sit : Lab, — 2AEXP*
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Very busy expr.: kill and generate
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klllVB ([x = a]l) — Martin Steffen
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Very busy expr.: kill and generate

Static analysis
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killyg ([z :=a)') = {a’ € AExp, |z € fo(d')}
killVB ([Sklp]l) = @ Targets & Outline
killys([b)) = 0

Intraprocedural
analysis

Determining the control
flow graph

genyg([z :=a]') = AExp(a) s
genVB ( [Skl p] l ) Live variable analysis
genVB ( [b] ! ) = AEXp(b) Theoretical

properties and
semantics
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=
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Flow equations.: VB

split into
* intra-block equations, using kill/generate
® inter-block equations, using flow

however: everything works backwards now

Flow equations: VB

VBea:it(l) =

VBentry(l) =
where B! € blocks(S,)



Flow equations.: VB

split into
* intra-block equations, using kill/generate
® inter-block equations, using flow

however: everything works backwards now

Flow equations: VB
VBeit(l) = 0 l € final(Sy)
et B {VBenry (') | (I',1) € fow®(S,)} otherwise
VBentry(l) = VBegit(l) \ Eillyg (BY) U genyg (B

where B! € blocks(S,)



Example

lp] a>b

false true

y:a-b
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Example: infinite loop

true

skip
I
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When can var’s be “recycled”: Live variable
analysis

[z = 2]% [y == 4]'; [z = 1]
(if[y > z]3then [z := y]* else [z := y x y)%); [z := 2]°

Goal therefore

for each program point: which variables may be live at the
exit of that point.

® usage: register allocation
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When can var’s be “recycled”: Live variable
analysis

[z = 2]% [y == 4]'; [z = 1]
(if[y > x| then [z := y]* else [z := y x y]°); [z := 2]°
Live variable

A variable is live (at the exit of a label) if there exists a path
from the mentioned exit to the use of that variable which
does not assign to the variable (i.e., redefines its value)

Goal therefore

for each program point: which variables may be live at the
exit of that point.

® usage: register allocation
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Live variables: types

 interested in sets of variables 2Var«
® generation and killing:
killpy, genyy : Blocks, — 2Var-

® analysis: pair of functions
LV entry, LV eit : Laby, — 2V27
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Live variables: kill and generate
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killAE([x = a]l) =
killyy ([Skip]l)
killLV ( [b]l) o Targets & Outline

Intraprocedural
analysis

genyy ([z:=a])) = Do e conr
genLV ( [Skl p] ; ) Reaching definitions
genyy ([b] ! ) = T
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Live variables: kill and generate

killpg ([ := a])) = {2}
k‘illLv([Skip]l)
kilhy (o)) =0

Il
=

genyy ([z:=al]') = fo(a)
genyy ([skip]’)
genyy ([b]") = fu(b)

—

Il
=
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Flow equations LV

split into
* intra-block equations, using kill/generate
® inter-block equations, using flow

however: everything works backwards now

Flow equations LV

Lvemit(l) =

LVentry(l) =
where B! € blocks(S,)



Flow equations LV

split into
* intra-block equations, using kill/generate
® inter-block equations, using flow

however: everything works backwards now

Flow equations LV
LV epit (1) = 0 l € final(Sy)
et B U{WV entry (1) | (I',1) € flow™(S.)} otherwise
Wentry(1) = Wegit(1) \ killpy (BY) U genyy (BY)

where B! € blocks(S,)



Example

(while [z > 1] do [skip]"); [«

T+ 1]l2
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Looping example

by

true

skip
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Relating programs with analyses

® analyses

® intended as (static) abstraction or overapprox. of real
program behavior
® so far: without real connection to programs

® soundness of the analysis: safe analysis
® but: behavior or semantics of programs not yet defined
® here: “easiest” semantics: operational

® more precisely: small-step SOS (structural operational
semantics)
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States, configs, and transitions

fixing some data types
® state o : State = Var — Z

® configuration: pair of statement x state or (terminal)
just a state

Transitions
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Semantics of expressions

[_]*: AExp — (State — Z)
[ .]° : BExp — (State — B)

simplifying assumption: no errors

ﬁi = 7\/(’25)) clearly:
[a1 0pg asl =[] op, [as]
ot HE = [

[b1 opy, bo]Z [b1]5 opy, [b2]5
[a10p, a8 = [w]} op, [az]}

vV € fo(a). o1(z) = o(x) then [a]} = [a
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SOS

Static analysis
and all that
(Script undergoes

([z == a)',0) = olz—[a]2] Ass ([skip]*, o) = & SKIP

< 2 , changes and
<Sla 0> — <Sl, U> <Sla O'> — 0 cleanups during
/ SEQl SEQ2 semester)
(S1;82,0) = (S1;52,0) (S1;S2,0) — (S2,6) Vst Steffen

[b]]g =T Targets & Outline
; IF1 Intraprocedural
(if [b])’ then Sy else Sy, 0) — (S1,0) analysis
Determining the control

flow graph

[b]IB =T Availafale exp.re'sfions

i WHILE, i

(while [b)'do S, o) — (S;while[b]'do S, o) Live variabe anayss
Theurefical

b5 = L WHILE e

(while [b]'do S,0) = o e s

Monotone
frameworks

Equation solving
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Derivation sequences

® derivation sequence: “completed” execution:
* finite sequence: (S1,01),...,(Sn,0n), Tnt1
® infinite sequence: (Sy,01),...,{Si,0:),...
® note: labels do not influence the semantics

® CFG for the “rest” of the program only gets “smaller’
when running:

Lemma (Steps and CFG)

. (S,0) — o', then ﬁnal(S’) = {init(S)}
2. Assume (S,0) — (S,6),
2.1 final(S) 2 {ﬁnal(’ )
2.2 flow(S) 2 {ﬂow(S)},
2.3 blocks(S) 2 blocks(S); if S is label consistent, then so

is S

then
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Correctness of live analysis
® LV as example

® given as constraint system (not as equational system)

LV constraint system

LV e (1) { 0 I € final(S.)

U{WV entry (1)) | (I',1) € flow™(S.)} otherwise

WVenirg(l) 2 WVegit(1) \ killpy (BY) U genyy (BY)

liveentry, liveey : Laby, — gVar.

“live solves constraint system LV=(S)"

live = LVE(S)
(analogously for equations LV=(.S))



Equational vs. constraint analysis

Lemma (Equational and inclusion constraints)

1. If live = LV=, then live = LVS

2. The least solutions of live = LV= and live = LVS
coincide.
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Intermezzo: orders, lattices etc.

as a

reminder:

partial order (L, C)

upper bound l of Y C L:

least upper bound (lub): ||Y (or join)

dually: lower bounds and greatest lower bounds: [ Y
(or meet)

complete lattice L = (L,C) = (L, C,[],0, L, T): a
partially ordered set where meets and joins exist for all
subsets, furthermore T = |_|® and L =|0.
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Fixpoints
given: complete lattice L and monotone f: L — L.

’ ﬂXpOint: f(a) — Static analysis
FZZ‘(CL) = {CL | f(a) = a} and all that

(Script undergoes
changes and
cleanups during

® f reductive at a, a is a pre-fixpoint of f: f(a) C a: i
Martin Steffen

R@d(f) = {CL | f(a) L CL} Targets & Outline

Intraprocedural
analysis

* f extensive at a, a is a post-fixpoint of f: f(a) J a: S

Available expressions

Eut(f) ={a| f(a) D a}

Theoretical
properties and

Define “Ifp” / “gfp” semantics

Monotone

lfp(f) = |—| Fiz(f) and  gfp(f) £ |_| Fig(f) (1)  frameworks

Equation solving

Interprocedural



Tarski’s theorem

Core

Perhaps core insight of the whole lattice/fixpoint business:
not only does the [] of all pre-fixpoints uniquely exist (that's
what the lattice is for), but —and that's the trick— it’s a
pre-fixpoint itself (ultimately due to montonicity of f).

Theorem
L: complete lattice, f : L — L monotone.

ifp(f) [1Red(f) € Fiz(f) (2)
gfp(f) L Ezt(f) € Fix(f)

L
L

* Note: Ifp (despite the name) is defined as glb of all
pre-fixpoints

® The theorem (more or less directly) implies [fp is the
least fixpoint
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Fixpoint iteration
® often: iterate, approximate least fixed point from below
(" (L)
LCfLCAALcC...

® not assured that we “reach” the fixpoint (“within" w)

LML) EU MWL) B ifp(f)
afe(f) ETT, (M) E () E(T)

® additional requirement: continuity on f for all
ascending chains (I,,),

FLI@)) = [L(£ ()

n

® ascending chain condition (“stabilization"):
frL) =) e Ufp(f) = £(L)

® descending chain condition: dually



Basic preservation results

Lemma (“Smaller” graph — less constraints)
Assume live |= LVE(Sy). If flow(S1) D flow(S2) and
blocks(S1) D blocks(Ss), then live = LVE(Ss).
Corollary (“subject reduction”)

If live |= LVS(S) and (S, o) — (S,6), then live = LVE(S)

Lemma (Inter-block flow)

Assume live = LVS(S). Ifl —gow I/, then
liveezit(l) D liveentry(l').
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Correctness relation

® basic intuitition: only live variables influence the
program

. . Static analysis
® proof by induction and all that
(Script undergoes
= changes and

cleanups during
Correctness relation on states:

semester)

i i Martin Steff
Given V = set of variables: artin Steffen

Targets & Outline

01 ~y 02 iff Vo € VO'l (.CC) = 0'2(3:) (3) Lr;t;;z:cedural

Determining the control
flow graph

Available expressions

Reaching definitions

<S, O_1> <S/, 0_3) o <S”, 0_3/) O'i” Very busy expressions

Live variable analysis

‘ v ‘ v

~ Theoretical
~vr X(Z)properties and
semantics
(S,02) —— (S, 09) (S", gl) —— gl e
2 e , 09 9

Intermezzo: Lattices

Monotone
frameworks

Notation: N(l) = liveentry(l), X(l) — liveezit(l) Equation solving
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Correctness (1)

Static analysis
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Lemma (Preservation inter-block flow)

. - ’ Targets & Outline
Assume live |= LV=. If o1 ~x ) 02 and | — o, I', then Intraprocedural

~ analysis

g1 N(1) g2. -
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Correctness

Theorem (Correctness)
Assume live |= LVE(S).

o If <S, 0'1> —

exists 6o s.t. (S, 09)

(S,61) and o ~ N(init(S)) 02, then there

— (8, 62) and 61~y suasy) 6

° If(S,01) — &1 and o1 ~N(init(S)) 02 then there exists
G2 s.t. (S,02) = 62 and 61 ~x(init(s)) T2-

(S,01) — (S,61)

~ N (init(3))

<S>62>

<S, (71> E— 61
~ N (init(S))

<S, 0‘2>

‘ ~ N (init(S)) ~X (init(S))

<S, (72> > 62
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Correctness (many steps)

Static analysis
and all that
(Script undergoes
changes and
cleanups during

Assume live ): LVQ(S) semester)

Martin Steffen

o If <S, O’1> —* <S,61> and 0 ~N(init(S)) T2 then there
exists 6o s.t. (S, 09) —=* (S, 63) and 6, ~ N (init($)) 02 Targets & Outline

% 2 ) Intraprocedural
o |If <57 0’1> —* &1 and o1 ~N(init(S)) 02 then there exists analysis
, ’ ’ , Determining the control
09 S.t. <S, (72> —* &9 and 4 ~X(1) 02 for some Tﬁf:vhg _
l € ﬁnal (S ) ‘I:ea:hhing delinitio-ns
ery busy expressions
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Monotone framework: general pattern

Static analysis
and all that
(Script undergoes
changes and

L flep i
LI{ Analysis,(I') | (I',1) € F} otherwise
Analysis,(1) = fi(Analysis, (1))

Analysis,(I) =

Martin Steffen

Targets & Outline

(4) Intraprocedural

° . . analysis
LI: either J or N ST
flow graph

F: either flow(S) or flow™(S.). JU—

Reaching definitions

E: either {init(Ss)} or final(Sk) S

Live variable analysis

: either the initial or final information Theoretical

properties and

fi: transfer function for [B]' € blocks(S.). ETilE

Semantics

Intermezzo: Lattices
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Monotone frameworks
direction of flow:

e forward analysis:
* F = flow(Sy)
® Analysis, for entry and Analysis, for exits
® assumption: isolated entries

® backward analysis: dually
* F = flow"(8S.,)
® Analysis, for exit and Analysis, for entry
® assumption: isolated exits

sort of solution

® may analysis
® properties for some path
® smallest solution

® must analysis

® properties of /all paths
® greatest solution
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Basic definitions: property space

property space L, often complete lattice
combination operator: | | : 2¥ — L, U: binary case
L =0

often: ascending chain condition (stabilization)
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Transfer functions

with [ € Lab,

fl:L—)L

® associated with the blocks

® requirement: monotone

e F: monotone functions over L:

® containing all transfer functions

® containing identity
® closed under composition

Static analysis
and all that
(Script undergoes
changes and
cleanups during
semester)

Martin Steffen

Targets & Outline

Intraprocedural
analysis

Determining the control
flow graph

Available expressions
Reaching definitions
Very busy expressions

Live variable analysis

Theoretical
properties and
semantics
Semantics

Intermezzo: Lattices

Monotone
frameworks

Equation solving

Interprocedural



Summary

® complete lattice L, ascending chain condition
® F monotone functions, closed as stated

e distributive framework

f(liuly) = f(l) U f(l2)
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The 4 classical examples

® for a label consistent program S,, all are instances of a
monotone, distributive, framework:
® conditions:
® |attice of properties: immediate (subset/superset)

® ascending chain condition: finite set of syntactic entities
® closure conditions on F

® monotone
® closure under identity and composition
® distributivity: assured by using the kill- and
generate-formulation
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Overview over the 4 examples

{f:L—L|3, 1, f(I)=(1\1lx) Uly}

avail. epxr. reach. def's very busy expr. | live var's
L 2AExp* 2Var* X Labz 2AExp* 2Var*
C 2 - 2 c
L N U N U
1| AExp, 0 AExp, 0
L 0 {(z,?) |z € fu(Si)} 0 0
E | {init(S:)} {init(Ss)} final(Sy) final(Sy)
F | flow(Sy) flow(Sy) fow™(S,) | Aow®(S,)
J—.'
Ji

fi(l) = (1\ kill([B])Y) U gen([B]")) where [B]' € blocks(S,)
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Solving the analyses

® given: set of equations (or constraints) over finite sets
of variables

® domain of variables: complete lattices + ascending
chain condition
® 2 solutions for the monotone frameworks

® MFP: “maximal fix point”
® MOP: “meet over all paths”
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MFP

® terminology: historically “MFP" stands for maximal fix
point (not minimal)
® iterative worklist algorithm:
® central data structure: worklist
® list (or container/set) of pairs

® related to chaotic iteration
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Chaotic iteration

Static analysis

and all that
. . (Script undergoes
Input: equations for reaching defs changes and
) cleanups during
for the given program semester)

Output: least solution: RD = (RDy,...,RD2) Martin Steffen

Targets & Outline

Intraprocedural

- . . lysi
Initialization: e
etermining the control

RDl = @, ey RD12 = @ flow graph

Available expressions

I terat | on : Reaching definitions

Very busy expressions

Wh i I e RD] 5& Fj(RD17 ceey RDIQ) -FO r some J Live variable analysis

d Theoretical
(o) properties and

RD; := F;(RDy,...,RDiy)
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Worklist algorithms

® fixpoint iteration algorithm

e general kind of algorithms, for DFA, CFA, ...

® same for equational and /constraint systems

® “specialization” i.e., determinization of chaotic iteration

= worklist: central data structure, “container” containing
“the work still to be done”

¢ for more details (different traversal strategies): see
Chap. 6 from [1]
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WL-algo for DFA

® WL-algo for monotone frameworks

= input: instance of monotone framework
® two central data structures
® worklist: flow-edges yet to be (re-)considered:
1. removed when effect of transfer function has been
taken care of
2. (re-)added, when point 1 endangers satisfaction of
(in-)equations
® array to store the “current state” of Analysis,

® one central control structure (after initialization): loop
until worklist empty
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Input: (L, F,F,E,¢f)
output: MFP,, MFP,

Method: step 1:

initialization

W = nil;
for all (,I'YEF do W:=(1I'): W;
for all /€ F or € E do

step 2:

if /€ E then Analysis[l] :==.
else Analysis[l] .= L;

iteration

while W #nil do

step 3:

(I,I') := ( f£st (head(W)), snd(head(W)));
W := tail WwW;
if fi(Analysis[l]) Z Analysis[l']
then Analysis[l'] := Analysis[l'] U f(Analysis[l]) ;
for all /" with (/,I”)€ F do
W=, 1"): W;
presenting the result:
for all /€ F or € E do
MFP. (1) := Analysis[l];
MFP. (1) := fi(Analysis|l])



ML Code

let rec solve (wll edge list)

match wll with

[ =0

| (o )rwl' —
let ana_pre var list
and ana_post var list
in let ana_exitpre var
in
if not (subset (ana-exitp
then

(enter (ana,l'
let (new_edges
(let (preds

edge
node

in solve (new_edges @

else
(solve (wl'))
in
solve wl_init;
fun (x: node) —> lookx (ana, x)

unit =

= lookx (ana,l)

= lookx (ana,l")
f_trans(ana_pre,|)

list =

re ,ana_post))

list) =

wl!

preds)

(x wl done x)

(x extract

,union(ana_post,ana_exitpre));

list) = Flow.Graph.pred (I')
in List.map (fun n— (1',n))

“states

(* Nothing to do here. x)

*)
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MFP: properties

Lemma
The algo
® terminates and

® calculates the least solution

Proof.

® termination: ascending chain condition & loop is
enlarging
¢ least FP:

® invariant: array always below Analysis,
® at loop exit: array “solves” (in-)equations
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Time complexity

® estimation of upper bound of number basic steps

® at most b different labels in

® at most e > b pairs in the flow F

® height of the lattice: at most h

® non-loop steps: O(b+ e)

® Joop: at most h times addition to the WL

O(e-h)
or < O(b?h)
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Adding procedures

® so far: very simplified language: SEHig analysle

and all that
(Script undergoes

¢ minimalistic imperative language "
® reading and writing to variables plus cleanups during

. . semester)
® simple control flow, given as flow graph
Martin Steffen

® now: procedures: interprocedural analysis i
Targets & Outline

® complications:

Intraprocedural
e calls/return (control flow) IS
. Determining the control
® parameter passing N
L4 scopes Reaching definitions
® higher-order functions/procedures i ——"
® here: top-level procedures, mutual recursion, Theoretical
properties and
Ca//—by—Va/Ue semantics
® call-by-result e otics
Monotone
frameworks

Equation solving

Interprocedural



Extending the syntax
® begin D, S, end

D ::= procp(valz,resy)is"Send™ | D D

® procedure names p
® statements
S u=...[callp(a, Z)]é:

® note: call statement with 2 labels

e statically scoped language, CBV parameter passing (1st
parameter), and CBN for second

® mutual recursion possible

® assumption: unique labelling, only declared procedures
are called, all procedures have different names.
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Example: Fibonacci

begin proc fib(val z,u,resv)is?

if [z < 3)?
then [v:=u+1]3
else [callfib(z — 1,u,v)]3;
[call fib(z — 2,v,v)]¢
end8;
[Call.ﬁb(l‘v 0, y)]?O
end
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Block, labels, etc.

init([call p( )]é:)
final([ca11p(a, 2)Ji)
blocks([call p(a, Z)]éi)
labels([call p( )]éi)
flow([call p(a, 2)]}°)

le
{ir}
{[callp(a, 2)]}

{le: 1}
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Block, labels, etc.

im’t([callp(a,z)]éj) = I
final([callp(a,2)];) = {iv}
blocks([call p(a, z)]i;) = {[callp(a,z)]fi}
labels([callp(a,z)]fj) = {l, 1}
flow([eallp(a,2)ie) = {(leiln), (L 1)}
where proc p(val z,res y)is» Send’ is in D,.

® two new kinds of flows (written slightly different(!)):

calling and returning

® static dispatch only
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For procedure declarations
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For procedure declarations

(p) = I

() = {l}

blocks(p) = {is', end=} U blocks(S)
(p) = Aln,lz} U labels(S)
()

= {(ln, init(S))} U flow(S) U{(L,Lx) [ 1 € final(S) i
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“Standard” flow of complete program

not yet interprocedural flow (IF)

init, = init(Sy)
final, = final(Sy)
blocks, = U{blocks(p)| procp(valw,resy)is»Send € D,}
Ublocks(Sy)
labels, = U{labels(p) | procp(val z,resy)is'"Send” € D,}
Ulabels(Sy)
flow, = U{flow(p)| procp(valz,resy)isSend™ € D,}
Uflow(S)

As before: S,: notation for complete program “of interest”



New kind of edges: Interprocedural flow

(IF)

® inter-procedural: from call-site to procedure, and back:
(le;ly) and (Iy;1)).
® more precise (= better) capture of flow

e abbreviation: IF for inter-flow, or inter-flow!?

IF

inter-flow, = {(l¢,ln, lz,1;) | Px contains [callp(a,2)]i¢ and }

P

proc(valz,resy)is'™ Send'"



Example: Fibonacci flow

Example: fibonacci flow

|

[call fib(z, 0, )3

|

[call fib(z — 2,v,v)]2
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Semantics: stores, locations,. ..

® not only new syntax
® new semantical concept: local datal

e different “incarnations” of a variable = locations
® remember: o € State = Var, — Z

Representation of “memory”

& € Loc locations
p € Env=Var, —» Loc environment
¢ € Store=Loc —f, Z store

® g =gop: total = ran(p) C dom(s)

® top-level environment: p,: all var's are mapped to
unique locations (no aliasing !!!1)
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SOS steps

® steps relative to environment p
P (S.6) = (8.¢) (6)
or
pr(Sc) =< (7)

® old rules needs to be adapted

® “global” environment p, (for global vars)
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Call-rule

procp(valz,resy)is! S end € D,

1,62 ¢ dom(s)

¢ =

CALL
p F {[callp(a, z)]éi, ¢) = (bind pi[z— & ][y — &) in Sthenz =y, <)




Call-rule

procp(valz,resy)is! S end € D,
&1,&2 ¢ dom(s) vEZL

¢ = ¢[&r=[ald, )€ — 0]
CALL

pH <[ca11p(a,z)]§i,§) — (bind pi[z— & ][y~ &) in Sthenz :=y,<)




Bind-construct

7

pE(S,¢) = (5,<)
pF (bind pinSthenz :=y,¢) —

BIND,

pr(S¢)—¢

BIND,
pF (bind pinSthenz :=y,¢) —

® bind-syntax: “runtime syntax”

= formulation of correctness must be adapted, too (Chap.
3)!

'Not covered in the lecture.
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Bind-construct

7

pE(S5) = (5,9
pt (bind pin S thenz :=y,5) — (bind fin S then z := y, <)

pE(S,¢) =<

BINDo

7 ,

p (bind pinSthenz :=y,c) = <[p(2) = <(A(y))]

BiNDq

® bind-syntax: “runtime syntax”

= formulation of correctness must be adapted, too (Chap.

3)!

'Not covered in the lecture.
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Transfer function: Naive formulation

e first attempt
® assumptions:

e for each proc. call: 2 transfer functions: f;, (call) and

f1.. (return)
® for each proc. definition: 2 transfer functions: f;
(enter) and f;, (exit)

e given: mon. framework (L, F,F,E ¢, f)

Naive

e treat IF edges (Ic;1,) and (I;1,) as ordinary flow edges
(lla l2)

® jgnore parameter passing: transfer functions for proc.
calls and proc definitions are identity
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Equation system (“naive”

A() = fi(As(D))
Ao(l) = LH{A(M

‘e T L ifl¢E

® analysis: safe

version)

) (I,1) € For(I';1) € FYud,

® unnecessarily imprecise, too abstract
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Paths

® remember: "MFP"
® historically: MOP stands for meet over all paths
® here: dually mostly joins

e 2 “versions” of a path:

® path to entry of a block: blocks traversed from the
“extremal block” of the program, but not including it
® path to exit of a block

Paths
path,(1) = {[li,.. . ln—1] | li 2 fow lixi ANln =1N1lL € E}
path,(l) = {[ll, e ln] | l; — flow LiviNlL,=1NL € E}

e transfer function for paths [

fr=fi, o fyoid
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Meet over all paths

® paths:

® forward: paths from init block to entry of a block

® backwards: paths from exits of a block to a final block
* two versions for the MOP solution (for given [):

® up-to but not including [
® up-to including [

MOP

MOP,(1) = L{fi{+) |
MOP,(1) = L{fi(0) |
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MOP vs. MFP

® MOP: can be undecidable
® MFP approximates MOP (“MFP J MOP")

Lemma

MFP, 3 MOP, and MFP, J MOP,

In case of a distributive framework

MFP, = MOP, and MFP, = MOP,
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MVP

* take calls and returns (IF) serious
® restrict attention to valid (“possible”) paths
= capture the nesting structure
® from MOP to MVP: “"meet over all valid paths”

® complete path:

® appropriate call-nesting
® all calls are answered
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Complete paths

® given P, =begin D, S, end

CPy, 1,: complete paths from [y to [y

® generated by the following productions (I's are the
terminals) (we assume forward analysis here)

basically a context-free grammar

CPU — 1

(li,l2) € F
Cplhls — ll, CPlst

(leylny g, ly) € IF
CPlc,l — lc, CP; Clel

)
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Example: Fibonacci

® concrete grammar for fibonacci program:

CPg 10

LELLLLILLELY

9, CP1g, CP1o,10
10

1, CP2’8

2, CPg,g

2, CPys

3, CPss

8

4, CPLg, CP5’8
5, CPgg

6, CP1g, CP7g
7, CP878
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Valid paths (context-free grammar)

Valid path (generated from non-terminal VP,):

® start at extremal node (E),

¢ all proc exits have matching entries

lheFE [, € Lab,
VP, — VP, VP — 1

(l1712> el
VPl1,l3 — ll, VP12’13

(167ln7lx717‘) e IF (lC7l7Lal£E7l7") e IF

VPlc,l — lc, CPZ Vplml VPlC,l — lc, Vpln,l

n7lz’
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MVP

¢ adapt the definition of paths

vpath, (1) = {[l1,...lnc1] |l = 1A [l1, ..., 1] valid}
vpathe(l) = {[l1,...1a] | ln =1A[l1,...,1,] valid}

e MVP solution:

MVPo(l) = LH{fAo) | T € vpaths(D)}
MVPW(l) = L{f{0) | T € wpathy (1)}

® but still: “meets over paths” is impractical

Fixpoint calculations

next: how to reconcile the path approach with MFP
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Contexts

* MVP/MOP undecidable (but more precise than basic
MFP)

Static analysis

. T . " and all that
= instead of MVP: “embellish” MFP (Script undergoes
changes and
5 S A (]_0) cleanups during
semester)

Martin Steffen

L 5: context information Targets & Outline
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Determining the control
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Intra-procedural: basically unchanged

® this part: “independent” of A
* property lattice L= A — L
* monotone functions F
® transfer functions: pointwise

fild)(8) = fi(d(5)) (11)

® flow equations: “unchanged” for intra-proc. part
A) = f(A(D) )
Aso(l) = Al | (1) € For (I51) € F)} U,
(12)

® in equation for A,: except for labels [ for proc. calls
(i.e., not I, and )
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Sign analysis (unembellished)

* Sign = {—,0,+}, Ly, = 2Var-—Sisn
® abstract states 0% € Ly,

® for expressions:
[*]f\Sign : AEXp — (Var* — Sign) — 2Sign

Transfer function for [z := a]'

7o) =i e o e vy (19)
where Y C Var, — Sign and

gb;ign(o_sign) _ {O'Sign[l‘i—> S] | s€ [a]IAsign} (14)

o stgn
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Sign analysis: embellished

Static analysis
and all that
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sign  — A — Esign (15) semester)
= A — 2Var*—>Sign ~ 2A><(Var*—>Sign) Martin Steffen

o
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Inter-procedural

* procedure definition proc(val z,resy) is'» S end's:

* procedure call: (I¢, 1,1z, 1) € IF

® here: forward analysis

e call: 2 transfer functions/2 sets of equations, i.e., for all
(leylny gy 1) € IF

2 transfer functions

1. for calls: fllc (A—=>L)— (A—=1L)

Au(le) = 1, (Ao(le)) (17)

1. for returns: fA2lc’lT (A= L)x(A—=L)— (A—1L)

Ao(lr) = f214, (Ao (le), Ao (7)) (18)
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Procedure call

Note: we write d for elements of the embellished lattice (not

[ as in the pic).

proc p(val x,res y)

FUA T sk
ey
//
AN
_ D,
(A
- end*
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Ignoring the call context

fia(d

[call p(a, 2)]¢
[call p(a, 2)]F

A,

,d’)

= fid)

proc p(val x,res y)
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Merging call contexts

Static analysis
and all that
A ~ A, A A, A A, 1
2 (d d/) _ [2A d L 2B d/) (Script undergoes
5 == changes and
flml'r flC7lT ( ) flmlr ( cleanu;s during
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proc p(val x, res y) Martin Steffen

'i fl " ('I‘) /// Targets & Outline
|-
" Intraprocedural
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[call p(a, 2)]
|7

[oall p(a, )]

22,8
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Context sensitivity

® |F-edges: allow to relate returns to matching calls

® context insensitive: proc-body analysed combining flow
information from all call-sites.

® contexts: used to distinguish different call-sites and
match calls and returns

= context sensitive analysis = more precision + more
effort

In the following:
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2 specializations:

1. control (“call strings")
2. data

(combinations are, of course, possible)
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Call strings

® context = (some form of) path
® call-string = sequence of currently “active” calls

® concentrating on calls: flow-edges (I, 1), where just I,
is recorded

A = Lab* call strings

o extremal value (from £ = A — L)
0(0) =
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Call strings

® context = (some form of) path
® call-string = sequence of currently “active” calls

® concentrating on calls: flow-edges (I, l,), where just .
is recorded

A = Lab* call strings

o extremal value (from £ = A — L)

. ifd=c¢€
1 otherwise

i(8) =
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Fibonacci flow

Example: fibonacci flow

|

[eall fib(z,0, )],

|

0

[

call fib(z — 2,0,v)]¢
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Fibonacci call strings

some call strings:

619],19,4],19,6],[9,4,4],9,4,6],[9,6,4],[9,6,6], ...
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Transfer functions for call strings

® here: forward analysis
* 2 cases: define f! and /7

Transfer functions

¢ calls (basically: check that the path ends with [.):

(fi d) [5:1] = fL(d(9)) (19)
(flc ) = 1
® returns (basically: match return with (a same-level)
call)
(f2, (dd) o = fz 1,(d(9),d'([5;1c])) (20)

A

(f2,, (d.d)) - =

® given: underlying fllc and fl?ch'

® rather “higher-order” way of connecting the flows, using
the call-strings as contexts

® connection between the arguments (via §) of f;_;,
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Sign analysis (continued)

so far: “unconcrete”, i.e.,

given some underlying analysis: how to make it
context-sensitive

call-strings as context
now: apply to some simple case: signs
remember: £ ~ 28%(Var.—Sign) (see Eq. (15))

before: standard embellished f;>'&"

Si
j 1gn)

(with the help of

now: inter-procedural
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Sign analysis: aux. functions ¢

still unembellished

calls: abstract parameter-passing

R o) = ot ] | s € alj

osign

returns (analogously)

M7 a3 = (o3 [=])

(formal params: x,y, where y is the result parameter, actual
parameter z)

® non-det “assignment” to y

® remember: operational semantics,



Sign analysis: aux. functions ¢
still unembellished

calls: abstract parameter-passing

sl (gsion) = (g% [z s|[y s '] | 5 € o], 8 € {—,0,+}}

osign
returns (analogously)

sign2 (O_sign O_sign)

beolls 1 » 92 = {U;ign[‘r7 Y, 2= O-fign(x)a O-fign(y)a O-;lgn(y)]}

(formal params: x,y, where y is the result parameter, actual
parameter z)

® non-det “assignment” to y

® remember: operational semantics,



Sign analysis: embellished f’s for call and
returns

calls: abstract parameter-passing + glueing
calls-returns

f(@) = U} x g () | (8,07) € 2,8 =)}

@

(21)
Returns: analogously
44(2,2") = UH8Y x 6142 (07", 05 | (8,07 € Z }
(22)

(formal params: z,y, actual parameter z)



Sign analysis: embellished f’s for call and
returns

calls: abstract parameter-passing + glueing
calls-returns

FNZ) = U} x @ (oom) | (6,0m) € 2,8 = [531])}

(21)
Returns: analogously
i2(2.2) = U} x 619201, o3"") | (6,01 € Z )
(6[ szgn) e Z/
& =10;1.]
(22)

(formal params: z,y, actual parameter z)



Call strings of bounded length
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Martin Steffen
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Assumption sets

® alternative to call strings

® not tracking the path, but assumption about the “state
* assume here: lattice £ = 2P
= L=A—L=287D

® dependency on “data” only =

(large) assumption set context
A=2P

o i ={({t},¢)} extremal value
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Transfer functions

e calls
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and all that
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L2z = U8 x¢td)| (5,d) € ZA } (23) somoater)

5’ — Martin Steffen

D Targets & Outline
where (;Sllc D — 2

Intraprocedural
/ analysis
® note: new context ¢’ for the procedure body R —
flow graph
® “caller-callee” connection via the context (= data) o Asnae epracone

Reaching definitions

Very busy expressions

® return D e

o272 = Uy x é2, (dd)| (6.d)eZn } oo
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Transfer functions

e calls . _
Static analysis

and all that
(Script undergoes

changes and
cleanups during

fh2) = U{o <L) | (6,d) € ZA } b
5/ _= {d” ’ ((5, d”) G Z} Martin Steffen

(23) Targets & Outline

1. D
where ('blc D — 2 Intraprocedural
y analysis
® note: new context ¢’ for the procedure body starminieg the contr
flow graph

Available expressions

® “caller-callee” connection via the context (= data) ¢

Reaching definitions
Very busy expressions

® return D e

f22.2') = UHs} < 6, (d.d) | (8,d) € ZA s el
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Small assumption sets

Static analysis
. . and all that
® th row aWay even more |nf0rm ation. (Script undergoes
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A — D cleanups during

semester)
. A D N .
) |nstead Of £ — 2(2 XD): now Only £ — D X D Martin Steffen
® transfer functions simplified Targets & Outline

2 = Ulldy xoi (@] (3.d) ez} b
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Flow-(in-)sensitivity

e “execution order” influences result of the analysis:
Sl; 52 VS. SQ; Sl

e flow in-sensitivity: order is irrelevant
® (quite) less precise (but “cheaper”)
e for instance: kill is empty

® sometimes useful in combination with inter-proc.
analysis

(25)
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Set of assigned variables

e for procedure p: determine
IAV(p)

global variables that may be assigned to (also indirectly)
when p is called

® two aux. definitions (straightforwardly defined,
obviously flow-insensitive)

® AV(S): assigned variables in S
® CP(S): called procedures in S

IAV(p) = (AV(S) \{a}) U J{IAV(Y) | ' € CP(S)} (26)

where proc p(val z, res y)is'» Send’s € D,

¢ CP = procedure call graph (which procedure calls
which one; see example)
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Example

begin

end

proc fib(val z)is

calladd(a)]

call fib(z — 1)];

call fib(z — 2)]
procadd(valu)is(y ==y + 1;u :=0)

y = 0; [call fib(z)]
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Example

IAV(fib)
IAV (add)

= smallest solution

]

—_—

(0\{2}) UIAV(fib) U IAV (add)
{y, u} \{u}

IAV(fib) = {y}

Static analysis
and all that
(Script undergoes
changes and
cleanups during
semester)

Martin Steffen

Targets & Outline

Intraprocedural
analysis

Determining the control
flow graph

Available expressions
Reaching definitions
Very busy expressions

Live variable analysis

Theoretical
properties and
semantics
Semantics

Intermezzo: Lattices

Monotone
frameworks

Equation solving

Interprocedural



SAS G
§9 «X‘(

@
NGigas g

»

SNIVE
STnAS

Section

Static single assighment

Chapter 2 “Data flow analysis”

Course “Static analysis and all that (Script undergoes changes
and cleanups during semester)”

Martin Steffen

IN5440 / autumn 2024


http://www.ifi.uio.no/~msteffen

Intro

® improvement on def-use chains, connecting “definitions’
of variables to their uses

® important intermediate representation
* used in many compilers (gecc, go, swift, llvm, ...)

e referential transparency

SSA

A program is in SSA form if each variable is a target of
exactly one assignment in the program text.
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Example in SLC

_l’_

o P~ TR

O O Vv T W
[

L X < o X

+ox

ai

a2
bo
as

e x and y: input variables,

“read only”

assigned to via
initialization, “before”
the program

= X + Yy

= a1 — 1
=y + by
= X x 4

= ag + bo
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Basis idea (for SLC)

® |later more complex

e for straight line code: simple “rename” the variables,
like: use different versions x1, xo, x3 for x on the
left-hand side.

® some easy data flow analysis needed to get a fitting
“versioning” for left-hand sides
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Compare: 3AC (here for expressions)

2*xa+ (b-3)

+
*/ \—

/ \
?

b

/ \
3

Three-address code

tl = 2 x a
t2 = b —3
t3 = t1 + t2
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Compare to 3AC and temporaries

® code generation of 3AC for straight-line code

® three-address code: linear IR, close to machine code
® restricted right-hand sides

® temporaries: to store intermediate results

® often

® temporaries = abstract form of register
® unboundedly many asssumed
= each one assigned to only once
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Join points and phony functions

® simple illustration: two “definitions” of =

L la
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Join points and phony functions

. . . “ . "
® simple illustration: two “definitions” of = Static analysis
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Join points and phony functions

® simple illustration: two “definitions” of x

Phony functions ¢

Assignments using functions like ®(x1, z2) placed judiciously
at (join) nodes to assure SSA format.
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SSA in a nutshell

Transformation to SSA

® SSA = ® + variable (re)naming scheme
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Phony functions

® “pon-standard” function

® encodes “control flow™: value depends on if program
“came from the left or from the right” in the last step
° d
® “virtual”, for purpose of analysis only, or
® ultimately “real”, i.e., code for ®'s will be generated

2 phase algorithm(s), in this order

1. strategical placement of ®-functions

2. renaming of variables

® main challenge: placement of ®
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Brainless SSA form

® place ® “everywhere”
Maximal SSA recipe
Placement: For all variables, at the beginning of each join
block add
x4 O(z,...,x),
where number of z's is the number of predecessors of the
node > 2

Renaming: rename variables consistently (making use of
reaching definition analysis)

® note: over-generous placement

® guarantees single-assignment format
® is sound
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Room for improvements

® phony functions everywhere: sound but wasteful and
generally undesirable

® costly extra computations
® subsequent analyses may suffer loss of precision

phony function unnessessary
® result not live

® no real choice: z; + ®(x;,x;)

in the following: efficent general algo for ®-placement based
on

dominance

Static analysis
and all that
(Script undergoes
changes and
cleanups during
semester)

Martin Steffen

Targets & Outline

Intraprocedural
analysis

Determining the control
flow graph

Available expressions
Reaching definitions
Very busy expressions

Live variable analysis

Theoretical
properties and
semantics
Semantics

Intermezzo: Lattices

Monotone
frameworks

Equation solving

Interprocedural



Improvement

Core idea

Assume assignment = := e in
ny. If all paths from ng to ng
must go through ny, then n;'s
assignment to x does not
need to be covered by a
phony function for z at ns.
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Domination

* CFG: directed graph with 1 entry (and 1 exit)
* “content” of the nodes / basic blocks irrelevant right
now
Domination

Node nq dominates ng, if all paths from entry ng to ng must
pass through n.

® dominators of n

® dom(n): determined by a simple data flow analysis
(must and forward)

® also: strict dominance
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Dominance frontier

® we know, where not to put ® for a given assignment at
n = all nodes being dominated by n

® danger zone: “undominated”, but where to put there?

® solution: as “early” as possible in the danger zone
(thinking backwards)

Dominance frontier

The dominance frontier df(n) of a node is the collection of
m s.t.:

1. n dominates a predecessor of m (¢ — m and
q € dom(n)), and

2. n does not strictly dominate m.

® “strict” (non-)dominance condition & loops

® dominance frontier contains join nodes only
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Dominator trees

® n's dominators: dom(n)

® n's immediate dominator idom(n) (the dominator
closest to n, if exists)

no
n,
no ns
6 ng
nt
n
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Dominator trees

® n's dominators: dom(n)
® n's immediate dominator idom(n) (the dominator

closest to n, if exists)
no

ni

’I’LQO ns
60 n8o
n7o

n3

7”L4O
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Dominance frontier

for all nodes m in the CFG
DF(n):=10

for all nodes n

if n has multiple predecessors
then for all predecessors p of n
runner = p

while runner # idom(n)

do DF(runner) := DF(runner) U {n}

runner := idom(runner)
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Example

no

ni

na

n

DF 0 {ni} {ns} {n

3 Ny
b 0 {

ns n

n3} {n

6
Ao

ny n

n3} {n

8
7}
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Further improvement

e left out here:
® how to actually place the ®
® how to then rename the variables
® Basically: problem solved: place it at the dominance
frontier

Static analysis
and all that
(Script undergoes
changes and
cleanups during
semester)

Martin Steffen

Targets & Outline

Intraprocedural
analysis

Determining the control
flow graph

Available expressions
Reaching definitions
Very busy expressions

Live variable analysis

Theoretical
properties and
semantics
Semantics

Intermezzo: Lattices

Monotone
frameworks

Equation solving

Interprocedural



Further improvement

Static analysis

and all that
(Script undergoes
[ |eft out here: changes and
cleanups during
® how to actually place the ® semester)
® how to then rename the variables Martin Steffen
® Basically: problem solved: place it at the dominance Targets & Outline
frontier Intraprocedural
i i . analysis
* we forgot: adding z; <~ ®(xj,x;) is another assignment  oemining e cort
o grap

Available expressions
Reaching definitions

Very busy expressions

e further improvements possible (liveness: focus on e
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Renaming

rename (b)

Static analysis

. NN . and all that
for each ®—function x4+ P(...) inb (Script undergoes
. changes and
rewrite x as newname(x) cleanups during
semester)
. Martin Steffen
for each operation z+ ydz

rewrite y with subscript top(stack[y])  Tereets& Outlie
rewrite z with subscript top(stack[z]) |Ineocedual
rewrite x as newname(z)

for each successor of b in the CFG

full in ®—function parameters
for each successor s of b

Determining the control
flow graph

Available expressions
Reaching definitions
Very busy expressions

Live variable analysis

in the dominator tfee. .

rename S properties and
semantics
for each operation r—y®z'" in b Semantics
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and each ®&—function "z« o(...)"" "
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pop(stack [.’E]) frameworks
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e further extension of While-language
2

plus: heap allocated data structures
® use: warnings for illegal dereferencing

® also: “verification” for simple properties

250 far: global vars + stack allocated local vars
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Syntax

new: “cells” on the heap

access via selectors:
sel € Sel selector names

example in Lisp: car and cdr
in the notation here x.cdr
here: no nested selector expressions (for simplicity)

pointer expressions
p € PExp
p = z|x.sel

nil: new constant
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Syntax:

Grammar
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plz|n|aop,a Martin Steffen
true | false [not b | bop, b | aop, a
T lab T _l | o lab T _l | Sl’ Ir?traprocedural

if —— — —lab— — — —lthenSelseS | while — — anabsislab — -

Determining the control

e lab— — — ] i

Available expressions

argets & Outline

Reaching definitions
Very busy expressions

Live variable analysis

Table: Abstract syntax

Theoretical
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Semantics
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Syntax: Remarks

® note: no pointer arithmetic
® operations (expressions) on pointers
® equality testing for pointers: new boolean expression
® op,: some unary operators (is—nil or has—sel for each
sel € Sel)
® assignment
pi=a
two forms

® pis a variable: as before
® pis selector expression: heap update
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Example: list reversal

————lab——— -1

while ————lab——— -2

do (————lab————3
——— —lab————4
————lab———-5
————lab————6);

————lab——— -7
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State and heap

£ € Loc locations

states
o € State = Var, — (Z + Loc + {¢})

©: constant.
heap

H € Heap = (Loc x Sel) —g, (Z+ Loc + {o}) (27)

® —gn: partial function: newly created cells: uninitialized
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Pointer expressions

semantics function for pointer expressions
[)” : PExp, —

[x]sz,H =
[m.sel]?i;,_l =
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Pointer expressions

Static analysis
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[]” : PExp, — (State x Heap) —f, (Z + Loc + {o})

Targets & Outline

P —
[CC]I oH T o (l’) Intraprocedural
analysis

H(o(x), sel) s
if o(x) € Loc and H is defined on (o(z), si\“_lgh.-:'.?'h"“e_“’""“

P _
[J: .S €l]| oH = unde f Reaching definitions

Very busy expressions

if o(x) ¢ Loc or H is undefined on (o(x), sl s
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Arithmetic expressions

[J* : AExp — (State x Heap) —, (Z + Loc — {o})

S

EESESESES
T x XX

® op,: (re-)interpreted “strictly”: both arguments must

be defined integers

[Pl 2

[a1]3¢ 0P, [a2ly
o
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Boolean expressions

[J® : BExp — (State x Heap) —, B

[a1]}5, op, [aa]y
op, ([P%+)

[a op,. GQ]IZ,’H
[Opp p]lo,'H

® op,: likewise (re-)interpreted “strictly”: both arguments
must be defined and both integers or both pointers

® op,: as needed, for instance

ifv=c¢
otherwise

true

is—nil(v) = false
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Semantics: statements

[a]lfﬂ is defined

(o= al' o, H) —

ASSGNgtate

; ASSGNheap
([x.sel :=a]"', 0, H) —

MALLOGg¢ 4t
(mallocz]', o, H) — o

¢ fresh o(z) € Loc

MALLOC,
(mallocz.sel])’, o, H) — P
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Semantics: statements

[a] 25, is defined

([x := a]l,a, H) — (o] H[a]éﬂ,?—[)

ASSGNgtate

o(x) e Loc  [a]}y, is defined

; " ASSGNpeap
([m.sel = CL} , 0, H> — <U7 H[(J(x)’ S@l) ’_)[a]cr,’HD
& fresh
MALLOCstate
(malloca], o, H) = (o]x— &), H)
¢ fresh o(z) € Loc
MALLOCheap

(mallocz.sel]', o, H) — (o, H[(o(z), sel) — &], H)
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Shape graphs

® heap can be arbitrarily large
= finite, abstract representation: shape graphs (S, H,is)
® abstract state: S

® abstract heap: H
® sharing information: is.

® 5 invariants to regulate/describe their connection
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Abstract locations

® notation nx
ALoc = {nx | X C Var,} (28)

e for x € X, nx represents location o(x)

® ny: abstract summary location: locations to which the
o does not point directly.

Invariant 1: If two abstract locations nx and ny occur
in the same shape graph, then either
e X=Y,or

°* XNY =0.

Static analysis
and all that
(Script undergoes
changes and
cleanups during
semester)

Martin Steffen

Targets & Outline

Intraprocedural
analysis

Determining the control
flow graph

Available expressions
Reaching definitions
Very busy expressions

Live variable analysis

Theoretical
properties and
semantics
Semantics

Intermezzo: Lattices

Monotone
frameworks

Equation solving

Interprocedural



Abstract states

® abstraction of state

= mapping var's to abstract locations

then z € X

S € AState = 2Var* ><ALOC(2 Var, — 2ALOC) (29)

® locations occurring in S

ALoc(S) = {ng | Fz. (z,nx) € S}

Invariant 2: If x mapped to nx by the abstract state,
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Abstract heaps
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H € AHeap = 2ALoc><Se1><AL0(:(: ALoc x Sel — 2AL00) Semllster) g
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Abstract heap (2)

® concrete heap: selection is “functional”

® abstract heap: almost, but not quite, exception: ng

Invariant 3: Whenever (ny, sel, ny) and (n,, sel, ny)
are in the abstract heap, then either V. =0 or W = W".
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Example: list reversal

Sa
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Example: list reversal
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Sharing information

® we have sharing for locations reachable by var's
(aliasing) but not further
® we can do better
= s
® predicate/subset of abstract locations

® characterizing sharing aliasing on the heap
® contains: locations shared by pointers on the heap

* also implicit3 sharing, sharing on the abstract heap

3the explicit one is the one as inherited from the real heap, and
captured in is.
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Invariant 4: If nx € is, then either
(ng, sel,nx) is in the abstract heap for some sel, or

there exists 2 distinct triples (ny, sely,nx) and
(nw, selz,nx) in the abstract heap (i.e., either
sely # sely or V£ W)

Invariant 5: Whenever there are 2 distinct triples

(ny, sely,nx) and (ny, sela,nx) in the abstract heap
and nx # ngy, then nx € is.
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Shape graphs: summary

S e AState = 2Var* xALoc Static analysis
and all that
H c A_Heap = 2ALOCXS61XALOC (Scrri]pt underg:ioes
changes an
iS S ISShaI‘ed = 2ALOC cleanups during
semester)

Martin Steffen

® shape graph (S, H,is) compatible

1.

b

Vny,nw € ALoc(S) U ALoc(H) Uis. V = VT 3 (T
Wor VAW =0 gt
V(z,nx)€S. x € X Detemiingthe o
o o
Y(ny, sel,nw), (ny, sel,ny) eH. V =0or W =W’ P
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Lattice

® set of compatible shape graphs

SG = {(S,H,is) | (S,H,is) is compatible}

lattice 25¢ (finite)

® analysis Shape
e forward
® may

Shape, (1)

Shape,(l) =

L

U{Shape, (') | (',

flSA(Shapeo(l))l
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Example: list reversal

————lab——— -1

while ————lab——— -2

do (————lab————3
——— —lab————4
————lab———-5
————lab————6);

————lab——— -7
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Example: list reversal
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Shape.(l) ISA(ShapeO(1>) 1SA([’) Martin Steffen
Shape,(2) = f5*(Shape,(2)) = f5*(Shape,(1) U Shape,(6)
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Shape,(3) = f37(Shape,(3)) = f3"(Shape,(2)) raprocedurl
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Shape,(5) = f2"(Shape,(5)) = f2A(Shape,(4)) iwls:»hg
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Example: list reversal, initial value
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Example: list reversal, initial value
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Transfer function

o fSA 956 _, 9SG

e defined pointwise:

fPR(SG) =

(32)
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Transfer function
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¢ defined pointwise:

Targets & Outline
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Side-effect free commands

e for [b]' and [skip]’
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Side-effect free commands

e for [b]' and [skip]’

® trivial

®3A((S, H, is)) = (S, H, i)
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Assignment (1)

® assignment of value to variable

[z := a]l where a is n, a op az, nil
a

® “renaming” of locations

kx(nz) =nz\ (o)

®PA((S, H,is)) = {kill,((S,H,is))}
kil ((S,H,is)) = ((5,H,is)):
= {(2,ks(nz)) | (2,nz) €S 2 #x}

{(kz(nv), sel, kp(nw)) | (ny, sel,nw) € H}
= {kz(nx | nx € iS}

TN

[
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Assignment (2)

® assignment of variable to variable

x:=y wherez #y I

¢ the overriding for x: with the kill, as before

NZzu{z} ifyeZ

Yy =
9:(nz) ny otherwise

©PA((S, H,is)) = {S", H",is"
where (S',H’,is’) = kill,((S,H,is)) and
" = {(z9¥(nz)) | (z,nz) € §'}
U{(z, g2(ny)) | (¢/,ny) € Sy =y}

H” = {(g%(nv), sel, g% (nw)) | nv, sel,ny € H'}
is”” {g¥(ngz) | ngz €is'}
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Assignment (3.a)

® Assignment of "selector” to variable

[z :=y.sel]! wherey ==z
equivalent to

t)'2; [t == nil]ls

[t == y.sel]l't, [z :=
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Assignment (3.b)

® Assignment of "selector” to variable

[z :=y.sel]' wherey #

1. first step: (S, H’,is") = kill,.((S,H,is))

2. "

rename” abstract location appropriately

2.1 y or y.sel is an integer, undefined, or nil

2.2 y.sel defined and pointed at by some other variable
(U)

2.3 y.sel defined but not pointed at by some other variable
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Assignment (3.b.1)

® either:
1. no abstract location ny s.t. (y,ny) €S or

2. there is an ny s.t. (y,ny) € S’ but no n s.t.

(ny, sel,n) € H.

® case 1: nothing changes:

OPA((S, H,is) = {kill,((S,H,is))}
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Assignment (3.b.2)

[z :=y.sel]’ where y #
® conditions
(y,ny) €S and (ny,sel,ny)eH

by (nz) = { n. otherwise

OPA((S, H,is)) = {(S",H",is")}
S" = {(2h{(nz))| (2,nz) € S} U{(z,h] (nr))}
H = {(hi(nv),sel’, b (nw)) | (nv, sel’,nw) € H'}

is' = {h¥(ny)|nzeis'}
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Assignment (3.b.2)
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Assignment (3.b.2)
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Assignment (3.b.3)

[z :=y.sel]! where y # z

® conditions

(y,ny) €S and (ny,sel,ng) € H

* required: new abstact location for x: “split” ny
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Assignment (3.b.3)

consider conceptually
z = nil; [z := y.sel]’; z == nil

OPA((S, H,is)) = {(S",H",is") | (S",H",is") is compatible,
kill,((S”,H",is")) = (§',H',is’
(,n() €5,
(ny, sel,ngy) € H'}

(S',H',is") = kill.((S,H,is))
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Start configs

note in the example: ny and nyy are not shared!
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Result configs
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Result configs
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Result configs
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Result configs
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Assignment 4

® assignment of value to selector

Assume:

PA((S, H,

S

H =

[z.sel := a]!

(x,nx) €S

S

iS)) = {killw.sel(sv H7

where a is n, a; op az, nil

a

and

{(n\/a SellanW) ‘ (nV75€l/7nW) € H,

is \{nu}

is

if ny €is, |into(ny, H
—3sel’. (ng, sel',ny) €
otherwise

(nx,sel,ny) € H

is)} = {(S',H,is’

)}

(X =V Asel =

)‘S , ny € 1is,
H
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Assignment 5

® assignment of value to selector
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Assignment 5

sel
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Assignment 6

® assignment of selector to selector

[z.sel == y.sel']!

® decompose into

[t := y.sel']"; [x.sel == t]'2; [t := nil]"3

Static analysis
and all that
(Script undergoes
changes and
cleanups during
semester)

Martin Steffen

Targets & Outline

Intraprocedural
analysis

Determining the control
flow graph

Available expressions
Reaching definitions
Very busy expressions

Live variable analysis

Theoretical
properties and
semantics
Semantics

Intermezzo: Lattices

Monotone
frameworks

Equation solving

Interprocedural



Malloc

® mallocx

@?A((S,H,is)):{(S’U{(m,n{x})}),H’,is'} and (
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