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Foreword

UNDER CONSTRUCTION ..... Thanks to Emil Haugen and ... Eirik Ergon Aung
.... Erik Snilsberg ..... Juvenal Murwanashyaka .......

ABERTH: These notes are under construction. They are not complete, and they
will be gradually extended throughout the foreseeable future. Until I regard the
notes as reasonably self-contained, I will give some references to details in Aberth

[1]. You find these references in paragraphs like this, that is, paragraphs labeled
“ABERTH”. ¢

The first three chapters are by now fairly self-contained, but beware of mispxrints
(and please report any misprint you find to the author).
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Chapter 1

Preliminaries

1.1 General Stuff

UNDER CONSTRUCTION .......... UNDER CONSTRUCTION

The reader should be familiar with basic computability theory and Kleene-recursion.
Section 1.2 gives a summary of what the reader needs to know. We will stick to
the notation and definitions given in Chapter 7 of L&K [8] with one conspicuous
exception: we will write ®7 place of {e}" and accordingly ®. place of {e}.

1.2 Computability Theory

We define the computable functions by Kleene-recursion, also known as u-recursion.

Definition 1.1. We define the set of computable functions inductively by the fol-

lowing siz clauses.

(1) the successor function S is a computable function

(2) the projection function I1" is a computable function (for all i,n € N such that
1<i<n)

(3) the zero function O is a computable function
(4) f is computable function if

flay,..o xn) =h(gi(z, - 2n), oo gm(X1, -, ) (Composition)



and gi,...,9m, and h are computable functions (for all m,n € N)

(5) f is computable function if

flxr,...,20,0) = g(x1,...,20)
flze, ...,z y+1) = h(zr,. ., Zn,y, f(T1,. 0, Tn, Y))

(Primitive Recursion)
and g and h are computable functions (for alln € N)

(6) f is computable function if
flxy,... xn) = (i)|g(zr,...,zn,1)] (Minimalization)
and g is a computable function (for alln € N).

The set of primitive recursive functions is defined inductively as the set of computable
functions, but without Clause (6).

A function f : N — N is computable by a Turing machine if and only if it is com-
putable according to Definition 1.1. All primitive recursive functions are total (a
Turing machine that computes a primitive recursive function will terminate on every
input), and we may now and then assume some acquaintance with primitive recur-
sion. The class of primitive recursive functions has strong closure properties and is
e.g., closed under bounded sums, bounded products and bounded minimalization
that is, the definition scheme

fx1,. 2, y) = (Wi <y)lglxr,...,zn,1)]. (Bounded Minimalization)

Definition 1.2. Let A be a set of natural numbers or tuples of natural numbers,
that is, A C N™ for some n > 1. We define the characteristic function x4 of A, by

xa(z,...

{O if (x1,...,2,) €A
73777,)_

1 otherwise.

A set is computable when the characteristic function of the set is computable. A
set is primitive recursive when the characteristic function of the set is primitive
recursive.



We define the domain of the computable function f: N — N, written dom(f), by
dom(f) = { x| there exists y € N such that f(z) =y } .

A set A of natural numbers is semi-computable if there exists a computable function
f such that A = dom(f).

We define the range of the computable function f: N — N, written rng(f), by
mg(f) = { y| there exists v € N such that f(x) =y }.

A set A of natural numbers is computably enumerable if

o A is finite

e or, there ezists a total computable one-to-one function f such that A = rng(f).

Let A C N. We will use A to denote the complement of A, and the reader should
familiar with basic facts like

e A is computable if and only if both A and A are semi-computable

e A is semi-computable if and only if A is computably enumerable.

Relations and predicates are treated as sets: formally, an n-ary relation is nothing
but a set of n-tuples, and a predicate is just an another name for a relation. In
the days when computability theory was called recursion theory, computable sets
were called recursive sets, and computably enumerable sets were called recursively
enumerable sets. Moreover, recursively enumerable was abbreviated r.e. Hence, an
r.e. set is nothing but a computably enumerable set. Many authors do still stick to
the old terminology and prefer to talk about recursive and recursively enumerable
sets. Besides, computable sets are also often called decidable sets, and accordingly
semi-computable sets are called semi-decidable sets. The terminology varies from
book to book, from author to author.

We assume some coding of the finite sequences of natural numbers into the natu-
ral numbers (any reasonable coding convention will work), and we use (ay,...,an)
denote the code number of the sequence aq, ..., ay.

Definition 1.3. The natural number e is a computable index for the computable
function f if one of the following clauses holds:



(1) e =(0) and f is the successor function S
(2) e=(1,n,i) and f is the projection function I}
(3) e =(2) and f is the zero function O
(4) e =(3,n,b1,...bp,a) and
flxy,... xn) = hlgi(x1, .o 2n)y ooy gm(T1, ..oy 2))
and by, ...bm,a are indices for respectively gi, ..., Ggm, h.
(5) e =(4,n,a,b) and

— f(x1,...,2n,0) = g(z1,...,20)
- f(xlv"'amnay+1) :h(mla"wxn)yvf(xl?'"amnay))

and a,b are indices for respectively g, h.
(6) e = (5,n,a) and
flx1, ..., zn) = (ui)]g(z1,...,2T0,1)]
and a is an index for g.

Theorem 1.4 (Kleene’s Normal Form Theorem). Letn € N. There exist a primitive
recursive predicate T, and a primitive recursive function U such that

e if e is not an index for an n-ary function, then T, (e, 1, ...xn,t) does not hold
(for all x1,...x,,t € N)

e if e is an index for the n-ary function f, then

f(z1,...xy) is defined <

there exists t such that Ty(e,x1,...xn,t) holds

e whenever f(x1,...xy) is defined

flz,...xn) = U((t)[Tule, x1, ...z, t)]) -



Definition 1.5. For each e € N, we define the e-th computable function of arity
n, written @, by

O (z1,...,xn) = U((ut)[Tnle, 21, ... Tn,1)])

where the function U and predicate T, are given by Kleene’s Normal Form Theorem
(Theorem 1.4).

Theorem 1.6 (Enumeration Theorem). The sequence ®f, ®T, @5, ... is an enumer-
ation of the computable functions of arity n in the sense that

(1) for each e € N, the function ®7 is computable

(2) for each computable function f of arity n, there exists e such that
flz1,...;xn) = OU(z1,...,2n) .
More over, this enumeration is computable in the sense that
(3) there exists a computable function g of arity n + 1 such that
gle,z1, ..., xn) = O0(x1,...,2y) .

Theorem 1.7 (The S-m-n Theorem). Let m,n € N. There exists a primitive
recursive function S)"* (of arity n + 1) such that

Sr(er,an) Yo Ym) = BT, Ty Y1 Ym) -

We will write ®, in place of ®.. Note that there for any computable index d
exists a computable index e such that ®.((x1,...,2,)) = Pg(x1,...,2,). Thus,
for any n-ary computable function f there exists a computable index e such that
S ((x1,...,2pn)) = f(@1,...,2p).

Definition 1.8. We define the e-th semi-computable set, written W,, by W, =
dom(®.). We define the set K by K = {x | x € Wy}.

The reader should know that the set K is not computable although it is semi-
computable. The reader should even be able to prove that X is semi-computable,
but not computable. Moreover, the reader should be familiar with the next theorem.



Theorem 1.9 (Rice’s Theorem). Let A a set of unary computable functions, and
let A be the index set of A, that is, A = {e | . € A}. Furthermore, assume that
A is not empty, and assume that A does not contain all the computable functions.
Then, A is not a computable set.

Proofs of the theorems above can be found in Chapter 7 of L&K [8]. For more on
computability theory, see Kleene [6], Rodgers [12], Odifreddi [10] and Cooper [5].

1.3 Integers and Rational Numbers

We assume some coding of the integers (Z) and the rational numbers (Q) into the
natural numbers (N). We consider such a coding to be trivial. Therefore we allow
for computable functions from natural numbers into rational numbers, from pairs
of rational numbers into rational numbers, etc., with no further comment. Exactly
how we code integers and rationals does not matter as long as we behave reasonably
(we will not worry about computational complexity). Below you find some examples
of reasonable coding conventions. More details on how the integers and the rational
numbers can be coded as equivalence classes of natural numbers, can be found in

(Odegaard [15].

Example 1.10. Let (-,-) : N x N — N be a computable bijection (one-to-on and
onto), e.g., let

(@+y)@+y+1)

Let () : N— Nand (-)r : N — N be such that

(@ y))r =2 and ({z,9))r =1y .

We may use the following convention to code integers: The natural number = rep-
resents the integer (z)r, — (z)r. Use [z]z to denote the integer (x); — (x)g, that
is, [x]z = ()1 — (z)r. Hence, any natural number represents an integer, and each
integer is represented by infinitely many natural numbers. We have

[[<1’4>]]Z = (<174>)L_(<174>)R =1-4=-3.

and
[(6,2)]z = ((6,2))r — ((6,2))r = 6—2 = 4.



We also have [(100,103)]z = —3 and [(96,92)]7 = 4. We may define the equality
relation =y on the integers by

[z]z=zvlz & @)+ @Wr=@L+(@)r.

Example 1.11. Let (z,y) =2%(2y + 1) — 1. Let
() = pal (27| 2+1) A =(277 | 2+1)]
where the predicate (u|v) holds iff Jwlu x w = v]. Let

(z+1)/20L) -1
5 .

(2)r =

We have ((z,y))r = = and ((x,y))r = y. Moreover, (-,-), ()1, ()r are primitive
recursive functions, and (-,-) is a bijection. O

Example 1.12. We may use the following convention to code rationals: The natural
number z represents the rational number [(z)1]z/((x)r+1). We use [z]g to denote
the the rational number [(x)p]z/((x)g + 1), that is

[(z)L]z

[[x]]Q = (1‘)3-1—1 :

Hence, any natural number represents a rational number, and each rational number
is represented by infinitely many natural numbers. We have

(01,7 = 10D T)elz _ [0.01z _ 1

(((0,1),7r+1 7+1 8
We have
[0]o = [(0)L]z _ ((0))r — ((0)z)r _ 0 0
¢ (0)r+1 0+1 1

since (0,0) = 0. We may define multiplication of rationals xqg by

[z]o X vl = ([(#)clo xz [(W)Lle, (@)r+D(y)r+1))

where X7 is the multiplication operator on integers. O
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1.4 Exercises

Exercise 1

Given the examples above, define the multiplication operator Xz on the integers.
Define the addition operator 4+ and the equality relation =g on the rationals.

Exercise 2 (solution)

Prove that the paring function given in Example 1.10 is an injection, that is, prove
that we have m = m/ and n = n’ if (m,n) = (m/,n’).

Exercise 3

Prove that the paring function given in Example 1.10 is a bijection.

Exercise 4 (solution)

Prove that the decoding function (-), given in Example 1.10 is primitive recursive.

Exercise 5 (solution)

Verify that we have ((z,y))r, = = and ((z,y))r = v in Example 1.11. Hint: Look at
the prime factorisation of z + 1.

11



Chapter 2

The Field of Computable Real
Numbers

2.1 The Computable Real Numbers

Our mathematical model of computation is Kleene recursion. In this model we use
the natural numbers to represent mathematical objects like truth values, finite se-
quences of natural number, finite strings over the alphabet {a,b,c}, formulas of a
formal language (Godel numbers) and computable functions (computable indices).
We can easily represent rational numbers in our model of computation. Rational
number are finite entities, and by setting up coding conventions, each rational num-
ber can be represented by a natural number (see Section 1.3). What about the
real numbers? Now we are talking about infinite entities. To what extent can we

represent real numbers in our model of computation?

The general idea is to represent a real number a by a computable function which
yields rational approximations to a, such a function can again be represented by
a computable index (and that is a natural number). A computable function that
represent a real number will be called a realizer. The formal definition follows.

Definition 2.1. A (total) computable function f: N — Q is a realizer if
[f(n) = fm)| < (n+1)7" + (m+1)7"

for any n,m € N.
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For any f: N — Q, we use f(n) to denote the closed interval

[F) = (1), f) + (1) ]

We will use f(n) , to denote the left endpoint of the interval, that is, the rational

f(n) = (n+1)71, and will use f(n)r to denote the right endpoint for the interval,

that is, the rational f(n)+ (n+1)"!. We will say that a rational q lies in the interval
f(n) when f(n), < ¢ < f(n) . The notation q € f(n) is simply a convenient way to

state that the rational ¢ lies in the interval f(n), and the reader should note that

gefn) & lg—f)|<(m+1)7". (2.1)

Finally, two interval overlap if there exists a rational that lies in both intervals.

We will use a, 5,7, ... to denote realizers. Definition 2.1 simply states that o : N —
Q is a realizer if the intervals a(n) and a(m) overlap for any n,m € N, and thus it

seems like a good idea to restate Definition 2.1 as Definition 2.2 below.

Definition 2.2. A (total) computable function o : N — Q is a realizer if a(n) and

a(m) overlap for any n,m € N.

Note the similarity between the next definition and Definition 2.1.

Definition 2.3. Two realizers o and § are equivalent, written o = (3, if
a(n) = B(m)] < (n+1)7H 4+ (m+ 1)~
for any n,m € N.

Observation: « and 8 are equivalent relaizers if and only if the intervals a(n) and

B(m) overlap for any n,m € N. Thus, the previous definition may be restated as

the next definition.

Definition 2.4. Two realizers a and B are equivalent, written o = 3, if a(n) and
B(m) overlap for any n,m € N.

Theorem 2.5. The relation = is an equivalence relation on the realizers.

Proof. Any interval overlaps with itself. If if an interval Iy overlaps with and interval
Iy, then I; will also overlap with Iy. Thus, it is obvious that the relation is reflexive
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and symmetric. We need to prove that the relation is transitive. To that end,
assume « = and § = v (we will prove a = 7).

Assume for the sake of a contradiction that o £ . Then we have n,m such that
a(n) and y(m) do not overlap. We can w.l.o.g. assume that a(n) < ~y(m),. Pick a
natural number k such that 2/(k +1) <v(m), — a(n) . Then, 5(k) cannot overlap
with both a(n) and vy(m) as the length of (k) is 2(k + 1). Hence we have k,n,m
such that - -

a(n) and B(k) do not overlap

or
B(k) and v(m) do not overlap.

Hence, a # 3 or 8 # «y. This contradicts that o = 8 and 8 = v. O

Definition 2.6. For any realizer o, we define the equivalence class {a} by
{a} ={B|B=a}.
We define the set R, by
R, = {{a} | «is a realizer} .

The elements of R, are the computable real numbers, and we will use a,b,c,... to
denote computable real numbers. If a = {a}, we will say that « is a realizer of a
and that « realizes a. We will use R to denoted the (classic) real numbers.

Before we go on and define operators on the computable reals, let us reflect upon
what we have accomplished so far. We have defined the computable real numbers
(the set of numbers we denote R.). We have not defined the real numbers (the
set of numbers we denote R). Our definition of the computable real numbers does
not refer in any way to the definition of the real numbers. Some might find this
philosophically interseting. Some might find this mathematically interesting. And
some might just find this annoying and inconvenient (I have met a few). Be that as
it may. Our development of computable analysis will be a rather standard one, and
that’s good enough for us.

For sure, we could have given or presupposed some definition of the real numbers,
and then, for example, defined a real number a to be a computable real number if
there exist a computable function f : N — Q such that | a — f(n)| < (n+1)~! holds
for any n € N. That should have worked fine, and if we had done so, the theory we
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are about to develop would have amounted to more or less the same, at least from
mathematical point of view. But we did not proceed like that. To us a computable
real number is an equivalence class of a certain kind of computable functions which
we call realizers. Any realizer f yields a computable sequence f(0), f(1), f(2),... of
closed intervals with rational endpoints. All the intervall in thTsean(Everlap,
and as the sequence proceeds, the length of those intervals will become arbitrarily
short, but never zero. It is natural, and heuristically helpful, to think that there
exists one, and only one, real number a which will be contained in all these intervalls,
but formally the object a does not exists. According to our definitions, all that is
there is the computable sequence of intervals, and if you see something more, you
see a ghost, but as long you remember that ghosts do not exist, it is likely to be a

friendly and helpful ghost.

In spite of our formal definitions (which we stick to when prove our theorems), it
does of course make perfectly good sense to claim that some familiar real number,
like e (2.71828...) or 7 (3.14159...), is a computable real number. It also makes
perfectly good sense to claim that there is a realizer for e. It is obvious what we
intend to say if we make such a claim. We intend to say that there is a computable
function f : N — Q such that e — f(n)] < (n + 1)~! holds for all n (such an
f will be a realizer according to our definitions). Every rational will obviously
be a computable real number. E.g, let f(n) = 3/4 for all n € N. Then f is
a realizer for the rational number 3/4. Furthermore, it is not hard to see that
irrationals like e, 7, /2, cos(%), ... also will computable reals. These numbers are
sums of well known series which easily can be converted to realizers. E.g., Euler’s
series e = » o2 (i!)7! yields straightaway a realizer for e: let f(n) = Z?:Jrol(i!)*l.
Then f is a realizer for e. Indeed, all the familiar numbers and constants of the
elementary calculus are computable real numbers.

2.2 Operators

We will now define the addition operator on the computable real numbers. The
operator will be denoted +. We will first define the operator +. Thereafter we will
prove that 4 together with a multiplication operator satisfies the axioms of a field,
that is, we will prove that + actually behaves the way we expect it to behave.

Recall that a computable real number is an equivalence class of realizers. Thus,
the operator 4 should work on such equivalence classes. We start by defining an
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addition operator (« 4 [3) that works on realizer & and (3, and then we lift (a + ()
to the operator + that works on equivalence classes of realizers.

Definition 2.7. Let o and 8 be realizers. We define the function (o + ) by
(a+B)(n) = a(f+(n) + B(f+(n)) (2.2)

B@) | < @+ A

IN

)‘ (z+1)71 A
| ali) +80) — (a(i), + 8@),) | < @+ A

| ali) + B0~ (i), +86),) | < @+ D' ] . (@23)

Note that the first occurrence of the symbol + in (2.2) is simply a part of the name
of a computable function, whereas the third occurrence is the addition operator on
rational numbers. The addition operator on the rational numbers is a computable
function.

Lemma 2.8. Let o and 8 be realizers. Then, for any ri,70 € Q and anyn € N, we
have

r1 € a(fy(n)) and re € B(f+(n)) = ri+ra€(a+p)(n).

Proof. This follows in some sense rather straightforwardly from the definition of
(a4 ). Indeed, fy(n) is more or less defined to be the least ¢ such that

r1 €ai) and ro € (i) = 11 +71r2€ (a4 B)(n)

but still, it might be interesting and clarifying to see a meticulous proof.

First we will argue that fi(z) = 2z + 1. Definition 2.7 says that fi(x) equals the
least 7 such that the conjunction of four inequalities holds. The first conjunct says
that ¢ should be such that

a(i) + B(i) — (i), + B(),) | < (z+ 7t
We have

a(i) + B(i) — (a(i), + B(),) =
a(i) + B(i) — (a(i) — (i + 1)+ B() — (i+1)7") = 2(i+ 1)

16



and the least i such that 2(i +1)~! < (z 4+ 1)7! is 22 + 1. If we also examine the
three remaining conjuncts, we will see that we indeed have fi(z) =2z + 1.

Now, assume that
r1 € a(fy(n)) =a2n+1) and re € B(f+(n)) =B(2n+1) (2.4)

(we will prove that 71 +ry € (o + 5)(n)).
By (2.4) and (2.1), we have

Iri—a@n+ 1)< 2n+2)"" and |ro — B@2n+1)| < (2n+2)7! (2.5)

Furthermore, we have

e — (@t B)m)| = I+ — (a(fs () + B(f+(n) (by Def. 2.7)

= |ntr2—(a@n+1)+ 520 +1))|

= [(m—a@n+1))+(r2 = B(2n+1))|

< (1 —a@2n+1))| + [(re — B(2n+1))]
< 2n+2)7'+2n+2)7! (by (2.5))
= (n+1)71.

This proves that |r1 + ro — (v + B)(n)] < (n + 1)1, and thus we have r| + ry €
(o + B)(n) by (21). 0

Theorem 2.9. Let o and (3 be realizers. Then, the function (a+ [3) is a realizer.

Proof. We saw in the proof of Lemma 2.8 that the unbounded search used to define
f+(n) will terminate for any n (we have f(n) = 2n + 1). Hence it is obvious that
(o + B) is a total computable function. We are left to prove that (a + () satisfies
Definition 2.2, that is, we must prove that (o + 8)(n) and («a + )(m) overlap for
any n, m.

Pick arbitrary natural numbers n and m. Now, «a(fi(n)) and «a(f4(m)) overlap
since « is a realizer, and thus there will be a rational r; that lies in both intervals.
By the same token there will be a rational number r9 that lies in both 5(f4(n)) and
B(f+(m)). Thus, we have rationals 71,72 such that

r1 € a(fy(n) and ry € B(f1(n)) (2.6)
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r1 € a(fi(m)) and 7y € B(f+(m)) - (2.7)

By Lemma 2.8 and (2.6), we have r; +ry € (v + 5)(n). By Lemma 2.8 and (2.7),
we have r1 + 19 € (a+ 8)(m). Thus, (a+ B8)(n) and (a + B)(m) overlap. O

Theorem 2.10. Let o, o/, 3 and 3’ be realizers such that « = o' and 8= 3'. Then
(a+8)= (" +5).

Proof. We must prove that (a + §8)(n) and (o + 8')(m) overlap for any n, m.

Pick arbitrary natural numbers n and m. Since o and o' are equivalent realizers,
a(f+(n)) and o/(f1(m)) overlap, and there will be a rational r; that lies in both

intervals. Since 3 and /3 are equivalent realizers, there will be a rational ro that lies
in both B(f+(n)) and B'(f+(m)). Thus, we have rationals 71,79 such that

r1 € a(f+(n) and ry € B(f+(n)) (2.8)

r1 € o/(f+(m)) and 1y € B'(f4(m)) . (2.9)

By Lemma 2.8 and (2.8), we have 1 + 72 € (o + 3)(n). By (2.8) and (2.9), we have
r1+ 19 € (&' + ') (m). Thus, (o + 8)(n) and (o 4+ 8')(m) overlap. O

Note the similarity between the proof of Theorem 2.9 and Theorem 2.10. It is a bit
annoying that we have to repeat nearly the same proof. Can we avoid this? and if
we can avoid this, at what cost?

Theorem 2.10 shows that the next definitions makes sense. By the theorem we can
lift the operator (a + () to an operator on equivalence classes of realizers, that is,
to an oprator on computable real numbers.

Definition 2.11. Let o and B be any realizers. We define the addition operator +
on the computable reals by

{o}+{8} ={(a +9)} .

Before we proceed and define multiplication and a few other operators on the com-
putable reals, let us briefly discuss our definition of addition. During the proof of
Lemma 2.8, we verified that we actually have

(a+B)(n)=al2n+1)+32n+1). (2.10)
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So why didn’t we simply define (o + ) by (2.10)? Our official definition (2.7)
of (v + B) is rather involved, and (2.10) yields a more compact and transparent
definition. Moreover, by using (2.10), we could have given a more compact, and
presumably also more transparent, proof of Theorem 2.9 (and thus also Theorem
2.10) as we have

(@ + B)(n) — (a+ B)(m)]
= |la@n+1)+82n+1) — (a(2m+1) + B(2m +1))|
= [(a@n+1)—a@m+1))+ (B2n+1)—B(2m +1))]
< [(a(2n+1)—a(2m+1))] + [(B2n+1) — (2m+1))|
< @n+2)7 '+ eem+2)t H@2n+2) - 2m+2) 7!
= n+D) P+ m+1)7t (211)

for any realizers a and . From (2.11) (and Definition 2.1), we can conclude straight-
away that (o + f3) is a realizer whenever « and (3 are realizers.

So why? Why did we proceed the way we did? The reason is that Definition 2.7
gives a useful template for defining operators on realizers. A few other important
operators on realizers can be defined along the same lines, and moreover, proofs that
these operators can be lifted to operators on the computable real numbers will follow
the same lines as the proofs we have given above.! We will now restate Definition
2.7 and define a handful of other operators while we’re at it.

Definition 2.12. Let o and 3 be realizers, and let o be one of the rational operations
+, X, — (addition, multiplication subtraction). We define the function (oo 3) by

(a0 B)(n) = a(fo(n)) o B(fo(n)) (2.12)

0B | < @+

!Definition 2.7 is an environment friendly definition. It can be recycled and used over and over

again to define various operators. The author’s jokes are also environment friendly ... recycled and
used over and over again.



We use = to denote the division operator on rationals. We define the function

(= pB) by
(a+B)(n) = a(f(n) + B(f+(n)) (2.13)

where

fo(z) = (wi) [() & B(i) N ...as above ...

Theorem 2.13. Let o and 8 be realizers and let o be one of the rational operations
+, X, —. Then, the function (a0 [3) is a realizer. Moreover, the function (o + B) is
a realizer if there exists i such that 0 & B(1).

Proof. The proofs for the operators x,— are very similar to the proof for + (see
Theorem 2.9). We have to take some care when the operator is —+. O

Theorem 2.14. Let o be one let o be one of the rational operations +, X, —. Let
a,d, B and ' be realizers such that « = o' and = B'. Then (ao B) = (/o '),
(o = B') if there exists i such that O & (7).

moreover, (o + ) =

Proof. The proofs for the operators x,— are very similar to the proof for + (see
Theorem 2.10). We have to take some care when the operator is +. [l

Theorem 2.14 guarantees that the next definition makes sense (we have already
defined +, but it doesn’t make any harm to repeat the definition).

Definition 2.15. Let o and B be any realizers. We define the binary operators +
and x on the computable reals by

{a}HB} ={(a+ )} and {a}x{B} ={(axB)}.

Moreover, for any rational number r, let r* denote the realizer given by r*(n) = r
(for all n € N). We define the computable real numbers 0 and 1 by 0 = {0*} and
1= {1*} (so we have 0*(n) =0 and 1*(n) = 1 for all n).
Theorem 2.16 (Rice [11]). (R, 0,1, +, X) is a field, that is, the structure (R, 0,1, +,
is a model for the first-order axioms given in Figure 2.1.

Proof. First we prove that the structure satisfies the axiom (Vzy)lz +vy = y + x].
We we will carry out a meticulous proof, step-by-step, we proceed as follows:

20
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The Axioms of a Field

Vay)lx +y =y + | (commutative law)
Vay)[x x y =y X z] (commutative law)
Vzyz)[(x +y) + 2z = v + (y + z)] (associative law)

)
Vazyz)[(x X y) X z =x x (y x z)] (associative law)
)

Vz)[z + 0 = z] (identity element)

)
Vx)[x x 1 = x| (identity element)
)
)

(
(
(
(
5. (Voyz)[(z x (y + 2) = (z x y) + (z x 2)] (distributive law)
(
(
(Vz)(Jy)[z + y = 0] (existence of inverse)
(

Vx)[x # 0 — (Jy)[z x y = 1]] (existence of inverse)

Figure 2.1: The axioms of a field.

e Let a,b be arbitrary elements in R.. We will prove that prove a+b = b+a.

e By Definition 2.6 we have realizers o and (3 such that a = {a} and b = {8}.
Thus, we need to prove that {a}+{8} = {3} +{a}.

e Definition 2.15 states that {a}+{3} = {(a + 8)} and {B}+{a} = {(B + a)}.
Thus, we need to prove that {a + 8} = {5+ a}.

e By Definition 2.6, we have {(a+ )} = {(8+ «)} iff (a« + B) = (B + «). Thus,
we need to prove that (a+ 5) = (8 + «).

e By Definition 2.4, we have (a + ) = (5 + «) iff the intervals (o + 8)(n) and
(8 + a)(m) overlap for any n,m. Thus, we need to prove that the interval
(a + B)(n) and the interval (8 + «)(m) overlap for any n, m.

All the step we have carried out so far are just routine steps. We have simply
unwinded definitions. Here comes the essence of our proof: We prove that the
intervals (o + B)(n) and (5 + «)(m) overlap for arbitrary natural numbers n and

m. Now, a and [ are realizers. By the definition of a realizer, that is Definition 2.2,
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we have rationals rq, r3 such that

r1 € a(fy(n)) and r € a(fy(m)). (2.14)

and

ry € B(f+(n)) and ry € f(f1(m)) - (2.15)

By (2.14), (2.15) and Lemma 2.8, we have
r1+re € (a+B)(n) and ro+1r1 € (B+ a)(m).

Now we use that the commutative law of additions holds for the rational numbers.
We have r1 + r9 = r9 + 71, and thus the two interval overlap.

This proves that the structure (R, 0,1,+, x ) satisfies the commutative law of addi-
tion. The proofs that the structure satisfies the commutative law of multiplication,
the associative laws and the distributive law are similar: Do the routine steps, that
is, unwind some definitions, and the use the corresponding laws for rational numbers

to prove that certain intervals overlap.

In order to prove that 0 is identity element for +, we need to prove that (a+0*) =«
holds for any realizer a (see exercise with soulution). In order to prove that 1 is
identity element for X, we need to prove that (a x 1*) = « holds (for any realizer «).
In order to prove that addition has an inverse, we need to prove that (a+(0* —«)) =
0* holds (for any realizer o). In order to prove that multiplication has an inverse,
we need to prove that (a x (1* = «)) = 1* if o Z 0*. (for any realizer «). O

2.3 A Little Bit on Notation

For pedagogical reasons, we have used the symbol + to denote the addition operator
on the computable real numbers. If we had used the symbol +, we would have run
the risk of causing unnecessary confusion. Maybe some readers would have confused
the addition operator on the computable reals with the addition operator on the
rational numbers which also is denoted +; or maybe with uninterpreted binary
function symbol + occurring in the first-order axioms in Figure 2.1. Careless and
stupid readers are up to anything, but we will not help these poor people anymore.
From now on we will also use + to denote the addition operator on the computable
reals since that is the standard notation. When you’re in Rome do like the Romans.
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By the same token, we will from now on write 0,1, x in place of 0,1, X, respectively.
Moreover, for any rational r, we will just write r in place of {r*}.

So from now on the reader has to figure out how to read expressions like 1+ 1 on his?
own. That might not be all that easy. Maybe the symbol + refer to the operator
we used to denote +? Yes, that might be case. What’s written there might be the
expression we until recently would have written {1*}+{1*}. Or maybe the symbol
+ refer to the computable addition operator on the natural numbers? Or maybe we
should consider 1 as an element of R? In that case + refer to the addition operators
on the real numbers (an operator we have just taken for granted and never defined).
Or maybe ...7 There is a lot of options. Hopefully the context will tell the reader
which one to pick.

Of course, this ambiguity-problem has been with us all time. Symbols like 0, 1,
+, X, <, < are heavily overloaded in our corner of the world. But the problem is
getting worse right here and now because we also want to use these symbols when
we are working with computable real numbers. And the difference between, e.g.,
addition on rational numbers and addition on computable real numbers, matters.
We are dealing with two operation of rather different nature, but also to operations
that are easy to confuse.

2.4 Inequalities

We will now define the less-than and the less-than-or-equal-to ordering of the com-
putable real numbers.

Definition 2.17. Let o and B be realizers. We define the binary relations <, <
over the computable reals by

{a} <{B} & there exist n,m € N such that a(n) < B(m)

and
{o} <{B} <& {a} <{B} or{a}={B}.

Whenever convenient, we will write {5} > {a} and {8} > {a} in place of {a} < {B}
and {a} < {B}, respectively.

2We assume that women do not exist.
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Again, recall that the computable real numbers are equivalence classes of realizers.
We should prove that our definition of < really make sense as a relation between
such equivalence classes, that is, we should prove Lemma 2.19 below, but first we
will prove lemma which gives a helpful characterisation of the less-than relation.

Lemma 2.18. For any realizers «, 5, we have {a} < {8} if and only if there for
any M € N exists N € N such that

a(n) +M(N+1)"" < B(n),

holds for any n > N.

Proof. We assume {a} < {8}. By Definition 2.17, we have n’, m’ such that a(n’)r <
. Let M be any natural number. Pick NV such that

plm’),

(N+ 1) < (B(m)

, ) )/ (M+4)

T

or, equivalently
(M +4)(N+1)"t < (B(m))

or, equivalently
a(n’) + (M +4)(N + Nt o< B(m’)Z .

Thus, the distance between the right endpoint of the interval a(n’) and the left
endpoint of the intervall B(m’) is strictly greater than (M + 4)(N + 1)~! whereas,
for any n > N, the length of the interval a(n), as well as the length of the intervall
B(n), is shorter than 2(N + 1)~!. Moreover, for any n > N, a(n) overlaps with
a(n'), and B(n) overlaps with B(m'), and thus -

a(n) +M(N+1)7" < B(n),.

This proves the left-right implication of the lemma. The right-left implication is
trivial. 0

Lemma 2.19. Let o, o/, 3,3 be realizers such that o = o' and = B Then we

have

{o} <{8} & {o}<{8}.
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Proof. First we prove that {a} < {8} implies {o/} < {8'}. We assume {a} < {5}.
By Lemma 2.18, we have N € N such that

a(n) +4(N+1)7" < B(n),

holds for any n > N. Fix some k > N. The interval o/ (k) is shorter than 2(N +1)~1
and overlaps with a(k). The interval 3'(k) is shorter than 2(N + 1)~! and overlaps
with 3(k). Hence we have o/(k) < B,(k)e‘ By Definition 2.17, we have {a'} < {5'}.

This proves that
{o} <{8} = {o}<{6}.

A symmetric argument yields

{o} <{f} = {a}<{B}
and thus the lemma holds. O

Theorem 2.20. Let o and B be any realizers. One, and only one, of the following
three relations holds.

(1) {a} ={B} () {a} <{B}  (ud) {B} <{a}.

Proof. The proof splits into the two cases {a} = {8} and {a} # {5}. (These two
cases are mutually exclusive and exhaustive. We work in classical logic, and we
regard the statement {a} # {5} as the negation of the statement {a} = {5}.)

Assume {a} = {8}. Then a(n) and B(m) overlap for all natural numbers n and m.
Hence, we cannot have n, m such that a(n) < B(m),, and then {a} < {38} does
not hold. Neither can we have n,m such that 5(n) < a(m) , and then {8} < {a}

r

does not hold. Hence, if (i) holds, neither (ii) nor (iii) will hold.

Assume {a} # {B}. Then there exists n, m such that a(n) and 5(m) do not overlap.

Thus, at least one of

holds. Now, if both (a) and (b) holds, we have an obvious contradiction (we have
a(n), <a(n) < pB(m), < pB(m) < a(n),). Thus, we conclude that exactly one of
(a) and (b) holds, and then, exactly one of (ii) and (iii) holds. O
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The Axioms of an Ordered Field

The first 9 axioms is given in Figure 2.1. Furthermore, we have the axioms ...

10. (Vzyz)[z <y — x+z2<y+z]
11. Vzyz) [ s <yAz>0 - X z2<yxz]|
12. (Vzyz)[z <yAy<z — x<z]

13. Vay)[z <y Vaz=yVy<z]

Figure 2.2: The axioms of an ordered field.

We have allready seen that the operators 4, x on the computable real numbers
satisfy the axioms of a field. Together with the relation <, they satisfy the axioms
of and ordered field.

Theorem 2.21. The opertors +, X together with the relation < on the computable
real numbers satisfy the axioms of an ordered field (see Figure 2.2).

Proof. First we prove that the 10th axiom in Figure 2.2 is satisfied. Let «, 3, be
realizers, and assume that {a} < {8} (we need to prove that {(a+7v)} < {(B+7)}).
By Lemma 2.18, we have N such that

alk) +2(N+1)7" < (k)

for all k> N, and a fortiori, we have
a(k) +2(N+ 1)1 < B(k) (2.16)
for all k> N. Furthermore, as f4(N) > N, we have
(@+7)(N)+2(N+1)7" = a(fs(N)) +2(N + 1)~ +(f4+(N))  (by Def. 2.7)
< BU+(N)) +(f+(N)) (by (2.16))
= B+MNWD). (by Def. 2.7)
This proves that

(a+)(N)+2(N+1)7" < (B+7)IV).
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Recall that

(@+NWO) = (a+7)(N)+(N+1)7! and (8+7)(N), = (B+7)(N)—=(N+1)"".

(B+1W),

Hence, we have (o +v)(N) < (8+7)(N),, and then by Definition 2.17, we have
{(a+7)} <{(B+~)}. This shows that the 10th axiom is satisfied.

Next we prove that the 12th axiom is satisfied. Let «, 3,7 be realizers, and assume
{a} < {pB} and {B} < {7} (we need to prove that {a} < {7}). By Lemma 2.18, we
have N1, Ny such that

for all £ > Ny, and
Blk), < k),
for all £ > Np. Let N = max(Nj, N2). It is easy to se that a(N) < y(N),, and

then we have {8} < {7} by Definition 2.17. This proves that the 12th axiom is
satisfied.

The 13th axioms is satisfied by Theorem 2.20. We leave the 11th axioms as an
exercise. 0

2.5 Absolute Values

Definition 2.22. Let o : N — N be a computable function. We define the the
function |a| by

|al(n) = fa(n)] .

Theorem 2.23. The function || is a realizer if « is a realizer.

Proof. Let « be a realizer. Now, since « is a realizer, the intervals a(n) and a(m)
overlap for any n,m € N. It is easy to see that also the intervals |a(n)| and |a(m)]

overlap for any n,m € N, and then, since |a|(n) = |a(n)| and |a|(m) = |a(m)|, the
intervals |a|(n) and |a|(m) overlap for any n,m € N. By Definition 2.4, |a] is a

realizer. ]

The previous theorem shows that the next definition makes sense.

Definition 2.24. Let « any realizer. We define the unary operator | - | on the
computable real numbers by [{a}| = {|a|}. We say that |a| is the absolute value of
the computable real number a.
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The next theorem tells that the operator we just have defined behaves as we expect.
No surprises show up if one tries to prove the theorem.

Theorem 2.25. For any a,b € R, we have

e |a]| >0

if a >0, then |a| = a

if a <0, then |a] = —a

—la| < a <lal

@+ 0 < a| + |0].

2.6 Decidability and Undecidability

We cannot decide if a computable index is an index for realizer. This is a straight-
forward corollary of Rice’s Theorem (Theorem 1.9 in Section 1.2), but it might be
instructive to see a direct proof.

Claim (i) The set A = { e | e is an index for a realizer } is undecidable.

Recall that 7; denote the Kleene T-predicate (see Theorem 1.4), and recall that
x € K iff there exists ¢ such that 7q(x,z,t) holds. Let ¢ : N x N — @ be the
function given by

n if (3t < n)[Ti(x,z,t)]

0 otherwise.

¢(x7 n) = {

Thus, if ¢ KC, we have ¢(z,n) = 0 for all n; and if z € K, we have ¢(z,n) = n for
all n sufficiently large n.

A quick technical remark: The reader should note that v is a function from N x N
into Q. Thus, when we, e.g., write 1)(z,n) = n, then the first occurrence of n is
the natural number n where as the second occurrence is the rational number n. If
we view 1 as a function from N x N into N, then ¢ (z,n) = m where m is the code
number for the rational number n.

28



Anyway, it is obvious that 1 is a (total) computable function, and hence, 1) has a
computable index e. By the S-m-n Theorem, we have

1/)(.%,771) = (I)e(xvn) = (I)Sl(e,m)(n)'

1

Let f(x) = Si(e,x). Then f is a primitive recursive function. If x € K, we have
®¢(y)(n) = 0 for all n, and then @, (n) is a realizer (it obvious that ®(,)(n) is a
realizer for the computable real number 0). If x € K, we have ¥ (z,n) = n, for all
sufficiently large n, and then ®¢(,)(n) is not a realizer. Hence, f(x) is an index for
a realizer iff x ¢ K.

Hence, we have a primitive recursive function such that = ¢ K iff f(x) € A. This
proves that Claim (i) holds. (If we could decide membership in A, then we could
also decide membership in K: compute f(x); f is a primitive recursive function and
thus the computation yields an output m; if m &€ A, then z € K; if m € A, then
x & K.)

It is very interesting to study what we can decide, and cannot, decide in computable
analysis, but we have to be a bit careful and ask the right question. In the realm of
mathematics we are getting wiser by asking the right questions, not by answering

the wrong ones.

Definition 1.2 states that a set of natural numbers is computable if the characteristic
function of the set is computable. A decidable set is nothing but a computable set
(the two words are used interchangeably). By Rice’s Theorem, any sensible question
related to realizers will be undecidable. Let P be some property a realizer might,
or might not, possess. Does a realizer a have the propery P? The question will
be undecidable. Let A be the set of all realizer with property P, and let A be the
corresponding index set, that is A = {e | . € A}. By Rice’s Theorem, A is an
undecidable set (unless A is trivial). These considerations show that we should take
care when study decidability in computable analysis. If we ask stupid questions, the
answer to each and on of them will be given by a straightforward corollary of Rice’s
Theorem. Next to nothing will be decidable.

Let us study a natural decidability problem. We have a realizer a. Will « realize
the computable real number 0, that is, do we have {a} = 07 Intuitively, this is an
undecidable problem. We can compute a(n) for bigger and bigger n and check if
0 € a(n). If we encounter an n such that 0 € a(n), then we can conclude that o

will not realize 0, but if we never encounter such an n, what happens then? Let us
say that for every n we have checked so far we have a(n) = 0, or maybe a(n) = 27"
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(and thus 0 € a(n)). We cannot stop and conclude that {a} = 0. It might very
well be the case that we have 0 € «(n) for some big n that we have not yet checked

out. So intuitively, given a realizer «, it is undecidable if {a} = 0. Let us discuss
how we can prove this insight.

Our considerations above shows that we should not prove that the set
A = { e]eis an index for a realizer o and {a} =0 }

is undecidable. It follows trivially Rice’s theorem that A is undecidable, and more-
over, that A is undecidable does not reflect intuitive insight we want to prove. The
insight we want to prove is given by the claim below.

Claim (ii) Let e be a computable index for a realizer. There is no
computable function h such that

h(e) = {0 if {2c} =0 (2.17)

1 otherwise.

Note that the claim does not specify how h should behave on input e if e is not in an
index for a realizer. If e is not in index for a realizer, then anything might happen:
the computation of h(e) might, or might not, terminate; the output might, or might
not, be 0 or 117 or 101¥2 — 7 or .. ..

The proof of Claim (ii) is similar to the proof of Claim (i). Let

£(.n) {2_t where ¢ is the least ¢ such that ¢ < n and T;(x, z,t)] holds
x,n) =

0 if such a ¢ does not exist.

We observe that ¢ is a total computable function (£ is primitive recursive). Let
f(x) = St(e,z) where e is a computable index for £&. Then @,y is a realizer for a
computable number strictly greater then 0 if z € K, and a realizer for 0 if z ¢ K.
Thus, if a function h satisfying (2.17) were computable, we could decide membership
in K by computing h(f(z)). This proves Claim (ii).

Claim (iii) Let e, e2 be a computable indexes for realizers. There is no
computable function g such that

gler,e2) = {0 AP} = (oo (2.18)

1 otherwise.
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We prove Claim (iii). Assume we have a computable function g satisfying (2.18).
Let a be a realizer given by a(n) = 0 (for all n)). Fix some computable index e
for ae. Let h(z) = g(x,ep). The h is computable function satisfying (2.17). This
contradicts Claim (ii) which says that no computable function has such a property.
This proves Claim (iii).

Recall Theorem 2.20 which states that one, and only one, of

{a} = {6} {a} < {5} {8} <{a}.

holds when o and 8 are realizers. The next claim states that we cannot efficiently
decide which on of the three alternatives that is fulfilled.

Claim (iv) Let e, e3 be a computable indexes for realizers. There is no
computable function f such that

0 if {®¢,} <{Pe,}
flerea) = {1 if {@¢,} = {De,} (2.19)
2 if {®e,} > {De,} .

We prove the claim. Assume we have a computable function f satisfying (2.19). Let

(1,02 = 0 if f(er,e2) =1
e =9, if f(e1,e2) =0V f(er,e2) =0.

Then ¢ is a computable function satisfying (2.18). This contradicts Claim (iii).

Thus, even if we can prove that exactly one of the tree alternatives given by Theorem
2.20 holds, we cannot decide which one. This reflects that our proof of the theorem
is not constructive. However, if we know (assume) that the alternative {a} = {38}
does not hold, then we can decide which one of the two other that holds. That is
what the next claim says.

Claim (v) Let e, e2 be a computable indexes for realizers such that
{®c, } # {Pe,} . There exists a computable function f such that

0 i {®e,} < {®ey}
fle1,e2) = {1 i (B, ) > (D) (2.20)
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In order to see that Claim (v) holds, let

gler,e2) = pn[ {0 }(n) <{Pe,}(n), V {Pe,}(n) <{Pe}(n),]. (2:21)

The g is computable function, moreover, the unbounded search will alway terminate
when {®., } # {P.,}. Let

0 if {‘Pel}(g(el,@))w < {(I)ez}(g(ebe?))ﬁ

1 otherwise .

fle1,e2) = {

Then f is a computable function which satisfies (2.20), and thus Claim (v) holds.

In (2.21) we resort to unbounded search. Intuitively this is necessary. Intuitively,
the will be no computable bound for the p-operator. Let us prove that this indeed
is the case, or at least, let us prove that the next claim holds.

Claim (vi) Let e, es be a computable indexes for realizers such that
{®, } # {Pe,} . There is no primitive recursive function f such that

0 if{P} <{Pe,}

(2.22)
1 if { P, } > {Pe,} -

f(61,62) = {

In order to prove the claim, we need a set that is computable, but not primitive
recursive. Such sets exists (se exercise in Section 3.6). Let A be such a set and let
xA be the characteristic function of the set. Furthermore, let e4 be a computable
index for y 4, and let

2t if (3t <n)[ Ti(ea,xz,t) AN U({t)=0]
g(z,n) =9 —(27Y) if 3t <n)[ Ti(ea,z,t) A Ut)=1]
0 otherwise.

Now, in order to understand what is going on, fix = (such that g(x,n) becomes a
function of n alone) and observe that

e if z € A, then g(x,n) is a realizer for a number slightly bigger than 0

o if x ¢ A, then g(x,n) is a realizer for a number slightly smaller than 0.

Now, g is a computable function, and thus by the S-m-n Theorem, we have a prim-
itive recursive function £ such that ®¢(,)(n) = g(n) (let &(x) = Si(eg, z) where ey is
a computable index for g) , and thus
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o {Qey} #0

Let eg be a computable index for a realizer of the computable real number 0, and
assume for the sake of a contradiction that there is a primitive recursive function
f such that (2.22) holds. We have xa(z) = f(eo,&(x)), and thus, x4 is a prim-
itive recursive function, and thus, A is a primitive recursive set, contrary to our
assumption. This prove Claim (vi).

2.7 Exercises

Let o and (3 be the realizers given by a(n) = 27" and (n) = 37" (for all n € N).
Furthermore, let v be the realizer given by v(n) =n/(n+ 1) (for all n > 1).

Exercise 1 (solution)

Prove that {a} = {8}.

Exercise 2 (solution)

Describe (informally) the number realized by {a} and {8}.

Exercise 3 (solution)

Prove that {a} < {v}.

Exercise 4 (solution)

Find a realizer § such that {a} < {d} and {6} < {7}

Exercise 5

Prove that the (unbounded) p-operator in the definition of (a+ /) can be replaced
by the bounded p-operator. Try to provide a fairly sharp bound.
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Exercise 6

Prove that the (unbounded) p-operator in the definition of (a x ) can be replaced
by the bounded p-operator. Try to provide a fairly sharp bound.

Exercise 7

Explain why the unbounded p-operator in the definition of (=) cannot be replaced
by the bounded p-operator.

Exercise 8 (Solution)
We define the computable function a: N — Q recursively by «(0) = 4 and

a(s) — m if s is even.
al(s+1) =

a(s) + m if s is odd

We have e.g.

and

Prove that « is a realizer.

Exercise 9 (Solution)

Let « be the realizer given in the previous exercise. Describe (very informally) the
computable real number {a}.

Exercise 10

Let a,b be computable real numbers such that a < b. Prove that there exists a
computable real number ¢ such that a < ¢ < b.
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Exercise 11 (Solution)

In order to prove that the structure (R, 0, 1, F, x) satisfies (Vz)[z +0 = z], we need
to prove that we have (a 4+ 0*) = «a for any realizer a. See (the proof of) Theorem
2.16. Prove carefully that (o + 0*) = a holds for any realizer o.

Exercise 12

Complete the proof of Theorem 2.21, that is, prove that the 11th axiom in Figure
2.2 is satisfied.

Exercise 13 (Solution)

Let a and [ be realizers. Prove that the following two assertions are equivalent:

1. a(n) and S(m) overlap for any n,m € N

2. a(n) and B(n) overlap for any n € N.
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Interludium: Classical Analysis
and the Axiom of Continuity

One of our main concerns will be to compare computable analysis to classical anal-
ysis.

All the theorems of classical analysis follows from a collection of axioms. These
are the axioms of an ordered field, see Figure 2.2. In addition to the axioms of an
ordered field, which all are of first-order, we have one more axiom: the axiom of
continuity. Let us see how Kuratowski [7] formulated this axiom in his textbook
“Introduction to Calculus” from 1946:

... if we divide the set of all real numbers into two sets A and B such that
any number belonging to the set A is less than any number belonging
to set B, then there are two possibilities: either there exists a greatest
number of the set A or there exists a least number of the set B (it is
being assumed that both sets are non-empty).

The axiom of continuity is a second-order axiom (Kuratowski calls the axiom the
the principle of continuity). When we formulate Kuratowski’s statement in a formal
language, we have to quantify over sets of real numbers and write something like

(VA)(YB){ [ (Fz)[z € A] A (3z)[z € B] A
(Vz)lze AVazeBl N (Vo)(Vy)r€e ANyeB = z<y]]
—
(F)[(z€e AN (Vr)[zeAd = x<2]) V
(ze BA(Vo)lzeB — z<a])] }
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The axioms of classical analysis has only model up to isomorphism.

Example 2.26. The rational numbers (Q) with the standard ordering (<) and
standard addition (4) and multiplication (x) satisfies all the axioms of classical
analysis except the axiom of continuity. Let A = {z € Q | x x z < 2} and let
B={zre€Q|xxaz>2}. Then, A and B are nonempty sets and any number in A
is less than any number in B. Moreover, any rational number will either be in A or
B. Still, since v/2 is not a rational, there is neither a greatest number in A nor a
least number in B. O

The preceding example shows that if a theorem holds for the real numbers, but not
for the rational numbers, then we need the axiom of continuity to prove the theorem.
We will prove a few theorems of classical analysis below, and thus, we will need the
axiom. It will be convenient to us to use a slightly different formulation than the
one given by Kuratowski above. We will use the formulation that you are likely to
find in a modern textbook.

Definition 2.27. A real number a is an upper bound of a set of real numbers A if
A # 0 and we have x < a for any x € A.

We say that a set of real numbers is bounded above if there exists an upper bound
of the set (note that the empty set is not bounded above).

A set of real numbers A has a least upper bound if there exists a real number a such

that

e a is an upper bound of A, and

e if b is an upper bound of A, then we have a < b.

We say that a is the least upper bound of A.

Axiom 2.28 (Axiom of Continuity). If a set of real numbers is bounded above, then
it has a least upper bound.

Example 2.29. Let A = {x € R | x x 2 < 2}. We have a < 17 for any a € A.
Thus, 17 is an upper bound of A. Moreover, A is not empty. Thus, by the Axiom of
Continuity, A has a least upper bound. It is easy to see that v/2 is the least upper
bound of A. Note that v/2 is also the least upper bound of the set {r € R | z x z <
2}. O

More on classical analysis, and in particular, on the development and history of
classical analysis, can be found in Boman & Rogers [3].

37



Chapter 3

Sequences of Reals

3.1 Basics

Definition 3.1. Let ag,ay,as,... be a sequence of computable real numbers. We
say that ag,ai,as9,... is a computable sequence if there is a computable function
¢ :Nx N —= Q such that

e the function oy, is a realizer where au, is given by o, (x) = ¢(n, )

e a, ={a,} for alln € N.
We say that ¢ is a realizer of a sequence and that ¢ realizes the sequence ag, a1, as, . . ..

Next we recall a well know definition from classical analysis.

Definition 3.2 (Classical). A real number b is the limit of the sequence ag, a1, az, . . .
of real numbers if there for any € > 0 exists k such that

n>k = |a,—bl<e.

We say that a sequence of real numbers converges, or is convergent, if there exists

a limit of the sequence.

The definition above tells us that an element a; of a converging sequence will be
arbitrarily close to the limit b when 7 is bigger than some k, but the definitions
yields no information about this k except that it is there, and the definition yields
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no information about the elements preceding the kth element of the sequence, e.g.,
the finite initial segement ag, aq,...,ar_1 may display a natural pattern indicating
that the sequence will converge to something very different from b. Definition 3.2
does not make sense in computable analysis, but we can find a definition that make

sense and still capture our intuitive notion of a limit:

Definition 3.3 (Computable). A computable real number b is the limit of the com-
putable sequence ag, a1, as, ... if there exists a computable function f : N — N such
that

n>f(k) = la,—b < (k+1)"".

We say that a computable sequence converges, or is convergent, if there exists a limit
of the sequence.

In general, for any definition in classical analysis, we can try to find a corresponding
definition in computable analysis, that is, a definition which (more or less) capture
the same intuitive notion and which makes sense in computable setting. We have
the classical definition of a Cauchy sequence:

Definition 3.4 (Classical). A sequence ag,ai,as,... of real numbers is a Cauchy
sequence if there for any positive real number € exists k such that

m,n>k = |ap —ay| <e€.
When we have seen how the limit of a sequence is defined in computable analysis,

it is not hard see how we should Cauchy sequence.

Definition 3.5 (Computable). A computable sequence ag,a1,as, ... is a Cauchy
sequence if there exist a computable function f: N — N such that

m,n > f(k) = lam—an] < (k+1)7".

Since a classical definition may have a computable substitute (or maybe several
computable substitues), a classical theorem may also have a computable substitute.
Theorem 3.7 below is a computable version (analog, substitute, replacement, ...)
of Theorem 3.6.

Theorem 3.6 (Classical). A sequence of real numbers converges if and only if it is
a Cauchy sequence.
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Theorem 3.7 (Computable). A computable sequence of real numbers converges if
and only if it is a Cauchy sequence.

Does the computable version of theorem hold? Yes, it does, an we will give a proof
below. But there are plenty of classical theorems where computable analogs do not
hold. We will look at a few of them.

We will use lim,, a,, to denote the limit of the convergent sequence ag,ai,as, ...
(when we use the notation it is understood that the limit exists). It is not very
surprising that converging sequences and limits in computable analysis obeys laws
like

e lim,(a, + b,) = lim, a,, + lim,, b,
e lim,(ay, X b,) = lim, a, x lim, b,
e lim,(a, — by,) = lim, a,, — lim,, b,

e if lim, b, # 0, then lim,(a, + b,) = lim,, a,, + lim,, by,.

3.2 The Proof of Theorem 3.6 and Theorem 3.7

The two proofs given in this section should be compared to each other. We prove
the theorem of computable analysis first.

3.2.1 The Proof of Theorem 3.7

First we prove that any convergent sequence is a Cauchy sequence. Assume that the
computable sequence ag, aj,ag, ... converges to b (we will prove that ag,ai,as,...
is a Cauchy sequence according to Definition 3.5). By Definition 3.3, we have a
computable function f such that

n>fk) = la,—b < (k+1)"".
Let g(z) = f(2x + 1). Obviously, ¢ is a computable functions such that

n>glk) = la,—b < (2k+2)71. (3.1)
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We will prove that we also have
m,n > gk) = |am —an| < (k+1)71 (3.2)

and thus, by Definition 3.5, ag, a1, as, . .. is a Cauchy sequence.

In order to prove (3.2), assume m,n > g(k). Then, we have

lam —an| = |am —b+b—ay]
< |am — bl + b — ay| (by Th. 2.25)
< (2k+2)7'+ (2k+2)71 by (3.1)
= (k+1)7t.

This proves that (3.2) holds, and thus, ag, a1, az, ... is a Cauchy sequence.

Next, we prove that any Cauchy sequence ag, a1, as, ... is convergent. Assume that
ag, a1, as, . .. is a Cauchy sequence. By Definition 3.5, we have a computable function
f N — N such that

m,n > f(k) = |am—an| < (k+1)7" (3.3)

We can without loss of generality assume that f(z) < f(x +1). Let ¢ : Nx N = N
be a realizer of the sequence ag, ai, as,.... Then we have that «, is a realiser of a,,
where a,(z) = ¢(n,z). We define the computable function 5 by

B(n)=o¢(f(2n+1),2n+1).

We will prove that

B is a realizer (claim T)

and that
[ is the limit of ag, a1, as,... . (claim II)
It follows from these two claims that ag, a1, as, ... is convergent. Before we proceed

and prove our claims, we will state and discuss a rather trivial lemma.

Lemma 3.8. Let v be a realizer of c € R.. Then, for any n € N

le=y(m)| < (n+1)7".
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Be aware that we abuse notation in this lemma (in the same way as we have abused
notation several places above, e.g., when we defined convergent computable se-
quences). We claim something of the form |c¢ — p| < ¢ where p,q € Q and ¢ € R,,
and strictly speaking, this does not make sense. What we actually claim is that we
have |c — {p*}| < {¢*} where p* and ¢* are the realizers given by p*(n) = p and
q*(n) = ¢ (for all n € N). The statement |c — {p*}| < {¢*} make sense as we have
e, {p*},{¢*} € R, see Section 2.3 page 22. It easy that the lemma holds when read
the lemma as it should be read, and we leave the proof as an exercise for the reader.

Let us turn to the proof of (caim I). By Definition 2.1 we have to prove that
B(n) = B(m)] < (n+1)""+ (m+1)7". (3.4)
holds for any n,m € N. By the definition of § and Lemma 3.8, we have
1B(n) — aponsny] = [6(f(2n+1),2n+ 1) — aponi1)| =
[ pon1)(2n + 1) = apepen] < (2n+ 2)7'. (3.5)

Let k = min(n,m). We have f(2n + 1), f(2m + 1) > f(2k 4+ 1), and by (3.3), we
have

|af@ni1) = apEmsn) < (2k+2)7" = (2min(n,m) +2)7" . (3.6)

By the definition of g and Lemma 3.8, we have

laf@mer) — B(m)| = lagemsry — d(f(2m+1),2m +1)| =
lag@mi1) — Qpeminy(2m+ 1)) < 2m+2)"" . (3.7)

Thus, we have

|B(n) — B(m)| = |B(n) — Afn+1) T Af2n+1) = Af2m+1) T Af(2m+1) — B(m)|
(by Th. 2.25)
< |B() = aponen)] +lagens1) = apemin| + lap@mer) — B(m)]

(by (3.5), (3.6) and (3.7))
< (2n+2)7'+ (2min(n,m) +2)"1 + (2m +2)71

< (m+D) P+ m+1)7t.
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This proves that (3.4) holds, and thus we conclude that [ is a realizer.

We have seen that [ is a realizer, and thus, {8} will be a computable real. We
will now prove our second claim, namely that {8} is the limit of the sequence
ap, a1, as, . ... First me make a couple of observations. By Lemma 3.8, we have

B4k +3) = {B}] < (4k+4)7" (3.8)
for any k£ € N. Moreover, by the definition of 5 and Lemma 3.8, we have
|afapra) — B4k +3)| = lapapra) — o(f(4k +4),4k +4)| =
|afanra) — Opanra (A +4)) < (4k+5)7" (3.9)
for any k € N.
We are now ready to prove
n>fk+1) = |a,— {8} < (k+1)7" (claim TIT)
It is not hard to see that (claim II) will follow easily from (claim III).

In order to prove (claim III), assume n > f(2k +1). We obviously have f(4k +4) >
f(2k+ 1), and by (3.3), we get

|an — a4k+4] < (2]{2 + 2)_1 (3.10)
and thus we have
lan —{B} = lan — aprga) + apapsay — B4k +3) + B4k + 3) — {b}|
(by Th. 2.25 )

IN

|an — aprral +aparsay — B4k +3)| + [B(4k + 3) — {b}]
(by (3.10), (3.9) and (3.8))

< (2k+2)7 4+ (4k+5)" 4+ (dk+4)7t

< (2k+2)7 4 4k +4)7 4 (dk +4)7H

= (k+1)71.

This proves that (claim III) holds. Let g(z) = f(2x 4+ 1). Then ¢ is a computable
function, and by (claim III), we have

n>g(k) = la, — {8} < (k+1)7".
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Hence, by Definition 3.3, ag, a1, as, ... is a convergent sequence of computable real
numbers. This proves (claim II).

3.2.2 The Proof of Theorem 3.6

First we prove that any convergent sequence is a Cauchy sequence. Let b be the
limit of ag, a1, as,.... Let € > 0 be given. By Definition 3.2, we have k such that

>k = |ag—0b[ <e/2.
Assume m,n > k. Then, we have
lan —am| = lan —b+b—am| < |ap—bl+|b—am| < €/2+€/2 = €.

This proves that ag, a1, as,... is a Cauchy sequence.

Next we prove that any Cauchy sequences converges. Our proof uses the Bolzano-
Weierstrass Theorem. A sequence ag, a1, as,... is bounded if there exists M such
that —M < a, < M (for alll n).

Theorem 3.9 (Bolzano-Weierstrass). Any bounded sequence contains a convergent
subsequence.

A proof of the Bolzano-Weierstrass Theorem requires the Axiom of Continuity, and
you will find a proof of the theorem in many standard introductory texts (including
Kuratowski [7] and Boman & Rogers [3]).

Let ag, a1, as,... be a Cauchy sequence (we will prove that ag, a1, as, ... is conver-
gent). Let € > 0 be given.

By Definition 3.4, we have kg such that
m,n>kyo = |am—an| <¢€/3. (3.11)

It is easy to see that we have M such that —M < a, < M (for all n). Use (3.11)
with 3 for e. Thus, by the Bolzano-Weierstrass Theorem we have a convergent
subsequence ay,, Gy, , G, - ... Let b = lim; as,. Note that we have £,, > m (for any
m), and by Definition 3.2, we have k; such that

m>k = |ag, —b <¢€/3 (3.12)
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and moreover, by (3.11), we have

m,n>ky = l|ag, —am| <¢€/3. (3.13)
Let n > max(ko, k1). Then, pick some m > ko, by (3.11), (3.13) and (3.12), we have

an —b] = |an — am + am — ag, + ag, = b| < |an — am| + |am — ag,| + ag, —b|

< €/3+¢€¢/3+¢/3 = €.

This proves that ag, aq, as, ... is convergent.

3.3 Numerical Expansions of Reals

We are used to represent real numbers by numerical expansions in base 10. We may
write
m = 3.141592... .

This is a way to state that

gy 4 L5 92
= 100 T 102 T 103 T 10t T 105 T 106

Every a € R can be written of the form

00 D,
@ = + TOZ
i=1

where M € Z and D; € {0,...,9}.

The base-10 expansion of a real number is unique. Oooops. ..that was not correct!
We have eg. & = 0.5000000... and 3 = 0.499999999.... Some rational numbers
have two base-10 expansions, but every irrational number has a unique base-10
expansion. Some rational numbers also have a unique base-10 expansion, e.g., the
one and only base-10 expansion of % is 0.333333333... ..

In daily life we write up numbers in base 10. This is to some extent an arbitrary
convention. In principle we can expand real numbers in any base b where b is
a natural number greater than or equal to 2, but in practice we cannot have a
convention saying that we should write up numbers in, e.g., base 317. It would
be an insurmountable task to learn and remember all the digits. Neither would it
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be a good idea to use base 2 in daily life. Even relatively small numbers become
hard to read and communicate if we write them in base 2. People who have to
work with numbers in base 2 (bits: 0,1) do often convert these number to base
16 (hexadecimals: 0,1,2,3,4,5,6,7,8,9,A,B,C,D,EF). It is easy to convert on the fly
between base-2 and base-16, and numbers in base-16 are far easier to communicate.
(It is not all that easy to convert on the fly between base 2 and base 10.)

However, expansions of reals in base-2 is what we need to complete some of our
proof. We will restrict our attention to reals lying strictly between 0 and 1. Every
real a in the interval (0, 1) can be uniquely written of the form

(]
=1 ]

i=0

~

where D; € {0,1} and

‘ o

n
i=1

for all n > 1. The strict inequalty in (3.15) ensures that a rational number does not

; “p; 1
=0

[\~

have two base-2 expansions. We will us £ () to denote the function that yields the
ith digit in the binary expansion of a € (0,1). The formal definition of the function
follows.

Definition 3.10. Let a be a real number in the interval (0,1). We define E§ : N —
{0,1} as the unique function such that we have

n . n .
E5(i) Ey@) 1
> H Sa< ) G tm
i=0 1=0

for anyn € N.

Lemma 3.11. Let a be a computable real number in the interval (0,1). Then ES is
a computable function.

Proof. The proof splits into the case (i) a is rational and (ii) a is irrational. If a is
rational, then it is obvious that ES is a computable function.

Assume that a is irrational, and let a = {a} where « is a realizer. Assume by
induction hypothesis that we can compute E§(i) when ¢ < n. We show how to
compute E$(n).
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n—1

e (Step 1) Compute ¢ := Z
i=0

E5 (1)
9t

1
+ 2.

e (Step 2) Search for s such that (s)r <qorgqg< a(s)[

e (Step 3) Let Ej(n) = 0 if there exists s such that a(s) < ¢; otherwise, let
E$(n) = 1.

Unbounded search is required in (Step 2), but the search will terminate since {a}
is an irrational number. O

3.4 Specker Sequences

The notion of a bounded sequence makes sense in both classical and computable
analysis. We say that a (computable) sequence ag, a1, as, ... of reals is bounded if
there exists b € R (b € R,) such that a; < b for all i € N.

Theorem 3.12 (Classical). Every monotone increasing and bounded sequence of
reals converges.

Proof. Let ag,a1,as,... be a bounded sequences. The sequences is monotone in-
creasing, that is, a; < a4 for all i. Let A = {a; | i € N}. The set A is of course
bounded, and by the axiom of continuity A has a least upper bound b. By our
definition, a sequence converges if it has a limit. We will prove that b is the limit of

the sequence ag, a1, as, .. ..

By the definition of a limit (Definition 3.2), we have to prove that there for any
positive real number € exists k such that

n>k = |a,—bl <e. (3.16)

So, pick an arbitrary real number € > 0. If we have a,, < b— € for all n, the b cannot
be the least upper bound of A. Hence, we have b — e < a;, for some sufficiently large
k. As the sequence is increasing, we have b — ¢ < ax < a, for all n > k. Hence we
also have b — a,, < € for all n > k. This proves (3.16). O

The next theorem shows that the computable analog of Theorem 3.12 does not
hold. The theorem was first proved by Specker [13], and the sequence qo, g1, g2, - . .
constructed in the proof of the theorem is called a Specker sequence.
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Theorem 3.13 (Specker). There exists a strictly monotone increasing and bounded
computable sequence of computable reals that does not converge.

Proof. Let A be a set that is computably enumerable, but not computable (A may
e.g. be the set K, see Definition 1.8). There is a total computable one-to-one function
fa such that A = rng(fa). We define the sequence qo, q1, g2, - . . of rationals by gg = 0

and
1

gi+1 = ¢i + YA
There is a computable function f : N x N — Q is given by f(n,m) = ¢} (m) (for
all m,n € N, see Definition 2.15). Let ay,(m) = f(n,m). Then «, is a realizer of
the rational number ¢,,. Hence, f realizes a computable sequence ag, ai, aso, . ... The
sequence is bounded as any number in the sequence is less than 1. The sequences

is strictly monotone increasing as we obviously have ¢; < ¢;41.

(claim) For any b € R, there exists k € N such that |a, —b| > ¢ for all but finitely
many values of n.

Our theorem follows straightforwardly from the claim above and Definition 3.3.

We prove the claim. The claim obviously holds if b < 0 or 1 < b. Assume that
0 <b< 1. By Lemma 3.11, ES is a computable function. The function y where

0 ifz=0
x(z) = 1 fz—1€¢Aandxz>0
0 ifx—1¢ Aandx>0.

is not computable (if y were a computable function, A would be a computable
set). Hence, we cannot have Ej(x) = x(z) for all z. Let n be a least n such that
E3(n) # x(n). Thus we have n > 0, as E5(0) = x(0) = 0, and

BN & x()
o = T (3.17)

Il
=)
<.
Il
=)

)

Moreover, since ES and x are 0-1 valued functions, it is either the case that (i)
ES(n) =0 and x(n) = 1, or it is the case that (ii) E5(n) = 1 and x(n) = 0. We will
prove that the claim holds in both cases.

Case (i): E4(n) = 0 and x(n) = 1. We will need
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n .
(*) for any n there exists j such that Z Xz(j) < gj.
i=0
We leave the straightforward proof of (*) to the reader. By (*), we have j such that
n

YA <

=0

~ EjG) | 1 " )
< oi + on (by definition of E3)
1=0
—~ x(3)
= X2i ((3.17), E5(n) = 0 and x(n) = 1)
1=0
< g < gi+1 < ... *)

Let k be a natural number such that 1/k < (g;4+1 — ¢;) and (claim) holds.
Case (ii): E5(n) =1 and x(n) = 0. We have

n b .

E5(i)

95 < Z 2z‘
i=0

for all j. Ifb> 37" Eggi), we have m such that

=~ E5(i “~ES(i) 1
DY SR S
=0 i=0
for all j. Let kK = 2™ and the (claim) holds.

Assume b = Y1 ngl) Let m be such that m > n and x(m) = 0. Such an m

exists, otherwise A would be a computable set. Let k = 2™ and (claim) holds. [

3.5 Sequences and Countability

A nonempty set A is countable if there exists a surjection f : N — A (this is a
pretty standard definition). Thus, the sequence f(0), f(1), f(2),... will contain all
the elmenets of A. Note that it is not required that the surjection f should be
computable in any sense of the word. The definition just says that such a surjection
should exist. The set R of classical real numbers is known to be uncountable, and
that is what the next theorem says.
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Theorem 3.14 (Cantor, classical). No sequence of reals contains all the reals.

Proof. Let ag, a1, as,... be any sequence of reals. We will prove that there is a real
number b such that b # a; (for all i € N).

First we construct the sequence by, by, ba, . ... Let by = 271 and let
b; + -2 if a; < b;
bit1 = 0
b; — 27" if a; > b;.

We have |biy1 — b;] < 27%. Thus, the sequence is a Cauchy sequence, and by
Theorem 3.6, the sequence converges. Let b = lim; b;.

It is not very hard to see that
b; < bi+1 = b <b (3.18)
and

b; > bz‘+1 = b;>0b (319)

o0
hold for all i € N (observe that 272 — Z 272 > 97%~l)
Jj=i+1
Assume for the sake of a contradiction that b occurs in the sequence ag, a1, as, . . .,
that is, assume there exists m such that a,, = b. The proof splits into the two cases
am < by, and a,, > by,. In both cases we will encounter a contradiction.

Let a,, < b,,. Then
b= an < by < bm+2_2m = bmt1

and by (3.18), we have b = a,, < b,,, < b. This is a contradiction.
Let ay, > by,. Then

b= am > bp > by —272 = by
and by (3.19), we have b = a,, > by, > b which is a contradiction. O

The set R, of computable real numbers is countable. That is a consequence of
the Enumeration Theorem (Theorem 1.6). Let f(e) = ®.. Then f is a surjection
from N into the set of unary computable functions. Since each realizer is a unary
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computable function, and each computable real number is realized by a realizer,
there will exist a surjection g : N — R,, and the sequence ¢(0),g(1),g(2),... will
contains all the computable real numbers. There must exists such a g, but be
aware: we are claiming anything beyond mere existence, and in particular, we are
not claiming that ¢(0), g(1), g(2), . .. will or might be a computable sequence. Indeed,
our next the theorem, which is a computable analog of Theorem 3.14, states that
no computable sequence contains all computable reals. Before we turn to the proof
of that theorem we will do some preliminary work.

We will work with interval with rational endpoints. An intervall I is an ordered
pair of rationals (p, ¢) such that p,q. It does not matter if work with open or closed
intervals, and let us say that a number z is in the intervall I = (p,q) if p < z < q.
For any intervall I = (p, q) we define

L(I)=(p.(q—p)/3) and R(I)=(q—(¢—p)/3,q)

and thus L(I) denotes the first one third of the intervall I wheres R(I) denotes the
last one third. The next lemma should not surprise anyone.

Lemma 3.15. Let o be an realizer and let I be an intervall. For all sufficiently
large m, the intervall a(n) will not overlap with both L(I) and R(I) (and thus a(n)

will overlap with at most one of them).

Proof. Let I = (p,q). Pick any n such that 2/(n+1) < R(I), — L(I), = (¢ — p)/3.
The length of the intervall a(n) is 2/(n + 1). The distance between the intervalls
L(I) and R(I) is (¢ — p)/3 Thus a(n) cannot overlap with with both L(/) and

R(I). 0

Theorem 3.16 (Cantor, computable). No computable sequence of reals contains
all the computable reals.

Proof. Let ag, a1, as, ... be any computable sequence of reals. Let ¢ be a realiser for
the sequence. Let ay,(z) = ¢(n,x). Then, «,, is a realizer for a,.

We will now construct a sequence Iy, I1, Io, . .. of intervals such that a, & I, and
In_|_1 C I,.

Let Iy = (0,1). In order to determine I,,41 we search for the least m such that
ayp(m) does not overlap with both with both L(I) and R(I). This search terminates

o1



by Lemma 3.15. Then we let

I L(I,) if a,(m) overlaps with R(I,)
1 =
" R(I,) otherwise.

Let 8(n) be the midpoint of the intervall I, = (pn, qn), that is, 8(n) = (¢, — pn)/2.
We claim that j is a realizer for a computable real number that does not occur in
the sequence ag, a1, as, .. ..

It is fairly obvious that § is a computable function. We have prove that [ is a
realizer, that is, we have to prove that 3(n) and B(m) overlap for any n,m.

Observe that we have I,, C 5(n) for all n (the two intervals have the same midpoint,

and I,, is a much shorter interval than 3(n), length 37" versus length 2(n + 1)71).

Furthermore, we have I,,11 C I,, by our construction of the intervalls. Hence, let ¢
be any number in the intervall I,,x(m n), then we have ¢ € 3(n) and ¢ € B(m). This
proves that ( is a realizer, and thus, {5} is a computable real number.

In order to prove that {8} # a, (for all n € N), we will provide k and m such that
B(k) and oy, (m) do not overlap. By our construction of the interval [,,, there exists

m such that oy, (m) does not overlap with I,, = (pn, ¢n). We can w.l.o.g. assume that

ap(m) lies at the right hand side of I,,, that is, we can w.l.0.g. assume ¢, < an(m)e
(a symmetric argument will take care of the case when an(m) < pn). Pick k such
that £ > n and (k+ 1)~ < a,(m), — g,. Then (k) cannot overlap with a,(m)
since B(k) € Iy C I, and the distance from (k) to the right endpoint ﬁ(k)r is

(k +1)~1. This proves that the computable real number {3} does not occur in the

computable sequence ag, ay, asg, . . .. O

Theorem 3.14 and Theorem 3.16 are proved by diagonalization. This is a proof
technique which goes back to Georg Cantor. The reader should compare the two
proofs. The proof of Theorem 3.14 is a straightforward application of the technique.
The proof Theorem 3.16 is also an application of the techinque, and the two proofs
are in some sense very similar, but in the latter proof the details are not all that
straightforward, and some effort is needed to make the diagonalization argumet
work.

Definition 3.17. A computable real number is primitive recursive if it has a prim-
itive recursive realizer.
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The set R of real numbers is uncountable. The set R, of computable real numbers
is countable, but due to Theorem 3.16 it makes pretty good sense to say that set
set is computably uncountable. If we stick to this terminology, the set of primitive
recursive real numbers will be computably countable.

Theorem 3.18. There exists a computable sequence of real numbers such that (i)
every number in the sequence is primitive recursive and (ii) every primitive recursive
real number occur in the sequence.

Proof. Let PR(e) be the predicate that holds if and only if e is a primitive recursive
index, that is, e is a computable index for a function generated from the initial
functions (zero, successor, projections) by the scheme of composition and the scheme
of primitive recursion (see Definition 1.1 and Definition 1.3). It is obvious that PR(e)
is a computable predicate, and it is obvious that we for any primitve recursive
f:N — N have f(x) = ®.(z) for some e such that PR(e) holds.

Any primitive recursive function f : N — N can be considered as a total computable
function f : N — Q if we are careful when we set up our coding conventions (just
ensure that any natural number encode some rational number). Thus, for any
primitive recursive f and any x € N, the intervall f(x) is well defined.

Let OK(e,n) be the predicate that holds if and only if PR(e) holds, and moreover,
O (x) and ®.(y) overlap for any =,y < n. Given the comments above, it should be

fairly obvious that OK(e,n) is a computable (decidable) predicate, and next we use
this predicate to define a computable function ¢ : N x N — N,

If PR(e) does not hold, let ¥(e,z) = (17)~! for all z (any rational number will
work, so why not chose (17)~!, it is an attractive number). If PR(e) holds, we
define v (e, ) by

o) — {Q[)e(w) if OK(e, z)

Ke otherwise.

ke = ;((r?ggq%@e) + (HL‘?M)>

where k is the least natural number such that OK(e, k) does not hold.

with

(Claim) Let ¢e(x) = 9(e,x). For any e € N, there exists a primitive
recursive realizer a such that o = .
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In order to prove the claim we pick an arbitrary natural number e. If e is not a
primitive recursive index, that is, if PR(e) does not hold, we have 9.(x) = (17)~!
for all x. Let a(z) = (17)~! for all z, and the claim holds. If PR(e) holds we have
to deal with two cases: The case when OK(e, z) holds for all z, and the case when
there exists k such that OK(e, k) does not hold.

Assume OK(e, z) holds for all z. Then we have a primitive recursive index e such
that 1e(z) = ®.(z) (for all ). Thus, there is a primitive recursive function a such
that a(x) = 1e(x). Obviously, « is a realizer, and obviously, o = t).. Assume there
exists k such OK(e, k) does not hold. Let &’ be the least such k. The intervalls

D.(0), De(1), ..., B(k — 1)

overlap, and the rational number k. will be in them all. Thus, by the definition of
e we have ke € Ye(z) for all . This proves that 1. is a realizer. Let a(z) = ke (for

all ). Then « is a primitive recursive realizer, moreover, a(x) and ¥.(y) overlap

for any x and y, and thus o = v.. This concludes the proof of the claim.

It follows from the claim that 1 realizes a sequence and that any number in this
sequence is a primitive recursive real, and thus clause (i) of our theorem holds. It
is easy to see that clause (ii) holds: Let @ be a primitive recursive realizer. Then
we have a(x) = ®.(z) for some e such that PR(e) holds. By the definiton of 1) we
have a(z) = 1(e, z), and thus the number realized by « will occur in the sequence
realized by . O

Corollary 3.19. There exist computable real numbers that are not primitive recur-
stve.

Proof. By Theorem 3.18 there is a computable sequence of reals ag, a1, ao, ... that
contain all the primitive recursive reals. By Theorem 3.16 there exists a computable
real number b that is not in the sequence ag, a1, ao,.... Thus, b cannot be primitive
recursive. O

3.6 Exercises

Exercise 1.

Prove that Axiom 2.28 is equivalent to the axiom formulated by Kuratowski in the
quote at page 36.

o4



Exercise 2.

Give a reasonable formalization of Axiom 2.28. Use propositional connectives, first-
order quantifiers, second-order quantifiers and the relation symbols < and €.

Exercise 3

Discuss why Definition 3.2 and Definition 3.4 do not work in computable setting.

Exercise 4 (solution)

Let a and o be any realizers such that {a} < {&/}. Show that there exists a
computable sequence ag, a1, as, ... of computable reals such that

{a} <ap < a1 < ... < a; < aiy1 < ... < {d}.

Use the definition of computable sequence given above (Definition 3.1).

Exercise 5

Let a be a real number in the interval (0,1). Prove that a is a computable real
number if £ is computable function.

Exercise 6

Prove that there exists a computable function £ such that £(e) is a computable
index for a realizer of a if e is computable index for ES. (Informally stated: we can
compute a realizer of a uniformly in the base-2 expansion of a.)

Exercise 7

Let 1 be a function such that 1 (e) is a computable index for EY if e is a computable
index for realizer of a. Prove that v is not computable. (Informally stated: we
cannot compute the base-2 expansion of a uniformly in an realizer of a.) This is a
hard exercise, see Mostowski [9].
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Exercise 8

Let b, ¢ be any computable reals such that b < ¢. Prove that there exists a Specker
sequence between b and c.

Exercise 9 (solution)

Prove that there exists a computable (decidable) set that is not primitive recursive.
Use Corollary 3.19 and Lemma 3.11.

Exercise 10 (solution)

Use Corollary 3.19 to prove that there exists a computable and total function f :
N — N that is not bounded by any primitive recursive function, that is, for any
primitive recursive g it is not the case that g(x) > f(z) holds for all x.

Exercise 11 (solution)

Corollary 3.19 claims the existence of computable real numbers that are not prim-
itive recursive. The argument in the proof shows that there is at least one such
number, but there will of course be infinitely many of them. Explain why the set of
such numbers is dense in the rational numbers, that is, let (p, ¢) be an interval with
rational endpoints, explain why there is a computable real number in (p, ¢) that is
not primitive recursive.
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Chapter 4

Computable Functions

4.1 Basics

We will use qg to denote an arbitrary computable index for the computable function
¢. Every time we use the notation ¢ we have implicitly stated in advance that ¢ is
a computable index for ¢ (recall that each computable function has infinitly many
indices).

Definition 4.1. Let ¢ : N X N — N be a computable function such that for any

realizers o, o, g

(A) B is a realizer if B(n) = ¢(a,n)
(B) 1 = B2 if f1(n) = ¢(a1,n), f2(n) = ¢p(az,n) and an = ao.

For any realizer «, let f({a}) = {8} where f(n) = ¢(a,n). Then f is a function
from R, into R.. We say that f is the function given by ¢ (and that ¢ gives f). A
function f: R. — R, is computable if it is given by some computable function.

Theorem 4.2. Any constant function is computable. The identity function is com-
putable.

Proof. Let f:R. — R, be such that f(z) = a for all z € R.. Let a be any realizer
of a, and let ¢(y,n) = a(n). Then, f is given by ¢. Thus, by Definition 4.1, f is a
computable function.
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Let g : R, — R, be such that g(z) = z for all x € R. Let

Y(y,n) = U( ut[Ti(y,n,t)])

where the predicate 77 and the function U are given by Kleene’s Normal Form
Theorem. Then, g is given by the computable function 1, and thus, ¢ is computable
by Definition 4.1. O

Theorem 4.3. Let |- |, +, x, —, + be the operators defined in Section 2.1. Then

1. |f(z)| is a computable function if f is a computable function

and g(x) # 0 for all x (we will normally use % to denote the function

flx) +g(x)).

Proof. We prove clause (2). The proofs of the other clauses are similar.

Let f: R, — R, be the computable function given by ¢, and let g : R. — R, be the
computable function given by . Let

é(x’n) = ¢(x7 f+($’n)) + w(ﬁ,ﬁ(%”))
where

1
n+1

A

Frl) = () | | 6i) + 00i) - (8a.0), + 00, | <

| 6e,i)+ (e,) = (Blasi), + (i) | <
| 6w, + (e, = (Bla,i), +(e,),) | <

n+1
1

n+1

n+1

o) + 00 ) — (o), +0lwi)) | < ]

We need to prove that the computable function ¢ satisfies (A) and (B) of Definition
4.1, that is, we need to prove that we for any realizers «, oy, g have
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(A) B is a realizer if S(n) = &(a,n)
(B) 1= B2 if Bi(n) = &(a1,n), Pa(n) = {(az,n) and a1 = az.

The proof of (A) is very similar to the proof of Theorem 2.9, the proof of (B) is very
similar to the proof of Theorem 2.10, and thus we leave the details to the reader. For
any realizer «, let h({a}) = {5} where 5(n) = (@, n). Definition 4.1, h : R, — R,
is a computable function.

Let a be an arbitrary realizer. Let

e [3 be the realizer given by 5(n) = &(a,n).

~

e «aj be the realizer given by a;(n) = ¢(a,n).

~

e o be the realizer given by as(n) = ¥ (a,n).

Recall the definition of (a1 + aw), that is, Definition 2.7, and look at the definition
of € above. It should be straightforward to prove that we have 8 = (aq + «a2), and
thus we have h(z) = f(z) + g(z). O

Theorem 4.4. The function g(f(x)) is computable if f and g are computable.

Proof. Let f be given by ¢, and let g be given by . Let {(z,n) = w(Sll(gg, x),n)
where S1 is the primitive recursive function given by the S-m-n Theorem. We prove
that g(f(x)) is given by the computable function &.

Let « be a realizer, and let f(n) = ¢(@,n). Then [ is a realizer of f({a}). Further-
more, we have

B(n) = ¢(@,n) = {6}(@n) = {51(4,@)}(n)
and thus, S%((}S\, @) is a computable index for f.

Let v(n) = 1/1(511(5, @),n). Then, v is a realizer of g({5}) as Sl( ,Q) is a a computable
index for 3, and g({8}) = g(f({a})). Hence, let &(z,n) = (S} ( x),n), and
g(f(z)) is given by &. O

Definition 4.5. Let a,b € R.. We define the operators max and min by

a ifa>b

max(a,b) = {b ifb>a
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and

min(a,b) =

{b ifa>b

a ifb>a.

Theorem 4.6. Let f and g be computable functions. Then max(f(x),g(x)) and
min(f(x),g(x)) are computable functions.

Proof. We have

max(f(2), () = 5 (/(2) +9(2)) + 5 |£(2) — g(a)

and
. 1 1
min(f(z), 9(z)) = 5(f(2z) + g(2)) = 5 |f(2) = g(=)] .
Thus, the theorem follows the theorems above. O

It follows from the theorems above that functions like 22 + v/2x + 17 and %7m3
are computable (v/2 and 7 are computable real numbers). It also follows that the

471 — |z — 271
max < e , 0 > (4.1)

function

is computable (its graph is shown in Figure 4.1). Well known standard functions
like sin(x), cos(x), e®, and so on, will also be computable. However, our main
interests are elsewhere. We want to construct a few computable functions that
behave unexpectedly strange. Spike functions, like the one showed in Figure 4.1,
will turn out to be useful in that respect.

4.2 A Little Bit Computability Theory

1.2
Recall the definitions of I, W,, etc., found in Section 1.2.
Definition 4.7. The function x: N — N is given by
{1$<I’$(a:) ifx ek
k() =

undefined otherwise.

A function g : N — N is an extension of a function f: N" — N if g(x1,...,2,) =
f(z1,...,xy) whenever f(x1,...,x,) is defined.
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Figure 4.1: The graph of (4.1)

Theorem 4.8. (i) r is a computable function. (i) k has no total computable
extension.

Proof. First we argue that (i) holds. Let rng(f) = K. The following algorithm
computes k(z):

e Step 1: search for i such that f(i) = x (if no such i exists, then x(z) is
undefined)

e Step 2: compute a := D, ()

e Step 3: output 1-—a.

If the first step of the algorithm terminates, we have x € K. Thus, by Definition
1.8, we have x € W, = dom(®;). Hence, the computation of ®;(x) in the second
step will terminate. This proves (i).

Assume for the sake of a contradiction that g is a total computable extension of k.
Let e be computable index for g. Since g is total we have W, = N, and thus e € W,.
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Hence e € K. Hence,

This is a contradiction. O

Definition 4.9. We will use D?(q) to denote the ith fractional digit' of the binary
expansion of the rational number q. More precisely, let |q| denote the integral part
of the rational q, then we have

n 2 n 2
SR <y < R (42)

i=1 i=1

for all n > 1.

It is obvious that we can compute the digit D?(q) when ¢ and ¢ are given. Observe
that 0.0111111... is not a possible binary expansion of 1/2. The strict inequality
in (4.2) assures that the one and only binary expansion of 1/2 is 0.1000000. . ..

4.3 Some Weird Functions

We will use the function function k, see Definition 4.7, to construct a Specker se-
quence by, bo, bs, ... with certain desirable properties. Let f : N — N be a total
computable injection such that rng(f) = K, and let

) L )
by =0 and byy1 = bn—i_% + 94f(n)+2 T 24f(n)+3

We make the the following observations:

i) b, + 274" < b,y (for all n)

(
o (ii) if D4Z+2(b ) =1 and m > n, then Dﬁi+3(bm) = Dii+3(bn)
(

iii) D2, (by1) =1 when i <n

(iv) D%, 11 (by) = 0 (for all n, 7).
th

Lthe i*? digit after the period
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(1st claim) Let a be any realizer. There exist I and N such that

e 4 +3 < N —14

b D42u+2(bN) =1 and Dzzu+3(bN) # D1211+3(04(2N))-

Now, assume for the sake of contradiction that the claim is false. Let
pla) = Di,y5(a(2F)).

Then, p is a total computable extension of k. This contradicts Theorem 4.8. Thus
the 1st claim holds.

We will keep the realizer o and the natural numbers I and N given by the 1st claim
fixed in the foreseeable future.

(2nd claim) For any n > N, we have

N N

DZ (b, D?(a(2V
3 z(')_z (a(2™)

In order to see that our second claim holds, observe that the first clam states that

D3%,,,(by) = 1 and D3, 4(by) # D3, 4((2V)). By observation (ii), we have

D3, 4(bn) # D3/, 5((2V)) for any n > N. Thus, for any n > N, we also have

4I+3 47+3

S D7 (b) T D7 (a(2Y))
91

S 1
= 24I+3 :

2i
i=1 =1

Furthermore, by observation (iii) and (iv), we have D, ,(by) = 1 and D3, ;(by) =
0. Thus, for any n > N, we have

4143 2 4143 ~2 N
D2 (b, Ds(a(2
{0 ¥ DRee)

i=1 =1

—_— =
2 2
4145 41+5
i i 241+4 :
i=1 i=1
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2t ~ 2t =
i=1 i=1
4I+5 N2 4I+5 9 N
D7 (bn) D7 (a(2V)) 1
Do | 2 e (49
i=1 i=1
Now, N > 4] + 8, and thus, by (4.3) and (4.4), we have
Y D2(b,) o= D2(a(2V)) 1 o 1 1
Z 2i Z 9i = odI+4 Z 5 = 5iI+s = oN-3
i=1 i=1 i=41+6
for any n > N. This proves our second claim.
It is not hard to see that we have
N
D?(a(2V)) 1
> T a2M)] < o (4.5)
i=1
and
1
la(2V) — {a}| < N - (4.6)
Neither is it hard to see that we have
N
D?(b,) 1
Z 121' by < oN (4.7)
i=1

for all n > N. The inequalities (4.5), (4.6), (4.7) and the 2nd claim yield our next
claim.

(3rd claim) For any n > N, we have

1

b= {al > -

Hence, the interval a(2N) cannot contain any b, in the sequence by, bo, b3, ... when
n > N.

The last claim should be compared to the claim in the proof of Theorem 3.13 (page
48). It follows straightforwardly from (3rd claim) that by,b2,b3,... is a Specker
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sequences, that is, b1, ba, bs, ... is a bounded and monotone increasing sequence that
does not converge. But we have also proved something more: From (a computable
index for) a realizer o, we can indeed compute N such that b, ¢ «(2V) if n > N.

The algorithm is implicitly given by our first claim: search for I and N such that

¢ 1<4I+3<N -4
* Di;5(by) =1 and Dj; 4(by) # Diy 5(a2V)).

The claim guarantees that the search terminates.

We will now use the sequence by, b, b3, ... to define some interesting computable
functions over R.. We start by defining a sequences of functions to,ts,.... For each
n > 2, we define t,, by

2—4n—1 _ |CC _ bn|

tn(x) = max( 5= dn—1 , O> .

Then, for all x € R, we have 0 < ¢,(z) < 1, and ¢, is a spike function like the one

shown in Figure 4.1. Moreover, by the theorems in Section 4.1, t,, is a computable
function. It also follows from the theorems in 4.1 that the function

to(z) +ta3(x) + ...+ tg(z)

is computable for any fixed k.

We define the function ¢ by

tz) = Y ti(x).
=2

Let us try to visualize the graph of . By observation (i) above, we have by,+1 — b, >
27" and thus, the spike of the function t,, will not intersect the spike of the function
tny1 (for all n > 2), see Figure 4.2. Since 0 < b, < 1, it is obvious ¢(z) equals 0
outside the interval [0,1] (for all n > 2). On the the interval [0, 1] there will be
infinitely many spikes. Between two neighbor spikes there will be an interval [
where we have t(x) = 0 for any « € I. As the spike of the function ¢, is sharper
than the spike of the function t,, the function ¢ will obviously not be uniformly
continuous at the interval [0, 1].
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Figure 4.2: A bit of the graph of ¢
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(main claim) The function t is computable.

We prove the claim: From (an index for) a realizer a;, we can compute N such that
by & a(2V) if n > N (we have argued above that we can compute such an N). Then

we have
00 N
ta)) = dtillah) = Y tl{a)

and can compute t({a}) by computing SN, #;({a}). The function SN, ¢;(x) is
computable by the theorems in Section 4.1. This proves that ¢ is a computable
function.

Let us also add that ¢ is a continuous function. Any computable function which
is defined on an interval I, will be continious on I (Ceitin [4], see Appendix 3 of
Aberth [1]).

ABERTH: A definition continuous and uniformly continuous computable functions
can be found in Section 7.1 of Aberth [1]. T might add those definitions to these
notes at a later stage, but the definitions are not really needed to prove the next
theorem. The function ¢ is not uniformly continuous in the classical sense, and thus
it will not be uniformly continuous in the computable sense either. A proof that the
function t is continuous will require definitions in Aberth [1]. ¢

The next theorem follows straightaway from the definition of ¢ and our main claim:
(i), (ii) and (iii) follow from the definition of ¢, and the claim states that ¢ is com-
putable.

Theorem 4.10. There exists a computable (and thus continuous) function t : R, —
R such that (i) t is defined on the interval [0,1], (i) 0 < t(z) <1 and (i) t is not
uniformly continuous on the interval [0, 1].

In classical analysis any function that is continues on a closed interval I will of
course also be uniformly continuous on /. Thus, classical version of Theorem 4.10
does not hold, neither do the classical versions of the two theorems below.

Definition 4.11. Let f : R, — R, be a computable function defined on an interval
I. An upper bound for f on I is a computable real number m such that f(z) < m
for any x € I. A supremum for f on I is a computable real number m such

e m is an upper bound for f on I
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e if m and m’ are upper bounds for f on I, then m < m’.

Theorem 4.12. There exists a computable (and thus continuous) function t : R, —
R. such that (i) t is defined on the interval [0,1], (i) 0 < t(x) < 1 and (i) t does
not have a supremum on the interval [0, 1].

Theorem 4.13. There exists a computable (and thus continuous) function t : R, —
R, such that (i) t is defined on the interval [0,1] and (ii) t does not have an upper
bound on the interval [0, 1].

The proofs of these two theorems are very similar to the proof of Theorem 4.10. In
order to prove theorem 4.12, define ¢ by

t(z) = ) biti(x) .
1=2

Then t will not have a supremum since by, bo, bs, . .. is a Specker sequence. In order
to prove theorem 4.12, define ¢ by

t(z) = ) iti(x) .
1=2

4.4 More Details

We swept quite a few details under the rug when we proved our main claim in the
previous section. We argued as follows:

e from an index for a realizer o, we can compute N such that by & a(2V) if
k > N (1st premise)

o >N ti(x) is computable function, and we can compute ¢({a}) by computing
Y ti({a}) (2nd premise)

e { is computable (conclusion).

According to Definition 4.1, ¢ : R, — R, is computable if ¢ is given by some ¢ :
N x N — N. What does such a ¢ look like? How can we construct such a ¢? In our
arguments above we implicitly left the construction of ¢ to the reader. Maybe we
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expected too much from the reader, maybe not? If not, the reader might skip the
remainder of this section.

Let us briefly discussed the theorems we proved in Section 4.1. We proved that
f(z)+g(x) is a computable fuctions if f and g are computable functions, we proved
that | f(x)| is a computable function if f is a computable function, we proved that
g(f(n)) is is a computable fuctions if f and g are computable functions, and so on. If
we study the proofs, we will see that we actually have proved essentially more than
what is explicitly stated in the theorems. The proofs tell us how we can compute
indexes for the functions appearing in the theorems. E.g., one of the theorems states
that

f(z) + g(x) is a computable fuctions if f and g are computable functions.

The proof tells us that if

e f(z) is given by
e g(x) is given by 19

then we can uniformly in 17 and 9 construct 13 such that

e f(x)+ g(x) is given by 1.

The construction in the proof is efficient in the following sense: There exists a
computable function 1 such that (e, es) is a computable index for 15 if e; and eg
are computable indexes for 11 and 9, respectively. These insights, which are not
explicitly stated, are needed to prove that ¢ : R, — R, is given by a computable
function ¢ : N — N.

Now, let us argue that there indeed is a computable function ¢ such that t is given by
¢. Let us give a fairly detailed argument. By the results in Section 4.1, for each fixed
k, the function t; is computable, and given k, we can construct ¥ : N x N — N
that gives t;. Moreover, given k, we can construct s : N x N — N that gives
Zle t;(x). Since ¥yxi can be constructed uniformly in k, we have a computable
function n such that n(k) is an index for ¢xy. Let

U(k,y,n) = U(ut] T2(n(k),y,n,t)]) .

By Kleene’s Normal Form Theorem, we have ¥(k,y,n) = ¥si(y,n), and thus,
U (k,a,n) is a realizer of t({a}). By the 1st premise above, we have a computable
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function p such that by ¢ «(2°(®) if k > p(@). By the 2nd premise ¥(p(a),a,n)

will be a realizer of t({«}). Hence, let ¢(y,n) = ¥(p(y),y,n). Then, t is given by
the computable function ¢.

4.5 Exercises

Exercise 1 (solution)

Two (disjunct) computably enumerable sets Ay and A; are computably insepara-
ble if there does not exist a computable set B such that A9 C B and 4; C B.
Use the function & (see Definition 4.7) to prove that there exists two computable
inseparable (but computably enumerable) sets. (Computably inseparable sets are
important, e.g., such sets can be used to prove incompletess theorems for weak
first-order theories.)

Exercise 2

Let a,b be any computable real numbers such that a < b. Explain why there exists
a computable function that does not have an upper bound on the interval [a, b], but
still is defined for every z in the interval.

Exercise 3 (solution)

In this exercise you should use the function  (see Definition 4.7) to prove a variant
of Godel’s 1st Incompleteness Theorem. You will need definitions and notation from
L&K [8].

Theorem 4.14. Let ¥ be a consistent and computably enumerable set of Lnr-
formulas such that there for any unary computable function f exists an Ln7-formula
o(x,y) with the property

fla)=b & XEVyYl ¢(a,y) < y=>] (*)

(for all a,b € N). Assume that ¥ = 0 # 1. Then there exists an Lyr-formula 0
such that Xt 6 and Xt —0.
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Prove the theorem. Hint: Use that the sets Ap and A; given in the soulution
of exercise 4.5#1 are computably inseparable. (Standard weak Ly7-theories, like
Robinsom arithmetic and the theory N in L&K (8], satisfy (*).)
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Chapter 5

No Heine-Borel

5.1 The Heine-Borel Theorem

The next definition should make sense both fin computable and classical analysis.

Definition 5.1. An open cover of an interval I is a set of open intervals A such
that I C |J A.

Example. The set

{(3)-(3) (5w) )

is an open cover of the closed interval [0, 1]. O

A = {(;2> ykeNandk22}

Then Ais an open cover of the open interval (0,1). Observe that no finite subset of
A can be an open cover of (0,1): Let B be a finite subset of A. For any sufficiently
large n, we have % € (0,1), but % ¢ |J B when n is sufficiently large. Furthermore,
A is not an open cover of the closed interval [0, 1] as no interval in A contains 0. [

Example. Let
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Example. Let

- () menmmraa) o { (1)

Then A is an open cover of the closed interval [0, 1]. Moreover, we can pick a finite
subset of .4 which is an open cover of [0, 1], e.g., the subset

ISORI

is an open cover of [0, 1]. O

The Heine-Borel Theorem is an important theorem in classical analysis. For more
on the theorem and its history, see [2] (this is easy reading).

Theorem 5.2 (Heine-Borel). Let A be an open cover of [0,1]. Then there exists a
finite subset of A which is an open cover of [0,1].

Proof. Assume for the sake of a contradiction that no finite subset of A is an open
cover of [0,1]. We say that z is reached is there is a finite subset B of A such that
[2,1] € UB, and we define the set Z by

Z = {z€][0,1] | z is not reached } .

First we observe that Z is nonempty (if Z is empty, then there is a finite subset
of A that is an open cover of [0, 1], contrary to our assumption). Furthermore, we
observe that Z has an upper bound (for any z € Z, we have z < 1). Thus, by the
axiom of continuity, there is a least upper bound of Z. Let zy denote that least

upper bound.

Since A is an open cover of [0, 1], we have zy € (a,b) for some interval (a,b) in A.
Pick z,y such that a < x < zg < y < b. Now we have x € Z. Furthermore, we have
y &€ Z, that is, y is reached. Thus, by the definition of Z, there is a finite subset B
of A such that [y,1] C |JB. Let B’ be B extended with the interval (a,b). Now, B’
is finite, B’ is a subset of A, and [z,1] C |JB. Thus, we have = ¢ Z.

This proves that x € Z and = ¢ Z. We have reached a contradiction. O

5.2 No Heine-Borel

Our next theorem tells us that Theorem 5.2 restricted to intervals of R. is false.
We will use the notation [®.(x)]g. We assume that any natural number represents
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(encodes) a rational number, and [®.(z)]g denotes the rational number represented
by ®(x) (if ®c(z) is defined). If ®(z) is undefined, then [®.(z)]q is undefined.

Theorem 5.3 (No Heine-Borel). Let [0,1]. denote the set of all computable real
numbers in the interval [0,1]. There exists a set A of open intervals (with rational
endpoints) such that

0,1.cJA (1)
and

if B is a finite subset of A, then [0,1]. Z |JB. (2)

Proof. Let
A = {e | exists t such that Ty(e,2°717,¢)} .

Let I. be the interval
1 1
L= (02 e - e 192 o+ ok )
Let A={I.|ec A}

Assume « € [0,1].. Let f be a realizer of o, and let e be a computable index for
f. Now, f is a total function. Hence, the predicate 7i(e,2°7'7,¢) holds for some t.
This entails that the interval I, is in the set A, and it is easy to see that « lies in
the interval I.. Hence a € |J.A. This prove (1).

In order to prove (2), we consider the sum of the length of all the intervals in A. If
I. = (p,q), then we have ¢ — p = 26% = 26% Let L be the sum of the length of
all intervals in .A. Then we have

: 1 1
< Z 9e+15 — 9l4 °
e=0

Let B be a finite subset of A. It is easy to see that [0, 1], € |JB (and if you do not
think it is easy, you can go on and read the rest of this proof).

Assume

B = {(al,bl),(ag,bg),...,(ak,bk)} g .A

We will prove that there exists a number ¢ in the set {b1,bs,...,bg,0} such that
c € [0,1]; and ¢ &€ |JB (and hence we have [0,1]. € |JB). Consider the following
procedure:
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Step 1. Pick an interval (a;,,b;,) in B such that 0 € (a;,, b;,). If no such interval
exists, we have 0 € [0,1]. and 0 ¢ | B. If such an interval exists, proceed to Step 2.

Step 2. We have b;, € [0,1]. as L < 1/2'%. Pick an interval (a;,,b;,) in B such
that b;, € (a4,,b;,). If no such interval exists, we have b;, € [0,1]. and b;, & |JB. If
such an interval exists, proceed to Step 3.

Step 3. We have b;, € [0,1]. as L < 1/2'. Moreover, we have b;, < b;,. Pick an
interval (a;,, biy) in B such that b;, € (ai,, bi;). If no such interval exists, we have
bi, € [0,1]. and b;, & |JB. If such an interval exists, proceed to Step 4.

...and thus we proceed ...

Step j +1. We have b;; € [0,1]c as L < 1/2'. Moreover, we have b;; < b
Pick an interval (a;;_,,bi; ) ---

Bj4+1°

If we manage to reach Step k, we can conclude that b;, € [0,1]. and b;, € JB. O

5.3 Exercises

Exercise 1

In the proof of Theorem 5.3 we define a set A of open intervals with rational end-
points. Let B be the set of natural numbers given by

zeB < ([(@h]o:[(2)2]o) € A.

Prove that B is not computable. Prove that B is semi-computable.
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Chapter 6

Solutions to Exercises

Exercise 1.4 #2. Assume (m,n) = (m/,n’), that is

— (m+n)(772’b+n+1) _ m,+ (m’+n/)(rg/+n/+1) ‘

Thus, we also have
2m+ (m+n)(m+n+1) = 2m' + (m' +n")(m' +n' +1). (6.1)

The proof splits into the cases (a) m +n=m'+n’ and (b) m+n #m’ +n’.
Case (a). By (6.1), we have

m = m . (6.2)

By (6.2) and our assumption m +n = m’ + n/, we have n = n/. This complete the
proof of Case (a).

Case (b). We prove that this case is not possible. The proof splits into the two cases
m+n<m +n and m+n>m'+n'. Assume m +n <m’ +n'. Then we have

(m' +nY(m +n +1) = (m+n)(m+n+1) > 2(m' +n) (6.3)
By (6.1), we have

2m—2m' = (m' +n')(m' +n'+1) —(m+n)(m+n+1). (6.4)
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Thus

P o Y+ 0+ 1) — (AR (m e n 1)

(6.3)
> 2(m' +n') > 2(m+n) > 2m.

2m > 2m —2m

This is a contradiction. A symmetric argument yields a contradiction if m +n >
m’ 4+ n'. Thus, Case (b) is not possible, and we have m = m’ and n = n’ whenever
(m,n) = (m’,n).

Exercise 1.4 #4. Let

fl@) = (pi <) (3 <2)[(@,5) =] ]

It is easy to see that the relation (i,j) = x is primitive recursive. The primitive
recursive relations are closed under bounded quantifiers. The primitive recursive
functions are closed under bounded minimalization. Thus, f is a primitive recursive
function. Furthermore, (-,-) is a bijection, and for any z,y we have, z < (z,y) and
y < (x,y). It follows that f(z) = (x)r. Hence, (-)r, is a primitive recursive function.

Exercise 1.4 #5. By using (z,y) =2%(2y+1) — 1 and

() = pi[ (2| 2z+1) A =( 27 | 241)]

((zy))r = (2°y+1) - 1)
= i (20]2°2y+1)—14+1) A =( 277|272y +1) —1+1)]
= il (20]2°(2y+1) ) A 2(27H [ 222y +1) )] = x.

The last equality holds since 2 does not divide the odd number 2y + 1. Furthermore,
by using

(2)r = (= +1)/291) = 1)/2

we get

(wy)r = (({z,y) +1)/288) —1)/2 = ((({z,y) +1)/27) — 1)/2
= ("(y+ D) -1+1D/2) = 1)/2 = (2y+1-1)/2 = y.
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Exercise 2.7 #1. We have to prove that a(n) and 3(m) overlap for all n, m, that

is, we have to prove that
1 1

- < — *
an) = B < — =+ — )
It is easy to check that (*) holds when a(n) = 3~ and B(m) = 5. It is easy to see
that we have
1 1 < 1 1 1 1

2n 3m _2"+3m_n—|—1+m+1
Exercise 2.7 #2. The number is 0.

Exercise 2.7 #3. We have to prove that there exist n,m such that a(n) <

—

B(m) , that is, we have to prove that there exist s,t such that

(m) + < Alm) — —
an)+ —— m)— —— .
nt1 m+1
It is easy to find such n and m, e.g., let n = 2 and m = 100. We have
1 1 1 3 100 1 1
a(2) + = S+ < - < ——— = 9(t) - ——

2+1 22 3 4 101 101 m+1"

Exercise 2.7 #4. Let §(s) = % for all s.

First we prove that J is a realizer. For any n and m, we have

1 1

- _ < .
0 =lo(m) —otm)l = =9 + 0y

This prove that ¢ is a realizer.

Next we prove that {a} < {0}. We have to prove that there exist n,m such that

1 1
= R P — *
a(n) = aln)+ i < d(m) e d(m), . (*)
Let n = 3. Then we have
1 1 1 3

Pick any ¢ > 8. Then (*) holds.
The proof that {0} < {7} is simmilar. Provide n,m such that

B(), = )+ —— < Am) = —— = (m),
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Exercise 2.7 #8. We have to prove that a(s) and «(t) overlap for any s,¢ (then

« is a realizer).

We will prove that we for any even s have

a(s+1), < a(s), < a(s+1) . (6.5)
and that we for any odd s have
a(s+1), < a(s) < a(s+1) . (6.6)

Now, (6.5) says that the left end point of the interval a(s) lies inside the interval

a(s+1) if s is even, and (6.6) says that the right end point of the interval «a(s) lies

inside the interval a(s + 1) if s is even. It follows that straightforwardly that of(s)

and «(t) overlap for any s, t.

We prove (6.5) (the proof of (6.6) is symmetric). Let s be even. We have

a(s+1), < a(s), < a(s+1)

if and only if

4 1 1 4 1
- - < < afs) — + .
2s+1)+1 s+2 2s+1)+1  s+2

a(s)

It is easy to see that the inequality
4 1 1

_ _ < _
S 7oy s S B C A
holds. It remains to verify that we have
1 4 1
— < — . 6.7
o) -7 S e -y T (6.7)
Now, (6.7) holds in and only if
4 1 1
(6.8)

<
2(s+1)+1 — s—|—1+s—|—2
and thus we are left to prove (6.8).

In order to prove (6.8), we observe that

1 1 (s+1)+(s+2)

s—|—1+s—|—2_ (s+1)(s+2)
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d
an 4 - 4

2s+1)+1  (s+1D)+(s+2)°

Hence, (6.8) is equivalent to

[(s+1)+ (s +2)]?

L T D 1)

and (6.9) holds since

(s+ 1)+ (s+2)2=(s+1)> +2(s +1)(s+2) + (s +2)*
= (s +2s+1) + (25 + 65+ 4) + (s* + 45 +4)
=45 + 125 +9
2482+123+8
=4(s* + 35 +2)
=4(s+1)(s + 2).

Exercise 2.7 #9. It is .

Exercise 2.7 #11. Let a be an arbitrary realizer. The realizer 0* is given by
0*(n) = 0 (for any n). The realizer (a + 0*) is given by

(a+0%)(n) = a(f(n)) + 0% (f1(n)) .

We need to prove that a(n) and (a + 0*)(m) overlap for any n,m € N.
We have

(a+0%)(m) = afy(m)) + 0" (f(m)) = a(fr(m)) + 0 = af+(m)) .

Now, since « is a realizer, a(n) and (a + 0*)(m) overlap (it is not necessary to look
at the definition of f,).

Exercise 2.7 #13. It is trivial that (1) implies (2). We prove that (2) implies
(1) by a contrapositive argument. Assume there exist n and m such that a(n) and
B(m) do not overlap. We can w.o.l.g. assume that a(n) < m Pick k such that
—a(n) +2(k+ < B(m),. Since a(k) overlap with a(n) and (k) overlap with

B(m), it cannot be case that a(k) and 5(k) overlap.
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Exercise 3.6 #4.

Lemma 6.1. Let g and ¢ be rational numbers such that ¢ < ¢'. For anyn € N, let
B(n) =q and B'(n) = q'. Then we have {B} < {f'}.

We prove the lemma. Pick n, m such that

= <
n+1 m+1 2

1 1 ¢ —q

Then we have

1 1

Bn), = /B(Tl)"‘m < ﬁl(m)—m = f'(m), .

Thus we have {8} < {#’}. This concludes the proof of the lemma.
Now, assume that {a} < {a/}. Then we have s and ¢ such that

a(s) +

Let ¢ = /(t) — t% Let go = (&/(s) + ﬁ% +¢')/2, and let gi11 = (¢ +¢')/2. Now
we have

a(s) + <@ <qa<@e<...¢G<dg.<dqd=d{

We define the function f by f(0,z) = qo and

f(i7ﬂf)+q’.

fli+1,2) = 5

It is easy to that f is a computable function (indeed, f is defined by primitive
recursion over primitive recursive functions). Moreover, we have f(n,s) = g, for
all s. Let g,(x) = f(n,z), and let a, = {gn}. Then ag,a;,as... is a computable
sequence of computable real numbers. By Lemma 6.1, we have

{a} <ap < a1 < ... < a; < ajp1 < ... < {d'}.

Exercise 3.6 #9. By Corollary 3.19 there exists a computable real number a that
is not primitive recursive. We can w.l.o.g. assume that a is in the interval (0,1). By
Lemma 3.11 EY is a computable function. Let x € A iff E§(z) = 0. Now, A is a
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computable set as £ is a total computable function, indeed, EY is the characteristic
function of A.

Assume for the sake of a contradiction that A is a primitive recursive set. Then Ef
is a primitive recursive function. Let

a(n) = Y B
=0

Then « is primitive recursive as the primitive recursive functions are closed under
bounded sums. It is easy to see that « is a realizer of a. But a has no primitive
recursive realizers. Contradiction.

Exercise 3.6 #10. By Corollary 3.19 there exists a computable real number a
that is not primitive recursive. Let « be a realizer of a. Any realizer is a total
and computable function. Let e be a computable index for a. By by Kleene’s Nor-
mal Form Theorem we have a primitive recursive predicate and 77 and a primitive
recursive function U such that

a(z) = U( (ut)[Ti(e, z,t)] ) .
Now, let
f(x) = ut[Tl(e,x,t)] :

Since « is a total function, f will also be a total function. Assume for the sake of a
contradiction that there exists a primitive recursive g such that g(z) > f(z) holds
for all x. Then we have

az) = U( (ut < g(x))[Ti(e,z,1)] ) .

and « will be a primitive recursive as the primitive recursive function are closed
under bounded minimalization. This contradicts that a is not primitive recursive
real number.

Hence for any primitive recursive g we have f(z) > g(z) for infinitely many x.

Exercise 3.6 #11. Modify the proof of Theorem 3.16. Let the interval Iy =
(p,q). The proof will still go trough. The the computable real number {8} which is
constructed in the proof, will end up in the inteval (p, q).
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Exercise 4.5 #1. Let Ag={z € K |k(z) =0} and A = {z € L | k(z) =1}. It
is easy to see that Ay and A; are computably enumerable sets.

Assume there is a computable set B such that 49 C B and A; C B. Let x be the
characteristic function of B, that is, let

0 ifzreB
x(@) = ,
1 ifxéegB.

The function y is computable since B is a computable set, moreover, x is total,
that is, dom(x) = N. Thus, let e be a computable index for x, and we have
e € dom(®.) = dom(x) = N. Now, by the definition of I, we have e € K, and thus,
we have either k(e) = 0 or x(e) = 1.

Assume k(e) = 0. We have
kle)=0 = e€Ay = e€B = x(e)=0 = P.(e)=0 = k(e)=1.

This proves that it cannot be the case that x(e) = 0.

Assume r(e) = 1. We have
k(e)=1 = e€A; = e€B = x(e)=1 = ®.(e)=1 = k(e)=0.

This proves that it cannot be the case that x(e) = 1.

We have a contradiction.

Exercise 4.5 #3. By the theorem we have a formula ¢ such that
kla)=b & XEVylé@y) < y=>] (6.10)

Let Ao ={z € K| k(z) =0} and Ay = {z € £ | k(z) = 1}.

Assume a € Ag. We have x(a) = 0. By (6.10), we have ¥ -y =0 — ¢(a,y). We
have ¥ 0 = 0 (recall that 0 = 0 is a logical truth). Thus, ¥ + ¢(a, 0).

Assume a € A;. We have k(a) = 1. By (6.10), we have X F 0 # y — —¢(a,y). We
have assumed that 3 - 0 # 1. Thus, ¥ F =¢(a,0).

Let B = {a | ¥ F ¢(@,0)}. Then, since ¥ is consistent, we have Ay C B and
A; C B. Now, assume for the sake of a contradiction we have ¥ - 6 or ¥ - —@
for any £yp-formula 6. Then, for any a € N, we have ¥ F ¢(a,0) or X - —¢(a,0).
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Since ¥ is a computably enumerable set, the set I' = {n | ¥ F n} will also be
computably enumerable. Hence, for any a € N, either ¢(a@,0) or —¢(a,0) will be in
the computable eneumerable set I'. This implies that B is a computable set and
that contradicts that Ay and A; are computably inseparable sets (see the solution
of exercise 4.5#1)

Hence we conclude that there exists a € N such that X t/ ¢(@,0) and ¥ I/ —¢(a, 0).

84



Bibliography

1]
2]

O. Aberth, Computable Analysis, MacGraw-Hill, New York, 1980

N. R. Andre, S. M. Engdahl and A. E. Parker, An Analysis of the First
Proofs of the Heine-Borel Theorem, MAA (Mathematical Association
of America). Use Google to find the paper.

E. Boman and R. Rogers, How We Got from There to Here: A Story
of Real Analysis, Open SUNY Textbooks 20, (2014)
https://knightscholar.geneseo.edu/oer-ost/20

G. S. Ceitin, Algorithmic Operators in Constructive Complete Separa-
ble Metric Spaces, Dokl. Akad. Nauk SSSR 128 (1959), 49-52 (Russian)

B. S. Cooper, Computability Theory, Chapman & Hall, 2003

S. C. Kleene, Introduction to Metamathematics, North-Holland, Ams-
terdam, 1952

K. Kuratowski, Introduction to Analysis, textbook, Polish edition
1946, English editions 1961 and 1969 (Pergamon Press)

C. Leary and L. Kristiansen, A Friendly Introduction to Mathematical
Logic, 2nd Edition, Milne Library, SUNY Geneseo, Geneseo, NY, 2015

A. Mostowski, On computable sequences. Fundamenta Mathematica
44 (1957), 37-51

P. Odifreddi, Classical Recursion Theory: The Theory of Functions
and Sets of Natural Numbers, Elsevier, 1989

85



[11] H. G. Rice, Recursive real numbers, Proceedings of the American
Mathematical Society, 5 (1954), 784-791

[12] H. Rodgers, Theory of recursive functions and effective computability,
The MIT press, 1987 (second printing 1988)

[13] E. Specker, Nicht Konstruktiv Beweisbare Satze Der Analysis, J. Sym-
bolic Logic Volume 14, Issue 3 (1949), 145-158.

[14] K. Weihrauch, Computable Analysis. Springer Verlag, 2000.

[15] A. T. M. Odegaard, Subrecursive analysis, Master thesis, Dep. of
Mathematics, University of Oslo (2018)
http://urn.nb.no/URN:NBN:no-66653

86



