
INF 4130 Exercise set 11, 8th Nov. 2012 
w/proposed solutions 

Make sure enough time is left for Exercise 5, leave out Exercise 3 and parts of 4 if necessary to begin with. 

Exercise 1 
Solve Exercise 14.4 in the text book (B&P) (and sketch the data structure for Exercise 14.5). 
 
The exercise is to show that the Hungarian Algorithm can be implemented in time O(n

3
) for a bipartite graph  

G = (X, Y, E), with |X| = |Y| = n. 
 
If we think about the algorithm, without studying the code on pages 422-423, it consists of an outer loop where 
we repeatedly find and apply augmenting paths. Applying an augmenting path increases the size our matching 
with one edge (two vertices, one from X and one from Y). We can therefore at most iterate through this outer 
loop n times.  
 
Inside the outer loop we build a tree, edge by edge, in our search for an augmenting path; or rather, we build 
the tree two and two edges at the time (one matched and one unmatched), unless we find an augmenting 
path. The order in which we add edges to the tree is arbitrary, what is important is that we can add a new pair 
of edges in time O(1). We can do that if we 1) have a flag in each vertex that says whether or not the vertex is 
part of the tree, and 2) have a pointer in each vertex that points to the vertex with which it is matched (or null 
if it is unmatched). We also need some way to keep vertices in a set, where insertion and removal can be done 
in time O(1), a linked list is suitable. This set, let us call it R, is used to represent the front of the tree we grow – 
vertices that are part of the tree, that we not yet have followed edges out from. This set R initially contains only 
the unmatched vertex r in X we choose to start from – the root. The step is to take a vertex out of R, and follow 
all edges out from that vertex, each such edge can either: 

 Go to a vertex already in the tree. We do nothing. 

 Go to a matched vertex outside the tree. We expand the tree with this vertex and the vertex with which it 
is matched, and insert the latter one in R (not the middle vertex). 

 Go to an unmatched vertex outside the tree. We have an augmenting path and our tree-building stops. 
 
These operations can now be done in time O(1). Since there are no more than n

2 
edges, finding an augmenting 

path (i.e. building the tree) only takes time O(n
2
) (each time). All of this gives us a total running time for the 

algorithm of O(n
3
). 

 
PROC Hungarian (G = (X,Y,E)) 

{ 

  M = ∅; 
  WHILE < not finished >  // not perfect matching yet, and still augmenting paths 

  { 

    P = < find augmenting path >;  // |E| = O(n^2) 

    M = M  P;  //  |M| = |M| + 1 
  }  

} 

 

CLASS Vertex 

{ 

  Boolean isInTree = FALSE; 

  Vertex matchedWith = null; 

  Boolean proc isMatched { matchedWith != null; } 

  Vertex previous, next;  // for the linked list (R) 

  Vertex parentInTree 

  … 

} 



Exercise 2 
Solve Exercise 14.6 in the textbook. 
 
We start with the graph given in the exercise, at the top of the figure to the right.  
We number the vertices from left to right x1, x2, …, x5 and y1, y2, …, y5.  We start by growing 
a tree from x5, and immediately get an augmenting path (of one edge) if we look at the 
edge (x5, y4). Remember that an edge with unmatched vertices at both ends is a (simplest 
possible) augmenting path. 
 
After this augmentation has been done, we can start building a tree from for instance x4, 
and one possibility is then that we find the augmenting path x4-y3-x3-y2 (dotted lines in 
graph number two). 
 
Applying this augmenting path we get the third graph, and if we then build a tree from x2, 
we sooner or later find the augmenting path indicated by the dotted lines in graph number 
four. Applying that augmenting path results in the perfect matching of graph number five. 

Exercise 3 
Assume |X| = |Y|. Then show that if we have found a subset S of X with |Γ(S)| < |S|, we can also easily find a 
subset of T of Y with |Γ(T)| < |T|. 
 
This is actually easy to show. Assume we a subset S of X such that Γ(S) has fewer vertices than S, as shown in 
the figure below. By the definition of Γ(S) no edge can go between S and T = Y - Γ(S). Therefore Γ(T) must be a 
subset (not necessarily proper) of X - S, and thereby be smaller than T. 

 

Exercise4 
A small extension of the Hungarian algorithm is as follows (the sizes of X and Y may be different): 
 
Instead of growing one tree from a randomly chosen unmatched vertex in X (and resign if this leads nowhere), 
we grow trees from all unmatched vertices, and only resign if none of these result in an augmenting path. (We 
leave trees already grown from unmatched vertices in X, and do not grow other trees into existing trees when 
more trees are grown.) Our claim is that this algorithm will find the largest possible matching (number of 
edges) in the graph (and thereby a perfect one, if one exists). 
 
In the program on pages 422-423 this would roughly correspond to putting the contents of the ELSE part on the 
bottom of page 422 into a loop that iterates r through all unmatched vertices in X, but stops when an 
augmenting path is found. The exit conditions must therefore be adjusted a bit, etc. 
 
The exercise: is to show that if this extended algorithm halts before a perfect matching (or one of size  
min{|X|, |Y|}) is found, then that matching contains as many edges as possible 
 
Necessary hints: It is easy to show that if you find a vertex cover (a set of vertices that cover all edges), then no 
matching can be larger (have more edges) than this vertex cover (number of vertices). When the extended 
algorithm above halts because no augmenting path can be found, we can therefore try to find a vertex cover 
with the same size (number of vertices) as the matching (number of edges) we could not augment. If we do, we 
are done. Look the graph in a final state of the algorithm with multiple trees of the same type as the one in 
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Figure 14.2, and possibly some unmatched edges from Y not belonging to any such tree. Then show how to find 
a vertex cover with the same size as the matching from that situation. 
 
Let us first justify that no vertex cover can consist of fewer vertices than the number of 
edges in a matching. This is easily seen since each edge of the matching must “use” at 
least one vertex of the cover, namely one of its endpoints (both may of course be used). 
No other edge in the matching is adjacent to this edge. 
 
We can use the top graph in the figure to the right as an example of how such a vertex 
cover can be found, as the graph obviously has no perfect matching. We number the 
vertices from left to right x1, x2, …, x5 and y1, y2, …, y5. The extended Hungarian algorithm 
quickly builds a matching, for instance the one shown in the middle graph. (The normal 
Hungarian algorithm could of course also do this.) 
 
In the next step the extended Hungarian builds two trees with roots in x2 and x3. If we use those roots in that 
order, we get the two trees shown with the dotted lines in the bottom graph. Each tree consists of only two 
edges, and the algorithm halts without finding any augmenting path. The matched edge (x1, y2) and the 
unmatched nodes x1 and y3 are not part of any tree. 
 
A vertex cover can now be built in the following manner: 

- Include all Y-vertices in the trees. Note that they are all matched. 
- Include all X-nodes outside the trees. Note that they are also all matched; otherwise we would have started 

a new tree with that vertex as root. 
 
Such a set is indicated in the figure with circles around the vertices. This set is firstly of the same size as the 
matching, as we have picked exactly one vertex from each matched edge (a matched edge either has both 
endpoints inside, or both endpoints outside a tree). Secondly the nodes in the set will cover all edges, since no 
edge can go from an X-vertex in a tree to a Y-vertex outside the trees (we would then have continued building 
our trees), and there is of course no edge between two X-vertices or two Y-vertices (the graph is bipartite). All 
other types of edges are easily seen to be covered by the set. 
 
Extra 1: In Exercise 14.6 remove edges (x2, y3) and (x3, y2), and show that the extended Hungarian algorithm 
halts before a perfect matching is found. From the final state of the algorithm, find a vertex cover with the 
same size as the matching, as shown above. 
 
If we remove (x2, y3) and (x3, y2) from the graph of Exercise 14.6 we get the top graph in the 
figure to the right. We can then, in order, build trees from x1, x3 and x4, and find simple 
augmenting paths that give us the second graph. 
 
We can then build a tree from x2 and find the augmenting path x2-y1-x1-y2, and then build a 
tree from x5 and find the augmenting path x5-y4. This gives us the third graph. We then 
build a tree from last unmatched X-vertex, x5, and get the tree shown with dotted lines in 
the bottom graph. 
 
We chose a vertex cover as explained above, shown with circles around the vertices. We 
see that is covers all edges, and is of size 4, the same as the matching 
 
Extra 2: Finding the smallest vertex cover in a general graph is an NP-hard problem. (It is a search problem, 
outside of NP, we therefore say NP-hard; the decision variant is NP-complete.) Finding a maximum matching, 
however, can be done in polynomial time, also in general graphs. 
 
We showed above that for bipartite graphs the maximum matching (edges) and the minimum vertex cover 
(vertices) have the same size. Explain, with basis in the statements above, and the assumption that P ≠ NP, why 
this cannot be the case for general graphs, and show an example. 
 

Γ(S) 

S 



We can find maximum matchings in general graphs in polynomial time (with Edmonds’ algorithm). If it were the 
case that the size of a maximum matching always equalled the size of a minimum vertex cover also for general 
graphs, we could answer the following NP-complete question in polynomial time: 
 

VERTEX COVER 
Instance:  A graph G, and a positive integer K. 
Question:  Is there a vertex cover with K or fewer vertices for G? 
 

We could have answered that question by finding the maximum matching and checked whether it was smaller 
than K or not (all doable in polynomial time). But if P ≠ NP this problem cannot be solved in polynomial time, so 
our assumption must be false. 
 
Finding a graph where the maximum matching and the minimum vertex cover are of different 
size is easy. The canonical example of a non-bipartite graph, the odd loop, does the trick. In a 
C5, for instance, the largest matching has two edges, while the smallest vertex cover has three 
nodes.  

Exercise 5 
To study the max flow algorithm, go through the example in Figure 14.9 in detail (B&P). See introduction at the 
bottom of page 439. (Note that there are many typos in early editions of the book, most should now be 
corrected.) 
 
Known typos in early editions are: 

Step 1:  Edge 4-7 in Nf should be dotted. 
Step 2—7: Edge 4-7 shoud be reversed in all Nfs. 
Step 2: Inner edges in the flow graph should be removed. 
Step 2: Edge 0-3 in Nf should not be dotted. 
Step 7: Vertex 5 in N should have a double circle, and an edge 2-5 with flow 1 should be added to the 

flow graph. 
Step 7:  The sets should be X = {0,1,2,3,5}, and Y = {4,6,7}. 

 
The figure with typos corrected is included at the end of this document.  
 
It is left to the group session to go through the steps of the algorithm. 

Exercise 6 
Study figure 14.10 on page 444 of the text book (B&P). (Note that there are typos in at least some editions of 
the book: The edge (x1, y2) in the upper graph should be removed.) We now look at the duality between finding 
a maximum matching in the upper graph, and finding a maximum flow in the lower network (graph). 
 
Question 6.a 
Look at the following lemma, and explain why it is correct (Hint: study the algorithm): 
 
Lemma  In a network with integer capacities one can always find a flow that is both maximum and integer, and 
the Ford-Fulkerson-algorithm will always find such a flow. 
 
In other words: if the capacities are integer, we never have to split a flow so that for instance ½ goes down one 
edge and ½ down another to achieve a maximum flow. This means that if all capacities are 1, we get a 
maximum flow for the network with either full (1) or no (0) flow in each edge. Such a flow induces a subset of 
the edges: those with full flow. 
 
FordFulkerson never splits an integer flow into non-integer flows, and proves optimality by showing a minimum 
cut with the same capacity as the flow. 
 
  



Question 6.b 
Use the lemma to explain that finding a maximum matching in the upper graph in Figure 14.10 is the same as 
finding a maximum flow in the lower network. 
 
With capacity 1, flow is either 0 or 1. A flow of 1 corresponds to the edge being part of the matching.  
 
Question 6.c 
Assume that you in Figure 14.10 have the matching {(x2, y1), (x4, y3), (x5, y5)}, and show what flow f this 
corresponds to in the lower network. 
 
Left to the student. 
 
Question 6.d 
Draw N(f) (the f-derived network) for the flow from 6.c and check that looking for an f-augmenting path from s 
to t in this graph corresponds to looking for a (matching) augmenting path in the upper graph, with the given 
matching. 
 
Left to the student.  
 
Question 6.e 
Use an f-augmenting path found (for instance (x1, y1, x2, y4) in the graph and (s, x1, y1, x2, y4, t) in the network) to 
augment the matching/flow, and check that these operations are duals of each other. Verify that you end up in 
the situation shown in the lower network in figure 14.10 (where flows are indicated). 
 
Left to the student. 
 
Question 6.f 
Draw N(f) for this new flow, and show that the flow is a maximum flow by showing a cut with this capacity (4). 
Then use the method from Exercise 4 above to find a vertex cover of four vertices covering all edges in the 
upper graph, thereby showing that the matching is a maximum matching. Finally show how the cut and this 
vertex cover are related. 
 
Left to the student. 
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