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Make sure that your copy of this examination paper is complete before answering. 
  
One of the assignments is to be answered using the attachment. There are two copies of the 
attachment, one for INF 4130 and one for INF 9135, turn the copy with the appropriate subject code 
for you in with the white copy of your answers (the original), use the other copy of the attachment 
as scratch paper. 
 
Read the text carefully, and good luck! 

Assignment 1 Triangulation and dynamic programming (25 %) 

 
In this assignment we study triangulations of point sets consisting of the corners of convex 
polygons, like the one in Figure 1.1 below.  

 

Question 1.a (5 %) 
Find, intuitively, a Delauney-triangulation of the polygon in Figure 1.1. above. Draw the 
triangulation edges, and the circles that show that your triangulation is correct. Use the attachment 
to answer this question. There are two copies of the attachment, turn the copy with the appropriate 
subject code for you in with the white copy of your answers (the original), use the other copy of the 
attachment as scratch paper. 

Figure 1.1  A convex polygon with five corners.
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Question 1.b (5 %) 
We now define the optimal triangulation of a polygon using a more general principle than for 
Delauney-triangulations alone. We  assume that we are given a weight function w(P, a, b, c) that for 
a set of points P describing the corners of a polygon, and a triangle with corners a, b, c (all from P), 
gives a real number measuring the quality of the triangle. For a triangle abc the function  
w(P, a, b, c) shall not depend on how the rest of the triangulation is done, but it can depend on the 
rest of the points in P. In general we want to find a triangulation where the sum of the weights is as 
large, or small, as possible (depending on how the function is defined). 
 
Your task is: Describe a function w(P, a, b, c) whose optimal triangulation is the Delauney 
triangulation. Explain, and indicate whether you want it minimized or maximized. It is not 
necessary to write a program that computes your function. 

Question 1.c (5 %) 
We still consider only convex polygons, and we are going to use dynamic programming to find 
optimal triangulations of these. (The method does not work for general point sets, so we stick to 
convex polygons.) We let our polygon be defined by the point set P, the n corners of the polygon, 
numbered h1, h2,…, hn by starting in an arbitrary corner and continuing around the polygon in either 
direction. 
 
We use the two-dimensional array T[i ,  j] (which is interesting only for 1 ≤ i ≤ j ≤ n) to store the 
weight of the optimal triangulation of the sub-polygon Pij with corners from hi to hj (inclusive). It is 
of course T[1, n] we want to find (and possibly the triangulation that gives us this value, but that is 
not part of this question). 
 
When we try to define a formula for T[i ,  j], we examine the corresponding sub-polygon, Pij, and 
observe that the edge hihj necessarily must be an edge in one of the triangles (otherwise we have no 
triangulation), the last corner in this triangle must then be one of the other points in P (like h7 in 
Figure 1.2 below). This triangle will now divide Pij into two new polygons, that can be degenerate 
(have fewer than three corners). 

 
 
 
 
 
Your task here is: Show how T[i ,  j] can be calculated from the function w(…) and values of  
T[k ,  l] where  l-k < j-i. 

h4 = hi  

h9 = hj
h7 

h6 

h5

h8

Figure 1.2  Partition of the  polygon Pij.
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Question 1.d (6 %) 
To construct a complete algorithm, we must initialize parts of T, and we must describe the order in 
which the main step fills in (the necessary part of) T for different values of i and j (your answer 
from 1.c). Write two separate code sketches, including the necessary FOR-statements etc. 
 
Do not use a memoized approach. Fill in the table, starting with the smallest sub-polygons, and 
work your way up. 
 

Question 1.e (4 %) 
We assume that calculating w(P, a, b, c) can be done in time O(1). What is the complexity of the 
algorithm that finds the optimal triangulation? 
 
 

Assignment 2 Matching (14 %) 

Question 2.a (7 %) 
We are given the following graph G1, with the indicated matching M1: 

 
 
 
 
Show an augmenting path in this graph, and the matching we get if we use that path. It is not 
necessary to describe how you found your augmenting path. 
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Figure 2.1  G1 with the edges of the matching M1 in bold.
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Question 2.b (7 %) 
We are given the following graph G2, with the indicated matching M2: 
 

 
 
 
 
Decide whether the matching is maximal or not. Give either a larger matching, or a simple proof 
that it is maximal. 

Assignment 3 A*-search (18%) 

For an unspecified problem we are given the following state space graph, that we search with the 
A*-algorithm. The nodes are annotated with their corresponding values for g (shortest path) and/or 
h (the heuristic), edges with their associated length (cost). 
 

4 5 7 3

1 3 9 9

4 2 6 8

1 1 6 9

1 2 3 6

1 2 6 8

4 3 6 3

g = 2
g = 5
h = 5

h = 4 h = 3 h = 0

g = 1 g = 2
g = 4
h = 10

h = 8 h = 0

g = 0 g = 1 g = 3
g = 6
h = 6

h = 0

g = 1 g = 4
g = 7
h = 4

h = 3 h = 0

 
Figure 3.1  A state space graph we search with the A*-algorithm. 
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Figure 2.2  G2 with the edges of the matching M2 in bold.
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Goal nodes are marked with a double circle, and we have started our search from the node with 
g = 0  on the left side of the figure. Our search has run for a while: the bold nodes have correctly 
calculated shortest paths with the shortest path tree indicated by arrows along the edges, the grey 
nodes are currently in the priority queue, the rest are undiscovered. (To increase the readability of 
the figure the h-values are omitted for nodes we are done with, and g-values are omitted for the 
undiscovered nodes.) 

Question 3.a (6 %) 
The search now continues from the situation described in Figure 3.1 above. Which node is the next 
to be removed from the priority queue, and why? Give the answer by listing the g- and  
h-values of the node as it is removed from the priority queue. 

Question 3.b (6 %) 
In what goal node does our search terminate, and what is its g-value? Give the answer by listing the 
g- and h-values of the node when the algorithm terminates, as well as the number of the row (1, 2, 3 
or 4, from the top down). 

Question 3.c (6 %) 
Finding good heuristic functions for A*-search can be difficult. We consider a state space graph 
where all edges are of length (cost) 1. We further assume that the length of the longest of the 
shortest paths between any pair of nodes in this graph is k (a constant), and that k>1. 
 
Examine the following two heuristics 
 

1       





otherwise

node goal a is  if0
)(

k

v
vh  

2       





otherwise1

node goal a is  if0
)(

v
vh  

 

Discuss the admissibility for A*-search of the heuristics, and for any admissible heuristic also its 
usefulness. 

Assignment 4 Undecideability, complexity (11 %) 

Question 4.a (6 %) 
Discuss the undecidability / complexity of the following problem and prove your answer:  
 

Given two Turing machines M1 and M2, decide whether M2 outputs the same string as M1, 
but in reverse, when started on a blank tape (i.e. whether if M1 for instance writes ab, then 
M2 writes ba). 

Question 4.b (5 %) 
Does your answer in 4.a change if M1 and M2 are not allowed to delete or modify any of the 
characters they have written on their tapes, but in each step only output a character and move the 
read/write head to the right (and possibly end, by moving the head all the way to the left to point at 
the first character of what has been written, and halt)? Explain. 
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Assignment 5 NP-completeness (16 %) 

 
The SUBGRAPH ISOMORPHISM problem [SIM] is defined as follows:  
 

Given two graphs G1 and G2, decide whether G2 is isomorphic to a subgraph of G1 (i.e. 
whether G1 contains a graph that ‘looks the same’ as G2, see Figure 5.1 below). 

 

 

Question 5.a (4 %) 
Prove that SIM is NP-complete. (HINT: show that HAMILTONICITY can be reduced to SIM.) 

Question 5.b (4 %) 
Does the complexity remain the same if G2 is a clique (a complete graph)? Explain. 

Question 5.c (4 %) 
Does the complexity remain the same if G2 is a simple path? Explain. 

Question 5.d (4 %) 
Does the complexity remain the same if G2 is an arbitrary graph on 99 vertices? Explain. 

Assignment 6 NP-completeness (15 %) 

 
Assume that a polynomial algorithm for HAMILTONICITY has been found. Which of the 
following statements would be true? Explain your answer. 
 

1 TSP-optimization would be solvable in polynomial time. 
 

2 It would be possible to decide whether a given graph is not Hamiltonian in polynomial time. 
 

3 Computers would be able to play perfect chess (always choose the best possible move). 
 

4 It would be possible to list all Hamiltonian cycles in a graph in polynomial time. 
 

 
 [ end of exam, the following pages are attachments ] 

G1 G2 

Figure 5.1  A positive instance of SUBGRAPH ISOMORPHISM. 
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