
INF4130 18/11-2015 
Linear Programming = Linear Optimization 

NB: This is not part of the curriculum in 2015, but it may be next year 
We need feedback (Tell me after this lecture or write a mail to 
«steinkr@ifi.uio.no»).  
• Should we include something like this in INF4130? 
• How much of it is it possible to include in a standard lecture (2 

hours)? 
 
Note: No exercises around this will be given. Thus there is no exercise 
sesson on the coming Tuesday (unless the teacher assistents announce 
something).  
Wednesday Nov. 25:  No lecture 
Wednesday Des. 2:  We look at the exam 2014   
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The LP problem 
Two equivalente versions: Maximization and Minimization 

We will usually refer to the maximization version, but  
often the minimization version is more convinient for a given task   

Maximization: 
We are given The following 
constraints: 
a1,1 x1 +  a1,2 x2  +  .... + a1,n xn    ≤  b1 
a2,1 x1 +  a2,2 x2  +  .... + a2,n xn    ≤  b2 
. 

am,1 x1 +  am,2 x2 +  .... + am,n xn ≤ bm 
 

We want to maximize 
z = c1 x1 +  c2 x2  +  .... + cn xn  
 

Here ai,j , bi and cj are given, and 
can have any values. 
However, xj is, per definition, 
restricted to be non-negative. 
 

Minimization: 
We are given The following 
constraints: 
a1,1 x1 +  a1,2 x2  +  .... + a1,n xn    ≥  b1 
a2,1 x1 +  a2,2 x2  +  .... + a2,n xn    ≥  b2 
. 
am,1 x1 +  am,2 x2 +  .... + am,n xn ≥ bm 
 
This time we want to minimize 
z = c1 x1 +  c2 x2  +  .... + cn xn  
 
But note: The values of each xj should 
still be non-negative. 
Change from one version to the 
other:  Just multiply all ai,j, all bi and 
all cj with  -1, and turn the relations  
around. 
 

NB: Changed 
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Example  
Mixing cheapest possible food for a horse 

We have following constraints: 
a1,1 x1 +  a1,2 x2  +  ...  + a1,n xn    ≥  b1 
a2,1 x1 +  a2,2 x2  +  ...  + a2,n xn     ≥  b2 
. 

am,1 x1 +  am,2 x2 +  ...  + am,n xn ≥  bm 
 

We want to minimize 
z = c1 x1 +  c2 x2  +  .... + cn xn  
 

We could also include additional constraints, 
e.g. to ensure that the total weight of the food 
per day does not exeed K kg: 
-1∙x1 -1∙x2 -  .... -1∙xn ≥  -K 
(We here inverted the inequality to get it on 
the minimazation form.) 
  

We could also have upper limits ui for each NEi: 
-ai,1 x1 - ai,2 x2 -  ...  -ai,n xn ≥  -ui 

 
 

We use the minimization version, as we 
want to minimize the food cost . 
Assume that we can buy different food-
types («FT»s) for feeding our horse.  
However, none of the FTs contain all the 
nutrition elements («NE»s, e.g. different 
vitamines, proteins, etc.) that our horse 
needs, but for each NE, at least one FT 
contains it.  
 We want to find a mixture (with xj kg of 
each FTj) that contains enough of each NEi 
for one day. And we want it is as cheap as 
possible!  
 To obtain this we choose: 
ai,j to be the amount of NEi per kg of FTj. 
cj  to be cost per kg of FTj. 
bi  to be the amount of NEi our horse 
needs per day 
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Geometric interpretation 
We look at the maximization version 

 a1,1 x1 +   ... + a1,n xn      ≤  b1 
a2,1 x1 +   ... + a2,n xn      ≤  b2 

     …                             …                   .. 
am,1 x1 +  ... + am,n xn   ≤ bm 
Maximize: z = c1 x1 +  .... + cn xn  

There are three possible outcomes: 
1. There is no set x1 ≥ 0, … , xn ≥ 0 that satisfy the constraints (no 
«feasible solution») 
  

2. There are feasible solutions, but you can make z as large as you 
want with suitable sets x1 ≥ 0, … , xn ≥ 0 
  

3. There are feasible solutions, and there is a feasible set  
x1 ≥ 0, … , xn ≥ 0 so that no other such set will give a higher value for z. 
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Geometric interpretation 
Situation 3 

 x1 + 2 x2   ≤ 2 
2 x1 + x2   ≤ 2 
  

Maximize: z = x1 + x2 
(x1 ≥ 0,  x2 ≥ 0 ) 

This gives situation 3:  
There are feasible solutions, 
and there is a feasible set  
x1 ≥ 0, … , xn ≥ 0 
so that no other such set will 
give a higher value for z. 
  

Note that the feasible area 
will always be convex! 
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x1 + 2 x2   ≤ 2 

2 x1 + x2   ≤ 2 

x2   

x1   

Max of  z = x1 + x2  



Geometric interpretation 
Situation 2 

 x1 - 2 x2   ≤ 1 
-2 x1 + x2   ≤ 1 
  

Maximize: z = x1 + x2 
(x1 ≥ 0,  x2 ≥ 0 ) 

This gives situation 2:  
There are feasible solutions, 
but you can make z as large 
as you want with suitable 
sets x1 ≥ 0, … , xn ≥ 0 
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x1 - 2 x2   ≤ 1  

-2 x1 +  x2   ≤ 1 
x2   

x1   

z = x1 + x2 can here 
be made as large 
as we want 



Geometric interpretation 
Situation 1 

 x1 - 2 x2   ≤ 1 
x1 + x2     ≤ -1 
  

Maximize: z = x1 + x2 
(x1 ≥ 0,  x2 ≥ 0 ) 

This gives situation 1:  
There is no set x1 ≥ 0, … , xn ≥ 0 
that satisfy the constraints (no 
«feasible solution») 
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x1 - 2 x2   ≤ 1  

   x1 +  x2   ≤ -1 

x2   

x1   



A three dimensional example 
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Here we want to  
maximize the 
function: 
Z = 0 x1 + 1 x2   +0 x3  
(This is «upwards») 
 
The red line indicates 
the path that the 
Simplex algorithm 
could typically follow 
to find the maximum.     

x1 

x2 

x3 

https://en.wikipedia.org/wiki/File:Simplex-method-3-dimensions.png


LP problems on equiality form 
To prepare for the Simplex algorithm we shall look at yet another 
form, called the «equiality form», for an LP problem.  This looks 
as follows: 

a1,1 x1 +  a1,2 x2  +  .... + a1,n xn    =  b1 
a2,1 x1 +  a2,2 x2  +  .... + a2,n xn    =  b2 

    …                 …                         …                .. 

am,1 x1 +  am,2 x2 +  .... + am,n xn = bm 
  

Maximize  c1 x1 +  c2 x2  +  .... + cn xn  

Our old form will in this connection be called the «inequality 
form». It turns out to be easy to rewrite an LP problem back and 
forth between these two forms, as is shown on the next slides. 
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From inequality form to equality form: 
An LP prolem on inequality form can be as follows: 
          a1,1 x1 +  .... + a1,n xn    ≤  b1 
          a2,1 x1 +  .... + a2,n xn    ≤  b2 
                       …                                  …                     …                  

          am,1 x1 +  .... + am,n xn ≤ bm 

       Maximize  z = c1 x1 +  .... + cn xn  

 
We can turn this into equality form by introducing  new non-negative 
variables s1, s2, …, sm (in addition to x1, x2, … , xn) as follows: 
  

   a1,1 x1 +  .... + a1,n xn    +  1∙s1                                                            = b1 
   a2,1 x1 +  .... + a2,n xn                 + 1∙s2                                                = b2 
          …                                 …                                                              …                                                   … 

   am,1 x1 +  .... + am,n xn +                                                        + 1∙sm  = bm 

        Maximize  z = c1 x1 +  c2 x2  +  .... + cn xn + 0∙s1 + 0∙s2 + ….  + 0∙sm 

Here s1, s2, …., sm  are called «slack variables» 
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From equality form to inequality form: 

We look at the following LP 
problem on equality form: 
  

a1,1 x1 +  a1,2 x2  +  .... + a1,n xn    =  b1 
a2,1 x1 +  a2,2 x2  +  .... + a2,n xn    =  b2 

    …                 …                         …                .. 

am,1 x1 +  am,2 x2 +  .... + am,n xn = bm 
 

Maximize  z = c1 x1 +  c2 x2  +  .... + cn xn  

 

This can be turned into the 
inequality form as follows: 
  

 a1,1 x1 +  a1,2 x2  +  .... + a1,n xn  ≤    b1 
 a2,1 x1 +  a2,2 x2  +  .... + a2,n xn  ≤    b2 

     …                 …                         …                .. 

 am,1 x1 +  am,2 x2 +  .... + am,n xn ≤  bm 
 
  

- a1,1 x1 -  a1,2 x2  -   .... - a1,n xn  ≤  - b1 
- a2,1 x1 -  a2,2 x2  -   .... - a2,n xn  ≤  - b2 

    …                 …                         …                 .. 

- am,1 x1 -  am,2 x2 -  .... - am,n xn ≤ - bm 
 

Maximize  z = c1 x1 +  c2 x2  +  .... + cn xn  
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The Simplex algorithm  
For solving LP problems 

• We will only look at the principles of this algorithm, and not at 
all the trics necessary for really fast implementations. 

  

• With all such tricks implemented and for «real problems» it 
usually works very fast.   
– E.g. problems with 10 000 constraints (ineqalities) and 10 000 

variables are usually solved in a few seconds on a standard PC. 
  

• However, one can easily construct  LP problems where the 
Simplex algorithm will run rather slow, and in fact its worst 
case complexity is exponential! 

  

• However, the LP problem as such is in P, as there are 
algorithms that are guaranteed to solve it in polynomial time.  
But for most LP problems the Simplex algorithm runs much 
faster than these algorithms 12 



Example of the the path followed by 
the Simplex algorithm  
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Here we are maximizing 
the function: 
Z = 0 x1 + 1 x2   +0 x3  
(The is «upwards»)     

x1 

x2 

x3 

https://en.wikipedia.org/wiki/File:Simplex-method-3-dimensions.png


The Simplex Form of an LP problem 
The Simplex algorithm is performed with the the LP problem on a special variant 
of equality form, which we shall call the «Simplex form».  For this form we 
assume that m ≤ n (fewer equiations than x-variables), and that we have selected 
m of the n x-variables and sorted all the x-variables so that these occur as  x1, x2, 
…, xm. The Simplex form is then as follows (where K is a constant). 
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 1 ∙ x1 +                                     a1,m+1 xm+1  +  .... +  a1,n xn    =  b1 
              1 ∙ x2  +                       a2,m+1 xm+1  +  .... +  a2,n xn     =  b1 
                              …                         …                    …                         …            … 
                                    1 ∙ xm + am,m+1, xm+1 +  .... + am,n xn   = bm 
 
Maximize  z =  0∙x1 +  0∙x2  +  .... + 0∙xm  + cm+1 xm+1 +  .... + cn xn + K 
 
The m selected x-variables  x1, x2, …, xm is called the «basis» of the above 
Simplex form. If in addition all the b-s are non-negative, we say that this LP 
probem is on «feasible Simplex form». The following is then a feasible solution: 
                    x1 = b1,  x2 = b2,  …, xm  = bm,  and  xm+1 = 0, … , xn = 0  
This is called the «cononical solution» of the above feasible Simplex form. 



To better understand the Simplex form, we shall look at how we can 
transform an LP problem on general equality form to the Simplex form.  
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 a1,1 x1 +  a1,2 x2  +  .... + a1,n xn    =  b1 
 a2,1 x1 +  a2,2 x2  +  .... + a2,n xn    =  b2 
    …                 …                         …                .. 

 am,1 x1 +  am,2 x2 +  .... + am,n xn = bm 
 
Maximize  z = c1 x1 +  c2 x2  +  .... + cn xn  
 For this transformation we must first choose the m x-s of the basis, and we 

assume that these are  x1, x2, …, xm in the above picture.  We then move the 
rest of the terms over to the right hand side of the equitations, and get: 

Note: We shall not use this 
transformation directly in the Simplex 
algorithm, but having seen it might help 
us to better understand this form. 

Understanding the simplex form (a slight sidestep) 

 a1,1 x1 +  .... + a1,m xm    =  b1 - a1,m+1 xm+1  -   ....  - a1,n xn  
 a2,1 x1 +  .... + a2,m xm    =  b2 - a2,m+1 xm+1 -   ....   - a2,n xn  

    …                      …            ..          …                           …        
 am,1 x1 +  .... + am,m xm =  bm - am,m+1 xm+1 -  ....  - am,n xn 
 
Maximize  z =  c1 x1  +  .... + cm xm  + cm+1 xm+1 +  .... + cn xn  

Continues on next slide … 
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              x1  =  b’1+  a’1,m+1 xm+1  +  .... +  a’1,n xn  
       x2   =  b’1+  a’2,m+1 xm+1  +  .... +  a’2,n xn 
        …       ..            …                            …  
       xm  =  b’m+ a’m,m+1, xm+1 +  .... + a’m,n xn  

 a1,1 x1 +   .... + a1,m xm    =  b1 - a1,m+1 xm+1   -  ....   - a1,n xn  
 a2,1 x1  +  .... + a2,m xm    =  b2 - a2,m+1 xm+1   -  ....   - a2,n xn  

    …                    …               ..          …                          …        
 am,1 x1 +  .... + am,m xm =  bm - am,m+1 xm+1 -  ....  - am,n xn 
 

We now consider this as m equiations with m unknowns  and we solve this system 
with respect to x1, x2, …, xm (assuming that this is possible). The right hand sides of 
the equations will during this process only undergo linear transformations.  

The form we had 
at the bottom of  
the previous 
slide. 

This is almost on the Simplex form.  We only need to move all the red terms over to 
the left hand side, and substitute  a’’ for - a’.  We then get the Simplex form: 

    x1 +                                     a’’1,m+1 xm+1  +  .... +  a’’1,n xn     =  b’1 
           x2  +                            a’’2,m+1 xm+1  +  .... +  a’’2,n xn     =  b’2 
                          …                            …                       …               …    
                                    xm +   a’’m,m+1, xm+1 +  .... + a’’m,n xn   = b’m 

We can therefore write the 
solution on the following 
form (with new «primed» 
values for the a-s and b-s). 

We first transform the equations 
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      x1 +                                     a’’1,m+1 xm+1  +  .... +  a’’1,n xn    =  b’1 
                   x2  +                       a’’2,m+1 xm+1  +  .... +  a’’2,n xn     =  b’2 
                              …                         …                    …                    … 
                                        xm + a’’m,m+1, xm+1 +  .... + a’’m,n xn   =  b’m 
 
z =  0∙x1 +  0∙x2  +  .... + 0∙xm  + c’m+1 xm+1    +  ....  + c’n xn    +   K 
 

        x1  =  b’1+  a’1,m+1 xm+1  +  .... +  a’1,n xn  
       x2   =  b’1+  a’2,m+1 xm+1  +  .... +  a’2,n xn 
        …       ..            …                             …    
        xm  =  b’m+ a’m,m+1, xm+1 +  .... + a’m,n xn  
 

           We then transform the expression for z: 
This original expression for z is:   z =  c1 x1 +  .... + cm xm  + cm+1 xm+1 +  .... + cn xn 
 
 

We substitute these for the x1, x2, …, xm in z, and get rid of the m first terms:  
                                       z = c’m+1 xm+1 + .... + c’n xn + K 
The constant K is here the result of transforming the b-s during the substitutions.  
Thus, we have transformed the general equality form to the Simplex form (but it is 
not generally on feasible Simplex form, as some of the b-s may be negative): 

We already know 
(after we solved the 
equations on the 
previous slide): 
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The Simplex algorithm will proceed from one feasible Simplex form to 
another, by carefully choosing one xA currently outside the basis and then one 
xB inside. We then rewrite the problem to a new feasible Simplex form with a 
basis where xB is removed and xA is included instead. The variables etc. will be 
chosen so that this will increase the value of z for the canonical solution. 

Now, to the core of the Simplex algorithm 

The main step of the Simplex algorithm is performed with the LP-problem 
on a feasible Simplex  form (that is: all the b-s are now non-negative!).  
  
In the algorithm we focus on the canonical feasible solution of this form: 
             x1 = b1,  x2 = b2,  …, xm  = bm,  and  xm+1 = 0, xm+2 = 0, xn = 0 
The value of z for this solution is obviously K. 

  The Simlex form: 
    x1 +                                      a1,m+1 xm+1  +  .... +  a1,n xn      =  b1 
                   x2  +                       a2,m+1 xm+1  +  .... +  a2,n xn     =  b2 
                              …                      …                         …             … 
                                        xm + am,m+1, xm+1 +  .... + am,n xn   =  bm 
 
z =  0∙x1 +  0∙x2  +  .... + 0∙xm  + cm+1 xm+1    +  ....  + cn xn    +   K 
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The main step of the Simplex algorithm-1 
Thus, we here assume that we have our LP problem on a feasible Simplex form 
(see previous slide), and that we look at the corresponding canonical solution:  
           x1 = b1,  x2 = b2,  …, xm = bm,  and  xm+1 = 0, xm+2 = 0, ..., xn = 0  
which gives  z = K. 
  

SE PÅ: Our aim is now to construct a new «feasible basis» so that, when the 
problem is rewritten to the Simplex form corresponding to that basis and we 
look at the new canonical solution, the value of z (and thus K) will have 
increased. 
  
 
 
 
 
 
 
To obtain this we look through cm+1, cm+2, ...,  cn. If none of these are positive, 
then we are done, and we shall later show that K then is the maximum value 
that z can get with non-negative x-values in the original LP problem.  More 
about that in a moment. 

      x1 +                                     a1,m+1 xm+1  + … + a1,j xj  +  .... +  a1,n xn     =  b1 
                   x2  +                       a2,m+1 xm+1  +  … + a2,j xj  + .... +  a2,n xn     =  b2 
                              …                     …                    …                          …              … 
                                        xm + am,m+1, xm+1 + … + am,j xj +  .... + am,n xn   =  bm 
 
z =  0∙x1 +  0∙x2  +  .... + 0∙xm  + cm+1 xm+1   + … +  cj  xj  +   ....   + cn xn    +   K 
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The main step of the Simplex algorithm-2 

Otherwise, we choose one such xj where cj is positive, and we call 
these xA and cA. We will now try to increase  xA (which currently is 
zero) as much as possible while keeping the rest of xm+1, xm+2, ...,  xn 
constant.  This will increase the value of z as cA is positive, and c1, c2, 
..., cm  are all zero. 
 
However, we must still fulfill the equations and must therefore also 
adjust the values of x1, x2,  …, xm  (that now have the values b1, b2, ..., 
bm). We then have to look at all the values  a1,A, a2,A, …, am,A.  

      x1 +                                     a1,m+1 xm+1  + … + a1,A xA  +  .... +  a1,n xn     =  b1 
                   x2  +                       a2,m+1 xm+1  +  … + a2,A xA  +  .... +  a2,n xn     =  b2 
                              …                     …                    …                          …              … 
                                        xm + am,m+1, xm+1 + … + am,A xA +  .... + am,n xn   =  bm 
 
z =  0∙x1 +  0∙x2  +  .... + 0∙xm  + cm+1 xm+1   + … +  cA  xA  +   ....   + cn xn    +   K 
 

Is positive Increase this (is now zero) 
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However, if at least one of a1,A, a2,A, …, am,A are positive, the corresponding x-
es among x1, x2,  …, xm will have to be decreased. As the x-es should be kept 
non-negative we stop increasing xA when the first of these x-s is decreased to 
zero. We then define this x to be xB. This amounts to choosing xB so that  
bB/aB,A is the smallest among those bi/ai,A where ai,A  is positive.  (This gives 
trouble if bB is zero. This can be fixed, but this is not further discussed here.) 

The main step of the Simplex algorithm 3 

      x1 +                                     a1,m+1 xm+1  + … + a1,A xA  +  .... +  a1,n xn     =  b1 
                     …                     …                    …                          …              …            
                     xB  +                     aB,m+1 xm+1  +  … + aB,A xA  +  .... +  aB,n xn    =  bB 
                                …                   …                    …                          …              … 
                                        xm + am,m+1, xm+1 + … + am,A xA +  .... + am,n xn   =  bm 
 
z =  0∙x1 +  0∙x2  +  .... + 0∙xm  + cm+1 xm+1   + … +  cA  xA  +   ....   + cn xn    +   K 
 

Positive Increase this (now zero) 

If none of a1,A, a2,A, …, am,A are positive, we can increase xA  without having to 
decrease any of x1, x2,  …, xm (but instead increase them) for conforming to 
the equiations. Thus, none of these x-es will ever have to become negative, 
and we can increase xA as much as we want while still having a feasible 
solution. Thus, there is no limit for how large we can make z. 

Smallest  
bi/ai,A of all 
with a  
positive ai,A   
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We then assign new values to xA and xB as follows:  
• xA is given the value it could increase to (from zero) before the 

corresponding equation forced xB to become zero.  This is: xA =  bB/aB,A  
• xB is given the value zero. 
  
  

Finally we have to transform the LP problem to the Simplex form that 
corresponds to the new basis where xA is included and xB is removed.  This 
is easy to do by solving equation B with respect to xA and substitute this for 
xA  in all the other equitiations, and in z.  Finally we swap the indices of xA 
and xB, so that the problem is still nicely on Simplex form. 
  

From the way we have chosen the new values of xA and xB, we then know 
that all the x-values and b-values are still non-negative, and that the value 
of K (and thereby z) has increased (but all this requires a bit of thinking!). 

The main step of the Simplex algorithm 4 
      x1 +                                     a1,m+1 xm+1  + … + a1,A xA  +  .... +  a1,n xn     =  b1 
                     …                     …                    …                          …              …            
                     xB  +                     aB,m+1 xm+1  +  … + aB,A xA  +  .... +  aB,n xn    =  bB 
                                …                   …                    …                          …              … 
                                        xm + am,m+1, xm+1 + … + am,A xA +  .... + am,n xn   =  bm 
 
z =  0∙x1 +  0∙x2  +  .... + 0∙xm  + cm+1 xm+1   + … +  cA  xA  +   ....   + cn xn    +   K 
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The Simplex algoithm, as described until now, will end in one of  three situations:  
1. All of cm+1,   cm+2, ..., cn are non-positive, so that there is no xA to choose. We 

then claim that K then has the maximum value that z can obtain.  We will 
comment more on that on the next slide. 

2. We are able to choose an xA (as there are positive c-values), but all a1,A, ... am,A 
are non-positive.  We then saw that we can make z as large as we want, so 
that no maximum value exists. 

3. In addition, the LP problem we started may not have feasible solutions at all, 
and then it isn’t meaningful to look for a maximal solution. Thus, things will 
stop already before the Simplex algorithm can start.  We shall soon see how 
we can detect this situation early in the process.  

The termination of the Simplex algorithm 
      x1 +                                     a1,m+1 xm+1  + … + a1,A xA  +  .... +  a1,n xn     =  b1 
                     …                     …                    …                          …              …            
                     xB  +                     aB,m+1 xm+1  +  … + aB,A xA  +  .... +  aB,n xn    =  bB 
                                …                   …                    …                          …              … 
                                        xm + am,m+1, xm+1 + … + am,A xA +  .... + am,n xn   =  bm 
 
z =  0∙x1 +  0∙x2  +  .... + 0∙xm  + cm+1 xm+1   + … +  cA  xA  +   ....   + cn xn    +   K 
 



Comment to the maximality of z in situation 1 
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There are several obstacles hidden in the termination of the 
Simplex algorithm:   
• The algorithm as described above may enter a loop where 

the value of z is not increased, even if the this value is not 
maximal.   
• This can be fixed by choosing the variables xA and xB according to a 

certain strategy.  Using this we are guaranteed to find the a feasible  
Simplex form whose z-value is as large as possible (unless it can be 
made as large as we want, as in situation 2). 

• To really show that the value of z we end up with is maximal, 
we also need to show this: 
• If an LP problem has a maximal feasible solution with a certain 

maximal value for z, then there is also a feasible Simplex form of the 
problem that has the same maximal value for z.  

• We shall not prove this here (and it seems to be taken for granted by 
most explanations of the Simplex algorithm).  However, look at the 
next slide. 

 



The full Simplex method 
The full Simplex method has three main phases: 
1. We first look for a feasible solution for the original problem.  

This involves using the Simplex algorithm for a problem 
similar to the one we want to solve.  If the result is that no 
feasible solution exists, we simply stop at this stage. 

2. If there are feasible solutions, the terminating situation of 
step 1 will allow us to set up a feasible Simplex form for the 
original problem, and we make this transformation. 

3. We solve the resulting problem with the Simplex method.  
This phase can end in one of two ways: 

a) We can find feasible solutions that make z as large as we 
want. 

b) We have found the maximum value that z can obtain 
within the given constraints, and we have x-values that 
give this maximum. 
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We can always find an optimal value 
which occurs in a «corner» 
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Here we are maximizing 
the function: 
Z = 0 x1 + 1 x2   +0 x3  
(The is «upwards»)     

x1 

x2 

x3 

https://en.wikipedia.org/wiki/File:Simplex-method-3-dimensions.png


Phase 1 of the full Simplex method 
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 a1,1 x1 +  a1,2 x2  +  .... + a1,n xn    =  b1 
 a2,1 x1 +  a2,2 x2  +  .... + a2,n xn    =  b2 
    …                 …                         …                .. 

 am,1 x1 +  am,2 x2 +  .... + am,n xn = bm 
 
Maximize:  z = c1 x1 +  c2 x2  +  .... + cn xn  
 

Assume that our 
original LP problem is 
the one to the left: 

Here, we assume that the equations that had negative b-values are already 
negated, so that all b-s are non-negative. We then set up the following LP problem: 

      v1 +                                       a1,1 x1  + a1,2 x2  + .... +  a1,n xn     =  b1 
                   v2  +                         a2,1 x1  + a2,2 x2  +  .... +  a2,n xn     =  b2 
                              …                      …           …                      …           … 
                                        vm   +  am,1, x1 + am,2 x2 +  .... + am,n xn   =  bm 
 

Maximize:   z’ = ‒ 1∙v1 ‒ 1∙v2 ‒ ... ‒ 1∙vm +  0∙ x1   +   0∙ x2      +   .... +   0∙ xn   
 
Except for the z’ expression, this problem is on feasible Simplex form.  To get also 
z’ on feasible form we solve the equations with respect to the vi-s (this is almost 
done above) and substitute the result for each vi into the z’ expression. We then 
get the result at the next slide, which is on feasible Simplex form. 
 



More about phase 1 
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      v1 +                                       a1,1 x1  + a1,2 x2  + .... +  a1,n xn     =  b1 
                   v2  +                         a2,1 x1  + a2,2 x2  +  .... +  a2,n xn     =  b2 
                              …                      …           …                      …           … 
                                        vm   +  am,1, x1 + am,2 x2 +  .... + am,n xn   =  bm 
 

Maximize:   z’ = 0∙v1 + 0∙v2 + ... + 0∙vm + c’1 x1   + c’2 x2      +   .... + c’n xn   
 

Thus we can solve this problem with the Simplex algorithm.   
 
We then note that the largest value we can hope for for z’ is zero, 
and if we obtain this value, then the values for x1, x2, ..., xn is also a 
feasible solution to the original LP problem.   
 
Otherwise the original problem has no feasible solutions and the 
full Simplex method should stop here.   
 



Phase 2 of the full Simplex method 
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If we arrive at this phase, Phase 1 has already found a feasible solution to the 
original problem, and in this solution at most m of the variables x1, x2 , … , xn  are 
non-zero (because at most m of the v- and x-variables are nonzero in the final 
situation of Phase 1). 
  

We can then get the original problem on a feasible Simplex form by first 
renumber the variables so the non-zero ones comes among the m first, and then 
turn the problem into Simplex form as we did earlier (on slide 14). 

               x1 +                                     a1,m+1 xm+1  +  .... +  a1,n xn     =  b1 
                 x2  +                            a2,m+1 xm+1  +  .... +  a2,n xn     =  b2 
                                …                        …                       …               …    
                                          xm +   am,m+1, xm+1 +  .... + am,n xn   = bm 
Maximize: z =  0∙x1 +  0∙x2  +  .... + 0∙xm  + cm+1 xm+1   + … +  cA  xA  +   ....   + cn xn    +   K 
 
As we know that there for this problem exists a feasible solution where all 
xm+1, … , xn are zero, all the b-values will here be non-negative (but this 
requre some contemplation!).  
  

NB: Note that in good implemetations of the Simplex method one usually 
does this phase slightly simpler, but we won’t discuss this technique here.    



Phase 3 of the full Simplex method 
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When we enter this phase, Phase 2 has already turned the original LP 
problem into a feasible Simplex form, like this:  

    x1 +                                     a1,m+1 xm+1  +  .... +  a1,n xn     =  b1 
           x2  +                            a2,m+1 xm+1  +  .... +  a2,n xn     =  b2 
                          …                        …                       …               …    
                                    xm +   am,m+1, xm+1 +  .... + am,n xn   = bm 

We then solve this problem by the Simplex algorithm, and we know that 
it will end in one of the following situations (which also will represent 
the result of the full Simplex method for the original problem). 
  

1. All of cm+1,   cm+2, ..., cn are non-positive, so that there is no xA to 
choose. We earlier claimed that K then has the maximum value 
that z can obtain, and we will prove this soon. 

2. We are able to choose an xA (as there are positive c-values), but all 
a1,A, ... am,A are non-positive.  We then saw that we can make z as 
large as we want, so that no maximum value exists. 

 



That was the end of the Simplex 
method 

• We will now look at another phnomenon around Linear 
Programming, namely:  

       The dual problem of an LP problem 
    and the connections between a problem and its dual. 
 
• There are algorithms simular to the Simplex algorithms 

that uses this primal dual relation. 
 

• This relaton can also be used to show that a solution 
claimed to be maximal for the primal problem, really is 
maximal.  
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The «dual» problem is then: 
a1,1 y1    a1,2 y1       ....    a1,n y1         b1 y1 

    +            +                       +              + 
a2,1 y2     a2,2 y2      ....    a2,n y2         b2 y2 
    +            +                       +              +  .                   
.                                   .                      . 
    +            +                       +              + 
am,1 ym    am,2 ym     ....    am,n ym     bm ym 
 
   c1           c2            ....      cn   
                  
                                           Minimize w 

 An LP problem and its dual problem 
This is not necessary to understand the Simplex algorithm   

We now consider the maximization version of an LP problem, 
 and note that the dual problem is then a minimization problem 

Our «primal» problem is: 
a1,1 x1 +  a1,2 x2  +  .... + a1,n xn    ≤  b1 
a2,1 x1 +  a2,2 x2  +  .... + a2,n xn    ≤  b2 
. 
am,1 x1 +  am,2 x2 +  .... + am,n xn  ≤  bm 
 
Maximize:                          Constraints 
z = c1 x1 +  c2 x2  +  .... + cn xn  

 

= 

≥ ≥ ≥ 

w 

Theorem 1: If x1 ≥ 0, … , xn ≥ 0 is a feasible 
solution  to the primal problem and 
 y1 ≥ 0, … , ym ≥ 0 is a feasible solution to the 
 dual problem,  then  z ≤ w. (Proof on next slide) 
 
Theorem 2. Corresponds to «max. flow = min. cut» in network flow:  
If both the primal and the dual problem have feasible solutions,  then we 
can find x1 ≥ 0, … , xn ≥ 0 and y1 ≥ 0, … , ym ≥ 0 so that z = w. (We give no proof) 32 



Proof of Theorem 1 from previous slide 

For the primal problem: 
a1,1 x1y1 +   a1,2 x2y1    +  .... +  a1,n xny1    ≤  b1y1 
a2,1 x1y2 +   a2,2 x2y2    +  .... +  a2,n xny2    ≤  b2y2 
. 

am,1 x1ym +  am,2 x2ym +  .... + am,n xnym  ≤  bmym 
 

For the dual problem : 
a1,1 y1x1    a1,2 y1x2       ....    a1,n y1xn        
    +              +                              +           
a2,1 y2x1     a2,2 y2x2      ....    a2,n y2xn         
    +              +                             +         
       .                      .                                           .                

    +              +                             +          
am,1 ymx1    am,2 ymx2     ....    am,n ymxn     
 

   c1x1           c2x2            ....      cnxn   

 

≥ ≥ ≥ 

Theorem 1: If x1 ≥ 0, … , xn ≥ 0 is a feasible solution  to the primal problem 
and y1 ≥ 0, … , ym ≥ 0 is a feasible solution to the dual problem,  then  z ≤ w. 
  

Proof: Assume we have such x’s and y’s. We multiply each rowi of the primal 
problem with yi and each columnj of the dual problem with xj.  We get: 

Observation: The sum S of all these  
… 
is equal to the sum of all these 
 
This gives: 
w = b1 y1 +  b2 y2  +  .... + bm ym  ≥  S ≥  c1 x1 +  c2 x2  +  .... + cn xn  = z   
We turn this inequality backwards, remove the inner parts, and get:    z ≤ w  33 
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