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Exercise 1 (The Coin Machine Example Revisited) Consider the coin machine example
from the slides in lecture 11. The code together with conditions added is shown in Listing 1. In
the lecture, we gave 2 loop invariants, one for the outer and one for the inner loop:

Io , sum(h/ ↓) = sum(h/↑) + b ∧ 0 ≤ b < 5 (1)

Ii , sum(h/ ↓) = sum(h/↑) + b ∧ 0 ≤ b < 15 . (2)

(a) Verification conditions for the Hoare analysis
Convince yourself that the verification conditions on slide 17 and 18 are satisfied.

(b) Local history invariant For the coin machine, we claimed the following to be the local
history invariant:

IC(h) , 0 ≤ sum(h/↓)− sum(h/↑) < 15 . (3)

Ensure that this invariant is satisfied after the two receive statements (i.e., the await -
statements) of the coin machine implementation.

A weakness with the history invariant IC(h) is that it does not express that once the balance b
gets greater than 10, the coin machine will immediately send a ten message. Thus, even though
this property is satisfied by the implementation on page 14, it is not reflected by the history
invariant. (The invariant IC(h) will be satisfied by an implementation that accepts one messages
as long as the balance is less than 15.) In the next exercise we therefore consider a stronger
history invariant.

(c) Strengthened history invariant
Consider the local history invariant IC(h) defined by:

IC(ε) = true
IC(h; (U ↓C :five)) = 0 ≤ diff(h) < 10
IC(h; (U ↓C :one)) = 0 ≤ diff(h) < 10
IC(h; (C ↑U : ten)) = 10 ≤ diff(h) < 15

where diff(h) is defined by sum(h/ ↓) − sum(h/ ↑). The task here is to prove this local
history invariant, reusing the loop invariants from the slides: you must prove that the local
history invariant is satisfied after each send and receive statement.
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Hint: If the local condition is not strong enough to prove the local history invariant
after a send/receive statement, you may instead make a new Hoare proof, proving that
the precondition you have in the loop gives you the local invariant at the place where it
should hold. For instance, for the case of receiving one, you may prove that the inner loop
invariant together with the negation of the loop test before the await one-statement gives
the local invariant after.

Listing 1: Coin Machine (annotated)

1 { Io }
2 loop
3 { Io }
4 { Ii }
5 while b < 10 { b < 10 ∧ Ii }
6 { (Ii[(b + 5)/b])[h;U ↓C :five/h] ∧ (Ii[(b + 1)/b])[h;U ↓C :one/h] }
7 do
8 ( await U: f i v e ; { Ii[b + 5/b] }
9 b:=b+5 ) { Ii }

10 [ ]
11 ( await U: one ; b:=b+1)
12 { Ii }
13 od ;
14 { Ii ∧ b ≥ 10 }
15 { (Io[b− 10/b])[h;C↑U :ten/h] }
16 send U: ten ;
17 { Io[b− 10/b] }
18 b:=b−10
19 { Io }
20 end

Solution: Given the proof-outline from Listing 1, we can identify the following implica-
tions that need still to be covered (the implications correspond technically to instances of the
Consequence-rule). The three “gaps” verified below were mentioned also in the lecture as
“missing pieces” on the corresponding slides.

1. (a) “Gap” between line 5 and 6:

b < 10 ∧ Ii ⇒ (Ii [b + 5/b])[h;U ↓C :five/h] ∧ (Ii [b + 1/b])[h;U ↓C :one/h] (4)

where the invariant Ii for the inner loop is given by equation (2). Consider the first
conjunct on the right-hand side of the implication,1 of condition (the other follows the
same pattern). Since it’s all just substitutions, the calculation is purely mechanical.
Let h′5 abbreviate the history h extended by the reception of a fiver but the coin
machine, i.e., h′5 = h;U ↓C :five. Then

(Ii [b + 5/b])[h′5/h] = sum(h′/ ↓) = sum(h′ ↑) + b + 5 ∧ 0 ≤ b + 5 < 15
= sum(h/ ↓) + 5 = sum(h/ ↑) + b + 5 ∧ 0 ≤ b + 5 < 15
= sum(h/ ↓) = sum(h/ ↑) + b ∧ 0 ≤ b < 10 .

(5)
In the calculation, we used the definition of sum to calculate the corresponding sums
for the extended history h′. Here, the first conjunction follows directly from Ii, and
the second follows by Ii and b < 10. The left hand-side of the implication (4) clearly
implies (5).2 The second conjunct on the right-hand side of the implication from (4)
is proven analogously.

1

2What about b ≥ 0
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(b) “Gap” between lines 3 and 4: We have to prove that the outer invariant from equation
(1) implies the inner invariant from equation (2), i.e., we have to prove

Io ⇒ Ii , (6)

which is trivial.

(c) “Gap” between lines 14 and 15: We are requested to prove

(Ii ∧ b ≥ 10)⇒ (Io [b− 10/b])[h;C ↑U :ten/h]) . (7)

As in the previous argument, we simply expand the substitution, and the rest is
simple calculations.

(Io [b− 10/b])[h′10/h] = sum(h′10/ ↓) = sum(h′10/ ↑) + b− 10 ∧
(0 ≤ b− 10 < 5)

= sum(h/ ↓) = sum(h/ ↑) + 10 + b− 10 ∧
(0 ≤ b− 10 < 5)

= sum(h/ ↓) = sum(h/ ↑) + b ∧
(0 ≤ b− 10 < 5) .

(8)

Thus, the implication from equation (7) clearly holds, in particular since b ≥ 10 is
assume left of the ⇒.

2. Now we have to establish the history invariant from equation (3). I very important
conceptual idea, as discussed in the lecture, is to understand where an invariant is required
to hold. The naive answer “an invariant, as the name implies, has to hold always” is not
adequate.3 That can be compared also with the loop-invariants in a sequential setting: the
loop invariant is required to hold at the beginning of the loop and at the end, but inside
the loop body, the invariant may temporarily be violated (as long as it is re-established at
the end of the loop body). As for the communication model here, it’s in particular required
that the local history invariant holds immediate after await and send-statements. It’s not
a coincidence, because of a simple fact: the local history (or local history variable) changes
only at those two kind of command (because the purpose of h is to record interaction
with the environment, not internal behavior). Furthermore, a local history invariant talks
about only the history. Consequently, all “local” statements “between” the communicating
send and await statements cannot invalidate the invariant anyhow.

Now, concretely. Consider the statement await U : five in line 8. From the Hoare analysis
of the inner loop,4 we know that the condition Ii[(b + 5)/b] holds immediately after the
statement. The inner invariant is given in equation (2). We should remember the verifica-
tion conditions for the communication statements, in particular, the ones for await here.
With the formula from the lecture, the verification condition for the situation here become
Thus, the verification condition for the history invariant becomes:

h = (h′;U ↓C :five) ∧ IC(h′) ∧ Ii[(b + 5)/b]⇒ IC(h) (9)

(where in the lecture, Ii[(b + 5)/b] was represented generally as Q(~x, h), i.e., an assertion
which is allowed to refer to the local state variables ~x (and also to h, even if that’s not
needed in the current proof). Basically, the verification condition from equation (9) says
something very simple: Assume that the invariant IC holds before the communcation, and

3To be very precise: If one had an invariant which indeed would hold everywere, it would be ok (i.e., “adequate”),
the point is that in typical situations one does not formulate an invariant that truely holds everywhere.

4Like: assuming that we have Ii at the end of the inner loop and using the rule for choices and the one for
assignment to calculate the Ii [b+ 5/b] as weakest pre-condition for the given post-condition Ii.
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assume further that Q holds, some assertion one knows from local reasoning, like Ii [b+5/b]
in our case), both together must be strong enough to prove that after the communcation,
the invariant IC still holds.5 First, we slighly rewrite the inner invariant Ii from equation
(2) to

Ii(h) , sum(h/ ↓)− sum(h/↑) = b ∧ 0 ≤ b < 15 . (10)

Following the structure from the lecture, this can be rewritten as follows.

( h = (h′;U ↓C :five)
∧ 0 ≤ sum(h′/↓)− sum(h′/↑) < 15 from equation (9)
∧ sum(h/ ↓) = sum(h/ ↑) + b + 5 ∧ 0 ≤ b + 5 < 15 )
⇒ 0 ≤ sum(h/↓)− sum(h/↑) < 15

= ( h =(h′;U ↓C :five)
∧ 0 ≤ b < 15
∧ sum(h/ ↓) = sum(h/ ↑) + b + 5 ∧ 0 ≤ b + 5 < 15 )
⇒ 0 ≤ sum(h/↓)− sum(h/↑) < 15

= (
∧ 0 ≤ b < 15
∧ sum(h′/ ↓) + 5 = sum(h′/ ↑) + b + 5

∧ 0 ≤ b + 5 < 15 )
⇒ 0 ≤ sum(h′/↓) + 5− sum(h′/↑) < 15

= (
∧ 0 ≤ b < 15
∧ b + 5 = b + 5

∧ 0 ≤ b + 5 < 15 )
⇒ 0 ≤ b + 5 < 15

(in fact, we did not need the assumption IC(h′) here) .

5Compare that to the local reasoning rules for send and receive.
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