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Motivation

• Incremental Closure is a proof search method developed in the
context of the KeY project

• The purpose of the KeY project: Integrate formal software
specification and verification into industrial software engineering

• The requirements of a theorem prover for KeY:

— Both interactive and automated proof construction

— Specialized logic suitable for reasoning about programs

— Construction of counterexamples

• A non-clausal free variable tableau calculus meets all these
requirements
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Iterative deepening

Allmost all existing theorem provers for free variable tableaux uses
iterative deepening:

• Some limit is put on the complexity of the search space

• A proof search is performed within this limit

• If no proof is found, the limit is increased and the proof search is
restarted

This implies backtracking: A lot of work, which may be useful in the next
iteration of the proof search, is discarded.

The non-clausal free variable tableau calculus is proof confluent, so the
backtracking is due to the process of iterative deepening, not the
calculus itself.

Incremental Closure addresses the backtracking problem!
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Some comments on the calculus

• The calculus is based on normal form to make it as simple as possible

• Our main interest is the closure procedure, not the calculus itself

• The calculus can easily be extended to full generality without normal
forms by adding online skolemization and handling of general
negation

• The calculus is a variant of what Smullyan calls block tableaux, where
the nodes are labeled with sets of formulae, not just a single formula
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Language

• First-order signature: Terms and first-order formulae without equality
defined the usual way. We will use:

— p, q, r, . . . as predicate symbols

— f, g, h, . . . as function symbols

— x, y, z, . . . as variables

• A ground term is a term that does not contain variables.

• A formula is closed if all variable occurrences in it are bound by a
quantifier.
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Normal forms

• A formulae is in negation normal form (NNF), iff negation signs
appear only in front of atomic formulae p(t1, . . . , tn).

• A formulae is in skolemized negation normal form (SNNF), iff it is in
NNF and does not contain existential quantifiers.

Proposition 1 (Skolem) Any formula F can be transformed by
skolemization into a formula F ′ in SNNF that is satisfiable iff F is
satisfiable.
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Instantiations

Definition 1 (Instantiation) An instantiation is a mapping from the set of
all variables to ground terms. Let Sub0 denote the set of all instantiations.

• Differs from the normal definition of ground substitution: We require
that all variables must be mapped. It may be infinitely many. . .

•We do not need to keep track of which variables are mapped.
Simplifies some definitions later on.
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Tableaux

• A goal is a finite set of formulae.

• A tableau is a finite tree where every node has zero, one or two
children, and each node is labeled with a goal.

• A leaf is a node with no children.

• The leaf goals of a tableau are the goals that label it leaves.
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Tableaux II

Definition 2 (Tableaux) A tableau for a finite set of SNNF formulae S is
defined inductively as follows:

1. The tableau consisting of the root node labeled with the goal S is a
tableau for S, called the initial tableau.

2. α-expansion: If there is a tableau for S that has a leaf n with goal
{α1 ∧ α2} ∪G, then the tableau obtained by adding a new child n′ with
goal {α1, α2} ∪G to n is also a tableau for S.

3. β-expansion: If there is a tableau for S that has a leaf n with goal
{β1 ∨ β2} ∪G, then the tableau obtained by adding two new children n′,
resp. n′′ with goals {β1} ∪G, resp. {β2} ∪G to n is also a tableau for S.

4. γ-expansion: If there is a tableau for S that has a leaf n with goal
{∀x.γ1} ∪G, then the tableau obtained by adding a new child n′ with
goal {[x/X ]γ1, ∀x.γ1} ∪G to n, where X did not previously occur in the
tableau, is also a tableau for S.
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Closing of tableaux

• A complementary pair is a pair φ,¬ψ, where φ and ψ are unifiable
atomic formulae.

• A goal G is closed under an instantiation σ, iff there is a
complementary pair {φ,¬ψ} ⊆ G with σ(φ) = σ(ψ).

• A tableau T is closed under an instantiation σ, iff each leaf goal of T is
closed under σ.

• A tableau is closable iff it is closed under some instantiation.
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Closing of tableaux II

Note: There is no rule that instantiates the free variables introduced by a
γ-rule. Instead, an instantiation that closes all branches simultaneously
has to be found.

Proposition 2 Let S be a set of closed formulae in SNNF. S is unsatisfiable
iff there is a closable tableau for S.
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Example: Back to “exphil”

Proposition: Given p→ q, p we can always deduce q.

But then the set {p→ q, p,¬q}must be unsatisfiable. We transform to
NNF and construct a tableau:

n1 : ¬p ∨ q, p,¬q

n2 : ¬p, p,¬q
×

n3 : q, p,¬q
×

The complementary pair {¬p, p} closes node n2 under any instantiation,
and for n3, {q,¬q} does the job. Thus the tableau is closed and we have a
proof of our proposition.
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Another example

Proposition: Given ∃x∀y(P (y, x)) we can always deduce ∀x∃y(P (x, y)).

But then the set S = {∃x∀y(P (y, x)), ¬∀x∃y(P (x, y))}must be
unsatisfiable. We transform S to S ′ = {∀x(P (x, a)), ∀y(¬P (b, y))} in SNNF
and construct a tableau:

∀x(P (x, a)), ∀y(¬P (b, y))

P (X, a), ∀x(P (x, a)), ∀y(¬P (b, y))

¬P (b, Y ), P (X, a), ∀x(P (x, a)), ∀y(¬P (b, y))

×
The sole leaf goal, and thus the whole tableau, is closed by instantiations
σ such that σ(X) = b and σ(Y ) = a.
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A complete proof algorithm

Algorithm 1 (Proof search) Given proposition 2, it is easy to derive a
complete proof search algorithm:

T := initial tableau for S
while ( not closable(T) ) do

if expandable(T) then
select possible expansion of T
expand T

else
answer ’satisfiable’

end
end
answer ’unsatisfiable’

Algorithm 1 is complete, provided that the selection of tableau
expansions is fair.
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Problem: closable(T)

• The test closable(T) can be shown to be NP-complete in size of the
leaf goals.

• So a NP-complete problem has to be solved in every single run of the
while-loop . . .

• A speedup can be achieved by tuning the algorithm to perform well in
practical cases. Puh!

Observations:

1. If a pair of complementary literals is unifiable, it will stay unifiable
after any expansion of the tableau.

2. An instantiation has to be found for the free variables introduced by
the γ-rule. These only occur in the proof tree below the
corresponding γ-formula.
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Sets of closing instantiations

What instantiations close a node in the tableau? We need some formal
definitions:

unif(φ, ψ) - the set of instantiations that unify two atomic formulae:

unif(φ, ψ) := {σ ∈ Sub0|σ(φ) = σ(ψ)}

cl(G) - the set of instantiations under which a goal G is closed:

cl(G) :=
⋃

φ,¬ψ∈G
unif(φ, ψ)
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Sets of closing instantiations II

lg(n) - the set of leaf goals associated with the leaves that are
descendants of a node n.

cl(n) - the set of instantiations under which all leaves below n are closed:

cl(n) :=
⋂

G∈lg(n)

cl(G)

cl(root) - the set of instantiations that close the whole tableau (root is the
root node).
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cl(n) expressed recursively

We can now take advantage of observation 1, any unifiable
complementary pair stays unifiable after any tableau expansion. We can
express cl(n) recursively:

• If a node n has only one child n′:
cl(n) = cl(n′)

• For two children n′, n′′:
cl(n) = cl(n′) ∩ cl(n′′)

• For a leaf n labeled with a goal G:
cl(n) = cl(G)
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Example: cl-sets

n1 : ∀x.(qx ∨ ¬px), ∀y.qy,¬qb, pa

n2 : qX ∨ ¬pX, ∀y.qy,¬qb, pa, ∀x.(. . .)

n3 : qX, ∀y.qy,¬qb, pa, ∀x.(. . .) n4 : ¬pX, ∀y.qy,¬qb, pa, ∀x.(. . .)

Using the recursive definition of cl, we get:
cl(n3) = {σ ∈ Sub0|σ(X) = b}
cl(n4) = {σ ∈ Sub0|σ(X) = a}
cl(n2) = cl(n3) ∩ cl(n4) = ∅
cl(n1) = cl(n2) = ∅, so the tableau is not closable.
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Changes in cl(n)

• How does cl(n) change when tableau expansion produces new
complementary pairs?

• Asume expansion produces one new complementary pair φ, ¬ψ at
leaf l, called the selected leaf . If expansion produces more
complementary pairs, these changes may be applied consecutively
for each of them.

•We define:

cl0 := the value of cl before taking into account φ, ¬ψ
cl := the updated value

• And finally δ(n) - the set of new closing instantiations:

δ(n) := cl(n)\cl0(n)

• δ(n) is non-empty only for nodes n on the path between l and the root.
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Changes in cl(n) II

• For the selected leaf l:

δ(l) = unif(φ, ψ)\cl0(l)

•We can propagate this change up the branch towards the root using
the recursive expression for cl(n):

For all nodes n with one child n′ we have δ(n) = δ(n′).

For a node n with two children n′ and n′′ and the assumption that l
lies below n′ (implies cl(n′′) = cl0(n′′)):

δ(n) = cl(n)\cl0(n)

= (cl(n′) ∩ cl(n′′))\(cl0(n′) ∩ cl0(n′′))
= (cl(n′) ∩ cl0(n′′))\(cl0(n′) ∩ cl0(n′′))
= (cl(n′)\cl0(n′)) ∩ cl0(n′′)
= δ(n′) ∩ cl0(n′′)

• The case where l lies below n′′ is symmetrical: δ(n) = cl0(n′) ∩ δ(n′′)
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The central idea of Incremental Closure

• Keep track of the sets cl(n) and update them by propagating the
additional closures δ(n) up the branch using the equations on the
previous foil.

•When δ(root) 6= ∅, the tableau must be closable.
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The cl-set example continued

n1 : ∀x.(qx ∨ ¬px), ∀y.qy,¬qb, pa

n2 : qX ∨ ¬pX, ∀y.qy,¬qb, pa, ∀x.(. . .)

n3 : qX, ∀y.qy,¬qb, pa, ∀x.(. . .)

n5 : qY , qX, ∀y.qy,¬qb, pa, ∀x.(. . .)

n4 : ¬pX, ∀y.qy,¬qb, pa, ∀x.(. . .)

We use γ-expansion on ∀y.qy in the node n3 and get n5. We set the
selected leaf l = n5 and look at the new complementary pair {qY,¬qb}:
δ(n5) = δ(l) = unif(qY, qb) \ cl0(n3) = {σ ∈ Sub0|σ(Y ) = b and σ(X) 6= b},
δ(n3) = δ(n5), cl0(n4) = {σ ∈ Sub0|σ(X) = a},
δ(n2) = δ(n3) ∩ cl0(n4) = {σ ∈ Sub0|σ(X) = a and σ(Y ) = b}, and finally
δ(root) = δ(n1) = δ(n2) 6= ∅, which closes the tableau.
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Implementation issues and experimental results

• A functional implementation became so complex that it was
practically impossible to implement correctly

• Giese has implemented the prover in Java, and outlines his
implementation in detail in his PhD thesis. The implementation is
called PrInS.

• In a comparison with a leanTAP clone, PrInS outperformes leanTAP
on several first order problems

• In two cases: a few seconds vs. timeout...
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Why am I interested in this?

•My master thesis: Maude implementation of Waaler and Antonsen’s
Free Variable Sequent Calculus with Uniform Variable Splitting

• The Sequent Calculus does not specify any unification/closure
procedure

• Adapt Giese’s Incremental Closure method to the Sequent Calculus

• Is it possible to implement in Maude? Should I change to a
OO-platform, like Java?

• Comments and questions are welcome to chrisha@ifi.uio.no

chrisha@ifi.uio.no

