Problem 1

The proof calculus in the textbook contains the two inference rules:

o ({¢ = o} ¢ — (Vag))
o ({¢ = v}, (Frd) = 4.

To apply the rules, it is required that there are no free occurrences of = i ¥. Moreover, the
proof calculus contains the axioms

o (Vxp) — ¢f, if t is substitutable for = in ¢

o ¢f — (Jx¢), if t is substitutable for z in ¢.

Problem a

Explain, briefly and informally, what it means that there are no free occurrences of x i .
Give an example of a first-order formula with free occurrences of x.

- Solution:

There is a free occurrence of z in the formula Vy[R(z,y)] since x does not occur inside the
scope of a quantifier of the form Vz (Jx).

Problem b

Explain, briefly and informally, what it means that ¢ is substitutable for x in ¢. Give an
example of a first-order formula ¢ and a term ¢ such that ¢ is not substitutable for x in ¢.

- Solution:

The term f(y) is not substitutable for x in the formula Vy[R(z,y)| since the y in f(y) will
be bounded by a quantifier.

Problem c
Prove that
F 3z[gr A ¢o] — Fxfpr] A Fz[eo]

by providing a derivation. The proof should not refer any lemmas or theorems from the
textbook.

- Solution:

We have the following derivation (for arbitrary ¢i, ¢2):

1. ¢1 — 3x[py] Q2, (z is always substitutable for x)

2. ¢o — Jx[p9] Q2, (z is always substitutable for x)

3. P1 NPy — 3$[¢1] A Hw[gbg] 1,2,PC

4. Jz[p1 A ¢2] — Fz[p1] A Tx[¢pa] 3, QR,(no free occurrences of x in 3z[¢1] A Jz[p2])




Problem d

Let n € N and la ¢4, ..., ¢, be arbitrary first-order formulas. Prove by induction on n that
we have

Fo3z(ér A Lo A p] — Fz[on] A Lo A T[]

for every n > 0. The proof should not refer to any lemmas or theorems from the textbook.

- Solution:

We have the following derivation (for arbitrary ¢i, ¢2):

We prove by induction on n that we can derive the formula

G1 N oo N G — Fx[d1] A oo A Tx[dn] - (*)

Induction start: When n = 1, the derivation is simply one application of the axiom Q2.

Induction step:

1. o1 AN ool A Pp1 — 3$[¢1] VANENIVAN Eldi[(ﬁn,l] ind. hyp.
2. ¢p — Elx[qbn] Q2
3. P11 A oo A O — Tx[pr] A Lo A Tz[dy] 1,2,PC

This proves that (*) holds for any n > 0. The formula

Jz[d1 A oo A bn] — Fx[dr] A ..o A Tz

can be derived from (*) by the rule QR.
Here is (a sketch of) an alternative induction proof:

By Problem c, we have
F 3z[(1 A Abnat) A bp] — Jx[dr A Adp_1] A Ta[én)] - (*)
By the ind. hyp. we have
F 3z[dr A o A dpo1] — Tx[da] A ... A Ta[dn] (%)
By PC, (*) and (**) we have

Fo3z[ér Ao A dn] — Fzgn] A ... A Tz[dy]

Problem e

Let ¢1 and ¢9 be arbitrary first-order formulas. Do we always have

F 3$[¢1] A 3$[¢2] — E|$[¢1 A ¢2]?

Justify your answer. You may refer to the Soundness Theorem for first-order logic.



- Solution:

The answer is no. Find formulas ¢1, ¢9 in some language £ and an L-structure 2 such that

= Jz[p1] A xlga] — Tz[dr A ¢2] ()

It follows from (*) and the Soundness Theorem for first-order logic that
t 3$[¢1] A Elx[gbg] — E|.1‘[¢1 A gbg] .

(The solution of Problem 2b gives such a structure 2.)

Problem 2

Let P and @ be unary relation symbols, let S be a unary function symbol, and let 0 be a
constant symbol. Let £ be the first-order language {0, .S, P, Q}, and let ¥y be the L£-theory
consisting of the following three non-logical axioms:

o Vz[-0 = Sx]
o VrylSx =Sy — z =y
o Jz[Pzx] A Jz[Qz] — Jz[Px A Qx].

Problem a
Let 2 be a structure for X, i.e. 2 = 3. Prove that the universe of 2 is infinite.
- Solution:

Let A denote the universe of 2, and let |X| denote the cardinality of the set X. Assume
that the universe if finite, i.e. |A| = n for some n € N. By the first axiom we have

S% A A\ {0y

and |A\ {0%}| = n— 1. By the second axiom S is an injection. It is not possible to have an
injection from a set containing n elements into a set containing n — 1. Thus, the assumption
that A is finite leads to a contradiction, and we conclude that A is infinite.

Problem b
Give to L-structures 21 and B fulfilling the following requirements:
e the universe of A is N

e the universe of B is N

e A =Y)and B = 3.



(N denotes the set of natural numbers, i.e. N={0,1,2,...}.)
- Solution:
Let 0% = 0% = 0 and S*(z) = S®(2) =z + 1. Let

P*=P® ={z|zcNand z is even} .
Let
Q¥ ={z |z eN and z is a prime}

and
Q® = {z |z €Nand z is odd} .

Now, both even and odd numbers exist, but there does not exists a particular number that
is both even and odd. Hence, B [~ Y. In contrast, we have 2 |= ¥ as 2 is an even prime.

Let
X = ¥y U {Vz[Pr < —-Qx]}
e Xy = ¥ U {3Jz[Px]A Iz[Qx] }.

Problem c
What does it mean that a set of £L-formulas is inconsistent?

- Solution:

A set T' of £-formulas is inconsistent if I' = L where L = Vz[x = 2| A =Vz[z = z].

Problem d

Prove that Y9 is an inconsistent theory.

- Solution:

For any model 2 such that 2 |= 31, we have P2N Q% = (). Thus, we also have P*NQ%» = ()
for any 2 such that 2 = X,.

Assume 24 = Y5 Since
Vz[Pr < —Qz] € X9

we have P2 N Q% = (). Since
Jx[Pz] A Jz[Qx] € 2o

we have P% N Q% # (). This is a contradiction, and we conclude that X5 does not have a
model. By the Completeness Theorem for first-order logic (the “Henkin” version), g is an
inconsistent theory.

It is also possible to solve this problem by providing a >s-derivation of L.

Problem e

Do we have ¥ F Jz[Pz]? Do we have 3 b —3z[Pz|? Justify your answer.



- Solution:

We define two models 2 and B such that A = ¥; and B | ;. Both models have the
same universe: N. Let 0% = 0% = 0 and S%(z) = S®(z) =z + 1. Let P* = N and Q% = 0.
P® =) and Q® = N.

Now, we have 2 = ¥, and A £ —=3z[Px]. Thus, ¥; & —3z[Px]. Thus, by the Soundness
Theorem for first-order logic, we have ¥, t/ =3z[Px].

Furthermore, we have B = ¥; and B f= Jz[Pz]. Thus, ¥; ¥ Jz[Px]. Thus, by the
Soundness Theorem for first-order logic, we have ¥ t/ Jz[Pz].

Let ¥3 = ¥1 U {Vz[Px]}.
Problem f

Suppose we are working with first-order logic without equality, that is, our language does
not contain the relation symbol =. Furthermore, suppose we have L-structures 2 and B
such that 2 = X3 and B = 3. Prove that

A = ¢ if and only if B = ¢

for every L-formula ¢.

- Solution:

Let A denote the universe of 2.

Observation: If 2 = Y3, then P* = A and Q% = ().

(Claim I) For any ¢ not containing the equality symbol, we have
A = ¢[so] for some assignment s

if and only if
A = ¢[s] for every assignment s

Prove (Claim I) by induction over the structure of ¢.

(Claim II) Let 2 and B be arbitrary models for ¥3. For any ¢ not containing
the equality symbol, we have

AL¢ & Blo

and

Ak ¢ & BE-o.

Prove (Claim II) by induction over the structure of ¢. Use (Claim I) in the proof.

We do the induction step in the case when ¢ os of the form ¢ = Vxi. Recall that the
definition says that
AE¢ & A= ¢[s] for all assignments s



We have

AE=Vry)y < A= Vay[s] for all assignments s

Furthermore, we have

A = -V

teseoeoTLD

& A = [s] for all assignments s
< B = ¢s] for all assignments s
& B = Vay[s] for all assignments s

A = Vo) [s] for all assignments s
A B~ Vaip[s] for all assignments s

A = Vaip[so] for some assignment sg
A = —[sg] for some assignment sg
A = —[s] for all assignments s

B = —)[s] for all assignments s

B = —)[sp] for some assignment s
B = Va[so] for some assignment s
B [~ Vripls| for all assignments s

B = ~Vai)[s] for all assignments s

def.

def. of V
ind. hyp.
def. of V

def.

def. of a model
(Claim I)

def. of a model
(Claim I)

ind. hyp.
(Claim I)

def. of a model
(Claim I)

def. of a model



Problem g
Suppose we are working with first-order logic with equality. Do there exist structures 2 and
% and an L-formula ¢ such that
AE=Y3 and AE
and
BEY; and BE-97
If the answer is yes, provide such structures. If the answer is no, explain why.

- Solution:

The answer is yes.
We give the structure 2. Let NU {w} be the universe of 2. Let 0% = 0 and

T if z =w.

SQ‘(J:):{ x+1 ifzeN

Let P* = NU {w} and Q* = 0.

We give the structure %. Let N be the universe of 8. Let 0¥ = 0 and ST(z) = z + 1
(standard successor). Let PP = N and Q% = ().

We have 2 = X3 and B = X3. Furthermore, we have

A= Jzjr =S(x)] and B = -Jzjx = S(x).

Problem 3

Problem a

What does it mean that a set is recursive? Give the definition from the textbook. Give a
short answer.

- Solution:

A set A C N is said to be recursive if there is an £yp-formula ¢(x1,...,x) such that

e Nt ¢(ay,...,ax) for every (ay,...,a;) € A

e NF —¢(ay,...,a) for every {(a1,...,a;) € A.

(LnT =10,5,4,-, E,<}, and N is a particular set of axioms given in the textbook.)



Problem b

What does it mean that a first-order theory is axiomatizable? What does it mean that a
first-order theory is complete? Give short answers.

- Solution:

Let 3 be a set of first-order axioms over some language £, and let [¢] denote the Godel
number of the L-formula ¢. The theory ¥ is aziomatizable if the set {[¢] | ¢ € X} is
recursive. The theory X is complete if we have

Ské or TF ¢

for any L-formula ¢.

Problem c

Is the theory X3 from Problem 2 an axiomatizable, consistent and complete theory? Does
it matter in this respect if the language contains equality? Justify your answer.



