
Compulsory exercise 1 in MAT-INF4130 H16: The
least squares method and orthogonal polynomials
In chapter 8 we will return to the least squares method. This could for instance
be used to obtain a “best fit polynomial" at a given set of points. One can also
try to obtain the best fit by means of the inner product

〈f, g〉 =
∫ 1

0

f(t)g(t) dt,

This means that a best fit to f is a polynomial g so that

‖f − g‖ =

√∫ 1

0

(f(t)− g(t))2 dt

is as small as possible. Let {N1(x), N2(x), . . . , Nn(x)} be a basis for the set
polynomials of degree at most n− 1. Regardless of which such basis we choose,
finding the best fit to f means to minimize ‖

∑n
j=1 cjNj − f‖2 in terms of the

coefficients cj . We now write∥∥∥∥∥∥
n∑

j=1

cjNj − f

∥∥∥∥∥∥
2

=

n∑
i,j=1

ci〈Ni, Nj〉cj − 2

n∑
j=1

cj〈Nj , f〉+ ‖f‖2

= cTNc− 2bT c+ ‖f‖2,

where N is the matrix with entries 〈Ni, Nj〉 (alse called the Gram matrix of
N1, . . . , Nn), and b is the vector with entries 〈Nj , f〉.

Exercise 1: Show that the matrix N is positive definite (Hint: consider cTNc).

Exercise 2: Compute the gradient of the expression cTNc − 2bT c + ‖f‖2
in terms of the ci, and explain from this why we must have Nc = b in case of
a best fit.

Exercise 3: Let Nj(x) = xj−1, 1 ≤ j ≤ n. Show that the matrix N is
the Hilbert matrix, i.e. the matrix with entries 1/(i+ j − 1) (see also example
8.9).

Unfortunately, the Hilbert matrix has a high condition number (we will come
to condition numbers in chapter 7), so that finding a best fit by solving Nc = b
(using the basis Nj(x) = xj−1) is an unstable problem. We will address this by
replacing the basis with an orthogonal basis of polynomials (the Gram-Schmidt
process can be used to obtain such a basis). The matrix N is then a diagonal
matrix (so that there is no problem with a high condition number), and the
solution to Nc = b is given by cj = 〈Nj , f〉/〈Nj , Nj〉, which is simply a re-
statement of the orthogonal decomposition formula. The polynomials we will
construct will be called the Legendre polynomials.
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From now on we will restrict to the interval [−1, 1]. It is straightforward to
check that with Nj(x) = xj−1 defined on [−1, 1] instead, we have that

〈Ni, Nj〉 =

{
2

i+j−1 when i+ j is even,
0 when i+ j is odd

(i.e. not quite the Hilbert matrix). We will again denote the matrix with these
entries by N.

Exercise 4: Explain that there is a unique polynomial on the form

Pn(x) = xn +

n−1∑
k=0

ckx
k

which is orthogonal to 1, x, ..., xn−1 on [−1, 1], and that c0, ..., cn−1 can be found
by solving Nc = b, where b is the vector with entries −〈xn, xk−1〉 = −2/(n+k)
if n+ k is odd, 0 if even.

The Pn as defined above are clearly orthogonal, but solving Nc = b to find
their coefficients meams again that we run into the problem of high condition
numbers (due to the Hilbert matrix nature of N). Since we have exact expres-
sions for the matrix N and the right hand side b, a safer strategy here is to
solve the system symbolically, so that we avoid all roundoff errors. For this we
can use either Symbolic Math Toolbox (Matlab), or sympy (Python). Let us
compare these symbolic and numeric approaches.

Exercise 5: Explain that the least squares fit to f(x) = xn from polyno-
mials of degree at most n− 1 is xn−Pn(x), so that the error function is Pn(x).

The next step is to compute the matrix N, and the matrix P of all the co-
efficients for all the Pn. The coefficient of xk−1 in Pn−1 is stored as Pk,n. Below
we do this both numerically (in the matrices Nnum and Pnum) and symbolically
(in the matrices N and P) using Symbolic Math Toolbox (choose n yourself).

% Numerically
Pnum = eye(n+1);
altsign = (-1).^(0:n);
Nnum = hilb(n+1) + (altsign’*altsign).*hilb(n+1);
for k=2:(n+1)

Pnum(1:(k-1),k) = Nnum(1:(k-1),1:(k-1))\(-Nnum(1:(k-1),k));
end

% Symbolically
P = sym(eye(n+1));
altsign = sym((-1).^(0:n));
N = sym(hilb(n+1) + (altsign’*altsign).*hilb(n+1));
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for k=2:(n+1)
P(1:(k-1),k) = N(1:(k-1),1:(k-1))\(-N(1:(k-1),k));

end

Note that the numerical part will here complain for high n, due to the high con-
dition number of the Hilbert matrix. The symbolic part should not complain.

Exercise 6: Plot the first 10 Legendre polynomials, using the matrix P com-
puted above.

Exercise 7: For a given n, and in the same figure, plot the two versions of
the Legendre polyniomials you have obtained (i.e. with symbolically and nu-
merically computed coefficients). How high do you need to choose n before you
get complaints about condition numbers, and when can you see that the two
versions are different?

The important point above was clearly that we could find the coefficients of
Pn symbolically. In doing so we had to solve an equation system exactly (note
that we can’t do this when applying the general least squares problem we started
with, since the right hand side can’t be represented exactly). There also exist
other numerically stable ways to compute the Legendre polynomials, and below
we will elaborate on one such way.

Exercise 8: Using integration by parts several times, show that the polyno-
mial dn(x2−1)n

dxn (which is of degree n) is orthogonal to all 1, x, ..., xn−1 on [−1, 1].
Then explain why we must have that

Pn(x) =
n!

(2n)!

dn(x2 − 1)n

dxn
.

Hint: In the process you should obtain the functions dn−i(x2−1)n

dxn−i . Show that
these are zero at x = ±1, for i = 1, ..., n.

The expression above is useful, since it can help us compute 〈Pn, Pn〉, which
is the diagonal we need when we solve for the least squares solution:

Exercise 9: Use again integration by parts several times to show that〈
dn(x2 − 1)n

dxn
,
dn(x2 − 1)n

dxn

〉
= (−1)n(2n)!

∫ 1

−1

(x2 − 1)n dx.

Then use integration by parts again to show that, with In =
∫ 1

−1
(x2 − 1)n dx,

we have that In = − 2n
2n+1In−1.

Since clearly I0 = 2, it follows from this

In = (−1)n 2n

2n+ 1

2n− 2

2n− 1
· · · 2

3
2 = (−1)n 2nn!

(2n+ 1)(2n− 1) · · · 3
2.
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We then get

〈Pn, Pn〉 =
(

n!

(2n)!

)2〈
dn(x2 − 1)n

dxn
,
dn(x2 − 1)n

dxn

〉
=

(
n!

(2n)!

)2

(−1)n(2n)!
∫ 1

−1

(x2 − 1)n dx

=

(
n!

(2n)!

)2

(−1)n(2n)!(−1)n 2nn!

(2n+ 1)(2n− 1) · · · 3
2

=
22n(n!)4

((2n)!)2
2

2n+ 1
.

It follows that the polynomials 1
2nn!

√
2n+1

2
dn(x2−1)n

dxn is the orthonormal basis we
get when we apply the Gram-Schmidt process to the polynomials 1, x, ..., xn−1

on [−1, 1]. If you are interested to do more here, you can try to compute the
coefficients of the P matrix using this expression instead, and see that this
behaves better than the matrix we computed numerically previously, when you
plot the Legendre polynomials.
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