
Compulsory exercise 3 in MAT-INF4130 H18: Tri-
angulations and applications
In applications such as flight simulators, we have scattered data representing
points in the terrain, and we would like to use this data to make a realistic
model for the entire terrain. Typically it is too demanding computationally to
make a surface model which uses all available data points. Instead one often
chooses a smaller set of points, and make a least squares fit of all the data points
to this smaller set of points.

To be precise, let {(xk, yk, zk)}mk=1 be the set of all available data points
in R3 , and assume that we want to define a model based on the smaller set
of coordinates {(uj , vj)}nj=1 in R2 (n < m) (the z-coordinates at these points
which give a least squares fit will be decided later). When viewed from the
above, our model for the terrain will be a union of triangles which intersect only
at the triangle boundaries, with the (uj , vj) as vertices in these triangles. Our
model should be piecewise linear on each of these triangles, i.e. that it equals
a plane on each triangle. Consider the piecewise linear functions {Nj(x, y)}nj=1

defined by the requirement that it is linear on each triangle, and Nj(uj , vj) = 1,
Nj(ui, vi) = 0 when i 6= j (since we need three points to uniquely determine a
plane, such a plane is unique on each triangle since the values in the vertices
are known, hence unique on the union of all the triangles also).

Exercise 1: Show that the {Nj(x, y)}nj=1 are linearly independent, as long
as the {(uj , vj)}nj=1 are different points.
Solution: Assume that

∑n
j=1 cjNj = 0. Inserting (x, y) = (uk, vk) for a given

k gives
n∑

j=1

cjNj(uk, vk) = ck = 0,

so that the {Nj(x, y)}nj=1 are linearly independent.

Let us turn to find the least squares fit to the data points {(xk, yk, zk)}mk=1, using
the {Nj(x, y)}nj=1. We will call this a triangulation. The squared error we make
in the data points {(xk, yk, zk)}mk=1 with the approximation

∑n
j=1 cjNj(x, y) is

m∑
k=1

 n∑
j=1

cjNj(xk, yk)− zk

2

.

If we define

B =


N1(x1, y1) N2(x1, y1) · · · Nn(x1, y1)
N1(x2, y2) N2(x2, y2) · · · Nn(x2, y2)

...
...

. . .
...

N1(xm, ym) N2(xm, ym) · · · Nn(xm, ym)

 ,
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c = (c1, ..., cn) the unknown vector of coefficients, and z = (z1, ..., zm) the vector
known z-coordinates, the above quantity can be written as ‖Bc − z‖22, so that
we are immediately in the setting of least squares problems. As the following
exercises show, this problem may or may not have a least squares solution.

Exercise 2: Show that if all (uj , vj) are chosen among the data points (xj , yj),
then the columns of B are linearly independent. It follows that there exists a
unique least squares solution.
Solution: For a given j, by assumption there exists an ik so that (uj , vj) =
(xik , yik). Since Ni(uj , vj) = 0 for all i 6= j, it follows that row ik of B equals
ej . It follows that we can find the {ej}nj=1 among the rows of B, so that the
rank of B is ≥ n. Since there are n columns the rank must be equal to n, so
that the columns are linearly independent.

Exercise 3: For a given j, there may be many triangles which contain (uj , vj)
as a vertex. Show that, if none of these triangles contain any data point (xk, yk),
then the columns of B are linearly dependent, so that there is no unique least
squares solution.
Solution: Let j be as stated. Nj is nonzero only on the triangles which contain
(uj , vj) as a vertex. If all data points are outside of these triangles, then we
must have that Nj(xk, yk) = 0 for all k, so that column j of B is zero. It follows
that the columns are linearly dependent.

We can find the last squares solutions by solving the normal equations BTBc =
BT z. If B has linearly independent columns, then BTB is positive definite, and
the unique least squares solution can be found by applying the conjugate gra-
dient method to the normal equations. This can be done very efficiently since
the matrix B is sparse (so that multiplication can be computed efficiently): The
nonzero entries in column j occur at rows k where Nj(xk, yk) > 0, and this oc-
curs only when (xk, yk) lies in the interior of a triangle with (uj , vj) as a vertex.
Since a triangle covers only a small portion of the plane, the matrix is sparse.
Once the matrix B is constructed, this explains how we can find a triangulation
computationally.

We also need to address how we can compute the matrix B itself, once we
have all data points, i.e. how do we find the entries Nj(xk, yk) in B? We will
split this into a two-step process:

1. Find the triangle which contains (xk, yk). The triangles are typically
stored in a spatially searchable data structure, so that we can quickly
find the triangles close to (xk, yk), but we still need to find some way to
find the unique triangle containing it.

2. Compute Nj(xk, yk) by combining the vertices in the triangle containing
it.

The concept of barycentric coordinates will be useful in addressing these two
steps.
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Barycentric coordinates
Assume that p1, p2, and p3 are three points in the plane, and that they do not
lie on a line, i.e. they span a triangle which we will denote by ∆. Then the
vectors p2 −p1 and p3 −p1 are linearly independent. As a result, any point in
the plane can uniquely be written on the form

p1 + b2(p2 − p1) + b3(p3 − p1) = (1− b2 − b3)p1 + b2p2 + b3p3.

Equivalently, any point p in the plane can be uniquely determined by three
coordinates b1, b2, b3 satisfying

b1p1 + b2p2 + b3p3 = p

b1 + b2 + b3 = 1

b1, b2, and b3 are called the barycentric coordinates of p relative to ∆.

Exercise 4: Write a function barycentric(p1, p2, p3, p) which returns
the barycentric coordinates of p relative to the triangle spanned by p1, p2, and
p3.
Solution: The code can be as follows:

function coords=barycentric(p1, p2, p3, p)
A = [p1 p2 p3; 1 1 1];
b = [p; 1];
coords = A\b;

Note that:

1. Requiring that b2, b3 ≥ 0 gives the cone through p1 spanned by p2 − p1

and p3 − p1.

2. Requiring that b2, b3 ≥ 0 and b2 +b3 = 1 (i.e. b1 = 0) gives the edge of the
triangle on the far side of p1 (more generally, at any edges in the triangle,
one of the bi is zero).

3. Requiring that b2, b3 ≥ 0 and b2 + b3 ≤ 1 gives the entire triangle. This is
equivalent to b1, b2, b3 ≥ 0.

Barycentric coordinates are useful in computer graphics: Assume that the three
points p1, p2, and p3 in the plane have assigned colors k1, k2, and k3 and that
we want to color the triangle they span by interpolating these colors. A useful
strategy for this is to go through all possible barycentric coordinates between 0
and 1, and at the point b1p1 + b2p2 + b3p3 assign the color b1k1 + b2k2 + b3k3.
This will give a linear interpolation extending from the three vertices to the
entire triangle. The following code examplifies this, where the three vertices
are assigned red, green, and blue colors (the area outside the triangle is colored
white. You are encouraged to run the code).
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c = 255*ones(512,512,3); % white
p1 = [100 100]; p2 = [200 500]; p3 = [400 300];
k1 = [255 0 0]; k2 = [0 255 0]; k3 = [0 0 255]; % red, green, and blue
for b1 = linspace(0,1,1000)

for b2 = 0:0.001:(1-b1)
b3 = 1 - b1 - b2;
intval = floor(b1*p1 + b2*p2 + b3*p3);
c(intval(1), intval(2),:) = b1*k1 + b2*k2 + b3*k3;

end
end
imshow(uint8(c));

To find the triangle containing a given point p, we can compute barycentric co-
ordinates for all candidate triangles, until we find a solution so that all bi ≥ 0.
Now that we have the triangle containing p and the corresponding barycentric
coordinates, the following exercise addresses how to compute Nj(p).

Exercise 5: Let ∆ be the triangle containing (xk, yk), and consider the barycen-
tric coordinates of (xk, yk) relative to ∆. Show that Nj(xk, yk) equals

1. the barycentric coordinate of (xk, yk) corresponding to (uj , vj), if (uj , vj)
is a vertex in ∆,

2. 0, if (uj , vj) is not a vertex in ∆.

Solution: Since ∆ contains (xk, yk), we have that (xk, yk) = b1p1 +b2p2 +b3p3

with 0 ≤ b1, b2, b3 ≤ 1, and where the pi are the vertices in ∆. We have that

Nj(xk, yk) = b1Nj(p1) + b2Nj(p2) + b3Nj(p3).

The pi are all taken from the (uj , vj), so that Nj(pi) is zero or one. If (uj , vj)
is a vertex pi of ∆, then Nj(pi) = 1, and Nj(pr) = 0 for the other vertices in
∆. It follows that Nj(xk, yk) = bi (the barycentric coordinate corresponding to
(uj , vj)), and this proves the first claim. If (uj , vj) is not a vertex in ∆, then all
Nj(pi) = 0, so that Nj(xk, yk) = 0. This proves the second claim.

This gives the following algorithm for computing B:

1. For every data point (xk, yk) find the triangle ∆ it is contained in, and
find the barycentric coordinates relative to ∆.

2. If (ui1 , vi1), (ui2 , vi2), and (ui3 , vi3) are the vertices in ∆, set the entries
(k, i1), (k, i2), and (k, i3) in B to be these barycentric coordinates.

If you are interested in learning more about triangulations, you can take a look
at the book “Triangulations and applications” by Øyvind Hjelle and Morten
Dæhlen (Springer, 2006).
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