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Problem 1 Householder transformations

1a

Suppose x,y ∈ Rn with ‖x‖2 = ‖y‖2 and v := x− y 6= 0. Show that

Hx = y, where H := I − 2
vvT

vTv
.

Answer: Since

vTv = (x−y)T (x−y) = xTx−2xTy+yTy = 2xTx−2xTy = 2xTv = 2vTx,

Hx = (I − 2
vvT

vTv
)x = x− 2vTx

2vTx
v = x− (x− y) = y.

1b

Let B ∈ R4,4 be given by

B :=


0 1 0 0
0 0 1 0
0 0 0 1
ε 0 0 0

 , (1)

where 0 < ε < 1. Compute a Householder transformation H and a matrix
B1 such that the �rst column of B1 := HBH has a zero in the last two
positions.

(Continued on page 2.)
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Answer: Let V ∈ R3,3 be a Householder transformation mapping x :=
[0, 0, ε]T into y = [ε, 0, 0]T . With v = x− y = ε[−1, 0, 1]T we �nd

V = I − 2
vvT

vTv
= I − 2ε2

−10
1

 [−1 0 1
]
/(2ε2) =

0 0 1
0 1 0
1 0 0


Let

H =

[
1 0T

0 V

]
=


1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

 .
Then

B1 = HBH =


0 0 0 1
ε 0 0 0
0 1 0 0
0 0 1 0

 .
This matrix is upper Hessenberg and has the same eigenvalues as B since it
is similar to B.

Problem 2 Eigenvalue perturbations

Let A = [akj], E = [ekj], and B = [bkj] be matrices in Rn,n with

akj =

{
1, j = k + 1,

0, otherwise,
ekj =

{
ε, k = n, j = 1,

0, otherwise,
(2)

and B = A+E, where 0 < ε < 1. Thus for n = 4,

A :=


0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

 , E :=


0 0 0 0
0 0 0 0
0 0 0 0
ε 0 0 0

 , B :=


0 1 0 0
0 0 1 0
0 0 0 1
ε 0 0 0

 .
2a

Find the eigenvalues of A and B.
Answer: Since A is triangular its eigenvalues λj are its diagonal elements.
Thus the eigenvalues of A are λj = 0, j = 1, 2, . . . , n.

For B the equation Bx = λx gives λxk = xk+1, k = 1, . . . , n − 1 and
λxn = εx1. Thus

λnxn = ελn−1x1 = ελn−2x2 = ελn−3x3 = · · · = εxn.

We must have xn 6= 0 since otherwise x = 0. Canceling xn we �nd λn = ε
and the eigenvalues of B are

µj = µe2πij/n, j = 1, . . . , n,

where µ = ε1/n and i =
√
−1. Alternatively, expanding the determinant of B

by its �rst column yields its characteristic polynomial, πB(λ) = (−1)n(λn−ε)
leading to the same eigenvalues.

(Continued on page 3.)
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2b

Show that ‖A‖2 = ‖B‖2 = 1 for arbitrary n ∈ N.
Answer: The spectral norm of A is the largest singular value which is the
square root of the largest eigenvalue of ATA. Now ATA = diag(0, 1, . . . , 1)
is diagonal with eigenvalues 0 and 1. Thus ‖A‖2 = 1. For B we �nd
BTB = diag(ε2, 1, . . . , 1) and ‖B‖2 = 1.

2c

Consider the following theorem (do not prove it!):
Theorem[Elsner's Theorem] Suppose A,E ∈ Cn,n. To every eigenvalue

µ of A+E there is an eigenvalue λ of A such that

|µ− λ| ≤
(
‖A‖2 + ‖A+E‖2

)1−1/n‖E‖1/n2 . (3)

Let A,E,B be given by (2). What upper bound does (3) give for the
eigenvalue µ = ε1/n of B? How sharp is this upper bound?
Answer: We have ‖A‖2 = ‖B‖2 = 1. Now ETE = diag(ε2, 0, . . . , 0) so
‖E‖2 = ε. Elsner's theorem says that there is an eigenvalue λ of A such that

|µ− λ| ≤
(
‖A‖2 + ‖B‖2

)1−1/n‖E‖1/n2 = 21−1/nε1/n ≤ 2ε1/n.

Since λ = 0 the exact di�erence is

|µ− λ| = µ = ε1/n.

The upper bound di�er from the exact value by a constant less than 2, so it
is quite sharp. It captures the ε1/n behavior.

Problem 3 The one norm

For A ∈ Cm,n with m,n ≥ 1 the one norm is de�ned by

‖A‖1 := max
‖x‖1=1

‖Ax‖1.

Show that

‖A‖1 = max
1≤j≤n

m∑
k=1

|ak,j|. (4)

Answer: Let x ∈ Cn with ‖x‖1 = 1. Then

‖Ax‖1 =
m∑
k=1

∣∣ n∑
j=1

akjxj
∣∣ ≤ m∑

k=1

n∑
j=1

|akj||xj| =
n∑
j=1

( m∑
k=1

|akj|
)
|xj| ≤ max

1≤j≤n

m∑
k=1

|ak,j|.

Let j = c be the column where the max in (4) is attained. Then ‖Aec‖1 =∑m
k=1|ak,c| so we have equality in (4) for x = ec.

(Continued on page 4.)
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Problem 4 Hadamard's Inequaltiy

Let A ∈ Cn,n be a general square matrix and let A = [a1, . . . ,an] be its
column partition. Prove Hadamard's inequality,

det(A) ≤
n∏
j=1

‖aj‖2.

Hint: Use a QR factorization of A.
Answer: Let A = QR be a QR factorization of A. Since

1 = det(I) = det(Q∗Q) = det(Q∗) det(Q) = |det(Q)|2,

we have |det(Q)| = 1. Let R = [r1, . . . , rn]. Then ‖aj‖2 = ‖rj‖2 because
aj = Qrj and Q∗Q = I. Therefore,

|det(A)| = |det(QR)| = |det(R)| =
n∏
j=1

|rjj| ≤
n∏
j=1

‖rj‖2 =
n∏
j=1

‖aj‖2.

Problem 5 Matlab

Write a Matlab routine to solve the equation Ax = b for x ∈ Rn, when
A ∈ Rn,n is a non-singular upper triangular matrix and b ∈ Rn.

Answer: The algorithm to �nd x is to let, for i = n, n − 1, . . . , 1,
xi = (bi −

∑n
j=i+1 aijxj)/aii, which is known as back substitution. A Matlab

routine to do this is

function x = backsubst(A,b)

n = length(b);

x = b;

for i=n:-1:1

x(i) = (x(i)-A(i,i+1:n)*x(i+1:n))/A(i,i);

end

Good luck!


