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1

Book, Section 2.5: Problem 1

2

Show that

v(r) =

{
b log r + c, n = 2
b

rn−2 + c, n ≥ 3,

where b, c are constants, satisfies the ODE

v′′(r) +
n− 1

r
v′ = 0.

3

Define Φ(x), for x 6= 0, by

Φ(x) =

{
− 1

2π log |x|, n = 2
1

n(n−2)αn

1
|x|n−2 , n ≥ 3,

(1)

where αn denotes the volume of the unit ball in Rn.
Show that

DΦ(x) = − 1

nαn

x

|x|n
, x 6= 0,

and then conclude the estimate

|DΦ(x)| ≤ C

|x|n−1
,

1



where C > 0 is a constant. Moreover, show that∣∣D2Φ(x)
∣∣ ≤ C

|x|n
,

for some constant C > 0.

4

Suppose f ∈ C2
c (Rn), and let

u(x) =

ˆ
Rn

Φ(x− y)f(y) dy, x ∈ Rn. (2)

Show that

uxixj (x) =

ˆ
Rn

Φ(y)fxixj (x− y) dy, i, j = 1, . . . , n.

5

Show that there is a constant C > 0 such that

ˆ
B(0,ε)

|Φ(y)| dy ≤

{
Cε2 |log ε| , n = 2,

Cε2, n ≥ 3,

where B(0, ε) = {x ∈ Rn : |x| < ε} ⊂ Rn is the ball centred at the origin with radius ε > 0,
and Φ is the fundamental solution of the Laplace’s equation (1).
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