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Problem 1 Function approximation in two di-
mensions

Let PN(x) be the space of all polynomials of order less than or equal to N ,
defined on the real line for the variable x ∈ R. The space PN(y) is defined
in the same way for the variable y ∈ R. Let WN(x, y) = PN(x) ⊗ PN(y) be
the space of all product polynomials in x and y, with (x, y) ∈ R2.

1a

Let the basis for P2(x) be {1, x, x2} and the basis for P2(y) be {1, y, y2}. Find
the tensor product basis for W2(x, y).

1b

For the function u(x, y) = 1 − y + 3x2y find the best approximation
uN(x, y) ∈ W2(x, y) expressed in terms of its expansion coefficients {ûij}2i,j=0.

1c

Assume now that the domain is (x, y) ∈ Ω = [−1, 1]2. Describe the Galerkin
method for approximating any function u(x, y) ≈ uN(x, y) ∈ WN(Ω). Define
the L2(Ω) inner product that is required.

1d

For the domain x ∈ [−1, 1] (and in the same way for y ∈ [−1, 1]), another
basis for PN(x) is {Pi}Ni=0, where Pi(x) is the Legendre polynomial of order i.
Approximate u(x, y) = 1− y + 3x2y using uN(x, y) ∈ W2(x, y), the Galerkin
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method and the Legendre basis. Give the result in terms of the expansion
coefficients {ûij}2i,j=0. The three lowest order Legendre polynomials are
{1, x, 1

2
(3x2 − 1)} and

∫ 1

−1
PjPidx = 2

2i+1
δij.

Problem 2 Stationary convection-diffusion equa-
tion

The stationary convection-diffusion equation is given as

u′′(x) +
1

ε
u′(x) = 0, x ∈ (0, 1), (1)

with boundary conditions u(0) = 0 and u(1) = 1.

2a

Describe a central second order finite difference scheme for solving Eq. (1).
Use a uniform discretization xj = j∆x, j = 0, 1, . . . , N , and the notation
uj = u(xj).

2b

A general solution to a homogeneous difference equation with constant
coefficients can be written as uj = Cgj, where C is a constant and g is
the constant amplification factor. Show that the finite difference scheme will
lead to oscillatory solutions for ∆x > 2ε.

2c

Describe a global Galerkin method for solving Eq. (1).

2d

Describe a global collocation method for solving Eq. (1).

2e

Use now the Neumann boundary conditions u′(0) = a and u′(1) = b. Describe
the finite element method for solving Eq. (1) using a mesh (xi)

N
i=0 and local

piecewise linear basis functions ψj(x) that satisfy ψj(xi) = δij. (You do not
need to describe ψj(x) in detail and you do not need to assemble the complete
linear problem.)

(Continued on page 3.)



Exam in MATMEK-4270/9270, This is a trial exam from 2024 Page 3

2f

Describe the finite element assembly of the stiffness matrix

sij = (ψ′
j, ψ

′
i), (i, j) ∈ I2

N , (2)

where IN = {0, 1, . . . , N}. (You do not need to find the exact values of
sij, just describe the finite element assembly algorithm using a dense local
element stiffness matrix.)

(Continued on page 4.)


