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Preface

These notes were first written for the new first semester course MAT1105 - Linear
algebra and numerical methods, at the University of Oslo. The course was held
the first time the fall of 2024, and gives an introduction to basic mathematical
thinking, linear algebra, and numerical methods. In the first version of the
course, linear algebra was covered by chapter 1 and 4 in the book “Flervariabel
analyse med lineser algebra” by Tom Lindstrgm (in norwegian), while the two
other parts of the curriculum were covered by notes on their own. In 2025 new
notes for the linear algebra part were added, and merged with the notes on
numerical analysis, even though the numerical analysis builds only loosely on
linear algebra.

The notes contain many proofs, but many proofs in linear algebra are quite short,
and are thus suitable following the mentioned introduction to basic mathemat-
ical thinking.

The notes contain several Python programming examples, as well as an intro-
duction to basic Python commands for linear algebra. Most students at the
University of Oslo take the course IN1900 - Introduction to Programming with
Scientific Applications, in parallel with the notes here. Linear algebra is a suit-
able testbed for Python programming, and the material contains many code
snippets inspired by linear algebra. There are few figures in these notes - the
role of figures is partially replaced by short programming examples with their
graphical results shown. It is recommended to spend some time on the pro-
gramming examples. The following commands load the python packages you
need.

import numpy as np

import matplotlib.pyplot as plt

from scipy.linalg import hilbert
import sympy as sym

import math, wave, sys, os, subprocess
import pandas as pd

The notes have been typeset with the Quarto publishing system (https://quarto.org),
and come in a pdf version, and an html version. Each of these come in versions


https://quarto.org
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with and without solutions to the exercises.
The html versions have some features not found in the pdf versions:

Each chapter has a quiz consisting of about 10 problems, and the quizzes aggregate
the number of correct answers. Interactive programming examples and exercises
which use pyodide - i.e., python is embedded in the browser, without the need
for a server. For this interactive programming to work well you should avoid
the Safari web browser.

Parts of this material were originally based on material written by Knut Mgrken
for the course MAT-INF1100, Modelling and Computations, at the University
of Oslo.

These notes are maintained in english. For those of you who prefer norwegian,
AT will be used to create a translation.

Blindern, August 2026
Oyvind Ryan
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Chapter 1

Vectors

A wector is a collection of numbers, also called components, listed in a given
order. Vectors will be represented with lowercase letters in boldface (i.e., a, b,
e.t.c.), and the components with lowercase letters (i.e., aq, ..., a,,, where n is the
number of components). We also write (aq,as, ..., a,,) for the vector a. In the
start we will assume that all vectors are real (i.e., have real components, so that
a; € R for alle 7). The set of real vectors with n components will be denoted by
R™. Later we will also study C”, the set of vectors with n complex components.

1.1 Creating vectors

When creating vectors in Python square brackets are used to indicate the start
and end of the vector, and comma to separate the components:

a = np.array([2,4,6,8,10,12,14,16])

a

array([ 2, 4, 6, 8, 10, 12, 14, 16])
A vector can be defined in many different ways:

np.linspace(0,1,6)

array([0. , 0.2, 0.4, 0.6, 0.8, 1. 1)

n—1
More generally np.linspace(a,b,n) gives the vector {a + %}sz i.e., the
vector with n components in increasing order from the interval [a, b], where the
end points a and b are included, and distances between neighbouring points are

all equal. We can also create new vectors in the following ways:

np.arange(1,7)

array([1, 2, 3, 4, 5, 6])
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np.arange(1,7,2)

array([1, 3, 5])

Python supports a colon-notation which can be used to extract a set of indices
into a vector:

e a:b gives the vector (a,a + 1,a +2,...), and
e a:b:h gives the vector (a,a + h,a + 2h,...),

where only numbers < b are listed. h thus indicates a step length. Note in
particular that 1:6:2 does not contain the right end point 6.

If a = (aq,aq,...,a,), and I is a set of non-negative indices < n, then a(I)

'

returns a vector with the values found at the indices given by I:
al0:6]
array([ 2, 4, 6, 8, 10, 12])

Indices start at 0, contrary to indexing in mathematics where they start at 1.
If we want to retrieve every second index in the same range of indices we can
write.

al0:6:2]

array([ 2, 6, 10])

There is also a special notation to extract the last part of a vector:
al3:]

array([ 8, 10, 12, 14, 16])

3: here means “all indices > 3”. Thus, you don’t need to know how long the
vector is, in order to extract the last part of it! Note also the special syntax for
extracting the last entry in a vector:

al[-1]

16

Example 1.1 (max, min, sum, and prod). One can write as follows if one needs
to find the maximum, minimum, sum, or product of all components in a vector:

np.max(a)

16

np.min(a)

2
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np.sum(a)

72
np.prod(a)

10321920
&

1.2 Operations on vectors

Vector addition- and subtraction are defined component-wise. This means that,
if a and b both are vectors with n components, then

* a+b:(al+b1aa2+b25' a‘ +bn)7
° aib:(aliblvaﬂ b2a~ ) n*bn)
o ta = (tay,tay,...,ta,) when t is a scalar.

Vector addition thus requires two vectors with the same number of components,
and returns a vector with the same number of components.

It is common to draw vectors as arrows starting at the origin, and ending at the
point indicated by the vector. But a vector can also be drawn starting at another
point - it is the direction the vector points in which defines its components.
Figure 1.1 illustrates addition and subtraction of vectors. Calculating a + b
corresponds to placing the vector b at the end of the vector a, and reading the
coordinates you then get. a—b can be visualised in two ways: Either by placing
the vector —b at the end of the vector a (as in Figure 1.1a), or by drawing the
arrow which starts in b and ends in a (as in Figure 1.1b).

Figure 1.2 illustrates multiplication of a vector with a scalar.

The Zero-vector, written 0, is the vector where all components are 0, i.e., 0 =
(0,0, ...,0). Tt is clear that the zero-vector satisfies a + 0 = a, and that 0a = 0
for all a.

Example 1.2. Let a=(1,2,3), b= (4,5,6), and ¢t = 2. Then

a+b:(1, 3)+(4,5,6) = (14+4,2+5,3+6) = (5,7,9)
=(1,2,3) — (4,5,6) = (1 —4,2— 5,3 —6) = (—3,—3,—3)
ta_2(1 2,3)=(2-1,2-2,2-3) = (2,4,6).

This can be verified as follows:

np.array([1,2,3])
= np.array([4,5,6])
2
SD)

p TP
|



(a) The sum of two vectors

CHAPTER 1. VECTORS

(b) The difference between two vectors

Figure 1.1: Operations on vectors.

&
- 23

A%

Figure 1.2: Multiplication of a vector with a scalar
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array([5, 7, 9]1)
a-b

array([-3, -3, -31)
t*a
array([2, 4, 6])

Note the difference between writing a+b, and sum(a). The first computes many
sums of two components. The last computes one sum of many components. &

One often applies an operation on all components in a vector. One can do
this in a loop. In order to limit the number of loops, programming languages
use vectorisation, i.e., operations defined on R or C are naturally extended to
vectors by applying the operation on each component. Addition and subtraction
of vectors, as defined above, are clearly vectorised operations.

Definition 1.1 (Vectorisation). Suppose f is a function on R or C, and that
a = (ay,a,,...,a,). The vectorisation of f is defined by

f(a) = (f(a1), f(az), -, fla,)) -

Vectorisation of binary functions (functions in two variables) is defined similarly.
As an example the vectorisations of addition, taking powers, and multiplication,
are

a+b=(a; +b,a5+0bsg,...;a,+b,)
ab = (a?l,agﬂ...,af{l)
ab = (a;by,a9by, ..., a,b,) .
Here both a and b are vectors with n components.
Addition of a vector and a scalar is also allowed. This is computed as

a+t=(a;+t,ay+t,..,a,+1).

Note that this is not defined mathematically.

att

array([3, 4, 5])

Example 1.3 (Vectorised functions). Most functions in Python are vectorised:
np.sqrt(np.array([1,4,9,16]))

array([1., 2., 3., 4.1)
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np.abs(np.array([-2,-1,1,2]))

array([2, 1, 1, 2])
np.sin(np.array([0,np.pi/2,np.pi,3*np.pi/2,2*np.pil))

array([ 0.0000000e+00, 1.0000000e+00, 1.2246468e-16, -1.0000000e+00,
-2.4492936e-16])

np.cos(np.array([0,np.pi/2,np.pi,3*np.pi/2,2*np.pil))
array([ 1.0000000e+00, 6.1232340e-17, -1.0000000e+00, -1.8369702e-16,
1.0000000e+00])

The code below verifies that the logarithm and the exponential functions are
inverse functions:

np.exp(np.log(np.array([1,2,3]1)))

array([1., 2., 3.1)
np.log(np.exp(np.array([0,1,2]1)))

array([0., 1., 2.1)
&

Example 1.4 (Vectorised binary functions). max and min can be used in the
same way as + and -, if one instead passes two arguments:

np.maximum(a,b)

array([4, 5, 6])

np.minimum(a,b)

array([1, 2, 3])

In particular we have that

max ((aq, Gg, ..., ay,) 5 (by, gy .. byy))

-5 Op

= (max(aq, by ), max(aq, by), ..., max(a,, b,)) -

n’»’n

Multiplication and taking powers are also vectorised:

a*b

array([ 4, 10, 18]1)

a**xb

array([ 1, 32, 729])
&
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There are many other operations which can be applied to vectors. As an exam-
ple, they can be placed after one-another:

np.block([a,b])

array([1, 2, 3, 4, 5, 6])

Since vector addition is vectorised, vectors inherit properties from the real num-
bers:

Proposition 1.1. We have that

I.a+b=b+a

2. (a+b)+c=a+(b+c)
3. s(a+b)=sa+sb

4. (s+t)a=sa+ta,

where a, b, and c are vectors, and s and t are scalars.

In the proof, and several times later, we will use the fact that a and b are equal
if and only if a;, = b, for all 7.

Proof. 1.-3. follow directly from the properties of vectors, and those for for real
numbers. Let us therefore only consider 4..

o The left side (s+t)a has components (s +t)a;, by the definition of scalar-
vector multiplication.

e On the right hand side sa has components sa,;, and ta has components ta,.
By the definition of vector addition, the right hand side sa + ta therefore
has components sa; + ta,.

The right- and left hand sides are therefore equal if and only if (s+t)a,; = sa,;+ta;

for all 7. But this we know holds for all real numbers. O

Example 1.5 (Lines). Let us find an expression for the line in R™ which passes
through two given points x; and x,. This must have direction vector x, — x;.
Since the line should pass through x,, the expression becomes

y(t) =% +t(x — %) = (1 — 1)%; + x,.

We also see that y(0) = x;, and y(1) = x,. &

Up to now all vectors and scalars have been real, but they may just as well have
been complex. From now on we will also consider complex vectors and scalars.
The complex number 2 + 3¢ can be computed as

2+3j
(2+33)

1j represents the imaginary unit :. 3j gives the complex number 3:. Using j
alone will produce an error message, unless j is defined as a variable elsewhere.
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1.3 Length, scalar product, and projection

The length of a real vector a is defined as

ja = /a2 + a3 + -+ a2. (1.1)

This is just a generalisation of length from R? and R3. In particular we have
that |a] > 0, and |a| =0 if and only ifa =0

If a,b € R™ we define the real scalar product a - b by

a-b=ab; +asby +--+a,b,. (1.2)
We say that a and b are orthogonal if a-b = 0.
Example 1.6. The lengths of the vectors a = (1,—4,9) and b = (2,3, —6) are

la] = 12+ (—4)2 + 92 = VI + 16 + 81 = V98 = 7v2
|b|:\/22+32+(—6)2:\/4+9+36:7.

The scalar product of the two is
a-b=(1,-4,9)-(2,3,—-6)=1-24(—4)-3+9-(—6) =2—12—54 = —64.
&

We have the following result

Proposition 1.2 (Properties of the scalar product). For all vectors a, b, ¢ in

R™, and scalars s, we have that
1. a-a=lal?
2.a-b=b-a,
3. c-(a+b)=c-at+c-band(a+b)-c=a-c+b-c,
J. (sa)-b=a-(sb) = s(a-b)

Proof. 1.-3. follow directly from the laws of real numbers, and are given as an
exercise. 4. can be proved as follows:

(sa) -b = (say,...,sa,) - (by,....,b,) = sa by + - sa,b,
a-(sb

) = (ay,...;a,) - (sby,...,sb,) = sa by + -+ sa,b,
(a b) (albl et anbn) = Salbl + Sanbn

where we again used the laws of real numbers. O

One can also show the other way that the scalar product is the only function in
two variables (a and b) which satisfies 1.-3 (see Exercise 1.11).
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Figure 1.3: A plane with a given normal vector and point.

Example 1.7 (Planes). Let us also find an expression for the plane passing
through a given point (zy, ¥y, 2y), and which is orthogonal to a given vector
n = (a,b,¢). (x,y,2) lies in this plane if and only if (z,y, z) — (zg, Yo, 29) is
orthogonal to n, see Figure 1.3.

This is the same as
0= ((z,9,2) — (%9, Y0, 20)) ' 1
(

=(x— 20, Y — Yo, 2 — %) - (a,b,¢)
= (@ — ) + bly — yo) + c(z — 20).

The expression for the plane is therefore
ax +by+cz=d,

where d = axy + by, +czy.

Let us now define length and scalar product for complex vectors. For length the
definition given by Equation 1.1 will not work, as this gives complex numbers
when a is complex (we want length to be a real number). Instead we define

lal = Vlay 2 + lag* + - + la, %, (1.3)

which reduces to the definition given by Equation 1.1 when a is real. Inside
the square root here we take lengths of complex numbers, so that the result
becomes > 0, and 0 only when a = 0. The length of a vector can be computed
as follows.

a=np.array([3,4])
np.linalg.norm(a)
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5.0

This can also be computed as follows

np.sqrt(np.sum(np.abs(a)**2))

5.0

Here four operations are combined. With a = (aq, as, ..., a,,), these are, in the
following order:

1. (laql, lasl, ..., |a,]) (vectorised absolute value),
2. (lay|? |ag|?, ..., |a,|?) (vectorised power),

3. lay|? + |apl® + - + Ja, [,

4 Vlay P+ Jag[? + -+ + [a, 2.

The two last operations are not vectorised, as they return a scalar.

Let us now define the complex scalar product. As for the real scalar product
we want

a-a=la’ =a@ + -+ a,a,.
It is clear that Equation 1.2 will not work for the complex case, as this will not
capture the conjugation here. Let us instead define

a-b=ab +-+a,b (1.4)

n-n?

since this will be compatible with the expression of length when a = b. We
have the following result.

Proposition 1.3. For all vectors a, b, ¢ in C™, and s € C, we have that

2

1. a-a=|al’,
2.a-b=>b-a,
3. c-(a+b)=c-at+c-band(a+b)-c=a-c+b-c,
4. (sa)-b=s(a-b) and a-(sb) =3(a-b),
when a - b is defined by Equation 1.4.
Proof.
1. is clear.

2. follows from that ab = ba for all complex numbers a and b.
3. follows as before. B B o B
4. follows from that (sa)b = s(ab) and asb = Sab when a, b, s € C.

O

Example 1.8. Consider the vectors a = (2i,1+14,3) and b = (1+2i,—1,2—1).
For the components we first compute

202 =4 [144d*>=2 [3°=9 [1+2i*=5 |—1*=1 [2—i*=5
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The lengths of a and b are thus
la] = [2i2 +[1+i2 +32 = VA+2+9 =15
bl = V1422 + (—1)2+2—i2=V5+1+5=V11
and the scalar product of the two is
a-b=1(2;,14+43) - (14+2i,—1,2—1)
=2i(1+2i)+ (1 +i)—1+3(2—1)
=2i(1—2i)— (1 +1)+3(2+1)
=2i+4—-1—1+6+31 =9+ 4.

You get the complex scalar product by writing np.vdot (a,b), but here there is
a small difference:

a = np.array([2j,1+15,3])
b = np.array([1+2j,-1,2-13])
np.vdot(a,b)

(9-4)

So here a slightly different definition is used than Equation 1.4. np.vdot actually
computes the complex scalar product of a and b as a;b; +---+a,b,,, as is easily
checked:

np.sum(np.conj(a)*b)

(9-4)

These two competing definitions of the complex scalar product stem from dif-
ferent science traditions: In the mathematics literature it is usual to conjugate
the second vector, while in the physics literature it is common to conjugate the
first vector. np.vdot thus follows the literature in physics. &

If a and b are orthogonal a simple calculation gives
la+bl2=(a+b)-(a+b)=a-a+a-b+b-a+b-b=]a]®>+|b]?

where we used that b-a=a-b =0 = 0. It follows that |a+ b|?> = |a|? + |b|%.
If we in particular set

n=2 a=(a,0) b = (0,b) c=a+b=(qab),

this says that ¢ = a? + b2, where a,b,c are the lengths of a,b,c. Since a
and b are legs, and ¢ hypotenuse in a right-angled triangle, we have shown a
generalisation of Pythagoras theorem to n dimensions!

We say that two non-zero vectors a and b are parallel if a = sb for some scalar
s. Let a and b be vectors, where b # 0. Intuition says that the closest point
to a on the line between 0 and b is obtained by drawing the normal from that
point down to the line (see Figure 1.4). The next proposition says that the point
obtained by following the normal vector is unique.
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Proposition 1.4 (Orthogonal decomposition theorem). Suppose a,b are vec-
tors, where b £0. p = %b s the unique point on the line between 0 and b so
that a — p and p are orthogonal.

We also write proj, (a) for p = ",‘T‘;b, and call this the projection of a onto b.

The decomposition
a-b a-b
=——b ———b 1.5

a=Tepv+ (2~ p?) (9

thus splits a in a sum where one vector is parallel to b, and the other orthogonal
to b. This is also called an orthogonal decomposition.

Proof. That p = cb is orthogonal to a — cb reads that
0=(a—cb)-b=a-b—c|bl?

which is equivalent to ¢ = %, so that p = "L’—Eb. 0

To see that p also is the unique point on the line between 0 and b closest to a,
for s € C write

2 2 2 2
la—sb|?> = |(a—p)+ (p—=sb)]" =]a—p| +|p—sb]">|a—p|,

where we used Pythagoras theorem. Thus, %b is the unique point on the line
which is closest to a. This result is also called the best approximation theorem.

proj, (a) can be computed as follows

np.vdot(b,a)*b/np.linalg.norm(b**2)

array([ 0.14002801+3.08061618j, -1.26025208-0.56011203j,
3.08061618-0.140028013j])

Note that the order of a and b has been changed inside the scalar product here.
Do you see why?

We see that |proj, (a)| = TT‘T. From the proof above it follows that we also can

write
a= (a - projb(a)) + pI"Ojb<a),
where the two vectors on the right side are orthogonal. Thus, by using projec-

tions we can write a as a sum av two vectors: one orthogonal to b, and one
parallel with b. This is also called an orthogonal decomposition.

Example 1.9. Let a = (10,5), and b = (2,4). Then
b2 =4+ 16 =20 a-b =20+ 20 = 40,

so that
a-b 40

proj, (a) = Wb = 2—0(2,4) = (4,8).
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We also get
a — proj, (a) = (10,5) — (4,8) = (6, —3).
Therefore we have that

(1075) = (47 8) + (67 *3>

is an orthogonal decomposition of (10, 5) into a vector orthogonal to b, and one
parallel with b. &

Figure 1.4 illustrates projection in R2. The closest point to a on the line through
b and the origin is obtained by drawing the line orthogonal to b.

N\

Figure 1.4: Projection of the vector a onto the vector b in the plane.

From the figure it is also clear that

where 6 is the angle between a and b. If we here insert %b for proj, (a) we

get after some computation that |a - b| = |a||b| cos 6, which is a formula known
to most of us. From this formula we can deduce several known trigonometric
identities. As an example, with a = (cos#,,sin6,), b = (cos 05, sin 0,), we have
that

a-b =cosf, cosf, + sin b, sin b, laj] =1 [b| = 1.

Since also the angle between a and b is § = 6, — 6, insertion in |a-b| =
|a||b]| cos  therefore gives

cos(fy — 6,) = cos b, cos b, + sin b, sin b,,
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so that we have deduced the known formula for the cosine of a difference of two
vectors.

From |a - b| = |a||b|cosf above it also follows that |a - b| < |a||b], at least for
vectors in the plane. This inequality turns out to hold more generally. To see
this we will use Pythagoras theorem on the orthogonal decomposition given by
Equation 1.5, which gives

|? + [proj,, (a)|* > [proj, (a)|. (1.6)
Taking square roots on each side we get
a-b
b

|al? = |a — proj, (a)

a-b

_ |a-b|
b2 [

[b]

= b

|a| > [projy,(a)| =

Multiplying up we get the following result.

Proposition 1.5 (Schwarz’ inequality). We have that |a - b| < |a||b] for all
vectors a,b € C™". We have equality if and only if either a or b are parallel, or
at least one of a and b is 0.

Let us comment on how one can find the requirements for equality in Schwarz’
inequality. Because of Equation 1.6 this can occur only when proj,(a) = a. If
a,b # 0 it is clear that this is the case only when a and b are parallel. Finally,
equality in Schwarz’ inequality when either a or b is 0 is obvious.

An immediate consequence of Schwarz’ inequality is the triangle inequality.

Proposition 1.6 (The triangle inequality). We have that |a + b| < |a| + |b|
for all vectors a,b € C™. We have equality if and only if either a = sb for an
s >0, or at least one of a and b is 0.

The obvious interpretation of the triangle inequality is that “the shortest way
between two points is a straight line”. This we see by comparing the distance
from the origin to a + b, with the distance obtained by going to a + b by first
following the vector a, and then the vector b (see Figure 1.1 (a) again).

Proof. We have that

la+bl?=lal?+a-b+b-a+|b]?=|a]’>+2%R(a-b)+ |b]?
< [a|* +2la-b| +|b|* < [a]* + 2[a|[b| + [b|* = (|a] + [b])?,

where we used Schwarz’ inequality. The result now follows by taking square
roots.

To obtain equality we first must have equality in Schwarz’ inequality, i.e., a and
b are parallel, or at least one of a and b is 0. If at least one of a and b is 0,
we see that we also have equality in the other inequality, and then there is also
equality in the triangle inequality. Suppose now that a and b are parallel and
both # 0. We have equality in the other inequality if and only if |a-b| = R(a-b).
But then a- b must be real and positive. Since b = sa we get that a-b = 5|al?.
It follows that s > 0. O
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Exercises

Exercise 1.1. Compute

/()
2 (0)-()

Exercise 1.2. Find

(a) a parametrisation of the line going through the two points (1,1,1) and
(2,4,3).

(b) an expression for the plane going through (3,—1,—1) which is orthogonal
to (1,1,1).

Exercise 1.3. Compute the lengths of the vectors
(a) (3,4,5)
(b) (i,—i,1,—1).
Exercise 1.4. Compute the scalar product of
(a) (—1,2,4) and (3,3,—1).
(b) (—,2,3+1) and (2 — i, —4i, —2).
Exercise 1.5.
(a) Compute the projection of the vector a = (1,2,4) onto b = (2,4, 2).

(b) find an orthogonal decomposition of a in a vector orthogonal to b, and
one parallel with b.

Exercise 1.6. Prove property 1.-3. in Proposition 1.1 and Proposition 1.2.
Exercise 1.7. Show that |sa| = |s||a] when a € C" and s € C.

Exercise 1.8 (Reverse triangle inequality). Prove that ||a] — |b|| < |a — b| for
all a,b € C™. This is also called the reverse triangle inequality.

Exercise 1.9. By the parallellogram spanned by the vectors a and b we mean
the quadrilateral with vertices 0, a, b, and a + b. Figure 1.5 illustrates a
parallellogram in the plane.

The name comes from the fact that opposite sides are parallel.

(a) Explain geometrically that the parallellogram spanned by a and b can be
written as the set
{ra+sb:0<r,s<1}.
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Figure 1.5: Parallellogram spanned by the vectors a and b.

(b) If a and b are vectors either in R? or in R3, it gives meaning to talk about
the angle between the two. Let us denote this by 6. Prove that the area
of the parallellogram spanned by a and b is given by |a||b|siné (we can
assume that 0 < 6 <, so that sin6 > 0).

Exercise 1.10 (The parallellogram law). Show that, for a,b € C™, we have
that
la+b|?+[a—b|* =2(|a% + |b[*).

This identity is called the parallellogram law. Can you think of why the law is
called this?

Exercise 1.11. Suppose that f is a real function which takes two vectors in
R™ as parameters. Suppose that

L. f(a,a) = lal
2. f(a,b) = f(b,a)
3. f(c,a+b) = f(c,a)+ f(c,b) and f(a+b,c) = f(a,c) + f(b,c)

for all vectors a, b, ¢ in R”. Show that

f(a,b)=a-b
for all a, b. In particular it follows that f(sa,b) = f(a,sb) = sf(a,b), since
we know that (sa) -b =a- (sb) = s(a-b) holds.

Exercise 1.12. Consider the following code. What does the code do? Justify
your answer. Consult the numpy documentation on the function np.where.

import numpy as np
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a = np.arange(0,100); al[0] = -1; a[1]
for k in range(2,10):

al(2%k)::k] = -1
a[np.where(a!=-1)]

-1

21
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CHAPTER 1.

VECTORS



Chapter 2

Matrices and matrix
multiplication

In a vector all components are listed sequentially. In a matriz they are listed
in two directions: vertically and horizontally. We will use uppercase letters to
represent matrices. If A is a matrix one writes a,; for the component in row
¢ and column j, and we use parenthesis to indicate the start and end of the
matrix:

ap; Q2 a1p
A= | Q1 G2 Qan
A1 A2 Amn

It is also assumed that all rows have an equal number of components, and
similarly for the columns. We say that A is an m X n-matrix (or has dimension
m x n) if it has m rows and n columns. A is called square if m = n.

A horizontal segment in A is called a row vector, a vertical segment a column
vector. A vector can be interpreted both as a row vector, and as a column vector.
In the code

A = np.array([[1,2,3]])
B = np.array([[1],[2],[31]1)

A is a row vector (or a 1 x 3-matrix), B a column vector (or a 3 x 1-matrix).
We will as before write a, for the components in a vector, regardless of whether
it is a row vector or a column vector. Rows and columns will be indexed from
0 and upwards, just as for vectors:

Af0,1]
2

23
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B[1,0]

2

In many math books it is common to interpret a vector as a column vector, if
nothing else is said. When writing a = (a4, a,, ..., a,,) we shall therefore interpret
a as a column vector.

1 2 3 4
The 3 x 4-matrix A = (5 6 7 8 ) is obtained by writing
9 10 11 12

A = np.array([[1,2,3,4],[5,6,7,8],[9,10,11,12]])

To find the dimensions of A write

m, n = np.shape(A)
m, n

3, 9

Sometimes we will write a; . for the row vector obtained from row i in A, and
a, ; for the column vector obtained from column j in A.

Ali,:]

Al:,35]

Square brackets are thus used to indicate the part of the matrix we want. Colon
here stands for “all components”. Note the differences in the following two calls:

Al1,:]

array([5, 6, 7, 8])
A[[1]1,:]

array([[5, 6, 7, 811)

The latter should be used if the result is to be used in computations involving
matrices.

There is also a more general syntax for extracting a sub-matriz of a matrix. The
code below extracts a 2 X 3-matrix consisting of all components from row 1 and
3, which also are in column 1, 3, and 4.

Alnp.ix_([0,2],[0,2,3])]

array([[ 1, 3, 4],
9, 11, 12]1)

If A is an m x n-matrix we define the transpose of A as the n x m-matrix where
component, (i, ) is a; ;. We write AT for the transpose of A. For the matrix
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A=1|5 6 7 8 | above we get that AT = . Matrices are
9 10 11 12 3.7 11
4 8 12
easily transposed as follows:
A.T
array([[ 1, 5, 9],
[ 2, 6, 10],
[3, 7,111,
[ 4, 8, 12]11)

Hvis A = AT, A is said to be symmetric. In particular

5 2 3
A=12 6 4].
3 4 7

is symmetric. Symmetric matrices are always square, and the components are
symmetric about the diagonal. The diagonal in this example consists of the
numbers 5,6, 7.

The transpose satisfies simple rules:
(A+B)T = AT+ BT (A—B)T=AT—BT (AT) =4 (sA)7 = sA7

Some simple matrices will turn out to be useful.

o The zero-matriz, written 0, is the matrix where all components are 0.

e The ones-matriz, written 1, is the matrix where all components are 1.

e A diagonal matriz is a matrix where there are only zeroes outside the
diagonal.

o The identity matriz, written I

, is the n x n-diagonal matrix where all
diagonal entries equal 1.

These can be obtained as follows:

np.zeros((m,n)) # Creates an mxn matrix of zeros
np.ones((m,n)) # Creates an mxn matrix of ones

np.diag(a) # Creates a diagonal matrix with the components
# of a on the diagonal.
np.eye(n) # Creates an nxn identity matrix

Many operations give meaning both for vectors and matrices:

np.max (A,axis=0)

array([ 9, 10, 11, 12])
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np.min(A,axis=0)

array([1, 2, 3, 41)

np.sum(A,axis=0)

array([15, 18, 21, 24])
np.prod(A,axis=0)
array([ 45, 120, 231, 384])

The difference from the vector version is that the operations are performed
column by column.

2.1 Vectorised operations on matrices

As for vectors, matrix addition and subtraction are vectorised: If A and B are
both m x n then

e A+ B is the matrix with component (i, j) being a;; + b;,
¢ A— B is the matrix with component (i, j) being a;; — b,,
e tA is the matrix with component (7, j) being ta; ; (where ¢ is a scalar).

We thus have

ajp +byy by o ag, by,
Arp=| T boy gy +byy o ag, + by,
A1 + bml A2 + bm2 o Qg + bmn

It is a simple exercise to check that the properties in Proposition 1.1 also hold
if we replace vectors with matrices.

Example 2.1. We have that

s 1)+2(5 1) =(

1) (i a0

3-1 3
3.2 3
312\, (-2 4) _(3-2 1244
6 3 —4 2) 7 \6-4 3+2
. 5)

&

Also for matrices Python allows vectorised operations with a scalar: If we write
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A + b where A is a matrix and b a scalar,

a;+b a+b - ay,+0b
Gy +b a9y +b - ag,+0b
Gpp+b apo+b - a,,+0b

is returned. In particular will A - 1 return the matrix where 1 is subtracted in
all components, and 1/A will return the matrix with components 1/a,;.

Vectorised functions are defined in the same way as for vectors. Let us consider
some examples.

Example 2.2. We saw previously that the operations sqrt, abs, exp, and log,
were vectorised. This is also the case for matrix input. This is easily seen for
trigonometric functions:

. (0 w/2\ (sin0 sin(x/2)\ (0 1
S 3r/2)  \sinw sin(3w/2))  \0 -1
This is simple to verify:
np.sin(np.array([[0,np.pi/2], [np.pi,3*np.pi/2]1))

array([[ 0.0000000e+00, 1.0000000e+00],
[ 1.2246468e-16, -1.0000000e+00]])

&

Example 2.3. max and min are also vectorised for matrix input.

A = np.array([[1,2,3],[4,5,6]1]1)
B = np.array([[4,5,6],[1,2,3]1])
np.maximum(A,B)

array([[4, 5, 6],
[4, 5, 611)

np.minimum(A,B)

array([[1, 2, 3],

(1, 2, 31D
The same applies for multiplication and taking powers.
AxB

array([[ 4, 10, 18],
[ 4, 10, 1811)

AxxB

array([[ 1, 32, 729],
[ 4, 25, 216]11)
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&

A special syntax exists when A is a column vector (a) and B a row vector (b):
a + b will then return

a;+by a;+by - a;tb,
ag+by ay+by - ay+b,
a,, +b, a,+by - a,+0b,

i.e., the matrix with components (4, j) equal to a; + b;. It is not really defined
mathematically to add a column vector and a row vector, but some programming
languages still allow this. This may sound strange, but it can be useful in some
cases, since it can give very compact code. Let us give some examples.

Example 2.4 (The Hilbert matrix). The Hilbert matriz H,, is defined as the
n X n-matrix with components

hig =1/(k+1-1),
where 1 < k,1 < n. In particular

1 1/2 1/3 1/4
1/2 1/3 1/4 1/5
1/3 1/4 1/5 1/6
1/4 1/5 1/6 1)7

H4:

The matrix H,, can be obtained with help of the function scp.hilbert (n), but
let us instead create it with the syntax above. First we write

y = np.arange(1,5)
y

array([1, 2, 3, 4])

Here a vector with 4 components was created, without interpretation in rows
and columns. With the command reshape this can be interpreted as a row
vector (a 1 X 4-matrix):

y.reshape((1,-1))

array([[1, 2, 3, 4]1)

or a column vector (a 4 X 1-matrix):

y.reshape((-1,1))

array([[1],
(21,
(3],
(411
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The number —1 here means that the number of rows/columns is calculated
automatically, from the requirement that there should be only one row/column.
The Hilbert matrix can now be obtained as

x = y.reshape((1,-1))
1/(x + x.T - 1)

array([[1. , 0.5 , 0.33333333, 0.25 1,
[0.5 , 0.33333333, 0.25 , 0.2 1,
[0.33333333, 0.25 , 0.2 , 0.16666667],
[0.25 , 0.2 , 0.16666667, 0.14285714]11)

If we, the other way, would like to convert a row- or column vector back to a
vector (without interpretation of rows/columns), this can also be done with the
help of reshape:

x.reshape(-1)

array([1, 2, 3, 4])

We will return to the Hilbert matrix later, as it will turn out to be quite vulnera-
ble to roundoff errors on a computer. As a result it is difficult to use numerically.

&

Example 2.5 (The Vandermonde matrix). The matrix

1z ... 27
1 ”
v=|. T2 (2.1)
1 m’ﬂl x'rnn
is called a Vandermonde matriz, and z,, ..., x,, are called its generators. They

are thus obtained by assembling the powers of the generators in each row. Such
matrices need not be square - the number of generators (m) can be different
from the number of powers (n 4+ 1). Vandermonde matrices will appear later
in connection with interpolation, and numerical differentiation and -integration.
If we collect the generators of the vandermonde matrix in the column vector x,
and the powers 0,...,n in the row vector p, we get the matrix in Equation 2.1 by
writing

p = np.arange(0,n+1) .reshape((1,-1));

V = x*x*p

&

Example 2.6 (The discrete Fourier transform). Matrices can, as vectors, have
complex components. The DFT matriz, Fy, is an example of this. It is defined
as the N x N-vandermonde matrix with generators {e=27**/N L. DFTy thus
has components e 2™*"/N where 0 < k,n < N, and it can be obtained with
the code
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p = np.arange(0,N) .reshape((1,-1))
np.exp( -2*np.pi*lj*p.T*p )

T
Il

Here there is vectorised multiplication of a column vector with a row vector in
the exponent, giving us all possible values for kn. The exponential function is
also vectorised, i.e., e gives the matrix with components (k,n) equal to e,

The Fourier matrix has a very useful application to sound. In this setting N
can be very large, so large that the matrix may not fit in the memory of the
computer! It turns out that the Fourier matrix can be rewritten so that it can be
used for computations after all. To be more precise, the function np.fft.fft(x)
computes the multiplication Fiyx, without actually writing down the full matrix
Fy (£fft here stands for Fast Fourier Transform). Here we should add some
comments.

Both x and Fyx are column vectors. But it turns out that np.fft.fft(x)
actually accepts a vector as input, and returns a vector. If one wants to compute
the matrix-vector multiplication Fiyx (i.e., with both input and output assumed
to be column vectors), one should instead call np.fft.fft(x, axis=0). These
two things return the same, but the shape is either that of a vector, or that of
a matrix:

x = np.array([1,2,3,4])
np.fft.fft(x)

array([10.+0.j, -2.+2.j, -2.40.j, -2.-2.31)

x = x.reshape((-1,1))
np.fft.fft(x, axis=0)

array([[10.+0.3j],
[-2.+2.3],
[-2.40.3],
[-2.-2.31D

Many other functions in numpy accept this form where the inputs and output
are flattened to vectors. Since we will heavily use linear algebra notation, we
will usually reshape the input to a column vector before we multiply with a
matrix to get the resulting column vector. &
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2.2 Matrix multiplication

Later we will look at how one can solve linear systems with m equations and n
unknowns. A general such system can be written

apry tapry  +e tagz,  =by
A1y HagTy  +o Fag,r,  =by (2.2)
Q11 +a’m2m2 + +amn$n = bm
Let us write
ay;p Q2 o Gyp Ty by
a a a T b
A=| % = O x= | “2 b= | "2
aml a’m2 amn xn bm

A is called the coefficient matriz of the system. In order to write Equation 2.2
more compactly the following definition is useful.

Definition 2.1 (Matrix-vector multiplication). Let A be an m X n-matrix, and
x a column vector with n components. We define Ax as the vector

(11T + A19Tg + -+ A, T,

(91 T1 + UgoTg + + + Ao, T,

Ax = =x,a; + Tyay9 + -+ 2,a,.

U1 T1 + QppoTo + o+ oy Ty
With this definition Equation 2.2 can be written more compactly as Ax = b.
The rewriting to x,a; + x4a4 + -+ + x,,a,, above follows from for the properties
of vectors. Note that Ax is defined if and only if the number of columns in A

equals the number of components in x, and that Ax then can be interpreted as
av m scalar products (between the rows in A, and x).

2 1 =2 3
Example 2.7. Let us compute Ax when A = (3 0 —1) and x = (—1) .
7T —4 2 —2
This is well-defined since the number of columns in A
equals the number of components in x (both are 3). We get

2 1 -2\ /3 2.3+41-(=1)+—2-(—2) 6—1+4
(3 0 —1) (—1):(3-3+0-(—1)+—1-(—2)):(9+0+2):(11
7 -4 2) \-2 T34 —4-(—1)+2-(—2) 21 +4—4 21

&
Suppose we want to solve Equation 2.2 for different right hand sides by, ..., by:

Ax, =b, Ax, = b, Ax;, = by,

We seek a compact notation also for the collection of these systems. For this
the following definition is useful.
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Definition 2.2 (Matrix multiplication). If A is an m X n matrix, and X an
n X k-matrix, we define AX as the m x k-matrix

AX = (AX., AX., - AX,) (2.3)

)

If we now set
X=(x; X3 = xp) B=(b, by - by,
Column j in the equation AX = Bis Ax; = b,;. AX = B can also be interpreted

as the assembly of k systems. AX is only defined when the number of columns
in A equals the number of rows in X.

Let us see how a matrix product can be computed. From the definition of the

matrix-vector product we know that AX, ; = Z::1 a;2,;. Equation 2.3 now

says that this equals column j in AX, and it follows that
(AX)’LJ = Zai,’,,xrj. (2.4)
r=1

This is also called the inner form of a matrix product.

Example 2.8. Let us compute the matrix product

o 4 3\ (% !
1 -1 3 4o
2 —1
The product should be a 2 x 2-matrix. If we use Equation 2.4 to compute
component (1,1) in this we get
2:244-44+3-2=44+164+6=26
If we do the same for component (1,2) we get
2-(-1)+4-1+3-(-1)=—24+4—-3=—1.

We have thus computed the first row in the matrix product. It is common to
write out these calculations as follows.

2 4 3 i _11 C(2-244-443-2 2-(=1)+4-1+3-(=1)

L -1 3)\y, ;) \1:2=1443-2 1-(-1)-1-1+3-(-1)
_(44+16+6 —2+4-3\ (26 -1
“\2-446 -1-1-3) (4 -5

We can verify this with the built-in method for matrix multiplication.
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A = np.array([[2,4,3],[1,-1,3]1)
B = np.array([[2,-1],[4,1],[2,-1]1)
A Q@B

array([[26, -1],
[ 4, -511)

Matrix multiplication can also be interpreted in terms of the scalar product:
Above we computed 4 scalar products: If the left hand side matrix has rows a,
and a,, and the right hand side matrix har columns b, and b,, we computed

a;-b;, =26 a; by =—1 a,-b; =4 a, - by = 5.
&

Example 2.9 (The outer product). Let a € R™ and x € R™ be column vectors.
We have that

ay a1y A Ty o ATy

T _ | @2 _ | G2y QgXp o Aoy
ax' = | (xy ®y - x,)= : : :

Gy, 1 ATy - G T,

ax”T is also called the outer product of a and x. &

Matrix multiplication satisfies several known properties:

Proposition 2.1 (Properties of matrix multiplication). Let A, B, and C be
matrices. The following hold

1. (AB)C = A(BC)

A(B+C)=AB+ AC

(B+C)A=BA+CA

For all scalars s we have that s(AB) = (sA)B = A(sB).

If A is m xn then AL, = A and I,,A = A (so that the identity matriz
behaves in the same way as the number 1 when multiplying real numbers).

Gris Lo b

It is required that the matrices have matching dimensions, so that the products
are defined.

If we multiply many matrices, 1. here implies that it does not matter which
“neighbouring matrices’” we multiply first. It therefore does not matter where
we set the parenthesis when performing matrix multiplication. Therefore, the
parenthesis are usually omitted, i.e., one writes ABC instead of (AB)C =
A(BC)). This, however, does not mean that we can change the order of the
matrices: If A is m x n and B is n X m, it is clear that AB and BA both are
defined, but they have different dimensions when m # n. Even if m = n, we
have usually that AB # BA, as the following examples shows:

Lot a-Go G0 o-(o)
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Thus, while the order does not matter when multiplying scalars, this is not the
case for matrices!

Proof.

1. is perhaps the most difficult one to prove, since one obtains a ‘’double
sum’’ when multiplying three matrices. Let us therefore take a closer
look at this. If Ais m x k, B kx 1, C' I x n, then both (AB)C and A(BC)
are well-defined. Furthermore, AB is m x [, and BC is k x n, and both
(AB)C and A(BC) are m x n. The definition of matrix multiplication

gives
l l k l k
((AB>C>U = Z(AB>’LSCS] = Z (Z azrbrs> Csy = Z Zal’!‘b’l‘scs_]
s=1 s=1 r=1 s=1 r=1
k k l k l
(A(BC))zj = Z azr(BC)rj = Z A (Z brscsy> = Z azrbrsCSJ
r=1 r=1 s=1 r=1 s=1

A couple of comments are in place:

e in the first equality on the first line the definition of the matrix product
of AB and C was used,

¢ in the first equality on the second line the definition of the matrix product
of A and BC was used,

 in the second equality on the first line the definition of the matrix product
AB was used,

e in the second equality on the second line the definition of the matrix
product BC' was used.

The order of summation here does not matter, so that we get the same result.
Therefore, all the components in (AB)C and A(BC) are equal, so that (AB)C =
A(BC).

2.-4. is somewhat simpler to prove, and is gives as an exercise.

5.: We have that

n

(AIn>ij = Zair<ln)rj = aij(In)jj = Q;j,

r=1

where we used that I, has only one non-zero in every column. Since all com-
ponents are equal it follows that A, = A. In the same way one shows that
I,A=A O

There is also another useful form for a matrix product, which we also will return
to. This form uses the notation a,, for column r in A, and x,. for row r in X:
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Proposition 2.2 (Outer form for a matrix product). We have that

n
AX = Z a,X,..
r=1
This is also called the outer form of a matriz product.

Proof. Let e; be the column vector which has 1 in component i, and 0 elsewhere.
From Example 2.9 it follows that
. a:jeJT is the matrix of the same size as A, where column j equals column
jin A, and where all other columns are 0.
e g;X,;, is the matrix with the same size as X, where row ¢ equals row ¢ in
X, and where all other rows are 0.

. . _ n T _ n
This means that we can write A = Zj:l ajej,and X =) ex,. If we use
this we get
n n n n n
_ T _ T _
AX = E a,;e; E eX, | = aej ex; = a,x,..
=1 i=1 i=1 j=1 =1

where we used that e}FeZ— = 1if i = j, and 0 ellers. This completes the proof. [

In the proof above several of the properties from Proposition 2.1 were used.
Which ones?

2.3 Linear transformations and matrix multipli-
cation

A mapping F from R” to R™ is called linear if we have that, for all a,a;,a, € R,
and all scalars c,

1. F(a; +a,) =F(a;) + F(a,)
2. F(ca) = cF(a)

From Proposition 2.1 it follows that the mapping x — Ax, where A is a matrix,
is linear. The other way, we will now show that all linear transformations can
be written on this form:

Proposition 2.3. Suppose F is a linear transformation from R™ to R™. There
exists an m X n-matriz A so that F(x) = Ax for all x € R™. More precisely,

A=(F(e,) Fle,) - Fle,)), (2.5)

where e; was the column vector with 1 in component i, and 0 otherwise.
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Proof. For the proof we will use that
(T1,Zgy ...y X,) = T1€1 + To€y + -+ €,
which is easy to show. This gives
F(xy,2q,...,2,) = F(zxie; + 2565 + -+ z,€,)
=z,F(e;) + 2,F(ey) + -+ 2, F(e,).
By the definition of matrix-vector multiplication this can be written
Ty
(Fle;) Fle;) = Fle,))| "2

L,

It follows that all linear transformations can be written on the form x — Ax,
with A given by Equation 2.5. O

Thus, one only needs compute F(e;) to find the matrix of a linear transformation.
Let us take a look at some useful linear transformations, and find their matrices.

Example 2.10 (Projections). From the properties of the scalar product it fol-
lows that the projection operator proj, (a) = %b is linear. The matrix of proj,
is

(projb(el) pI‘Ojb(62> projb(en))
— (euhb eyb e &Py _ (b by b by b
= (fpb FEb iwb) = (B8 Bw Hw)
T
_ (bbbl bfng)_ig b bfn)_i b
“ \Ibl[b]  |b]|b] [b| [b] ~ |b| bl [b] b ~ |b| \|b| ’
The second last equality used the definition of matrix multiplication, while the
by /bl
last equality used that % = bz/:|b‘ , so that
., b,/Ibl
(%) = <%‘ ‘% %). It follows that, if b is a vector with length 1,

the matrix bb? computes the projection onto the line through the origin, with
direction vector b. Such matrices are therefore called projection matrices. &

Example 2.11 (Rotations). Consider the mapping F which rotates a vector in
R? with angle 6 . If we use polar form we get

F (rcos a) _ (r cos(a + 9)) _ (cos Or cos v — sin@rsina)

rsina rsin(a+6) )~ \sinfrcosa + cosfrsin «

_ (cosf —sinf\ (rcosa
~ \sinf cos@ rsin o
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cosf —sind

It follows that F is linear, with matrix [ .
sinf  cosf

). Assuming that F is

linear, it is easy to find the matrix of F:
_ (cosf _ (cos(@+7/2)\ (—sind
Fle,) = (sin@) Fleg) = (Sin(e-i-ﬂ'/?)) N < cos @ ) '
&

2.4 Plotting polynomials

Matrix multiplication can be used naturally to plot polynomials. The function
plt.plot can be used to plot curves in the plane. The common syntax for
plt.plot takes two arguments x and y, which contain the x- and y-coordinates
of the plot points, respectively. The plt.plot function accepts many variants.
For instance, if we want to plot the polynomials

2 3

q(z) =2 @(r) =2 gs(z) =
together, with m points distributed over the interval [0, 1], this can be achieved
as follows:

x = np.linspace(0,1,m).reshape((-1,1))
plt.plot(x, x)

plt.plot(x, x**2)

plt.plot(x, x**3)
plt.legend(['q_1','q_2','q_3'])

10 N q_l
q_2

0.84 — q_3

0.6

0.4 +

0.2 1

0.0 A

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2.1: Plot of the polynomials ¢, (x) = z, ¢5(7) = 22, and ¢4(x) = 3.
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The plt.plot commands above can also be assembled into one call as follows.

plt.plot(x, x, x, x**2, x, X**3)

where 6 arguments are given, and where each pair represents a plot. The result
can be seen in Figure 2.1. If the polynomials are of higher degree, and with
many terms, things get more complicated. Let us take a look at how we can
do this systematically by assembling the polynomial coefficients in vectors. Let
the first polynomial be

¢ (z) = cog+ gz + -+ ¢z,
and let the plot points be z,..,z,,. We write

01 (1) = ¢g + 2101 + -+ 2TC,

01(73) = ¢o + Tycy + - + THC,

ql(mm) =Cy+T,,C x;lmcn'

By the definition of matrix-vector-multiplication, this can be written

0 (1) Loy o
@) | _ |1 2y . a3 ¢ (2.6)
q1<xm> 1 L e x?n Cn

where we recognise the Vandermonde matrix from Example 2.5. If we now have
another polynomial, g5(z) = dy+dyz+---+d,,x™, we can in the same way write

go (1) 1 oz ... af d,
QQ(.Z‘Q) — 1 33.2 xg d:1 (2.7)
qs(x,,) 1 =z, .. b d,

By the definition of matrix multiplication Equation 2.6 and Equation 2.7 can
be assembled into

(1) qa(zq) 1z, ... af ¢y dy
01 (9)  @olze) | (1 2o .o 2% ¢ dy (2.8)
ql(‘rm) q2<xm) 1 Ly x?ﬁ Cp dn

and in the same way if we have even more polynomials. The Vandermonde
matrix on the right side can be computed as follows:

p = np.arange(0,n+1) .reshape((1,-1))
vV = X**p

We collect the coefficients of the three polynomials ¢;, ¢,, and g3, in column
vectors q1, g2, and g3, and compute Equation 2.8:
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ql = np.array([[0],[1],[0],[011)
g2 = np.array([[0], [0], [1],[0]1)
g3 = np.array([[0], [0], [0], [1]11)
y = V @ np.block([ql,92,93])

This gives a matrix with three columns, where column 1 contains values for ¢,
column 2 for gy, and column 3 for ¢;. The polynomials can now be plotted
together by writing

plt.plot(x, y)
plt.legend(['q_1','q_2','q_3'])

This is a new syntax for the plt.plot-function, where

o the first argument is the column vectors with plot points, and
e the second argument is the matrix with as many rows as in the first argu-
ment, and 3 columns.

If x is a column vector and Y a matrix with as many rows as x and 3 columns,
then plt.plot(x,Y) is the same as writing

plt.plot(x, V @ q1, x, V @ 92, x, V @ g3)

This also applies more generally if we have more columns with polynomials:
plt.plot(x,Y) plots all columns of Y against the vector x.

2.5 Block matrices

Matrices can also be used as building blocks for bigger matrices. If we have four

matrices A, B, C, D, we write
A|B
(%W ) (2:9)

for the matrix where the components in these four matrices are placed over,
under, to the left, or to the right of each other as indicated. Lines are used to
separate the blocks. We call this a block matriz. Block matrices can be created
as follows:

np.block([[A,B],[C,D]1])

Equation 2.9 only gives meaning if

e A and B have equally many rows,
e C and D have equally many rows,

for then these can be put next to each other. In the same way A and C must
have equally many columns, B and D have equally many columns, for then they
can be placed under one-another. It is easy to generalise to block matrices with
more than four blocks.
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Example 2.12. If

3 3 3 4 4
a0y (2 02(333) D:(4 4)
3 3 3 4 4

then

(#3)-

W W W e
W W W
W W W
NN N )
NN N )

This is easily verified:

A = np.array([[1,1,1],[1,1,1]1])

B = np.array([[2,2],[2,2]])

C = np.array([[3,3,3],[3,3,3],[3,3,311)
D = np.array([[4,4],[4,4],[4,4]])
np.block([[A,B], [C,D]])

array([[1, 1, 1, 2, 2],
[1, 1, 1, 2, 2],
[3, 3, 3, 4, 4],
[3, 3, 3, 4, 4],
[3, 3, 3, 4, 411
&

The product

(418) (55)

of two block matrices give meaning if

¢ the number of columns in A equals the number of rows in F,
¢ the number of columns in B equals the number of rows in G.

Then the product can be computed as
np.block([[A,B], [C,D]]) @ np.block([[E,F], [G,H]])

Equation 2.10 can also be computed in terms of ordinary matrix multiplication:

AE + BG | AF + BH
CE+ DG | CF + DH

The code then becomes

np.block([[AGE +B@G,AQF+B@H] , [CGE+DQG,CQ@F+DQH]])
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Later we will in particular use the following, where the order of the matrices is
switched:

<AB)(§>:(BA)<§E’>:AE+BG (2.11)

Exercises

Exercise 2.1. Compute

2 4 3 -1 2 8
(a) (—1 2 4)(—1 -2 —5)

4 1 -1 2 4 -2
we(f B)a (3 0)

Exercise 2.2. Transpose the following matrices:

Exercise 2.3. Compute the following matrix products.

2 4 3 2
(A0

-3 -1 1 3
e
TGS

Exercise 2.4. Let A be an n x n-matrix. Show that x” Ay =0 for all x,y € R"
if and only if A = 0.

W = NN
= O O =

Exercise 2.5. Let A be an n X n-matrix. Show that (Ax) -y = x- (Ay) for all
x,y € R" if and only if A is symmetric.

Exercise 2.6. The function np.random.rand(m,n) returns an m X n-matrix
with random components between 0 and 1, Consider the code

m = 10
n==7
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A = np.random.rand(m,n)
B = np.random.rand(m,n)
C = np.random.rand(m,n)
print( ((A+B)+C) - (A+(B+C)) )

Which matrix property does this code verify?

Exercise 2.7. Show that the properties in Proposition 1.1 also hold if we replace
the vectors a and b with matrices.

Exercise 2.8. Prove property 2.-4. in Proposition 2.1.

Exercise 2.9. How many arithmetic operations are required by matrix multi-
plication in general?

Exercise 2.10. We write A" = AA--- A, i.e., the matrix where we multiply in

A n times. Compute A2, A% and A% when A = <_12 _41)

Exercise 2.11 (Mirroring). Let F be the linear transformation from R? to R?

which mirrors a point about the line y = . Find the matrix of F.

Exercise 2.12. Show that (AB)? = BT AT given that A has as many columns
as B has rows.

Exercise 2.13. Assume that x = (x4,2q,...,2y_1) is a real vector, and let
y = Fyx. Show that yy_, =7, for 1 <n < N —1.



Chapter 3

Gaussian elimination and
reduced echelon form

A general systems with m equations and n unknowns has the form

apry tapry  +e tagz,  =by
A1y HagTy  +o Fag,r,  =by
Q121 +a’m2m2 + +amn$n = bm

Gaussian elimination solves such a system by systematically eliminating vari-
ables from left to right. To explain this further, suppose that the variables
Zq,..., 2, already have been eliminated. There are now two possibilities:

1. z,,, does not appear in the remaining equations. Then z,_ ; has been
eliminated as well, and we proceed with the elimination of z,, ,.

2. x,,, appears in at least one of the remaining equations. We do the fol-
lowing:

(a) Take one of the equations where x, ; appears, and place this first
among the remaining equations.

(b) Scale this equation so that there is a 1 in front of z,, ;. We shall call
this a leading one leading one (there should be no contribution left
of x,,,, in this equation).

(c) Add multiples of this equation to the other remaining equations so
that x,,_ ; gets eliminated.

We have now eliminated z,, ;, and proceed with the elimination of z,, .

Some concrete examples will clarify this

43
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Example 3.1 (A system with a unique solution). Consider the system

_85172 +3x3 = 6
4z, —3z5 +2z53= 8
T, —2x9 Hxz3= 3

First we eliminate z;. Since x; does not contribute in the first equation we
swap the first and third equation and get

T, —2xy Fx3= 3
4z, —3zy +2z53= 8
—8xy +3x3= 6
We also need to ensure that there is a leading one in the first equation, but this

is already the case. We now eliminate z; in the second equation by subtracting
4 times the first equation (vi mark in red what we eliminate). Then we get

T, —2Ty AT5 = 3
5Ty —2x5= —4
—8xy +3w3= 6

We then make a leading one in the second equation:

Ty —2xy  HTg= 3
2 4
To —5.133 = 3
—8xy +3x3 = 6
We eliminate z, in the third equation:

Ty —2x;y  HTg3= 3
2 4
Ty —FX3 = ~5
“5¥3 = T3

We make a leading one in the third equation:
Ty —2xy Hlrg= 3
2, _ 4
To —5.133 = 3
Ty = 2

We now say that the system is on echelon form, meaning that:

¢ each equation is either zero or has a leading one,
o each equation begins with at least one more 0-coefficient than the equation
above.

When we have arrived at an echelon form, we are finished eliminating variables
left to right. We proceed by eliminating variables from right to left: x5 can be
eliminated in the first two equations by adding multiples of the third equation.
If we perform both these operations we get

T, —2x4 =1
L)

I
o

T3= 2
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Finally we eliminate x, in the first equation by adding a multiple of the second
equation:
xq =1
.r2 == 0
T3 = 2

We thus have the unique solution x = (x, 24, 23) = (1,0,2). The system is now
on what we call reduced echelon form: It is on echelon form, and in addition
each variable with a leading one appears in just one equation. These are also
called pivot variables. We also call the position of a leading one a pivot element.

&

Ti simplify what we did above it can be useful to gather the coefficients and the
right hand side in a matrix - without writing down equality signs and variable
names. The matrix (A b) is called the augmented matriz of the system Ax = b.
From the example above we have that

0 -8 3 6 0 -8 3 6
A=|4 -3 2 b=|38 (4 by=[4 -3 2 8
1 -2 1 3 1 -2 1 3

An equation can be thought of as a row, a column as the coefficients associated
with a variable. The columns in A which have a pivot element are called pivot
columns. In the same way, the rows in A which have a pivot element are called
pivot rows. If we let ~ denote the operations we did above, everything can be
written more compactly as:

0 —8 3 6 1 -2 1 3 1 -2 1 3
4 =3 2 8|~ |4 -3 2 8|~|0 5 —2 —
1 -2 1 3 0 —8 3 6 0 -8 3 6
1 -2 1 3 1 -2 1 3
8 3 6 _1 3
0 8 3 6 0 0 —5 —%
1 -2 1 3 1 -2 0 1
~10 1 -2 —%|[~|0 1 00
0o 0 1 2 0 0 1 2
100 1
~{0 1.0 0
00 1 2

After the first five operations the matrix is on echelon form. The last matrix is
on reduced echelon form.

We can bring a general matrix to reduced echelon form with the function rref
in the class sym.Matrix. If we test this on the matrix above we get
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C, cols = sym.Matrix([[0,-8,3,6],[4,-3,2,8],[1,-2,1,3]1]).rref()
©

1 0 0 1
01 00
0 0 1 2

We see that we obtained the same matrix. This is not obvious, since there are
many different ways to bring a matrix to reduced echelon form, and each such
can in principle lead to different reduced forms.

We shall later see that the reduced echelon form is unique - regardless of the
operations, we will always end up with the same reduced echelon form.

In Equation 3.1 we indicated the operations we did. Let us establish some
notation for the first operations.

1. The first operation swapped row 1 and 3. We will write this as I < I11.
2. The second operation subtracted 4 times row 1 in row 2. We will write
this as I'T —41.

3. The third operation multiplied row 2 with 1/5. We will write this as
I1-(1/5).

With the help of this notation Equation 3.1 can be rewritten as follows:

0 —8 3 6 1 -2 1 3 1 -2 1 3
4 —3 2 8| ™" 4 —3 2 8| Mo 5 —2 —4
1 -2 1 3 0 —8 3 6 0 -8 3 6
1 -2 1 3 1 -2 1 3
U.(Nl/s) (0 1 7% B ) Iuisu (0 1 _% _g)
0 -8 3 6 0 O -5 —
1

1 -2 3 . 1

II7- (=5 II+£II1,I-111
Y (o 1 -2 ‘;) > 0
0

(S

0 0 1 2

oy (10 01
2510 1 0 0
00 1 2

The system was thus brought to reduced row ev’chelon form with help of three
types of operations:

1. Add a multiple of one row to another,
2. multiply a row with a constant # 0,
3. Swap two rows.

These are called elementary row operations, and are easily implemented:
Alj,:] = A[j,:] + c*Ali,:]

Ali,:] = c*A[id,:]

ACli,31,:1 = A[[3,4i], :]
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The 3 first operations from Example 3.1 can in particular be programmed as
follows:

A=np.array([[0,-8,3,6],[4,-3,2,8],[1,-2,1,3]])
Al[0,21,:1 = A[[2,0],:]

A[1,:1 = A[1,:]1 - 4xA[0,:]

Al1,:] Al1,:1/5

In practice Gaussian elimination is not implemented this way: The program
itself find the row operations to be applied (see Section 3.3).

We also say that A and B are row equivalent if we can transform A to B through
a series of elementary row operations. From the discussion above we get

0 -8 3 6 1 0 01
4 -3 2 8]~10 1 0 0.
1 -2 1 3 0 01 2

Every matrix is row equivalent to a matrix on reduced echelon form. Elementary
row operations can also be expressed in terms of matrices:

Proposition 3.1. Suppose B is obtained by applying an elementary row oper-
ation to the m X n-matrix A. Then B = EA where E is the matriz obtained by
applying the same row operation to the identity matriz I ,.

Proof. Let F(A) be the matrix obtained by applying the row operation to the
matrix A. If we apply the row operation column-wise we get

F(A) = (F(a;)) Flay) - F(a,)).

Furthermore a — F(a) is a linear transformation from R™ to R™ with matrix

(F(e;) F(ey) - Fley,,))=F(I,).
It follows that
=F(,) (al Ay an) = F(1,,)A,
which is what we wanted to show. O

A matrix is called elementary if it is obtained by applying an elementary row
operation to the identity matrix. The following matrices are elementary, and
correspond to the row operations where we add 2 times row 2 to row 1, multiply
row 3 with 3, and swap rows 1 and 2, respectively:

1 20 1 00 100
E,={0 10| E,=|0 1 0| Es=[0 01 (3.1)
00 1 00 3 010
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Row operations can be reversed in the sense that one can find a row operation
reversing what the first one did. The reverse row operations of Equation 3.1
are adding —2 times row 2 to row 1, multiplying row 3 with 1/3, and swapping
rows 1 and 2, respectively. The elementary matrices for these are

1 -2 0 1 0 0 1 00
F=(0 1 0 F,={0 1 0 F=[0 01
0 0 1 00 1/3 010

That F; reverses E; means that F1 Ey, =1, FoE, = I, FyE5 = I, which also
can be verified by multiplying the matrices. From Proposition 3.1 we get the
following.

Proposition 3.2. For every matrix A we can write
C=E,-E,FA
where C' is a matriz on reduced echelon form, and where E,, Ey,...,E. are
elementary matrices.
We also have the following result.
Proposition 3.3. Assume a system is obtained from another by applying an

elementary row operation. Then the two systems have the same solutions.

Proof. Let E be the elementary matrix associated with the row operation, and
F' the elementary matrix associated with the reverse row operation. When we
apply an elementary row operation to the original system Ax = b we get the
new system FAx = Eb.

o If Ax = b it is clear that also FAx = Eb, so that x also solves the new
system.

o If EAx = Eb we get by applying F' on both sides that Ax = b, so that x
also solves the original system.

It follows that the original- and the new system have the same solutions. O
Above we row reduced a system, and obtained a unique solution. Let us do the
same for systems with no solution, and with infiniteky many solutions.

Example 3.2 (A system with infinitely many solutions). Consider the system

T, +xy Hz3= 4
224 —x3 = 2.

We write down the augmented matrix, and apply elementary row operations:

1 1 1 4\rm—r (1 1 1 4\ Ir(-12) (1 1 1 4
2 0 -1 2 0 -2 -3 —6 0 1 3/2 3

111 (1 0 —1/2 1)

01 3/2 3
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Again we ended up with a reduced echelon form. In equation form this says

T

_lxs 1
T +§x 3
2 213

Which also can be written z; =1+ 513, Ty =3— %xg. We see that x5 can be
chosen freely, and that a general solution can be written as

Ty 1+ éx?) 1 %
x=|z | =332y | =|3]|+a |3
T3 25 0 1

We see that there infinitely many solutions. x, and x, are pivot variables, and we
see that these can be expressed with x5. x5 is not a pivot variable since column
3 does not have a leading one. x5 can be set to anything, and is therefore called
a free variable. &

Example 3.3 (A system without solutions). Consider the system

T, FrTy= 2
3z, 3Ty = 5

Row reduction of the augmented matrix gives

1 1 2\ rr—3r(1 1 2\I(-1) (1 1 2\7r—2r ({1 1 0
3 3 5 0 0 -1 0 0 1 0 0 1/)°

Again we arrived at a reduced echelon form. Note here that, when eliminating
1, Ty also got eliminated. In equation form this says that

xr, +x

2 0

0 1

0 = 1 is impossible, so that there are no solutions. &

The three examples above illustrate three possibilities: A system can have

1. a unique solution, as in Example 3.1. Here we had only pivot variables,
and no pivot element in the last column.

2. infinitely many solutions, as in Example 3.2. Here we had a free variable,
and no pivot element in the last column.

3. no solutions, as in Example 3.3. Here we had a pivot element in the last
column.

Furthermore, we arrived at a reduced echelon form in all examples. These
observations turn out to hold more generally:

Proposition 3.4. Any system can be brought to reduced echelon form, and we
have the following possibilities:

1. The system has no solutions. In this case the last column is a pivot column,
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2. The system has solutions. In this case the last column is not a pivot
column and we have that
(a) when there are free variables the system has infinitely many solutions
(any value of the free variables give a solution),
(b) when there are no free variables (all columns except the last is a pivot
column) the system has a unique solution.

From the discussion above we also have the following.
Theorem 3.1. The following are equivalent for an n x n-matrix A:

1. A is row equivalent with I,,.

2. Ax =0 has x = 0 as the only solution.

3. Ax = b has a unique solution for all right hand sides b.
4. A can be written as the product of elementary matrices.

Later we will extend this result with more equivalences.

Proof. 1. = 3.: Suppose that A can be row reduced to the identity matrix.
We can solve Ax = b by row reducing the augmented matrix (A b), using
the same row operations. At the end we then arrive at equations of the form
x, = by, x5y = bh,..,x,, = b, so that the system has a unique solution for all
right hand sides b.

3. = 2. is obvious.

2. = 1.: We solve Ax = 0 by row reducing the augmented matrix (A 0). Since
the system only has one solution, there can be no free variables. But then all
columns in A are pivot columns. Since A is square, all rows must also be pivot
rows. It follows that A is row equivalent with I,,.

1. = 4.: That A ~ I, means that we can write [,, = E},--- E; A, where E, are
elementary matrices. Let F; be the elementary matrix which corresponds to the
reverse row operation of E;. If we multiply with F}, to the left on both sides we
get that Fj, = E,_, - E;A. If we then multiply with F},_; to the left on both
sides we get that F)_,F, = E,_o--- E;A. If we continue this way we arrive in
the end at A = F} --- F}, so that A can be written as a product of elementary
matrices.

4. = 1.. f A= F, - F, we can as above show that I,, = E, - E; A (where again
F, represents the reverse row operation of E;), so that A ~ I,,. O

3.1 Gaussian elimination and complexity

Suppose we have a system with n equations and n unknowns. How many op-
erations (additions, multiplications, etc.) are needed to solve the system, i.e.,
bring it to reduced echelon form? Suppose for simplicity that the coefficient
matrix A is row equivalent with the identity matrix. Let us also assume that
row interchanges do not cost anything (in terms of operations).
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¢ In Gaussian elimination we ensure leading ones in the rows by dividing
with the first non-zero. This requires

m—1)4+n—-2)+4+1=(n—1)n/2

divisions.

o In the first part of Gaussian elimination we zero out the components below
the diagonal, column by column. Under diagonal element k in column k
there are n — k rows. For each of these we multiply row k with a number
(this corresponds to n — k multiplications, since the row starts with k£ — 1
zeroes), and add this to the row (this gives n — k additions). Together we
get (n—k)((n—k)+ (n—k)) = 2(n — k)? operations here. Summing over

all k& we get
n—1 n
2> (n—k??=2Y K =n(n+1)2n+1)/6 ~2n°/3,
k=1 k=0

since n3/3 is the dominating term when multiplying out n(n+1)(2n+1)/6
(which is the formula for the sum of the n forste squares). The interest
in the dominating term only comes from that we are usually interested in
counting operations when n gets big - we are not interested in the exact
number of operations, which typically is an uglier expression.

e In the second part of Gaussian elimination we zero out the components
over the diagonal, column by column. No extra operations are needed for
this.

Since (n — 1)n/2 ~ n?/2 is dominated by 2n?®/3, we have in totalt about 2n3/3
operations. We have shown the following.

Proposition 3.5 (Number of operations in Gaussian elimination). Suppose
that A ~ I,,. About 2n®/3 operations are required to bring A to reduced echelon
form.

3.2 Simultaneous solution of systems

Suppose we want to solve two systems with the same coefficient matrix, Ax = b,
and Ax = b,. We bring A to reduced echelon form, C, and apply the same row
operations to by and by, and get by and b). This corresponds to

(A by by)~(C bj by),

since row reducing A, b, and b, separately can also be done by row reducing
(A b; b,)asa whole. From (C b} bj) we can read out the solutions to
the two systems. Let us consider an example.

Example 3.4. In Example 3.1 we solved the system Ax = b; where b; =
(6,8,3). By using the row operations from this example we can simultaneously
solve the system Ax = b, where b, = (1,8, 2) as follows:
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0 —8 3 6 1 —2
(A b, by)=[4 -3 2 8 8| ™" |4 -3
-8

1 -2 1 3 2

1
2
3
11»&1/5) ((1) _12 % % ) ITI+81T (
0 -8 6
3 2

IIT(-5) 1 =2 2 4 11+2111 I-1IT -2 01
~ 0 1 - —¢ 0 0 10 0 =2
0 0 1 =5 0 0 1 2 -5

(1 001 3
I+211

S 0 W
1\3 — 00 N
\_/

=

L

~
R
o O
| e |
oo [\

01 0 0 =2
001 2 =5

It follows that Ax,; = b, as before has the solution x; = (1,0, 2), but also that
Ax, = b, has the solution x, = (3,—2,—5). &

SN——— o

3.3 Implementation of Gaussian elimination

Let A be an m x n-matrix. Gaussian elimination is a bit complicated to imple-
ment, but consider the following code which is a skeleton for bringing a matrix
to echelon form:

piv = np.zeros(m).astype(int) # Stores the positions of the pivots.
i, j=0,0
while i < m and j < n: # Start scan for next pivot element

k=1

while k < m and abs(A[k,j]) < 10%*(-6):
k +=1

if k == m: # Need to go to the next column
j+=1

else: # Found a nonzero in the current column
# The next pivot element is in row k. If k>i,
# swap row i and k, so that the next pivot element is (i,j).
# Create a leading one at pos. (i,])
# Zero out col. j below row i.
piv[il = j # The i'th leading one is in position (i,j)
i+=1; j+=1

The initial position is (0,0). The outer while-loop scans for a next nonzero
entry to be scaled to a leading one/a pivot element. First it looks for this below
the current position (i) in the current column (the inner while-loop).

When applying row operations roundoff errors occur. Thus, we may get some-
thing nonzero, even if exactly zero should appear. The inner while-loop reme-
dies this by assuming that ay; is zero when |ay;| < 107°.
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If the search in the current column fails (the if-statement succeeds), the search
moves to the next column (by continuing in the outer while-loop).

If the search in the current column succeeds, the else-statement is executed.
Let us comment on how to implement the next three lines. If the nonzero (which
is in row k) was found below the current row (row i), these rows are swapped:

Allk,i]1] = A[[i,k]]

We then create a leading one at position (i,j):
Ali,j:]1 = A[i,j:1/Al1,3]

(e, a; = a;/a;;, where a; is row i in A). Note here that we only modified
column j and upwards in row i. We did not need to divide with a;; for columns
1,...,7—1, as the entries here are zero. In column j we can zero out component
k by subtracting a multiple of row 1i:

Alk,j:1 = Alk,j:1 - Alk,j1 = A[i,j:]
(ie., ay = a; —ay;a;). We need to do this for k =i +1,i+2,...,m, i.e,

A1 = A1 — OG41)9

Ajpo = Aip9 — O(42);9

We here find A;4)., on the left hand side, and on the right hand side the product

A(i+1)5

;- .
(Zf% a; = A(z‘+1):,ja¢
Ay

This means that we can program this as
A[(Gi+1):,j:1 = A[(d+1):,5:1 - ALGE+1):,[3]1] @ A[[i],j:]

Once this has been done, the code stores the position of the leading one in row i
(piv[i] = j), and moves to the next row/column. Once the outer while-loop
finishes, we arrive at echelon form.

After arriving at echelon form, we can similarly zero out all components above
the leading ones to arrive at the reduced echelon form. If the pivot in row ¢ is
in column j we get

a; =a; —ay;a,

Ay = Ay — (9,8,

A1 = A T Agi1);94
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On the right hand side we recognise the product

a/lj

Ao
52j a; = Ao 52
A1)
so that this can be programmed as
j = pivl[i]
AC:(i-1),3:]1 = A[:(i-1),j:1 - A[:(i-1),[3]1]1 @ A[[i], j:]

We here needed the stored locations of the leading ones.

If we also add some print statements to track the steps in Gaussian elimina-
tion, we arrive at the following code which tests everything on the matrix from
Example 3.1.

import numpy as np

A = np.array([[0.,-8.,3.,6.]1,[4.,-3.,2.,8.],[1.,-2.,1.,3.11)
m, n = np.shape(A)
piv = np.zeros(m).astype(int)

i, j=0,0
while i < m and j < n:
k=1
while k < m and abs(A[k,jl) < 10x*(-6):
k+=1
if k == m:
j+=1
ellisek:
if k > i:

Allk,i]] = A[[i,k]]
print (f"Swapped row {i} and {k}:\n", A)
Ali,j:1 = A[i,j:1/A[4,]5]
print(f"created a leading one at pos. ({i},{j}):\n",A)
ALGi+1):,j:] = ALGA+1):,3:]1 - A[(Gi+1):,[j1] @ A[[i],j:]
print (f"zeroed out below row {i} in col. {j}:\n", A)
pivlil = j
i+=1; j +=1
i-=1
while i > O:
j = pivl[il
A[:i,j:1 = A[:4,j:1 - A[:1,[3]11 @ A[C[i], j:]
print (f"zeroed out above row {i} in col. {j}:\n", A)
i-=1

In the html-version of these notes you can change the matrix and run the code
as you like.



Exercises 55

Exercises

Exercise 3.1. Find the solution(s) to the following systems.

(a)

20y, —Txy Hx3= 21
T, —Ty H2x5 = 4
(b)
T, —2x9= 3
T, —3ry= 4
—x; +dxy= 2

(c)
T, —2x9 H2x53= 2
2z, +3z, —dzy= 2

1 -1 3

Exercise 3.2. We are given the matrix A = ( 2 1 4 ) Find the
—4 7

solution to the systems Ax = b, and Ax = b, where b, = (—8,—7,—7) and

b, = (9,5,—17).

Exercise 3.3. Find another set of row operations which brings the matrix from
Example 3.1 to reduced echelon form. Verify that you obtain the same reduced
echelon form as in the example.

Exercise 3.4. For which value of a has the following system a solution?

2z + 3y +4z =5
20 +by+4z2="7
dx+Ty+8z=a

Exercise 3.5. Find the reduced echelon form of the following matrices

(a)
12 -2 2
A=[2 4 -1 16
3 6 —5 11

1 2 3 4
2 5 7 13
3 7 10 18

Exercise 3.6. What are the pivot columns of the following matrix?

1 2 4
2 4 9
-2 —4 1
-3 —6 0
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Exercise 3.7 (A product of elementary matrices). What is the product
1 00 1 00 1 00 1 00 1 00
0 0 1 0 5 0 010 01 0 2 1 0
010 0 0 1 0 3 1 4 0 1 0 0 1

1
Exercise 3.8. Let A € R®*3. Suppose that the system Ax = (0) has the

2
5 0
solution x = | 6 |, and that the system Ay = | 4 | has the solution y =
-3 0

3 2
(—1) . What is then the solution of the system Az = (8) ?
2 4

Exercise 3.9. Above we programmed the first three row operations in Exam-
ple 3.1. Write code that applies the last row operations as well.

Exercise 3.10 (Farkas lemma). Show that the system Ax = b (with m equa-
tions and n unknowns) has a solution if and only if there is no ¢ € R™ so that
cTA =0 and cTb = 1. This result is also called Farkas lemma.



Chapter 4

The Inverse matrix

We have seen that a system Ax = b can be solved by Gaussian elimination. If
A is square and satisfies 1.-4. in Theorem 3.1, we can consider the mapping
b — x, i.e., the mapping which sends a given right hand side to the unique
solution x. This is easily seen to be a linear transformation, and its matrix will
be denoted by A~!. If we have found A~!, we can solve any system Ax = b
simply by computing x = A~ 'b.

In this chapter we shall define the inverse matrix more precisely. We will start
by proving the following:

Lemma 4.1. Le A be a square matriz. A satisfies 1.-4. in Theorem 3.1 if and
only if there exists a matriz B so that AB = 1,,.

Proof. Suppose that A = E, - F; satisfies 1.-4. in Theorem 3.1. If F; are
elementary matrices which represent the reverse operations we have that

Ek,"'ElFl Fk‘ = In'

The matrix B = F} --- F}, thus satisfies AB = I,,. The other way, suppose A and
B are square matrices so that AB = I,,. Suppose that Bx = 0 for an x # 0.
Then ABx = 0 also, which violates that AB = I,,. Bx = 0 therefore has the
unique solution x = 0, so that B satisfies 1.-4. in Theorem 3.1. But then B can
be written as a product of elementary matrices, B = F} -+ F},. From AB = I,
it follows that A = E,--- E;, where E; represents the reverse row operations. A
thus satisfies 1.-4. in Theorem 3.1 ogsa. O

When AB = I,, we say that B is a right inverse of A. Due to the lemma above
we can add that A has a right inverse as an equivalence in Theorem 3.1. We will
do this, but with a small modification: We say that B is a left inverse of A if
BA = 1I,. Suppose A has a right inverse B. From the reasoning above it follows

57
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that we can write A = E, - E; and B = F] --- F},, where the F, are elementary,
and where the F; are the reverse counterparts. But then

BA=F,F.E,E =1,

so that B also is a left inverse of A. It also follows that a left/right inverse is
unique. We have shown the following.

Proposition 4.1. Suppose that B is a right inverse of A. Then B is also a left
inverse to A. A left inverse/right inverse of A is unique.

Due to this we need not differ between right- and left inverses, and it is natural to
define that A is invertible when there exists a matrix B so that AB = BA =1,.
B is called the inverse matriz of A, and we write A~! for this.

Some properties of the inverse matrix follow immediately from the definition.
Since A~'A = I,,, in particular (A*1)71 = A. Furthermore, if s # 0 then

(sA) (sTA )y =AA =1,

so that (sA)™! = s 1A~ In the exercises of this chapter you will be asked to
prove other properties of the inverse matrix.

Let us now extend Theorem 3.1 with an equivalence concerning invertibility,
and at the same time give it a name.

Theorem 4.1 (Invertible matrix theorem). The following are equivalent for an
n X n-matriz A:

A is row equivalent with I, .

Ax = 0 has x = 0 as the only solution.

Ax = b has a unique solution for all right hand sides b.
A can be written as a product of elementary matrices.
A is invertible.

Guds o do =

From the discussion above it is also clear that if E,, E,, ..., E, are elementary
matrices which row reduce A to the identity matrix
(so that E, - E;A=1,), then

A=F, F, A =B, E,

where F; = E;'. In other words:

o A7! can be obtained by multiplying the elementary matrices,
e A can be obtained by multiplying their inverses in reverse order.

To compute A~' it is useful to apply the row operations not only on A, but also
on the augmented matrix (A I,,). Then we get
EyEy (A I,)=(I

n

E,-E))=(I, A™).
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From the result we can read out A~! from the last columns. There is an alterna-
tive way to interpret this: when row reducing (4 I,,), we simultaneously solve
the systems

Ax, =€ Axy=e, e Ax, =e
and since Ax; = e; implies that A~'e, = x,, column i in A~! will be x;,. Let us
summarise.

Proposition 4.2. Suppose that A is invertible. The reduced echelon form of
(A I,) equals (I, A7h).

2 31
Example 4.1. Let us find the inverse matrix of A = (1 4 1) :
2 4 2

1 0 1 0
5 -1 1 -2 0
4 0 0 -2 1
0 1 0
0 1 0 0 1/2 —1/4
1 -2 0
14 1 0 1 0 141 0 1 0
et (0 1 0 0 1/2 1/4) ey (0 10 0 1/2 1/4)
00 —1 1 1/2 —5/4 001 —1 —1/2 5/4
140 1 32 -5/4 100 1 —1/2 —1/4
o 10 00 12 —1/a| ™o 10 0 12 —1/4].
001 —1 —1/2 5/4 001 —1 —1/2 5/4
1 —1/2 —1/4
We read out the last 3 columnsas AL =] 0 1/2 —1/4|. We can verify

-1 —=1/2 5/4
the result with the built-in function for computing the inverse:

np.linalg.inv([[2,3,1],[1,4,1],[2,4,2]11)

array([[ 1. , -0.5 , -0.25],
[o. , 0.5, -0.25],
[-1. , -0.5, 1.25]11)

We can also verify the answer symbolically:
sym.Matrix([[2,3,1],[1,4,1],[2,4,2]1]) .inv()

1 1
oy 1 1
PR
-1 =3 3
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We can also read out the elementary matrices

0 1 0 1 0 0 1 0 0 1
E,=11 00 Es=1-2 10 E;=10 1 0 E, =10
0 0 1 0 0 1 -2 0 1 0
1 0 0 1 0 0 1 0 O 1
E;=|0 —-1/4 0 Es=10 10 E.,=10 1 0 Es=10
0 0 1 5 0 1 0 0 —1 0
1 -4 0
Es=10 1 0
0 0 1
and
0 1 0 1 0 0 1 0 0 1 0
F,=11 00 FF=12 10 F,=10 1 0 F,=10 0
0 0 1 0 0 1 2 01 0 1
1 0 O 1 0 1 0 0 1 0
F,=10 —4 0 Fs=10 10 F,=10 1 0 Fe=10 1
0 0 1 -5 0 1 0 0 —1 0 0
1 4 0
F,=10 1 0

0 0 1
With these we have that A™! = Ey - F;, and A= F, - Fy. &

2 31
Example 4.2. Consider the system Ax = b with A = (1 4 1) from the

2 4 2
19
preceding example, and where b = | 21 |. We found A~! above. If we use this
26

we see that the solution to the system above is

1 —1/2 —1/4\ /19 19 —21/2 —13/2 2
x=A'b=|0 1/2 —1/4|[21]|= 21/2 —13/2 =14].
(—1 ~1/2  5/4 ) (26) (-19 —21/2 + 65/2) (3)

The system can also be solved by Gaussian elimination on the augmented matrix
(A Db). This is preferable, since Gaussian elimination on (4 I,,) requires more
computation than that on (A b) (there are fewer columns in this matrix). &

Example 4.3 (Square Vandermonde matrices are invertible). Let us prove that
the Vandermonde matrix

2 n
1 =z mg T
n
1z x% 7
n

1 zy x5 xh (4.1)
2 n
Loz, oy - ay

OO = OO



61

is invertible if and only if the generators z, 1, ..., z,, are distinct. One direction
of the proof is easy: If two of the generators are equal, then two of the rows
are equal, and then A can’t be invertible (Exercise 4.4). The other way is a bit
more complicated.

Suppose now that all generators are distinct. We will prove by induction on n
that the Vandermonde matrix is invertible. It is clear that 1 x 1 Vandermonde
matrices are invertible, since they are simply equal to (1). Suppose now that
all square Vandermonde matrices of dimension n x n, (n —1) x (n —1),..,1 x 1
have been shown to be invertible. To show that all (n+1) x (n+ 1)-matrices are
invertible it is enough to show that their transposes are invertible (Exercise 4.3).
So, consider the matrix

1 1 1
:I;O xl e :L‘n
2 2 2
‘/I:O ‘Tl e xn
n n n
Ty Ty T,

We now subtract x, times row ¢ — 1 from row ¢ (for i« = n,n —1,...,2). This
zeros everything under the leading one in the upper left corner, and does not
change whether the matrix is invertible or not. It therefore holds to show that

1 1 1

0 5 ) Ty — T

0 x(zy — ) ez (T, — xg)
0 1,71171(]:1 _'7;0) xzil(xn _'TO)

is invertible. But this is the same as that

3?1 - ZCO b ',I:TL - .’I;O
(21 —20) o TR(T, — Tp)
My —ag) a2y N, — xp)
is invertible, which is the same as that
g —xy wy(ry —xy) @@y — )
T, — g xn(wn_xO) xz_l(‘rn _$0)

is invertible (Exercise 4.3 again). We now apply more row operations: The first
row is multiplied with 1/(z; — ;) the second row with 1/(z, — ), and so on.
After having done this we see that it is enough to show that

n—1

1 1:1 e 1'1 )
n—1

1 xn e xn

is invertible. But this is an n x n Vandermonde matrix, which we assumed to
be invertible. This completes the proof. &
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Example 4.4 (The Fourier matrix). The Fourier matrix is also a Vandermonde
matrix, so that this is invertible as well. While we don’t have a general expres-
sion for the inverse of a Vandermonde matrix, the situation is different for the
Fourier matrix: We claim that the inverse matrix has components +e?™kn/N,

We have that

N—1 / 1 / 1 N—-1 Ny

E —2mikn/N 2minl/N E 2min(l—k)/N
e ikn Ne in e2min .

n=0 n=0

If | = k this is 1. If [ # k we can use the sum formula for a geometric series to

get
1— e?ﬂ’i(lfk)

1 — e2mi(l—k)/N 0.

It follows that the inverse matrix has components %62”““"/ N sothat (Fy) ™! =
L —
~Fn

Exercises

2 -1 1
Exercise 4.1. In this exercise we set A = (0 1 4 )
1 -2 —6

(a) Find the inverse matrix of A
(b) Write A and A~! as products of elementary matrices.
Exercise 4.2 (The inverse of 2 x 2-matrices). Show that a general 2 x 2-

matrix (CCL Z) is invertible if and only if ad — be # 0, and that the inverse

o (d —b
18 ad—bc —c a |

Exercise 4.3 (The transpose of an invertible matrix is invertible). Show that
A is invertible if and only if AT is invertible. Show that then (A7)t = (4~H)T.

Exercise 4.4. Let A be a matrix with either a row or a column of zeros. Show
that A is not invertible. Show also that the same conclusion holds if A has two
equal rows or columns.

Exercise 4.5 (Products of invertible matrices are invertible). Suppose that A
and B both are invertible n x n-matrices. Show that AB also is invertible, and
that (AB)"! = B~tA~L.

Exercise 4.6 (Invertible matrices are ismorphisms). Let 7' : R" — R™ be a
linear transformation. We say that 7" is 1 — 1 if T'(x) # T'(y) whenever x # y.
We also say that T is onto if, for any y € V, there exists a x € U so that
T(x) = y. Show that the matrix of T is invertible if and only if 7" is onto
and 1 — 1. Linear transformations that are onto and 1 — 1 are also called
isomorphisms.
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Exercise 4.7 (Nilpotent matrices are not invertible). A square matrix A is
called nilpotent if there exists a k > 1 so that A¥* = 0. The smallest such k is
called the indez of nilpotence of A.

(a) Run the following code:

import numpy as np

n==6
A = np.zeros((n,n))
A[:(-1),1:] = np.eye(n-1)
for k in range(1l,n+1):
print( np.linalg.matrix_power(A,k))

Is A nilpotent? If so, what is the index of nilpotence?
(b) Show that nilpotent matrices are not invertible.

Exercise 4.8 (Triangular matrices and invertibility). A square matrix A is
called upper-triangular if everything below the diagonal of A is 0, and lower-
triangular if everything above the diagonal of A is 0. A is called triangular if it
is either upper- or lower-triangular.

(a) Show that a triangular matrix is invertible if and only if all elements on
the diagonal are # 0.

(b) Suppose that A is invertible and upper/lower-triangular. Show that A~!
also is upper/lower-triangular.

Exercise 4.9. Let A be an invertible matrix. Write code which verifies
that, when b is a column vector, the commands np.linalg.solve(A,b) and
np.linalg.inv(A)*b return the same.
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Chapter 5

Linear independence and
bases

Let {a;} ; be n vectors in R™. If ¢, ¢y, ..., ¢,, are scalars, we call
€@y + Cpay + -+ Cpa,
a linear combination of {a;}!" ;. The Span of {a;}? |, written

Sp(a;,aqg, ..., a,),
is the collection of av all linear combinations of {a,}? ;. We say that

o the a; span R™ if Sp(a,,a,,...,a,) = R™,
 thea, are linearly independent if every b € Sp(a, a,, ..., a, ) can be written
as a linear combination of the a, in a unique way.

The following result is often useful when it comes to proving linear independence
for a set of vectors.

Proposition 5.1. The following are equivalent:

1. {a;}, are linearly independent
2. ca; + cyay + -+ 4+ c,a,, = 0 always implies that ¢y = cy = =c¢, =0.
A relation as in 2. is also called a linear dependence relation. In other words,

if ¢ = (¢q,..05¢,), then Ac = 0 is a linear dependence relation between the
columns of A.

Proof. We first prove 1.= 2.. Assume that the a; are linearly independent, and
that
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One way of satisfying Equation 5.1 is by setting ¢; = ¢y = --- = ¢,, = 0. Since
0 can be written uniquely in this way (due to linear independence of the a;), it
follows that in fact ¢; = ¢y = -~ = ¢,, = 0, so that 2. holds.

We prove 2.= 1. contrapositively. Assume thus that the a, are not linearly
independent. Then there exists a vector b which can be written in two different
ways:

b =ca; +cay,+-+c,a,
b=d,a; +dyay +--+d,a,

If we subtract these we obtain
(cp —dy)ay + (c; —dy)ag + -+ (¢, —d,)a, =0
Setting t;, = ¢;, — d;, we get that
tia) +toay + - +t,a, =0,

where not all ¢, are zero. Thus, there exists some nonzero (cq,...,¢,) so that
c1a; + cay9 + - + ¢,a, = 0. This is the negated statement of 2., and this
completes the proof. O

Orthogonal sets of vectors are linearly independent. To see this, consider a
linear dependence relation

cia; +cpay +--+cya, = 0.
Taking the scalar product with a, on each side we get
ci(a;-a;) +cy(ay-a;) + - +cy(a, - a;) =0,

which simplifies to ¢;(a; - a;) = 0, so that ¢; = 0 (since a; - a; # 0 when a; # 0).
It follows from Proposition 5.1 that {a,;}? ; are linearly independent.

Below we shall write a; for the columns of the matrix A. We will have use for
the following result about linear dependence relations.

Proposition 5.2. Row equivalent matrices share the same linear dependence
relations between columns. In particular, linear dependence relations between
columns in a matriz are preserved by elementary row operations.

Proof. For the first part, assume that B = EA where F is elementary. If Ac =0
we have that Bc = FAc = 0, so that any linear dependence relation between
columns isn A also is a linear dependence relation between columns in B. The
other way, any elementary matrix is invertible, so that A = E~!'B. From this it
follows in the same way that any linear dependence relation between columns
isn B also is a linear dependence relation between columns in A. The two thus
share the same linear dependence relations.
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For the last part, if A and B are row equivalent, we have that B = F, --- E. A,
where the E, er elementary. By iterating on the first part it follows that A and
B have the same linear dependence relations. O

The concepts linear independence and span can be interpreted by means of pivot
elements:

o That b is a linear combination of {a;}! ; is the same as that we can find

21, Ty, ...y &, SO that
xlal + x2a2 + "'xnan == b,

which is the same as that Ax = b has a solution, which again is the same
as that the last column in the augmented matrix (A b) is not a pivot
column.

o That b can be written as a linear combination of {a;}? ; in a unique way
requires in addition that all columns in A are pivot columns.

o That {a;}? , span R™ is the same as that Ax = b always has a solution,
which is the same as that all rows in A are pivot rows. (since this implies
that that the last column in (A b) never becomes a pivot column).

e In a reduced echelon form the pivot columns are linearly independent, and
the other columns can be expressed in terms of these. This therefore also
applies for the matrix itself - the pivot columns are linearly independent,
and the other columns are linear combinations of these.

From this we will prove the following:
Proposition 5.3. The following hold

o If{a,}?, span R™ then we have that n > m.
o If{a,}, are linearly independent we have that n < m.

Proof. If {a;}? , span R™ we know that all the rows in A are pivot rows. This
gives that

m = Frows = #pivot rows = #pivot columns < #columns =n.

If {a;}, are linearly independent we know that all columns in A are pivot
columns. This gives that

n = Fcolumns = #pivot columns = #pivot rows < #rows =m.

O

A basis for R™ is defined as a linearly independent set of vectors which span R™.
We will denote bases by A, B, €, and so on. From the result above it follows
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that a basis for R™ has exactly m elements. R™ has in particular the simple
basis consisting of

1 0 0

0 1 0

0 0 0
e;=|.|,e=|[.[,e,=

0 0 0

0 0 1

We will denote this by &, and call it the standard basis.

We can now expand the theorem for invertible matrices with another equiva-
lence:

Proposition 5.4 (Invertible matrix theorem). The following are equivalent for
an n X n-matriz A:

A is row equivalent with I, .

Ax = 0 has the unique solution x = 0.

Ax = b has a unique solution for all right hand sides b.
A can be written as a product of elementary matrices.
A is invertible.

The columns of A are a basis for R™.

S Grds o o~

Proof. That the columns of A is a basis for R™ is the same as that all rows and
columns have pivot elements. But this is the same as that A is row equivalent
to I,,. O

Thus, the columns of any invertible matrix give a basis for R™. If we consider
the DFT matrix, we conclude that the vectors

— 2min-0 2min-1 ,2mwin-2 2min(N—1 N-1
F = {(6 min 0 p2minl o2min2 o min( ))}n:O

is a basis for R™. This is also called the Fourier basis.

Example 5.1 (Find a linearly independent subset). We have the vectors

0 1 1 —2
a; = |2 a, = |1 a;= |2 a,=1|31.
1 2 0 4
Let us first show that these span R?. We row-reduce to echelon form:
01 1 -2 1 2 0 4 1 2 0 4 1 2 0 4
212 3|~(2 12 3|~]0 -3 2 —5|~]0 1 1 =2
1 2 0 4 01 1 =2 0 1 1 =2 0 0 5 —11

From the echelon form it is clear that all rows are pivot rows - we don’t need
to bring the matrix to reduced echelon form to see this. It follows that the four

)
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vectors span R3. Further we see that the first three columns are pivot columns,
so that these are linearly independent. The fourth vector can be expressed with
the other three columns since it is not a pivot column. That the four vector
can’t be linearly independent can also be inferred from that linear independence
would require m > n, which is clearly not the case. The three columns a;, a,, a;
are therefore both linearly independent and span R3, since all rows and columns
have pivot elements in this 3 x 3-matrix. &

If the columns in a matrix do not span R™ we now get a simple procedure for
expanding a set of pivot columns to a basis for the whole of R™: We modify
the row-reduced echelon form of A by adding columns which are standard basis
vectors, so that we obtain a new matrix with a leading one in each row. The
columns in this new matrix provide a basis for R™. If we row reduce backwards
we get m vectors which also are a basis for R™, and which contain the original
vectors. This is easiest to illustrate with an example.

Example 5.2 (Expand to a basis). Let us see how we can expand

3 6
a1 = 2 32 = —1
1 3
to a basis for R®. We row-reduce
3 6 1 3 1 3 1 3
9 1|9 |2 o 7 11131 0 _7
1 3 3 6 3 6 0 -3
1 3 1 3
U/LJ) (0 1 ) 1114311 (0 1)
0 -3 0 O

Since both columns are pivot columns it follows that the two vectors are linearly
independent. To expand to a basis for R? we add a third vector to the echelon
form so that we get a third pivot column, and row-reduce backwards:

130 1 3 0 1 3 0 /13 0
(0 1 o) ”I~3”<0 1 0) ”'<~7><0 _7 0) ”’i‘”(o —7 0)
00 1 0 —3 1 0 —3 1 3 6 1

I1+21 ( 1 3 0) I<IIT ( 3 6 1)

e 1 o] T2 1 0

3 6 1 1 3 0

It follows that we obtain a basis for R® by adding a; = (1,0,0). &

5.1 Subspaces

By a subspace (of R™) we mean a set U C R™ so that
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1. if uy,uy € U, then also u; +u, € U
2. if u € U, then also cu € U for all scalars c.

In particular, R™ is a subspace. It is an exercise to show that, more generally,
Sp(a;,a,, ..., a,) is a subspace. In particular,

o the column space of a matrix (the span of all the columns in the matrix)
is a subspace (of R™), and

e the row space of a matrix (the span of all the rows in the matrix) is a
subspace (of R™).

We will write Col(A) and Row(A) for the column- and row space of A, respec-
tively. It is an exercise to show that, If B is obtained from A by means of
elementary row operations, then A and B have the same row space.

The Null space of a matrix A, written Nul(A), is the collection of all vectors x
so that Ax = 0. Let us show that a null space actually is a subspace:

1. if uy,uy € Nul(A), then Au; = Au, = 0. But then A(u; + u,) =
Au; + Au, =0+ 0 = 0, so that also u; + u, € Nul(A).
2. if u € Nul(A), then Au = 0. But then A(cu) = cAu = c0 = 0.

It is an exercise to show that all subspaces can be written as the null space of
some matrix. &

More generally we define a basis of a subspace as a linearly independent set of
vectors which spans the whole subspace. Any subspace of R™ has a basis. To
see this one can step-by-step expand a set of vectors by adding another vector,
as long as one can find a new vector which is linearly independent from the
previous ones. This process will stop at latest at m vectors. When it stops
we know that the subspace is the span of the (linearly independent) vectors we
incrementally added.

From the reduced echelon form of A it follows that

o the pivot rows of A (the rows with a leading one) are a basis for Row(A),
o the pivot columns of A are a basis for Col(A).

Since bases of R™ have exactly m vectors, a subspace of R™ can’t have bases
with more than m vectors.

Example 5.3. Let us find bases for the row space, column space, and null space
of

2 1 3 8
A=1]1 3 —1 4 |. Row reduction first gives

4 =3 11 16
10 2 4
A~{0 1 -1 0].
00 0 O



5.1. SUBSPACES 71

The two first rows in the reduced echelon form are pivot rows, so that
(1 0 2 4 and (0 1 —1 0) provide a basis for Row(A).

Since the two first columns are pivot columns, the column vectors (2,1,4) and
(1,3,—3) in A provide a basis for Col(A).

The reduced echelon form says that a vector in the null space must satisfy
x, +2x5 + 4z, =0 and zo — x5 =0, so that z; = —2z; — 4z, and x5 = z5. It
follows that a vector in the null space must be on the form

T, —2z4 — 4z, —2 —4
To | T3 . 1 0
o Tq =Tl | TP o
xy Ty 0 1

It follows that (—2,1,1,0) and (—4,0,0,1) provide a basis for Nul(A). &

In this example there were two free variables, and a null space of dimension two.
More generally it is the case that the number of free variables always equals the
dimension of the null space. This is best demonstrated with another example.
Suppose A has the reduced echelon form

1 2 3 4
00 0 0/
There are three free variables, x5, x5, and x,. The first row then says that

x; + 224 + 3z5 + 42, = 0, which says that ©; = -2z, — 33 — 4x,. A general
vector in the null space is therefore

Ty —2x5 — 3w — 41y —2 -3 —4
Ty | To . 1 0 0
v | = 2, =l o [ FEs| | [ FEa| o | (5.2)
Ty Ty 0 0 1
so that

—2 -3 —4

1 0 0

o1’ 1|’fo

0 0 1

span the null space. These are clearly linearly independent, so that they are a
basis for the null space: If the linear combination to the right in Equation 5.2
is 0, the preceding expression there says that x4 = x5 = z, = 0. All in all the
dimension of the null space is three, which also was the number of free variables.

From the above it follows more generally that all null spaces can be written as
the span of a set of vectors. It also was an exercises that all subspaces could be
written as a null space. And since any span also is a subspace, we can think of
span, null space, and subspace, as the same thing. The following also holds.

Proposition 5.5. All subspaces have an orthogonal basis.



72 CHAPTER 5. LINEAR INDEPENDENCE AND BASES

This follows in the same way we proved that all subspaces have a basis - we
step-by-step expand a set of orthogonal vectors with new ones - as long as we
can find new vectors orthogonal to the ones already added.

A subspace has many different bases, but they all have the same number of
vectors:

Proposition 5.6. All bases for a subspace have the same number of vectors.

Proof. Suppose that
Sp(a17a23 "'ﬂan) = Sp(b17b27 X3} bk)

and assume for contradiction that n > k. We have a mapping F : R — R*
given by
F(Clcha"'acn) = (d17d27~"7dk> (53)

when
Clal + 02a2 + cee + Cnan == dlbl + d2b2 + + dnbk"

F is defined on all of R", and is well-defined. Furthermore, it is 1 — 1 and
linear, and can therefore be expressed by a k X m-matrix which we will denote
by P. Since n > k there must at least be one column in P which is not a pivot
column. But then we must have a linear dependence relation

TPy + o3Py + -+ 2,p, = 0.

between the columns of P, so that Px = 0. This contradicts that F(x) = Px is
1 — 1, since also F(0) = PO = 0. It follows that n = k, so that the number of
vectors in the two bases is equal. O

The number of vectors in a basis is called the dimension of the subspace. When
a matrix is on reduced echelon form we see that the dimension of both the
row space and the column space equals the number of pivot elements. This
common dimension of Col(A) and Row(A) is called the rank of the matrix,
written rank(A).

Example 5.4 (Rank one matrices). Let a and b be column vectors # 0, with
m and n components, respectively. We have that

a,;bT
T
asb

ab” = = (ba bya - b,a).

a,, b’

It follows that {a} is a basis for the column space of ab”, and that {b”} is a
basis for the row space of ab”. ab” thus has rank 1. It is also clear that all
matrices with rank one kan be written on the form ab”, where a and b are
column vectors # 0.
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By adding multiples of the first row to the other rows it is clear that ab” can
bT

be row-reduced to 0 . It follows that we have n — 1 free variables when we

0
solve abTx = 0, so that the null space has dimension n — 1. &

Rank one matrices can be useful building blocks. For example, the outer form
for matrices (Proposition 2.2) said that a product of two matrices can be writ-
ten as a sum of rank one matrices. We shall return to this when we discuss
diagonalisation.

Proposition 5.7. Let A be an m X n-matriz. Then we have that

rank(A) + dim(Nul(A)) = n.

In Example 5.3 we found that both the column space and the row space had
dimension 2, so that the rank is 2. The dimension of the null space was 1. This
agrees with the proposition since 2 + 1 = 3 = n. In Example 5.4 we found that
the rank was 1, and the dimension of the null space was n — 1. This also agrees
with the proposition, since 1 + (n — 1) = n.

Proof. This follows from that the dimension of the null space equals the number
of free variables, that the rank equals the number of pivot columns, and that
the sum of the number of pivot columns and the number of free variables equals
the number of columns in the matrix. O

We round off this section with the following result.

Proposition 5.8. The reduced echelon form is unique.

Proof. Suppose that a matrix A can be row-reduced to two reduced echelon
forms C| and C,. We need to show that C; = C5. We first show that C|
and C, have the same pivot columns (at the same column indices). Assume by
contradiction that this is not the case. Then there exists a column index k so
that

e the columns 1,...,k — 1 in both C| and C, have the same columns with
leading ones,
e column k in C| have a leading one, while column k in C, does not.

Then column % in C; can not be expressed by columns 1,...,k — 1 in C;, while
column k in C,, can be expressed by columns 1,...,k — 1 in C5. We thus have
a linear dependence relation between the stated columns in C,, which is not
such a relation for €. This is a contradiction, since A, C;, and C, have the
same linear dependence relations. Thus, C; and C, have the same columns with
leading ones (at the same indices). This also means that these columns must
be equal, since the leading ones must come in row 1,2,3, and so on.
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The remaining columns (those without a leading one) can be written as linear
combinations of the columns with leading ones. Since these are equal, and the
linear dependence relations are the same, it follows that the remaining columns
in ¢ and C, also are equal. O

Note that the concept “pivot column” was not used for the reduced echelon
forms above. In fact, it is first after this proof that the concept of pivot column
for general matrices gives meaning - since we now have proved that they are the
same, regardless of how we row-reduce the matrix.

Previously we considered linear transformations from R™ to R™. In the same way
we say that a mapping T between subspaces U and V is linear if T'(u; +u,y) =
T(u;)+T(uy), and T'(au) = aT'(u) for all scalars o, and vectors u;,,u € U. We
say that

e Tis1—1if T'(x) # T(y) whenever x #y,
o T is onto if, for any y € V, there exists a x € U so that T'(x) =y,
e T is an isomorphism if it is linear, 1 — 1, and onto.

It is an exercise to prove the following.

Proposition 5.9 (The inverse of an isomorphism is an isomorphism). Assume
that T : U — V is an isomorphism. The mapping S : V — U defined by S(y) =
x when T'(x) =y is well-defined and satisfies S(T'(u)) = u and T'(S(v)) = v
forallue U, veV. Moreover, S is an isomorphism, called the inverse of T.

It is also an exercise to prove that isomorphisms preserve linear dependence
relations, spanning sets, and bases. In particular, any invertible matrix preserve
linear dependence relations.

5.2 Coordinate mappings and change of coordi-
nates

Let U be a supspace of R™, and let A = {a,,a,,...,a, } be a basis for U. Any
u € U can be written uniquely on the form u = ¢;a; + cya, + -+ ¢, z,a,. The
mapping from U to R™ defined by

u— (Cl, Coyevy Cn)

is called the coordinate mapping of A. We also write [u] 4 for (¢q, ¢, ..., ¢,,) and

*trn

call this the coordinate vector of u relative to A. The coordinate mapping is

o well-defined since u can be written uniquely on the given form,

o 1 —1,since if [x], = [y]4 = (¢1,¢9, ..., ¢,), We must have that x =y =
cia; +cay, +--+c,r,a,.

 onto, since if (¢, ¢y, ..., ¢,) € R?, then x = cya; + ca, + - + ¢ a, € U,
has coordinate vector [x] ;, = (¢1,¢qy vy €y )-

We also have the following result:



5.2. COORDINATE MAPPINGS AND CHANGE OF COORDINATES 75

Proposition 5.10. The coordinate mapping of A is linear.

The coordinate mapping is thus an isomorphism. Thus, we know that it pre-
serves linear dependence relations, spanning sets, and bases.

Proof. The coordinate mapping is 1 — 1 and onto since the vectors in A are
linearly independent and span U, ensuring a unique (cq,...,¢,) so that x =

*trn

c,a; + -+ ¢,a, for any x € U. To prove linearity we need to show that

[y +uy] 4 = [uy] 4 + [us] 4,

and that [cu] ;, = c[u] 4, for any scalar ¢. Let us show only the first statement.
Write

(W] 4 = (c1,69,05¢,) (U] 4 = (dy,dy, ..., d,,)

then
u; =c¢;by + by +--+¢, b, u, =d;b; +dyby +--+4d,b,,
so that
u; +uy = (¢ +dp)by + (¢ +dy)by + -+ (¢, +d,,)b,,
so that

W) +uy]y = (¢ +dy, 00 +dy,oyc, +dy,)
= (C15 €0y w0 €) + (dyy dy, oy dyy) = [Wy] 4 + [Ug] 4

O

Example 5.5. Let us find the coordinate vector of x = (2,4) relative to the
basis B = {(—1,3),(3,1)} for R%. We need to solve

(2 96)-6)
G~ w w~(1)
(B-(2)+0)

It follows that the coordinate vector of x relative to B is [x]5 = (1,1). &

We row-reduce

so that

From Proposition 5.10 it follows that, if 4 = {a,}; and B = {b,}, are bases
for the same subspace, the mapping from R to R™ defined by [x] , — [x]5
(where x € U) is linear, well-defined, 1 — 1, and onto (as it is a composition of
two such mappings), so that it is given by an invertible matrix (Exercise 4.6).
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This matrix is called the change of coordinate matriz from A to B, and is
denoted Pg, 4. Thus,

(x| = P 4[x] 4

Note that the mapping F from the proof of Proposition 5.6 can be written as
[x]5 = F([x] 4), so that the matrix of F is Pg, ,. Note that

[a;]5 = Py 4la;] 4 = P4,

and the last expression is simply column ¢ in Pg, 4. Thus

PB&A:([al]B [as]s - [an]zs)-

Clearly Py, is invertible with inverse Pyl , = P, 5 (the inverse is the change
of coordinates the opposite way).

Example 5.6. Let us find the change of coordinate matrix from A =
{(2,1),(1,—2)} to B = {(—1,3),(3,1)}. We can express a; and a, in terms of
b; and b, by row-reducing

-1 3 2 1 1 -3 —2 -1 1 -3 —2 -1
311 =2 0 10 7 1 0 1 7/10 1/10
(1 0 1/10 =7/10
0 1 7/10 1/10

It follows that

[ai] = (1/10,7/10)  [ay]5 = (=7/10,1/10),

1 /1 -7
PBHA_H)(? 1)'

To find P,, 5 we can simply invert Py, ,. We can also, similarly to as above,
express b; and by in terms of a; and a, by row-reducing

G —12 ;1 ?)”((1) ;2 —37 DN((I) 712 —?/5 1}5)
(10 1575
(0 1 —7/5 1/5)

so that

It follows that

[b1]g = (1/5,=7/5) [bo] g = (7/5,1/5),

1/1 7
PA%BE)(_? 1)'

so that
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A particular case is when the subspace is all of R™. Then the standard basis can
be one of the bases. The change of coordinate matrix from A to the standard
basis is simply the matrix with a; as columns, since [a,]; = a;.

Example 5.7 (Change of coordinates from the Fourier basis). The change
of coordinate matrix from the Fourier basis to the standard basis has in
particular the Fourier basis vectors (62””'0,62’””‘1,62”"'27...,62”"<N’1)) as
columns. We saw in Example 4.4 that the inverse of this has columns
(e 2mik0 g2mikl o=2mik2 | o=2mik(N=1)) /N 5o that the change of coordinates
from the standard basis to the Fourier basis is given by the 1/N times the DFT
matrix. &

Let U C R™ and B C R™ be subspaces, and T a linear transformation from U
to V. Let also A and B be bases for U and V, respectively. The mapping

X4 = [T(x)]5.

is well-defined and linear (as a composition of three such mappings), but may
not be 1 — 1 and onto (since T may not be 1 — 1 or onto). The mapping can
thus be represented by an m x n-matrix, which is denoted by [T] 4. 4. It is also
called the matriz of T relative to the bases A and B. This satisfies

[T(x))s = [T]palx] 4
The columns in [Tz, 4 are [T'(a;)]5 since
(T)penei = [Tlpalaila = [T(a;)]5
When T is a mapping of U to itself, and 4 = B, we denote the matrix [T]5, 4
simply by [T], and call it the matrix of T relative to 3.

Example 5.8. Consider the linear transformation 7' : R? — R? with matrix

( 51 _51> Let us find the matrix of T relative to B = {(1,1),(—1,1)}, i.e.,

)5 . We compute

(5 )0
G ) ()= ()=

Tt follows that [T(b, )], = <4> and [T(by)] s = (2 o that

[T = ([T(b))]g [T(by)]g) = <L(L) 8) :

The matrix of T relative to this basis was thus diagonal. Since multiplying with
a diagonal matrix is simpler computationally, linear transformations may be
more easily computed in suitable bases. &
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Proposition 5.11. The following hold:
[T)5 = Py alT)a(Ppea)™! (5.4)
Proof. We have that
[T()].4 = [T]alx]4-
If we apply change of coordinates on both sides we get
(T(x)]3 = Py alT]4lx]4;

which also can be written as

[T(x)|5 = Py T 4P 4 5X] 5,

which reads as Equation 5.4 O

Exercises

Exercise 5.1 (Row equivalent matrices have the same row space). Suppose
that A and B are row equivalent. Show that Row(A) = Row(B).

2 4 1 -1
Exercise 5.2. We have the matrix A= | 1 -1 2 3 |.
-1 —11 4 11

(a) Find bases for the row- and column space of A. What is the rank of A?

(b) Find a basis for the null space of A. What is the dimension of the null
space?

2 8 6 1
Exercise 5.3. Consider the matrix A = (4 —16 —12 2)
-1 -4 =3 1
(a) Find a basis for the column space of A.
(b) Expand the basis you found in (a) to a basis for R3.

Exercise 5.4. Suppose that m > n, and that the columns a;,...,a, in A
are linearly independent. Suppose also that the first n rows in A are linearly
independent. Explain that

{a},..,a,,e,,1,...,e,}
is a basis for R™.

Exercise 5.5 (Spans are subspaces). Show that Sp(a,,a,,...,a,) is a subspace
of R™



Exercises 79

Exercise 5.6 (The orthogonal complement is a subspace). Let A be a set in
R™. The orthogonal complement of A, AL, is defined as the set of all vectors in
R™ that are orthogonal to all vectors in A, meaning that

AL:{XE[R":X~a:OVaEA}.

Show that A is a subspace of R™.

Exercise 5.7 (A sum of subspaces is a supspace). Let U and V be subspaces
of R™. Show that

{fu+v:iueU,veV}
also is a subspace of R™.

Exercise 5.8. Prove Proposition Proposition 5.9 (i.e., the inverse of an isomor-
phism is also an isomorphism).

Exercise 5.9. Show that any subspace can be written as the null space of a
matrix.

@ Hint

A general subspace can be written as Sp(a;, a,, ..., a,,), where the vectors

are linearly independent. Expand this to a basis for R™, and let A be the
matrix with these as columns. Then consider the null space of the matrix

o~ (3f3)+

Exercise 5.10. Let U C R™, V C R™ be subspaces, and T': U — V a linear
transformation between them. Let also {x,}*_, be vectors in U.

(a) Assume that {T'(x;)}%_, are linearly independent. Show that {x;}% | also
are linearly independent.

(b) Assume that T is 1 — 1, and that {x;}¥ | are linearly independent. Show
that {T(x,)}¥_, are also linearly independent. are also linearly indepen-

dent.

(c) Assume that T is onto and that {x;}¥ , span U Show that {T(x;)}%,
span V.

(d) Assume that T is 1 — 1 and that {T'(x;)}*_, span V Show that {x;}%_,
span U.

(e) Assume that T is 1 — 1 and onto. Show that {x;}¥ , is a basis for U if
and only if {T(x;)}%_, is a basis for V.

Exercise 5.11. Assume that P is invertible and m x m, and that A is m x n.
Show that the column spaces of A and PA have the same dimensions.
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Exercise 5.12. Let T: U — V and S : V — W be isomorphisms. Prove that
the mapping sending x to S(7'(x)) is an isomorphism from U to W.

Exercise 5.13. Let T : V — W be a linear transformation between subspaces,
and let A be a basis for V, and B a basis for W. Show that T is 1 — 1/onto/an
isomorphism if and only if [T]5, 4 is 1 — 1/onto/an isomorphism.

Exercise 5.14. Find the coordinate vector of x = (—10,20) relative to the
basis B = {(2,4), (—4,2)} for R%.

Exercise 5.15. Consider the bases A4 = {(-1,1),(1,1)}, and B =
{(=1,2),(=1,3)}.

(a) Find the change of coordinate matrix from A to B.

(b) Let x = 4a; — ba,. Find [x].
Exercise 5.16. Consider the linear transformation 7' : R?> — R? with matrix

—26 g) Find the matrix of T relative to B = {(3,1),(—1,4)}, i.e., [T]z.



Chapter 6

Determinants

In this chapter we will look at determinants. These are useful theoretically,
with a long history in multivariable analysis. We will start with the general
definition of determinants, which looks rather complex at a first glance. After
this we will consider how elementary row operations change the determinant.
From this it will be clear that the determinant says something about how a
matrix transforms a volume in R™. We all have some intuition about volumes
in R? and areas in R?, but when it comes to volumes in R™ for n > 3, things are
different. We shall define this, and see that, if A is an n X n-matrix and X a set
in R™, then the set

AX ={Ax:x € X}

has a volume, written V(AX), which depends linearly on the volume V(X) of
X - regardless how the set X must look. We thus have that V(AX) = kV(X)
for a constant k which only depends on the matrix A. k can be interpreted
as a magnification factor for volumes for the matrix A, and we shall see that
magnification factors change under elementary row operations in the same way
as determinants do. From this we deduce that the absolute value of the deter-
minant equals the magnification factor.

One of the things we will show is that the determinant of a product equals the
product of the determinants. If we disregard the sign of the determinant, this
is perhaps simpler to see when thinking in terms of magnification factors: If
A, and A, have magnification factors k; and ky, respectively, then A,X has
volume ky,V (X), so that A; A, X has volume ky (k, V(X)) = k1 k,V(X), so that
A, A, has magnification factor k;ks.

We round off this chapter with a useful geometric interpretation of the determi-
nant.

81
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6.1 The definition of the determinant

The general definition of determinant is as follows

Definition 6.1 (Determinant). The determinant of an nx n-matrix A is defined
recursively as follows:

1. The determinant of a 1 X 1-matrix A is defined as a;.
2. The determinant of an n x n-matrix A is defined in terms of determinants
of (n —1) x (n — 1)-submatrices of A as

ap; Q2 A1pn Qg Q3 QAop g1 Q23 QAop
g1 Qoo Qo a gy Qg3 A3y, _a sy A3 A3y,
. =ap; . 12
App Apo 0 Qpp Apg  Qpz 0 Qpy Ap1 Gpz 0 Qpg
Qg1 Qg * Qg(p—1)
a a e a
_1\n+l 31 32 3(n—1)
+ +( 1) A1y . : : :
Ap1 Qpa " Qpp—1)

Row 1 of A has been left out in all submatrices on the right side. In the first
submatrix column 1 of A has also been left out, in the second column 2 of A
has been left out, and so on.

Vertical lines are used as notation for determinants above, but it is also common
to write det(A) for the determinant of A. Let us also write A% for the (n —
1) x (n — 1)-matrix we obtain by leaving out row ¢ and column j of A. The
quantities det (A7) are also called minors. With this notation Equation 6.1
can be written as

det(A) = ay; det(AM))—a,y det(A1?)+a,5 det(AT3))—4-ay, (—1)"+! det(AT™),

or even more Compactly as

det(A) = i(fl)jﬂalj det(A19),

j=1
The determinant of a 1 X 1-matrix is per definition the one component in the

matrix, and for a 2 x 2-matrix it is

det(A) = = Q11099 — Q12097

The determinant of a 3 x 3-matrix is

ap; Q12 Qg3

_ Qg Qg3
Qg1 Ggg Qo3 | = a1

— Q9
gz Q33
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Example 6.1 (A 3 x 3-determinant). Let us compute the determinant of the

2 1 3
matrix (1 4 2 ) using the definition. We get

31 -1
2 1 3
4 2 1 2 14
14 2 :2‘ ‘—1‘ ’+3’ ’
51 1 1 -1 3 1 31

=2(—4—-2)— (—1—6)+3(1—12) = —1247—33 = —38.

We can check the answer with the built-in function for computing the determi-
nant:

A=np.array([[2,1,3],[1,4,2],[3,1,-111)
np.linalg.det(A)

—-37.99999999999999
&

Let K(n) be the number of operations needed to compute the determinant
recursively using Equation 6.1. It is clear that

Kn)=nK(n—1)4+n+n—1>nK(n-1).

We see from this that we must have K(n) > n!. When n is large this leads to
too much computation, even for the most powerful computers. Laster in this
chapter we will see that one can compute the determinant more efficiently using
Gaussian elimination. The definition above is more of theoretical interest - it
does not give a good implementation even if it is easily programmed, as seen
below.

def detdef (A):
n = np.shape(A) [0]
if n>1:
d=0
for k in range(n):
colinds = np.arange(O,n)
colinds=np.delete(colinds, k)
d += (-1)**k*A[0,k]*detdef( A[1:,colinds] )
return d
else:
return A.item()

One could guess that Equation 6.1 is not used to compute the determinant in
Example 6.1: The answer there comes with four decimals, so the answer is not
—38 exactly. Had Equation 6.1 been used, only integer arithmetic would have
been needed, and the answer should be —38 exactly. It is straightforward to
verify that this is the case:
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detdef ( np.array([[2,1,3],[1,4,2],[3,1,-111) )

-38

6.2 Properties of the determinant

Let us prove some useful properties of determinants. We start with the following.

Proposition 6.1. We have that det(A) = 0 if A has a row with zeros only, or
a column with zeros only.

Proof. This is simplest to see for rows with zeros only: If we use Equation 6.1
so many times that all sub-matrices start with a row of zeros, it is clear that
the next application of Equation 6.1 will give 0. Suppose instead that we have
a column of zeros. For 1 x 1-matrices with a column of zeros it is clear that the
determinant is 0. Suppose we have shown that all (n — 1) x (n — 1)-matrices
with a column of zeros have determinant 0. When we use Equation 6.1 on
an n X n-matrix with a column of zeros, we get a contribution from n — 1
(n—1) x (n—1)-sub-matrices with columns of zeros. And the contribution from
the remaining column is 0, since we have a zero on the corresponding place in
the first row that is multiplied in. It follows that n x n-matrices with a zero
column also have determinant 0. O

Recall that a square matrix is called upper triangular if everything below the
diagonal is 0, and lower triangular if everything above the diagonal is 0.

Proposition 6.2. The determinant of an upper- or lower triangular matriz
equals the product of the diagonal elements.

Proof. The result is obvious for n = 1. If A is lower triangular Equation 6.1
says that det(A) = a,; det(A1Y). Since A1V also is lower triangular, and with
G99, A33,., A, ON the diagonal, it follows by induction that

det(A) = ay1(aga33  Apy,) = A11092033 Ay

Suppose instead that A is upper triangular. The first column in the minors
A2 A1) - A(7) are then all zero, and then Proposition 6.1 says that
det(A1?)) = det(A13) = ... = det(A™) = 0.

Only the first minor contributes in Equation 6.1, so that det(A4) = a;, det(AM),
which again by induction gives that det(A) = ay1a99055 - a,,, O
We have the following result on how elementary row operations change the
determinant.

Proposition 6.3. Let A and B be square matrices of equal dimension. The
following hold:
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1. If B is obtained from a simple row interchange in A, then det(B) =
—det(A4).

2. If B is obtained by multiplying a row in A with s, then det(B) = sdet(A).

3. If B is obtained by adding s times row i to row j in A, then det(B) =
det(A).

Proof. We prove 1.. Let D,; be the determinant of the matrix obtained by
removing row 1 and 2 in A, as well as column ¢ and j in A. We have that

det(A) = Z((—l)iﬂ(—l)jau%j + (_1)j+1<_1)i+1alja2i)Dij

i<j

= Z(*l)iﬂ(aljam - alia2j>Dij

1<j

If B is the matrix where row 1 and 2 in A er swapped, we have that b,; = ay;
and b,; = ay; and so on, and we get

det(B) = Z(_l)i+j<b1jb2i - bliij)Dij = Z(—l)iﬂ(azjau - a2ia’1j)Dij

i<j i<j

- Z(il)i+j(a2ialj - a2ja1i>Dij = — det(A)

1<j

If two other neighbouring rows are swapped it follows by induction, and from
the definition det(A4) = Z?zl(—l)jﬂalelj that the determinant also changes
sign. Further, if row 7 and j not are neighbouring rows, a row interchange of
these can be expressed as j —i+ (j —i— 1) = 2(j — i) — 1 neighbouring row
interchanges. Since this is an odd number the determinant also then will change
sign. This proves 1..

The proofs for 2. and 3. are given as exercises. O

If A has two equal rows, we end up with the same matrix if these are inter-
changed. As a consequence of 1. above we must have that det(A) = —det(A),
so that det(A) = 0.

Corollary 6.1. det(A) =0 if A has two identical rows.

This result is useful when it comes to proving 3. above. We can also expand
the determinant along any given row (This is an exercise):

Proposition 6.4 (Determinants can be expanded along any row). For all 1 <
i < n we have that

det(A) = zn:(—l)”jaij det (A1),

=1
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If we in particular set A = I,, (which has determinant 1) and B = E (where E
is an elementary matrix) in Proposition 6.3 we get that

—1if F is a row interchange.
det(F) = < s if E multiplies a row with s. (6.1)

1 if E adds a multiple of one row to another.

We can now prove the following.

Proposition 6.5. If A and B both are square we have that det(AB) =
det(A) det(B).

Proof. we can write

A=E,E,E,C B=F,F,F,D

where E, Fy, By, F,, ... are elementary matrices, and C' and D are reduced ech-
elon forms. If C = D = I, then

det(AB) = det(EEy - EL F\ Fy -+ Fy) = det(E; ) det(E,) - det(E),) det(Fy Fy -+ F)
=det(E,E, - Ey) det(Fy F, - F;) = det(A) det(B).

Suppose then that one of C, D is# I,,. It follows that one of det(A) or det(B)

equals 0, so that also det(A) det(B) = 0. It is therefore enough to show that also

det(AB) = 0. It is clear that det(AB) = 0 if and only if det(CF, F}, --- F;D) = 0.
We consider two possibilities:

1. IfC =1,, D # I,: Then det(D) = 0 (since D has a row of zeros). But
then
det(CF,Fy - F,D) = det(F, F, - F,D) = 0.

2. If C # I, then C has a row of zeros. But then also CF|F,--- F;D has a
row of zeros, and then det(CF, F,--- F;D) =0

O

In particular we can find the determinant with the help of Gaussian elimination.
Let us show this with an example.

Example 6.2 (A 3 x 3-determinant using Gaussian elimination). Let us verify
the determinant we found in Example 6.1, using Gaussian elimination. We get

2 1 3 1 2 1 4 2 1 4 2
1 4 2 |~]2 3 |~]0 -7 —-1]~{(0 1 1/7
3 1 -1 3 —1 0 —11 -7 0 —11 -7

4
1
1
14 2
~(0 1 1/7)
0 0 —38/7
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The first row operation was a row interchange. This is followed by two operations
where we add a multiple of row 1 to the other rows. Then we scale row 2 with
(-1/7), before adding a multiple of row 2 to row 3. We ended up with an upper
triangular matrix, where we know that the determinant is the product of the
diagonal elements. We then get

1 4 2 21 3
01 1/7 [=1x(-1/T)x(1)x(-1)|1 4 2
0 0 —38/7 31 —1
som gir at
21 3
(—38/7)=/0)|1 4 2 |,
31 -1

so that the determinant is —38. &

For large matrices (which often is the case in applications) it is more efficient to
compute determinants by Gaussian elimination as above, when compared with
using the definition of the determinant as in Example 6.1: In Section 3.1 we
showed that the number of operations needed by Gaussian elimination is about
2n3 /3, while using the definition needed at least n! operations.

Again we can expand the theorem for invertible matrices with an equivalence.
This will be the final version of this theorem:

Proposition 6.6 (Invertible matrix theorem). The following are equivalent for
an n X n-matric A:

1. A is row equivalent with I,,.

2. Ax = 0 has the unique solution x = 0.

3. Ax = b has a unique solution for all right hand sides b.
4. A can be written as a product of elementary matrices.
5. A is invertible.

6. The columns of A provide a basis for R™.

7. det(A) £ 0

Proof. 4. = 7.: If A=E, - E, then
det(A) = det(E, -+ E;) = det(E,) ---det(E;) # 0,

where we used Proposition 6.5, and that elementary matrices have a determinant
different from 0.

7. = 1. Suppose that A is not row equivalent with I,,. Then we can write
C =E,-EA and A = F, - F,C, where C # I, is the reduced echelon
form of A. But then det(C) = 0, and it follows from Proposition 6.5 that
det(A) = 0. O

Proposition 6.7. For all square matrices A we have that det(A) = det(AT).
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Proof. 1t is clear that for all elementary matrices E, we have that det(E) =

det(ET). Suppose A = E|E, -+ E,.C, where C is the reduced echelon form of A.

We have that

det(AT) = det(CTETEL |- ET) = det(CT) det(E]) det(EL ) -+ det(EY)
= det(E,) det(E,) ---det(E},) det(C) = det(E, Ey -+ E},C) = det(A).
We used here that det(C) = det(CT). It is clear that this holds if C = I,,. If

C # I, then C has a row of zeros, so that det(C) = 0. But then CT has a
column of zeros, so that also det(CT) = 0. O

From this we can deduce that we also can expand the determinant along any
column (this is an exercise).

Proposition 6.8 (Determinants can be expanded along any column). For all
1 < j <n we have that

det(A) = zn:(q)iﬂ'aij det(AGD).

=1

From Proposition 6.4 and Proposition 6.8 we see that the minor det( A7) should
have an alternating sign (—1)"*/, regardless of which row or column we expand
along. This can also be indicated with the following sign table:

+

+

4
o+
o+

For practical use we should expand the determinant along the row/column which
has the most zeros.

2 0 2 3
. . 1 0 0 2

Example 6.3. Let us consider the 4 x 4-matrix A = 3 1 -1 3| We
-1 0 2 3

see quickly that the row/column with most zeros is column 2. Expanding along
this we get

2 0 2 3

10 0 2 | 2208 |2 3 2o
g 1 —1 3 |=CEUTE L0 2= (DT g (H1)T2
-10 2 3 123

= —(~(6-6)—2(4+2)) =12

Here we also expanded along row 2, where there also was a zero. &
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6.3 Magnification factors for matrices(*)

Let us now consider the geometrical interpretation of the determinant as a
magnification factor. When we now explain what we mean by the volume V(X)
of a set X in R™ for n > 3, let us list some properties V(X) intuitively should
have:

1. Unit boxes
B={xeR":0<z <1Vi}

should have volume 1.

2. If X is translated with a vector r, then the volume should stay the same.
In formula: V(X +r) = V(X), where X +r={x+r:x € X}.

3. If X is stretched with a factor r in direction e;, the volume should be
multiplied with r. In formula: V(X; ) = rV(X), where

Xip =X (@, 001,07, 35,450, 1,) € XF

4. If X, and X, are disjoint sets then V(X; UX,) = V(X;) + V(X,).
5. Volume should equal base times height, as we are used to in R? and R3.
But now we must think of the base as a volume in R*!.

If we use 1. 2., and 3. repeatedly on a unit box, the boxes
B,s={x€R":r;06 <mx; <(r; +1)0Vi}
should have volume §™ for all choices of vectors r. This gives us the partition
R™ = U, B, 5.

Most sets in R™ can be approximates arbitrarily well with the help of enough,
and small enough, such boxes (more generally volume should be defined as a
limit where § — 0). Let us therefore restrict ourselves to regions which can be
written as a finite union of boxes. Due to 4. we must have

V(U;B, ;) =Y 6"

If X = U;B, 5 and A is invertible, it is clear that AX = A(U;B, ;) =
U,A(B,. s) is a partition of AX into disjoint sets.

Proposition 6.9. Let X = U;B,._ 5 be a disjoint union of bozes. Then V(AX) =
V(AB)V(X).

This means that V(AB) works as a magnification factor for A for sets X on
the form U;B, 5. The ide is that, since V(AX) = V(AB)V(X) for such X,
and since moste sets can be approximated arbitrarily well with such sets, the
also V(AX) = V(AB)V(X) for more general sets X. Thus, V(AB) works as a
magnification factor more generally sets as well!
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Proof. Since B, s = 6(B + r) we have that
AB, 5= A(5(B +7r)) = 6(AB + Ar).

From property 2. and 3. it follows that V(AB, ;) = 0"V(AB). If we use
property 4. we now get

V(AX) = V(A(U;B,, ;) = V(U;AB,, Z V(AB,,

= ZS"V(AB) =V(AB) Zan = W(X).

Since B={}_""  z;e;: 0 < z; < 1Vi} then

AB = {ZmiAei :0< g, < 1W} = {Zmiai :0< g, < IW},
i=1

i=1

where a; is column i in A. More generally, if a4, ...,a,, are vectors in R", the

set

m

F(a,,..,a,, {Zmzaz,0<z < 1\71}

is called the parallelepiped spanned by {a;}", (parallelograms correspond to
setting m = 2). Our magnification factors are thus volumes of parallelepipeds.
Figure 6.1 shows a parallelepiped spanned by three vectors a, b, and c, in space.

Pl

/ \
\
\
\
\I
/,7
’
/
/

Figure 6.1: A parallelepiped in space.
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Since A can be written as E),--- E;, where the E; are elementary, we shall look
at how volumes are magnified for every such. There are 3 different types of
elementary matrices we will look at.

Proposition 6.10. The magnification factor of an elementary matriz E is
given by

1 if E is a row interchange.
V(EB) =< |s| if E multiplies a row with s.

1 if E adds a multiple of one row to another.

Proof. We go through the three possibilities.

1. Suppose E swaps row ¢ and j. Then EB = B, so that V(EB) = 1.

2. If E multiplies row 7 with s then EB = {x 0<z,;<s,0<z;<1,j# i},
so that V(EB) = s due to point 3..

3. Suppose E adds ¢ times row n to row n — 1 (other choices of rows are
handled similarly), i.e.,

E(xqy, .y 1,%,) = (Tqy ey Tpy_q + €T, Tp)-
For the cross section where z,, = k we get

E(xq, .y 1,k) = (1, 0y zp_1, k) + (0, ..., ck,0),

n—1»
so that the cross section where z,, = k is translated by E with a constant
vector (0, ...,ck,0), so that all cross sections of EB on the form z,, = k
have the same area as B. This means that both base and height (x,, = 1)
are equal for B and EB. It follows then from point 5. that V(EB) is 1.

O

Comparing with Equation 6.1 we now see that |det(E)| = V(EB) for all ele-
mentary matrices F, and from Proposition 6.3 applied several times it follows
that

det(Ey - Ey) = det(E},) -+~ det(E;).

Since also
V(E, - FE,B) =V (E,B)-V(E,B)

it follows from |det(E;)| = V(E;B) that |det(4)| = V(AB), as long as A can
be written as a product of elementary matrices (i.e., that A is invertible). Vi
har dermed vist folgende:

Proposition 6.11. If A is invertible then the magnification factor V(AB) equals
| det(A)|.
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For n = 2 this says in particular that ZH 212 equals the area of the
21 2
parallelogram spanned by a; and a,. If we set a; = |a;|(cosb,,sinf,), and

a, = |a,|(cos by, sin fy) then

|a;| cos @y |ay|sinb,
|ag| cos By |ay|sind,

ap; Qo
Qg1 Qg2

= |ay||ay|(cos b, sin b, — sin 6, cos b,)

= |a;||ay|sin(6y — 6)

This was also deduced in Exercise 1.9.

The magnification vector A = FE, ---E, is now obtained by multiplying the
magnification factors from the elementary matrices.

6.4 Geometrical interpretation of the determi-
nant. The vector product.

If we define
b = (det(AMV)), —det(A1?)), det(A1)), .., (=1)"*L det(A1™)), (6.2)

then the definition of the determinant given by Equation 6.1 can be written as
the scalar product of a; - b (a; is here row 7 in A). This gives us the following
geometrical interpretation.

Proposition 6.12. We have that

1. b is orthogonal to all a,,...,a

2. |b| =V (F(ay,...,a,)),

3. |la; - b| =V (AB) = |det(A4)|.
Shortly we will look at the proof of this, but let us first take a closer look at the
case n = 3. Then we have that

n’

b = (a50a33 — G93a39, —(A91 035 — 23031 ), A2 G390 — Agolgy) - (6.3)
This also has its own name:

Definition 6.2. Equation 6.3 is called the vector product of a, and a;. We also
write a, X ag for the vector product of a, and as.

It is common to write the vector product as

€ € €3
Qg1 Qgp Q23
az; Gzz Ags
=(a99a33 — G93a35)€1 — (Ag1A33 — Ag3a31)€5 + (A9 a39 — Ag0a3;)€3

= (99033 — A93a30, —(ag1a33 — Ag3a31), Ag1A30 — A90037) ,
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i.e., we have inserted vectors instead of scalars in the first row in the matrix.

In particular a, x a5 is orthogonal to a, and ag, with length equal to the area
of the parallelogram spanned by the two vectors. These two properties do not
characterise the vector product completely, since if b satisfy these two properties,
then —b will as well! It can be shown, however, that b = a, x aj also satisfies
what is called the right hand rule, something —b not does:

Definition 6.3. Let the right index finger point in the same direction as a,,
and let the middle finger point in the same direction as ag, in such a way that
there is less than 180 degrees between the two. The thumb will now point in
the direction of the vector product a, x a3, perpendicular to both a, and aj.

Proposition 6.13. b = a, x a; is the unique vector orthogonal to both a, and
ag, with length equal to the area of the parallelogram spanned by a, and a5, and
with direction given by the right hand rule.

We will not prove that the direction of the vector product abides to the right
hand rule. A 3 x 3 determinant can also be written as det(A) = a, - (a, X ag),
which due to Proposition 6.11 also equals the volume volumet of the paral-
lelepiped spanned by a;, a,, and a;.

Note that x x y = 0 if x and y are parallel. This can be seen by observing
that the parallelogram the two span then has area 0. The length of the vector
product is then also 0, and then x x y = 0. One can also argue that the vector
product then is a determinant where the second and third rows are equal (after
a scaling), which is 0 due to Corollary 6.1.

Example 6.4. Let a; = (1,3,2), and a, = (2,—1,3). Then we have that

€ € €3
a;xa,=|1 3 2

=(3-3—2-(—1))e; —(1-3—2-2)e,+ (1-(—1) —3-2)e,
=(942,—(3—4),—1—6) = (11,1,-7).

The vector product can also be computed with help of the command cross:
al = [1,3,2]

a2 = [2’_1;3]

np.cross(al,a2)

array([11, 1, -71)

&

Example 6.5. In Example 1.7 we found the expression for a plane through a
given point, and with a given normal vector. If we instead have three points, we
can use the vector product to find a normal vector, and then also an expression
for the plane: If the three points are x,, x;, and X,, then clearly x; — x, and
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X, — X will be vectors in this plane, and the vector product of these will then
give a normal vector.

To illustrate this, consider the three points a = (4,—2,—1), b = (1,0,0), and
c=(2,—1,0). We first get that b—a =(—3,2,1), and c —a = (—2,1,1). The
vector product of these is

€ € €
-3 2 1 |=02-1)e;,—(—3+2)ey+(—3+4)e; =€, +e,+e;=(1,1,1).
-2 1 1

From this it follows that the plane can be written on the form z +y + 2z = 1.
By the properties of the vector product we also have that
e The area of the parallellogram spanned by a and b is the length of the

vector
€ € €3
4 -2 —-1|=(0,-1,2),
1 0 0

which is v/5.

e The volume of the parallellepiped spanned by a, b, and c, is

-2 -1

1 0 0 10

4 -2 -1 ‘
2 -1 0

-1

)

Proof. (for Proposition 6.12) We first prove point 1.. Define the matrix

a;
A
Ag=|as |,

a,

where a; is inserted in both row 1 and i. Since a matrix with two equal rows
has determinant 0 (Corollary 6.1), we have that

0=det(Ay) =a;-bfori=2,..,n,
so that b is orthogonal to all {a;} .
To see that |b| = V(F(ay,...,a,)) (punkt 2.), observe first that the projection
|a;-b

[b]
Since volume equals base times height we

of a; onto b is %b, which has length . This equals the distance from a,;
to the plane spanned by a,,...,a

get that

n-

V(AB) = V(F(ay,..,a,)) = 'alb'|b V(F(ay,...,a,)).
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Since | det(A)| = V(AB) (Proposition 6.11) it follows that

la; - b
bl

la; - b| = V(F(ay,...,a,))

so that |b| = V(F(ay,...,a,)).

Point 3. follows directly from the definition of the determinant given by Equa-
tion 6.1, and the connection we have proved between volume and determi-
nant. O

The result above is perhaps simplest to interpret on (the obviously true) form

la; - b
|b|

la, - b = [b.

On the left side here stands the volume of the parallelepiped spanned by
a;,a,,....,a, (V(AB)). On the right side |aﬁo"b‘ is the height over the plane
spanned by a,,as,...,a,, while |b| is the area of the parallelepiped spanned

by a,,as,....,a, (V(F(a,,...,a,))). In other words, volume equals base times
height!

Exercises

Exercise 6.1. Compute

4 -1
(a)23’

2 0 1
(b) |3 —1 7

0 2 5

(¢) (2,0,4) x (—1,2,1).

Exercise 6.2 (Properties of the vector product). Let x, y, and z be vectors in
R3. Show that

(a) xxXy=—-yxx.

(b) For all scalars s, x X (sy) = (sx) Xy = s(x X y).

(¢) xx(y+z)=xXy+xXa2z.
Exercise 6.3. Let x be a given vector in R3. From 2. and 3. in the preceding
exercise it follows that the mapping y — x x y (which goes from R? to R?) is
linear. What is the matrix of this linear mapping?
Exercise 6.4. We are given the three points a = (—1,2,—2), b = (2,—1,4),
and ¢ = (3,3,1).

(a) Find an expression for the plane going through the three points.

(b) Find the area of the parallellogram spanned by a and b.
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(¢) Find the volume of the parallellepiped spanned by a, b, and c.

Exercise 6.5. Compute the determinant of

2 -1 1
A= (O 1 4).
1 -2 —6

in two different ways: By help of the steps in Gaussian elimination (those were
written down in Exercise 4.1), and by expanding the determinant along the first
column.

Exercise 6.6. Prove that the determinant of a vandermonde matrix with gen-

erators zg, ..., x,, is
H(xi — ).

i>j

n

@ Hint

Write down all row operations which change the determinant in Exam-
ple 4.3.

Exercise 6.7. Prove Proposition 6.4.

Exercise 6.8. Prove point 2. and 3. in Proposition 6.3.

@ Hint

Use point 1. of Proposition 6.3, and Corollary 6.1.

Exercise 6.9. Suppose A is invertible. Show that det(A™1) = 1/ det(A).

Exercise 6.10. Suppose U is orthogonal, i.e., U is real, and UTU = I,,. Show
that det(U) equals 1 or —1.

Exercise 6.11. Prove Proposition 6.8.

Exercise 6.12. Let A and B be square matrices, and set D = ( 1(;1 g ),

where 0 and C have dimensions so that D is square. Show that det(D)
det(A) det(B).

Exercise 6.13 (Cramer’s rule). Suppose A is invertible, and that x solves the
system Ax = b. Let also A4,(b) be the matrix A with column 7 replaced with b.



Exercises 97

(a) Show that

1 0 =z O 0 0
0 1 0 =z, O 0 0
Al v o : : = A,(b)
o0 -« 0 =z,, 0 1 0
o0 -« 0 =z 0 0 1

The vector x her comes in column <.

(b) Explain that the determinant of the large matrix above is x;. Deduce from
this that ; = det(A;(b))/det(A).

As a result of this, the solution to a linear system can be expressed in terms of
determinants. This is also called Cramer’s rule.

(c) Let A = (CCL Z) be a general invertible 2 X 2-matrix. In a previous

. d —b .
exercise it was proved that A~! = - dibc ( ) Prove this also by
—c a

using Cramer’s rule.
(d) Sometimes we want to restrict ourselves to matrices with integer entries

which also have an inverse with integer entries. Explain how Cramer’s
rule can be used to produce such matrices.
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Chapter 7

Eigenvalues and
eigenvectors

In this chapter we will work with eigenvectors and eigenvalues, which we define
as follows.

Definition 7.1 (Eigenvalues and eigenvectors). Let A be an n X n-matrix. A is
called an eigenvalue of A if there exists an x # 0 € R™ which satisfies Ax = Ax.
x is then called an eigenvector corresponding to A.

A is an eigenvalue if (A — AI)x = 0 has a solution x # 0, which is the same as
A — A\l not being invertible, which again is the same as that

det(A — AI) = 0.

This is called the characteristic equation of A. If we use the recursive definition
of the determinant this gives a polynomial of degree at most n in A, called the
characteristic polynomial of A. eigenvalues can thus be computed by finding
roots in polynomials. In principle one can find the eigenvalues by row-reducing
A — M, but the problem is that the actual row operations will depend on the
concrete value of A\. Therefore we will hold on to the recursive definition of the
determinant for now. !

When the eigenvalues have been found, an eigenvector corresponding to a given
A can be found by solving the system (A — AI)x = 0. This can be achieved
by row-reducing A — A\I. Eigenvectors are not unique - if we multiply it with a
scalar we get another eigenvector. Sometimes one needs the general expression
for the eigenvectors corresponding to a given eigenvalue. Other times one only
needs one concrete eigenvector. It is then desirable to pick one on a form which
is simplest possible - typically with integer components as small as possible.
Some examples will clarify this.

n practice the computer finds eigenvalues with help of another algorithm.

99
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Example 7.1. Let us first consider the linear mapping T which reflects about
the line y = 0 in R?. We have that T'(e;) = e; and T'(e,) = —e, (we see already

0 —1
The characteristic equation is (1 —X\)(—1 — A) = 0, so that the eigenvalues are
A =-1, =1

. s 1
here that e, and e, are eigenvectors), so that the matrix if T is A = 0 > .

Eigenvector for A\; = —1:

2 0 10
= (50~ o)
The first row here says that an eigenvector must satisfy x; = 0. The general

eigenvector is therefore (0,x4) with z, a free variable. In particular we get the
simple eigenvector (0,1).

0 O 0 1
(o 5)~ o)
The first row here says that an eigenvector must satisfy x4 = 0. In particular
we get the eigenvector (1,0). &

Eigenvector for Ay = 1:

Example 7.2. Let us consider a bigger example. We set

1 2 4
A=1-3 6 7.
2 -2 -1

We first get
1—Xx 2 4
det(A—AD)=| -3 6-A 7
2 -2 —1-2A
6 7 3 7 3 6—2A
_(1_”’ 9 —1—)\‘_2‘ 2 —1—A’+4’ 2 2 ‘

=(1=A)((6—=N)(=1—A)+14) —2(3+3A — 14) + 4(6 — 12+ 2))
=(1—=XN(A2—=5X1+8)—2(3X\—11) + 4(2A —6)

=N +5A2 —8A+ A2 —5X+ 8 — 6+ 22+ 8\ — 24
=-A3+6X2—11A+6

Most of us do not remember the formula for the solution to a third degree
equation, so it is not obvious how to proceed. One can find the roots of a
polynomial with help of the command roots. This takes the coefficients of the
polynomial as input:
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np.roots(np.array([-1,6,-11,6]))

array([3., 2., 1.1)

Alternatively one can find the roots by trial and error. Then we probably first
will find the root A; = 1. The two other roots can be found by first applying
polynomial division

(=A% 46X —11X +6.): (A—1) = —-A2 + 51 —6

—(=23 +2?%)
5A7 —11A
—(502  —5))
—6\ +6
—(—6X + 6)
07

so that

— A3 4 24)2 — 176\ + 384 = (A — 1)(=A%2 + 5\ —6),
and then using the formula for the solution to the second degree equation to
find the roots of —A2? 4+ 5\ — 6 = 0. This gives

_ —5+v25-24 541 541
B —2 -2 2

so that we also get the roots A\, = 2 and A; = 3. Let us turn to find the
eigenvectors

A

o For \; =1 we get
0o 2 4 1 -1 -1 1 -1 -1
A-\I=|-3 5 7 |~|-3 &5 7 |~]0 2 4
2 =2 =2 0o 1 2 0o 1 2
1 -1 -1 1 01
~10 1 2 |~[0 1 2
0 0 0 0 0 O

The first row says that x; + x5 = 0, so that ; = —z5. The second row
says that x4 + 225 = 0, so that x, = —2z5 The general eigenvector is
therefore

(Ila Tg, 5(33) = (_'rSv _2'1:37 2133) =3 (_17 _2a 1)
Setting x5 = 1 we get the special eigenvector v; = (—1,—2,1).
e For A\, =2 we get

-1 2 4 1 —2 —4 1 -2 —4
A)\2I(—3 4 7)~(0 —2 —5)~(0 1 5/2)
2 -2 -3 0 2 5 0 0 0
10 1
N(o 1 5/2)
00 0
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Here we get the special eigenvector v, = (—2, —5,2).
e For A3 =3 we get

-2 2 4 1 -1 -2 1 -1 =2
A—)\3I=(—3 3 7)~(—3 3 7)~(0 0 1)
2 -2 —4 0o 0 O 0 0 0
1 -1 0
N(O 0 1)
0 0 O

so that we get the special eigenvector v4 = (1,1,0).

Let us verify this computation:
1 2 4 -1 —1—-4+14 —1
(s 6 _2)(3_12+7)(_2)
2 -2 -1 1 —2+4—-1 1
1 2 4 —2 —2—-10+8 —4 —2
(s 6 _5):(6_3o+14):(_1o):2(_5)
2 -2 -1 2 —4+10—2 4 2
1 2 4 1 142 3 1
e | -3 6 7 1):(—3+6)=(3>:3(1).
2 -2 -1 0 2—2 0 0
&

The example above is constructed so that it can be solved without too ugly
numbers. In practice eigenvalues are neither integers nor fractions. In this
case the computation will suffer from roundoff errors. We will mostly not do
calculations as above by hand - as it is too time consuming, and error-prone.
Instead we can use the command np.linalg.eig which takes a matrix as input,
and returns two matrices:

e one matrix with the eigenvectors of the input matrix as columns,

¢ one diagonal matrix where the eigenvalues of the input matrix are on the
diagonal (matching eigenvectors are found in the corresponding column of
the first matrix).

If we test np.linalg.eig on the example above we get
A = np.array([[1,2,4],[-3,6,7],[2,-2,-111)

D, P = np.linalg.eig(A)
D, P

>

(array([1., 2., 3.1),
array([[ 4.08248290e-01, -3.48155312e-01, 7.07106781e-01],
[ 8.16496581e-01, -8.70388280e-01, 7.07106781e-01],
[-4.08248290e-01, 3.48155312e-01, -1.24634588e-15]1))
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We observe several things here. Firstly, decimal numbers are returned, not
integers. This is the case since a numerical algorithm is used to find the roots
of the characteristic polynomial. Secondly, consider the following:

P.T@P

array([[ 1. , —0.99493668, 0.8660254 ],
[-0.99493668, 1. , —0.861640441],
[ 0.8660254 , -0.86164044, 1. 1D

Since PT P returns all possible scalar products between the columns in P, this
shows two things:

o the columns in P are scaled so that they have length 1,
o the eigenvectors are not orthogonal (since there are not only zeros outside
the diagonal).

If you compute the reduced echelon form of P you will get the identity matrix, so
that the eigenvectors at least are linearly independent. We will soon prove that
this is the case also more generally for eigenvectors corresponding to distinct
eigenvalues.

We would like to get exact expressions for eigenvalues and eigenvectors as well.
This can be achieved by converting to symbolic variables:

A = sym.Matrix([[1,2,4],[-3,6,7],[2,-2,-111)
A.eigenvals(), A.eigenvects()

{3: 1, 2: 1, 1: 1},
[(1, 1, Matrix([
[-171,
[-21,
[ 111)D),
(2,
1,
[Matrix ([
[ -11,
[-5/2],
[ 11D,
(3,
1,
[Matrix ([
[11,
[11,
(c1HHD

We see that the components in the eigenvectors are fractions, and that there
are no decimal numbers. We see the exact same eigenvalues we found, and if
we multiply P with 2 we get the same eigenvectors.
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Let us say that we have a large matrix A and a vector x,, and that we would
like to compute A'%x,. A direct computation would be very demanding, but
imagine that we already have computed the eigenvectors v, and the eigenvalues
A; of A, and that the eigenvectors provide a basis for R”. Then we can find

n .
values ¢; so that xq = > .| ¢;v;. From this we can compute

n

n n
100, _ 4100 _ 100, _ 100
A%, =A (E civi) = E ¢ A, = E A OV,
i=1 i=1

i=1

where we used that Av;, = \,v;, and then A%v;, = \;Av, = \?v,, and so on. If

the eigenvalues here are < 1 we can obtain a limit value. Let us consider an
example.

Example 7.3. We study the spread of a disease in a population, and let x,, be
the number of sick people after n days, and y,, the number if healthy people after
n days. We assume that there are 1000 people all in all, so that x,, +y,, = 1000
for all n. We assume also:

1. If a person is sick one day, it is a 40% chance that he will be sick tomorrow
as well.

2. If a person is healthy one day, it is a 20% chance that he will be sick
tomorrow.

Let us first find a transition matrix A so that (m"“) =A (m">
yn+1 yn

¢ The number of sick people one day is 40% of those sick the day before, plus
20% of those healthy the day before. This gives that z,, ; = 0.4z, +0.2y,,.
e The remaining 0.6z, + 0.8y,, is the number of healthy people one day.

This gives that A = (82 8;) Let us find the eigenvalues and eigenvectors
of A:

| 04—=A 0.2 _ 2
det(A—\I) = ‘ 0.6 0.8 — ) ‘ = (0.4—X)(0.8—X\)—0.12= A *—1.2A+0.2.

The roots of this polynomial are \ = 1:2£v1.44-0.8 V12'44_0'8 = 0.6 £+ 0.4, so that the
eigenvalues are \; = 0.2 and \, = 1.

o For A\; = 0.2 we get
0.2 0.2 11
A=020= (0.6 O.6> - (0 o)
We get a general eigenvector by setting x; = —x,. If we set x, =1 we get

the particular eigenvector v; = (—1,1).
e For Ay =1 we get

(=06 02 1 —1/3
AI<0.6 —0.2)”(0 0)
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We get a general eigenvector by setting x; = z,/3. If we set z, = 3 we
get the particular eigenvector vy, = (1, 3).

Let now x, = ( be the initial state where everyone is healthy. . Let us

0
1000

find the limit lim We now express X, in terms of v; and vy:

’I’LﬁOOX’fL'
(va)7—110N131000N10250
L2 20071 31000 0 4 1000 0 1 250)°

so that x; = 250v; + 250v,. Finally we get

: . N 1—-0.2"

It follows that lim 250, 750). This is an equilibrium, meaning that

n—)ooxn:(
A 250\ (04 0.2 250\  (100+ 150\ (250
750)  \0.6 0.8 750/  \150+600)  \750/"
&

The matrices in the examples above had distinct eigenvalues, and it turned out
that R™ had a basis of eigenvectors. This turns out to hold more generally:

Proposition 7.1. Let vq,..., v, be eigenvectors corresponding to distinct eigen-
values. Then vy, ..., v, are linearly independent.

Proof. Suppose for contradiction that v,,..., v, are linearly dependent. Then
there is a linear independence relation

V] + vy 4+ vy, = 0.

But then there is such a relation with as few non-zeros as possible, let us say
r > 2 non-zeros. By rearranging the vectors we can assume that the r first
vectors have coefficients different from 0, i.e.,

vy +cgvy+ -+ v, =0,
where all ¢, ..., ¢, are # 0. Multiplying this relation with —A; we obtain
—C A V] — A Vg — - — AV, =0, (7.1)
We also have that
A(e;vy + vy + ¢, v,) = A\ V] + CAgvy + -+ A\ v, =0 (7.2)
If we add Equation 7.1 and Equation 7.2 we get
oAy = Ap)vy +e3(A3 = AP vy + - +¢.(A, — A v, = 0.

This gives us an even shorter linear dependence relation, which is a contradiction.
Vy,..., v, must thus be linearly independent. O
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If a matrix does not have distinct eigenvalues two things can happen:

1. R™ does not have a basis of eigenvectors for A.
2. R™ has a basis of eigenvectors for A.

Let us show that both of these can occur.

1 -2

Example 7.4. Consider A = (2 _3

) . Then

1—A —2

det(A—\I) = ‘ 9 _3_1

’ = (1=A)(=3—=\)+4 = A24+2X+1 = (\+1)2).

A = —1 is therefore the only eigenvalue. The eigenvectors for this can be found

by row reduction:
2 =2 1 -1
A+I(2 —2>N<0 o)’

so that v = (1,1) is a particular eigenvector. This does not span R?, so that 1.
above is not the case. &

Example 7.5. Let us set A = I,. The characteristic polynomial is now (1—\)2,
so that A = 1 is the only eigenvalue. Since A — I = 0, both z; and x, are free
variables, so that all vectors are eigenvectors. In particular {e;,e,} is a basis of
eigenvectors, so that 2. above is the case. &

A matrix can also have complex eigenvalues and eigenvectors:

Example 7.6. Consider A = (g 28>. Then
2—x =8
det(A)\I)‘ 5 2_)\‘(2>\)2+16,

which is 0 when 2 — A\ = 444, i.e., when A\ = 2 + 44.

Let us find an eigenvector for A\; = 2 4 4i. We have that

. —47 -8 1 —%
am@ran= ()~ (2.

This gives the particular eigenvector v; = (2i,1).

Let us find an eigenvector for A\; = 2 — 4i. We have that

A—(2—4i)] = (42’ Z?) ~ (é 20’)

This gives the particular eigenvector v; = (—2i,1). &
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In the example above we saw that the eigenvalues and eigenvectors were conju-
gates of one-another. This is actually the case for all real matrices. To see this,
suppose A is an eigenvalue with corresponding eigenvector x. Then

AX = AX = Ax = \x = \X.
This shows that A also is an eigenvalue, with corresponding eigenvector X.

Example 7.7. Let us find the eigenvalues of the rotation matrix A =
cosf —sinf)
sinf  cosf )

det(A — AT) = cos — A —sind

sin @ cost — A\

‘ = (cosf — \)2 4 sin? 6,

which is 0 when A = cosf + isinf. We then find the eigenvector corresponding
to A = cos 8 + isin 6 using row reduction:

- _ (—isinf@ —sinf 1 —i
A—(cosﬂ—l—zsm@)[-( sin 0 —isin9>w<0 O)’

so that the corresponding eigenvector is (4, 1). Since rotation matrices are real
it follows that also A = (—i, 1) is an eigenvector corresponding to cos — isin 6.

&
7.1 Diagonalisation
Suppose that the n x n-matrix A is real, and has eigenvectors py, ps, ..., P, With

corresponding eigenvalues A;, Ay, ...\,. Since Ap, = \;p, for ¢ =1, ..., k we have
that

APy P2 - Pp)=(4p; Ap; - Apy)
= (/\1p1 APy )\kpk)
A 0 0
0 Ay ~ 0
= (P1 P2 Pk) : 52 :
0 0 - X
We can also write this as AP = PD, where P = (p; p, - Py), and D is

the k x k diagonal matrix with Ay, A,, ...\, on the diagonal. If A has n linearly
independent eigenvectors, the matrix P is an invertible n x n-matrix. If we
multiply with P~! to the right on both sides we get that

A=PDP L.

Matrices that can be factored like this (with D diagonal) are called diagonal-
isable. From this it is clear that matrices that have n linearly independent
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eigenvectors are diagonalisable. The other way, if A = PDP~!, we can write
AP = PD, which says that {p;}? , are linearly independent eigenvectors for
A, with {\;}, as corresponding ecigenvalues. We have therefore proved the
following:

Proposition 7.2. A matriz A is diagonalisable if and only if C™ has a basis
consisting of eigenvectors for A.

While A is supposed to be real, in a diagonalisation we must allow for P and D
to be complex - since real matrices can have complex eigenvalues, and complex
eigenvalues give rise to complex eigenvectors. This is why we wrote C™ above,
and not R™.

Why is it desirable for a matrix to be diagonalisable? First of all, powers of a
diagonalisable matrix are easily computed, since A¥ = PD¥P~! (it is less work
to compute D¥ than A* for large matrices). More generally it is easy to show
that

p(Ay) 0O - 0
pay=p| O P 0 by
0 0 - o)

for ethvert polynom p.

We also say that the matrices A and D are similar if A = PDP~! for some
invertible matrix P. This definition covers square matrices in general - regardless
of whether they are diagonal or not. As an example, from Proposition 5.11 it
follows that the matrices [T'] , and [T]g of linear transformations relative to
any bases are similar. Since Ap, = A,p, it follows that the matrix of T'(x) =
Ax relative to a basis of eigenvectors is the diagonal matrix with the diagonal
elements being the eigenvalues.

1
2
have a basis of eigenvectors. It is therefore not diagonalisable. &

Example 7.8. In Example 7.4 we saw that the matrix A = :;) did not

2 2
eigenvalues A\, = 2 + 4¢ and A\, = 2 — 4¢ with corresponding eigenvectors p; =

1,1) and py, = (—2¢,1). We can thus set P = - . We compute
2i,1) and p, = (—2i,1). Wi h P 21’ 122 Wi

pi_ | 1o2i) 1 (=i 2
T 242 \—=1 2) 4\ i 2)°

A diagonalisation of A is thus

L2 =2\ (2440 0 —i 2
— 1_ =
A=PppP 4(1 1)( 0 2—41)(@ 2)'

Example 7.9. In Example 7.6 we found that the matrix A = (2 _8> had
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If we write 2-+4i on polar form re? then we get (2-+44)F = rFe?*® and (2—4i)* =

rke=™0  This gives

k /o; - ik :
E kp—1_ T (20 =24\ fe 0 —1 2
AT=PDiP _4<1 1)(0 eikf’)(i 2)"
&

Exercise 6.13 explains how we can obtain an invertible matrix P so that both P
and P~! have integer entries only. If we let D be a diagonal matrix with integer
entries, A = PDP~! will also have integer entries, with eigenvectors and -values
also being integers. Exercise 6.13 thus gives a recipe for constructing eigenvector
examples with nice numbers in them. Example 7.2 was constructed following
this recipe.

Exercises

Exercise 7.1. Find eigenvalues and eigenvectors for the matrix

1 0 0
(a) A= (O 3 1)

0 1 3
o a=(3 3

Exercise 7.2. Define A = (

0.7 0.6
03 04)°

(a) Find the eigenvectors and eigenvalues of A.

(b) Write the vector x, = (1,5) as a sum of eigenvectors, and compute the

limit lim,,_,  A"x,.

6 2

0 6)' Is there a

Exercise 7.3. Find eigenvalues and eigenvectors for A = (

basis for R? consisting of eigenvectors for A?

0.7 0.8)

Exercise 7.4. Let A be the matrix A = (0.3 0.2

(a) Find the eigenvalues and eigenvectors of A.

(b) Write down a diagonalisation of the matrix A. Does A have an orthonor-
mal basis of eigenvectors?

Exercise 7.5. Suppose both x; and x, are eigenvectors for A, for the same
eigenvalue A. Show that x; + x, also is an eigenvector for A with eigenvalue A.
We also know that cx; is an eigenvector for A with eigenvalue A. From this it
follows that all eigenvectors for A corresponding to A is a subspace of R™. This
subspace is also called an eigenspace.
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Exercise 7.6. Let A be a square matrix. Show that A and A7 have the same
eigenvalues.

Exercise 7.7 (Nilpotent matrices have 0 as the only eigenvalue). Recall from
Exercise 4.7 that a square matrix A is called nilpotent if A* = 0 for some k.
Show that all eigenvalues in a nilpotent matrix are 0.

Exercise 7.8 (Nilpotent matrices are not diagonalisable). Prove that a nonzero
nilpotent matrix is not diagonalisable.

Exercise 7.9. Show that the rank of a diagonalisable matrix equals the number
of nonzero eigenvalues (counted with multiplicity). Show also that A has the
same rank as A for all £k when A is diagonalisable.

Exercise 7.10. Let A be an invertible matrix with eigenvalues \;. Show that
A~! has the eigenvalue 1/);. Explain also that 4 and A~! have the same
eigenvectors.

Exercise 7.11. Suppose that v is an eigenvector for both A and B. Show that
v is an eigenvector for A + B. What is the corresponding eigenvalue?

Exercise 7.12. Suppose that A is diagonalisable, so that we can write A =
PDP~!. Since

PD=(M\p; AP2 - \Pn)

the outer form for matrix multiplication gives
PDP! = Z)‘kp:k(Pil)k:' (7.3)
k=1

This splits A into a sum of simpler matrices Q, = P, (P !),. We can thus
write A = Z:Zl AQr- In this exercise we will look at the matrices @), more
closely.

(a) Show that Q% = Q. Matrices satisfying this are also called idempotent.
(b) Show that @,Q, =0 when r # s.

(c) Show that p(A) can be written as a linear combination of {Q}}_;, when
p is a polynomial.

(d) Show that @, can be written as a polynomial in A.

Exercise 7.13. We shall consider matrices where the column sums all are 1. A
e

general such 2 x 2-matrix can be written A = 1—d 1—e)

(a) Show that the eigenvalues of A are d — e and 1.
(b) Find the eigenvectors of A.
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Diagonalisation and
Systems of differential
equations.

With a linear first order system of differential equations with constant coefficients
we mean a system of the form

T (t) = ay121(t) + ago@y(t) + -+ + ay, 2, (1)
wy(t) = ag121 (1) + agomy(t) + -+ + a9, x, (1)

'T’;L(t) = a‘nlxl(t) + a’n2‘r2<t) +oet annwn(t)7
where x4 (t), z5(t), ..., z,,(t) are unknown differentiable functions. If we write
x(t) = (z1(t), 25(1), e 2, (1)) x'(t) = (21 (t), 25(t), ... 2, (1)),

and define the matrix A to have components a, ., then this can be written more

compactly as

ij)
x'(t) = Ax(t).
Diagonalisation is very useful when it comes to solving such systems:

Proposition 8.1. Suppose A is diagonalisable, with A = PDP~'. Then we
have that x(t) solves the system x'(t) = Ax(t) if and only if y(t) = P~'x(t)
solves the system y’(t) = Dy(t).

Proof. Suppose first that x(t) solves x'(t) = Ax(t). With y(t) = P !x(t) we
get that

y'(t) = (P x) = P~'x’ = P 1Ax(t) = P 1 APy(t) = Dy(t),

111
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so that y(t) lgser y’(t) = Dy(t). Suppose then that y(¢) lgser y'(t) = Dy(t).
We then get

X (t) = (Py(t) = Py'(t) = PDy(t) = PDP'x(t) = Ax(t),
so that x(t) solves x'(t) = Ax(t). O

The point is that the system y’(¢) = Dy(¢) can be split into

n(t) = Ay (t) Ya(t) = Aays(t) Yn(t) = X0, (1)

so that the component functions can be found independently of one-another as
y;(t) = C,erit, where C; is a constant that can be complex, and

y(t) = (CreMt, Cyeret, .., Cpetnt).

It is interesting to interpret solutions of different systems when A is 2 x 2, since
we then can plot z; against z, in the plane. The general solution when n = 2 is

CpeMt At Aot
x(t) = Py(t) = (p1 P2) Cpetat = CieM'py + Che™2'p,,

Let us first consider the case where A has real eigenvalues. Recall that A may
not be diagonalisable when A has equal eigenvalues. We have the following
result.

Proposition 8.2. Suppose that A has real eigenvalues and that x(t,) is known,
and real. Then there exist unique real constants Cy and Cy so that

x(t) = CreMip, + Cyetelp,. (8.1)
The other way it is clear that Equation 8.1 is real when C; and C, are real.
CreMto) . . .
Proof. The system x(t;) = (p; P2) Cyetsto is in this case real. Since P is

erto

invertible it follows that also the solution Y
026 2%

> is unique and real. But
then C; and C, are also unique and real.

0
10

and A, = 1, with corresponding eigenvectors p; = (—1,1) and p, = (1,1). The
general solution Equation 8.1 is thus

-1 1 —Cret + Cyet
—t t _ 1 2
Cre ( 1 > +Cge (1) - ( Ciet+Cyet )7
and it is clear that these have f(z) = z and f(x) = —x as asymptotes when
t — oo and t — —oo. We can plot more solutions Cye!p; + Che2'p, in

Example 8.1 (reelle egenverdier). Set A = ( . Ahas eigenvalues A} = —1
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the same systems by varying C; and C5. The solutions we get by choosing
C; € {1.5,2,2.5} (9 solutions) are shown in Figure 8.1.

t = np.linspace(-2,2,100)
for C1 in [1.5,2,2.5]:
for C2 in [1.5,2,2.5]:
plt.plot( -Clx*np.exp(-t) + C2*np.exp(t) , \
Cl*np.exp(-t) + C2*np.exp(t) )

-20 -15 -10 =5 0 5 10 15 20

Figure 8.1: Plot of nine solutions to the system with matrix A = <(1) (1]>

&

Let us now consider the case where A has complex eigenvalues. We then know
that A is diagonalisable, and that eigenvalues and eigenvectors come in conju-
gate pairs.

Proposition 8.3. Suppose that A has complex eigenvalues N and X (with
corresponding eigenvectors p and P). Suppose also that x(t,) is known, and
real. Then there exists a constant C (which can be complex) so that

x(t) = 2R(Cep). (8.2)

The other way it is clear that Equation 8.2 is real for all values of C.
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Proof. We have that

x(t) = Py(t) = (p D) (C)

C’26Xt
for constants C; and C,. If we set t = t, we get
B CleAtO
xtt) = (0 9) (o,

) =x = 2 (S00) =0 B) (CA)

C,eMo CreMo

(8.3)

where we changed the order of the first two components. Since P is invertible we
get by comparing the two lines in Equation 8.3 that Cy, = (', and the solution
becomes

. (CeM o~
x(t)=(p P) (CieAJ = C1eMp + CeMp = 2R(CeMp),

so that we can set C' = C}. O

The expression 29%(C; e p) involves complex numbers, even thought the answer
is real. But it is easy to rewrite this to a form not involving complex arithmetic.
Let ¢ and d be the real and imaginary parts of the complex vector C'p, and let
A = a+ib. Then Cp = ¢ + id and e = e (cos(bt) + isin(bt)), and we get

R(Cerp) = R(e(c + id)(cos(bt) + isin(bt)) = e (cos(bt)c — sin(bt)d) ,
so that
x(t) = 2e (cos(bt)c — sin(bt)d) . (8.4)
From this form it is clear that

1. For a > 0: z(t) — oo when ¢t — oo (spiral away from the origin),
2. For a < 0: z(t) — 0 when ¢ — oo (spiral towards the origin),
3. For a = 0: z(¢) is periodic.

Since cos(bt) and sin(bt) are periodic with period 27/b, a plot over [0, 27/b]
should show one arm of a spiral in 1. and 2., or one whole period in 3..

The following function takes a real matrix A with complex eigenvalues, together
with an initial value z(t,) = z,, as parameters. The code computes the eigen-
values and eigenvectors of A, solves the system

- Ce)\to
(P P) (CQMJ = Xo,

finds C, computes Cp = c + id, and then the solution Equation 8.4, which is
returned:
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def findcomps(A,t_0,x_0):
D,P=np.linalg.eig(A)

C = np.linalg.solve(P, x_0)
C = C[0]/np.exp(D[0]*t_0)

¢ = np.real(C*P[:,[0]])

d = np.imag(C*P[:, [0]1)

a = np.real(D[0])

b = np.imag(D[0])

t=np.linspace(t_0,t_O0+4#*np.pi/b,100) .reshape((1,-1))
res = ( cO@(np.cos(b*t)*np.exp(a*t)) - dO@(np.sin(b*t)*np.exp(a*t)) )*2
return t, res[[0],:], res[[1],:], a, c[0], d[O]

The interval [t,t, + 47/b] includes two arms of the spiral.

Example 8.2 (Complex eigenvalues). Consider the three matrices

0.1 1 —0.1 1 0 1
A= (1 0.1) Ay = ( —1 0.1) Az = (1 O)

These have eigenvalues 0.14+¢, —0.1 £+ 4, and 413, respectively. We also have that
a >0, a <0, and a = 0, respectively, so that the solutions to the systems will
demonstrate the three possibilities above. The first solution will in particular
show a spiral moving away from the origin, the second a spiral towards the
origin. The solutions are plotted in Figure 8.2, Figure 8.3, Figure 8.4. We have
used the initial value x(2) = (2, 3), so that all solutions start in the point (2, 3).

t 0 =2
x_0 = np.array([[2],[3]1])
A 1 = np.array([[0.1,1],[-1,0.1]11)

t, x, y, a, c_1, d_1 = findcomps(A_1,t_0,x_0)
plt.plot(x.T,y.T)
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10 A

-10.0 -75 -5.0 =25 0.0 2.5 5.0 7.5

Figure 8.2

A_2 = np.array([[1,1],[-1,-0.111)
t, x, y, a, c_1, d_1 = findcomps(A_2,t_0,x_0)
plt.plot(x.T,y.T)

2500 A

2000 A

1500 A

1000 A

500 -

0_

—500 A

—2000 —1500 —1000 -500 0 500 1000 1500

Figure 8.3
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A_3 = np.array([[0,1],[-1,011)
t, x, y, a, c_1, d_1 = findcomps(A_3,t_0,x_0)
plt.plot(x.T,y.T)

Figure 8.4

One can also plot ¢ against z,(¢). Doing this one can visualise all components in
the same plot, also when n > 2. In Figure 8.5 we plot only the first component
x4 (t), over the same time interval, and with the same initial condition as above.
Since ¢; cos(bt)—d, sin(bt) has amplitude \/cf + d3 (Exercise 8.1) we have upper
and lower bounds

—2y/c? +d3e™ < xy(t) < 24/c} + d2e™ (8.5)

These are also included in the plot.

t, x, y, a, c_1, d_1 = findcomps(A_1,t_0,x_0)
plt.plot(t.T,x.T)

plt.plot(t.T,2*np.sqrt(c_1**2 + d_1**2)+*np.exp(a*t.T))
plt.plot(t.T,-2*np.sqrt(c_1**2 + d_1**2)*np.exp(a*t.T))
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10 A

_10_

2 4 6 8 10 12 14

Figure 8.5: Plot of z(¢) for the system with matrix A;. The upper and lower
bounds from Equation 8.5 are also shown.

&

It turns out that one can write down solutions for systems with n > 2, based
on what we did above. In the general case we have a mix of real and complex
eigenvalues and eigenvectors:

)‘17>\717 i) )‘mamv )‘2m+17 Tt A

n

plaﬁa ] pmvma p2m+1a ceey prm

where the real ones were listed at the end. Exercise 8.2 explains how one can
solve the case with two complex and one real eigenvalue.
8.1 Higher order linear differential equations

A type of system related to the systems given in Equation 8.1 are higher order
linear differential equations with constant coefficients . These are on the form

Y™ (@) + ayy™ V() + agy™ () + -+ ayy(t) =0, (8.6)

where y(t) is the unknown function. We shall limit ourselves to second order
equations, and write these on the form

v +py +qy=0
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where p and ¢ are constants. By setting z, = y, ; = ¥’ we can write this as
the first order linear system

/o

xh = x4
’_

Ty = —qry —pxy

0 1

which has coefficient matrix A = (q —p

) . We have that

det(A—X) =XAXA+p)+qg= N +pr+q.

Assume that the eigenvalues A\; and A, are different (this is the same as that
p? # 4q). Then A is diagonalisable, and we have that

—A 1 -2 1
A_M”_<—q —A—p>w<0 0)’

so that (1,A;) and (1, \y) are two particular eigenvectors. We can therefore set

1 1
P=(x 1)

Let us first assume real eigenvalues. We have shown that the general solution is

() - (L) (G o

where one can find C; and C, with help of initial values y(t,), ¥’ (t)-
Example 8.3 (Distinct real eigenvalues). Consider the equation
y" =5y + 6y =0,

with initial values y(0) = 1, ¢’ (0) = 0. The eigenvalues of A are found by solving
the characteristic equation A2 — 5\ + 6 = 0, which gives A\; = 2, \, = 3. If we
insert t = 0 in Equation 8.7 we get

1y (1 1\/(C
0) \2 3)\Cy)°
which has the solution C; = 3, C; = —2. The solution is thus
y(t) = C et + Cyetzt = 3e?t — 2e3,

L)

The case with complex eigenvalues is a bit more complicated. We shall first
prove the following.
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Proposition 8.4.
y(t) = 2e (cos(bt)c; — sin(bt)d,), (8.8)

where ¢; and dy are arbitrarily chosen real numbers (recall that A\ = a + ib).

Proof. Equation 8.4 said that the general solution is
(y(t) ) — 2¢9t (cos(bt)c — sin(bt)d) (8.9)

where ¢ = R(Cp), d = J(Cp), and where C is an arbitrarily chosen complex
number.

Let now c;, d; be given numbers, and define C' = ¢; + id;. Then

o= (1) emmiew = () a=aew = (1),

where - indicate a concrete number. Evaluating the first row in Equation 8.9
with this we get that Equation 8.8 is a solution for all choices of ¢; and d,, and
because of Equation 8.9 all solutions must be on this form. O

Example 8.4 (Complex eigenvalues). Consider the equation
y" + 4y + 5y =0.

The characteristic equation now becomes A\?+4\+5 = 0, which has the solution
—4£v16-20 V216’20 = —2 + 4. The general solution thus becomes

y(t) =272 (c; cost — d, sint).

&

So far we have avoided the case where \; = A,. In that case we have that
A} = Ay = —p/2, and that p? = 4q. We then get

(=X 1 _( p/2 1 p/2 1
A== (q Ap) B <p2/4 p/2> - ( 0 0)'
It follows that the eigenspace has dimension one, so that A is not diagonalisable.
We can therefore not use what we have done to find the solutions, but it is
an exercise to show by direct substitution that y(t) = e** is a solution, and
also that y(t) = te* is a solution. It follows that all functions on the form
y(t) = CeM + Dte also are solutions, and one can show that there is a unique
such solution satisfying the initial conditions for y(¢,) and y’(¢,). We will not

go into how we “guessed” the solution te*, and we will also not prove that all
functions can be expressed in terms of the functions e* and te.
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Example 8.5 (Double root). Consider the equation y” + 6y’ + 9y = 0 with
initial conditions y(0) = 4, 3’(0) = —13. The characteristic equation becomes
A% + 6X + 9 = 0, which has the solution \; = A\, = —3. The general solution
thus becomes y(t) = Ce 3! + Dte 3!, and we also have that y/(t) = —3Ce 3t +
D(1 — 3t)e~3t. The initial conditions give the equations

C=4
—3C +D=-13,

which have the soltion C' = 4, D = —1. The solution is thus y(t) = 4e 3¢ —te =3t
s
Exercises

Exercise 8.1. Let b, ¢, and d be real numbers. Show that |c cos(bt)—d sin(bt)| <
vc2 + d? for all t. For which ¢ do you have equality here?

Exercise 8.2. Consider the system

zi(t) = w(t) +x,(t)
zo(t) = —zy(t) +a(t)
zy(t) = z3(t)

(a) Find the general solution of the system.

(b) Find the solution of the system, given the initial condition x(0) = (1,1, 1).
What happens with the solution when ¢t — —o0, and when t — oo?

Exercise 8.3. Find the solution of
(a) y” — 5y’ + 4y = 0 with initial conditions y(0) = 2, y’(0) = 5.
(b) v" +2y +2y=0.
(c) ¥ — 4y’ + 4y = 0 with initial conditions y(0) = 3, y’(0) = 8.

Exercise 8.4. Consider the equation y” 4+ py’ + qy, and assume that the char-
acteristic equation of this has a double root A.

(a) Show that y(t) = e solves the equation.

(b) Show that y(t) = te* solves the equation (you will here need that \; =
Ay = —p/2, and that p? = 4¢ when we have a double root).

(c) Show that there is a unique choice of C' and D so that y(t) = Ce* + Dte*!
satisfies the initial values for y(t,) and y’'(ty).
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Chapter 9

Orthogonally diagonalisable
matrices. Condition
numbers.

When solving the system Ax = b on a computer, the matrix A and the right
hand side b will typically be subject to measurement- and round-off errors. The
computer will therefore actually be served a problem on the form

(A+E)y =b+e,

where F/e is a matrix/vector with small components, and which represent a
deviation from the actual coefficient matrix/right hand side. In this chapter
we will assume for simplicity that there is no round-off errors in the coefficient
matrix, so that £ = 0. We will ask ourselves the following question: How
does the error e in the right hand side propagate to the solution of the system?
Are there any cases where even a small error e will propagate to a large error
between the solutions x and y? Such behaviour is clearly not desirable, since it
would make us vulnerable to small errors.

To illustrate that such a behaviour actually is possible, set
1 /1+e 1—c¢
A_§ (1—6 1—|—e>’
where € is a number we will experiment with. Consider the system Ax = b,

1 1
€. If there is a small error e, we would expect the solution of Ay = b + e to be

near x = (1,1), regardless of what € is. Let us check this with e = 1073 ( 1 >

where b = ! . It is easy to show that the exact solution is x = <1> for all

—1

123
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In Exercise 9.4 you are asked to check that Ay = b + e has solution

() ()

Something unexpected occurs here: When ¢ — 0 we get very large solutions
y, which get further and further away from x. What goes wrong here? The
explanation we shall give is that A has a high condition number when ¢ — 0.

2\1 1
which is not invertible. This is problematic since a system with a non-invertible
matrix does not have a unique solution in general.

Put differently, when € — 0 the matrix A will be close to the matrix 2 ! 1),

The behaviour above is best explained if we restrict ourselves to symmetric
matrices. In the next section we will explain that all such matrices are what we
call orthogonally diagonalisable, and this property will help us in our analysis.

9.1 Orthogonally diagonalisable matrices

In the factorisation of a diagonalisable matrix, one has the term P~!. If P also
is orthogonal (i.e., P is real and P! = PT) we have that

A=PDPT.

Real matrices which can be written in this way are called orthogonally diago-
nalisable. Such matrices must be symmetric since

AT = (PDPT)T = PDTPT = PDPT = A.
Since D = PTAP and A and P are real, D is also real.

When P~ = PT the outer form of matrix multiplication gives
n
PDP" = Z AP (Py) T
k=1

Since the columns in P have length 1, this says that A can be written as a
(weighted) sum of
projection matrices (see Example 2.10).

The spectral theorem says that, the other way, alle real symmetric matrices are
orthogonally diagonalisable. To prove this is more difficult. First we prove the
following.

Proposition 9.1. A real, symmetric n X n-matriz A has only real eigenvalues,
and all eigenvectors can be written on real form.
Proof. Let x,y € R™. With the definition of the complex scalar product we get
(Ax) y = (Ax)Ty =x" ATy
x - (Ay) = xT(Ay) = xT Ay = xT Ay.
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Since A = AT we have equality here for all x,y, i.e.,

(Ax) -y = x - (4y). (9.1)
If here x =y and Ax = Ax with x # 0, substitution in Equation 9.1 gives that

Ax|? = Ax/|2.
These two are equal if and only if A\ = ), so that ) is real. Row reduction of
A — Al now gives us that all eigenvectors can be written on real form. O
We now need the following result, which is the one most difficult to prove
Theorem 9.1. A real, symmetric n X n-matriz can be written on the form
A= PRPT,
with P orthogonal, and R upper triangular.

The factorisation A = PRPT with P orthogonal and R upper triangular is also
called a Schur-factorisation. The theorem holds more generally, but we will
only need the result for symmetric matrices.

Proof. For n = 1 this is obvious (choose P = 1). Suppose now we have shown
that all (n — 1) x (n — 1)-matrices have a Schur-factorisation. Let x; be an
eigenvector for A corresponding to eigenvalue A;. Let x; have length 1. We can
assume that both x; and A; are real since A is symmetric. Extend x; to an
orthonormal basis {X;,Xs, ..., X, } for R” (see Proposition 5.5), and set

P =(x; X, - X,).
P, is orthogonal. We have that
PLAPe, = PFAx, = A\ PI'x; = \jeq,

A . .
so that PT AP, = (Tl‘%) , where a is a row vector with n — 1 components,

and M is an (n — 1) x (n — 1) matrix. We then have that

A a

The matrix M is symmetric since A is, and by induction it is assumed to have
a Schur factorisation M = PyR,PZ, where P, is orthogonal and R, upper
triangular. If we insert this we get

Apl(Al a )PlT

0 | PyRyP,
aF, 1

= (ot (
(ot (

Ay
0
Ay
0
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110
0| F,
upper triangular, this is a Schur factorisation of A.

Since P, (

P,
) is orthogonal (this is an exercise) and < A | aky > is

If A= PRPT is symmetric we have that PRPT = PRTPT so that R = R”.
But an upper triangular matrix which is symmetric must be diagonal, so that
the Schur-factorisation in fact is an orthogonal diagonalisation. Real, symmetric
matrices are also orthogonally diagonalisable, and since we started by saying
that orthogonally diagonalisable matrices are symmetric, we have shown the
following.

Theorem 9.2 (The spectral theorem). A real n x n-matriz is orthogonally
diagonalisable if and only if it is symmetric.

Let us summarise some other things as well. We know that, if A = PDPT, then
column ¢ in P is an eigenvector for A corresponding to \;. Since the columns is
P are orthonormal, it follows that the eigenspaces are orthogonal, and that the
dimension of the eigenspace equals the multiplicity of the eigenvalue.

Theorem 9.3. A real symmetric n X n-matrizc

1. has n real eigenvalues,

2. has mutually orthogonal eigenspaces,

3. has dimension of the eigenspace corresponding to A equal to the multiplicity
of \ as root in the characteristic equation.

We will have use for the following result.
Lemma 9.1. Suppose that A is real, symmetric, and invertible, and let
A=A > > A, >0
be the eigenvalues of A listed by descending absolute value. Then we have that
Aullx] < |Ax] < | [x] (9.2)
for all x.

Since symmetric matrices are orthogonally diagonalisable we can write A =
PDPT | where P is orthogonal. We have that
|Ax|? = |PDPTx|? = xTPDPTPDPTx = (PTx)T D? PTx = u” D?u,

where we put u = P7x. We then get
n
u’'D?u = Z ANuZ < 22 Zuf = A|u)? = N\}|x|?
i=1 im1
n
u’' D?u = Z Nu? > A2 Zuf = A2 ul? = \2|x|?,
i=1 i=1
where we used that |u|?> = xT PPTx = xTx = |x|?. By taking square roots it
follows that |\, ||x| < |Ax| < |A][x].
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9.2 Relative and absolute error

The discussion we started this chapter with had to do with the error we get
when solving systems. It is therefore important to be precise with the concept
of error. When talking about the error between two quantities it is natural to
use the concept of relative error:

Definition 9.1. Suppose a and b are numbers. ‘Z’TT“| is called the relative error
between a and b. If a and b more generally are vectors, we define the relative

b_
error between these as | ‘af‘ ‘

Relative error says more about the size ratio between a and b that what the
absolute error |b — a| does, since it does not change if we scale the numbers:
Since ’d’;—a‘m| = ‘bTT“| for any ¢ # 0, the relative error between a and b equals
the relative error between ca and cb. The same can not be said for the absolute
error. Relative error also says something about how many decimals the numbers
a and b have in common: If the relative error is about 107%, this means that

approximately the k first decimal digits in a and b agree.

For the systems Ax = b and Ay = b + e above there are two different relative
erTors:

1. The relative error between the right hand sides of the system: |(b + e) —
b|/[b| = |e[/[b].
2. The relative error between the solutions: |y — x|/|x].

The ration
ly —x|/x|
le|/[bl

between these say how much the relative error between the right hand sides
will propagate to the solutions. If Equation 9.3 is about 107", this means
that approximately n decimal digits in precision can be lost when solving the
perturbed system.

(9.3)

In the example above the relative error in 1. equals |e|/|b| = 1073. For the
relative error in 2. we firtst obtain

(141073t 1\ .5 41
yox= (1—10_36_1>_<1) =107 L)
and then |y —x|/|x| = 1073¢~1. The “Propagation factor’’ Equation 9.3 is thus

e 1. Since this number is large when e is small, the relative error in the right
hand side of the system gets largely magnified when we compare the solutions.

9.3 Definition of condition numbers

In this section we will deduce a result which says how large the propagation
factor Equation 9.3 can be. We will show the following.
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Proposition 9.2. Suppose that A is symmetric and invertible, and let
M= Aol =2 =2 A, >0

be the eigenvalues of A, listed by descending absolute value. Then we have that

A lel

o _ly—x _|M

— < < (9.4)
Ap | bl x| An | Bl
Further we have that
1. equality in the right inequality when e is an eigenvector for A, and b for
)\1;
2. equality in the left inequality when e is an eigenvector for Ay, and b for
A

If we define the condition number of A as K(A) = |\;/)\,| then Equation 9.4

can be written
1 el _ly=xl kel
K(A) bl = x[ |b|
In Exercise 9.4 you found that the eigenvalues of A are e < 1 and 1, so that the
condition number is K(A) = e 1. Note that

K(A) (9.5)

1. the right inequality says that the relative error in the right hand side
propagates maximally with a factor K(A) to the solutions,

2. the left inequality can be rewritten as % < K(A) |y‘;‘x‘. On this form it
says that the relative error in x propagates maximally with a factor K (A)

under the matrix multiplication b = Ax.

Proof. of Proposition 9.2. We first get that A(y —x) = e, so that y —x = A le.
If we apply Lemma 9.1 on this, and on Ax = b we get that

1
A

1

A < |b| <A
[Anllx] < o] < [ ]x] o

le] <y —x| <le|

Here we used that A~! also is a symmetric matrix, with eigenvalues
/A, 1/A1, listed by descending absolute value, see Exercise 9.6. If we
combine these we get that

Mo
/\1

le|

le[ _ |y —x
bl

bl = I

M
A'I’L

Further, there is equality in the right inequality when e is an eigenvector for A,,,
and b is an eigenvector for \;, and equality in the left inequality when e is an
eigenvector for A;, and b is an eigenvector for A,,. O

The last part of Proposition 9.2 says that we can have equality in both inequal-
ities by choosing concrete vectors/perturbations. We have already considered
the choice ini 1.. The choice in 2. corresponds to changing the right hand side
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to b = (1,—1) (the eigenvector for the smallest eigenvalue), and the error to
e =1073(1,1) (the eigenvector for the largest eigenvalue). With

we now get

Ax=¢1Avy,=v,=Db

Ay = e 1Avy +1034v, = v, +103v, =b +e.

This gives

ly —x|/|x| = 103v2/(e'v/2) = 103
le|/Ib] = 1073v2/v2 = 1072

The propagation factor in Equation 9.3 thus becomes €, which gives equality in
the left inequality. This choice thus gives maximal propagation of relative error
under the matrix multiplication b = Ax.

The example above can seem trivial, since A is near a non-invertible matrix
when € is small. The Hilbert matrix from Example 2.4 is another example of a
matrix with high condition number. This is not quite as obvious, and here one
also gets matrices of all sizes The code below plots condition numbers for n x n
Hilbert matrices, for different values of n.

nvals = np.arange(1,21)
ch = np.zeros(20)
for k in nvals:
ch[k-1] = np.linalg.cond(hilbert (k))
plt.semilogy(nvals,ch)
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1020 4
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1014 -
1011 -
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2.5 5.0 7.5 10.0 12,5 150 17.5 20.0

Figure 9.1: Condition numbers of n x n Hilbert matrices, for different values of
n

Here we used the command cond(A) , which returns the condition number of a
matrix. We have n along the z-axis. The plot is logarithmic (see Exercise 9.8
when it comes to the command semilogy), so that we along the y-axis have the
number of digits we lose. We see that Hilbert matrices lose about one digit in
precision every time we increase n. They are thus difficult to use numerically,
even for small matrices and small perturbations.

Condition numbers can be defined more generally for all matrices, not just for
the symmetric ones. We will not consider the more general definition, however.

Exercises

Exercise 9.1. Find an orthogonal diagonalisation of the matrix A =
14 -2
-2 11 )

Exercise 9.2. Show that U, U, is orthogonal when U; and U, are orthogonal.

Exercise 9.3. Show that ( [{)1 [(]) ) is orthogonal when U, and U, are or-
2

thogonal (here zeros are inserted so that the resulting matrix is square).

. _1(l+e 1—ce (1
Exercise 9.4. AsbeforewesetA—2(1_€ 14e and b = 1)
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(a) Find the eigenvalues of A and the corresponding eigenvectors.

(b) Set e =103 ( 1 ) Show that the solution of Ay =b + e is

-1
_ (! 31 1
y= <1> +107"¢ (_1) .

0.2 0.8>

Exercise 9.5. Let A be the matrix A = (0.8 0.2

(a) Find the eigenvalues and eigenvectors of A.
(b) What is the condition number K(A)?

Exercise 9.6. Suppose A is invertible, symmetric, and n x n, with eigenvalues
Ay Agyens,. Prove that A~! also is symmetric, with eigenvalues 1/Aq, ..., 1/\,,.

Exercise 9.7. An n x n-matrix is called orthogonal if U~! = U”. Explain that
the condition number of U is 1. This is the case regardless of whether U is
symmetric or not. What does this tell us about such matrices when it comes to
solving a perturbed system?

Exercise 9.8. If y = Ke*®, we say that y is exponential in x, with constant K
and exponent k.

(a) The command plt.semilogx(x,y) plots logx against y. Suppose that
plt.semilogx(x,y) displays a line. Show that then  must be exponential
in y. How can we find the constant K and the exponent k7

(b) The command plt.semilogy(x,y) in the same way plots = against logy.
Suppose that plt.semilogy(x,y) displays a line. Show that then y must
be exponential in . How can we find the constant and the exponent now?
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Part 11

Numerical methods
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Chapter 10

Interpolation

A Dbasic idea in mathematics is to approximate something complicated with
something simpler, in the hope that the approximation captures some of the
most important information. The theory of approzimation has been central in
mathematics since the dawn of calculus, and is often useful in the study of func-
tions. Most functions in mathematics can’t be expressed as combinations of
the elementary functions we had in school. Nevertheless, so to say all functions
of practical interest can be approximated arbitrarily well with simple functions
like polynomials, trigonometric functions, or exponential functions. In compu-
tational mathematics polynomials and trigonometric functions in particular are
used much.

Interpolation is one particular branch of approximation theory. To explain the
setting, consider a function f which may only be known at a set of points

Loy X1y eeey Ty, € [a,0] (which are assumed to be distinct). We say that the
function p: [a,b] — R interpolates f in these points if

flzy) = plxy,) for k=0,1,...,m. (10.1)

The x4, 24, ..., z,, are called interpolation points. The basic question in interpo-
lation theory is the following:

Given functions ¢y(z), ¢1(x), ..., ¢, (z). How can we find scalars cy, ¢y, ..., ¢, S0
that the linear combination

p(x) = Co¢o(2) +101(2) + - + ¢, 0, () (10.2)

interpolates f in xy,xq,...,x,, ?

135
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The functions ¢, (z) will be called basis functions. The above leads to the system

cobo(Tg) + 101 () + -+ + ¢, 0, () = f(zg)

coPo(x1) + 161 (@) + -+ + C"(bn(xl% I (10.3)

CO¢O<xm> + Cl¢1(‘rm) +oe Cnd)n(xm) = f(xm)

Setting ¢ = (¢g, ¢4, ..., ¢,) and £ = (f(xg), f(21), ..., f(x,,)), This gives the ma-
trix equation

Go(mo)  Pr1(mg) -+ Do)

¢0(:371> ¢1(:$1) ¢n(1’1) c—f (10.4)

bo(tm) G1(Tm)  Dnlwm)

which has a unique solution c¢ for all vectors f if and only if the coefficient
matrix (which has components ¢;(z;)) is invertible. It must thus be square, i.e.,
the number of interpolation points must equal the number of basis functions.
This will always be the case in what follows. Once Equation 10.4 has been
solved for the column vector c, the interpolant can easily be plotted: For any =
Equation 10.2 can be rewritten as

p(x) = (¢o(x) 1(x) - ¢,())c

which means that we obtain a vector of plot points® as the matrix-vector product

(s o
px _ o\ L T, n (21 ¢
: ¢0(33;) ¢1(x2) B ! (10.5)

: : : : c
Our plots of the interpolant will use this expression.

We start this chapter with interpolation with polynomials, where the basis func-
tions ¢; are assumed to be polynomials of degree j. When we choose the basis
functions as {1,z!,....,2"} we will get what we call the canonical form of the
interpolation polynomial (Section 10.1). When we choose the basis functions to
be

{Lz—=g, (x—zo)(@—21), .00 (T —20) (@ —21) - (T — 2 _1)}
we get what we call the Newton form of the interpolating polynomial (Sec-

tion 10.2). Other choices for {¢,}}_, are also possible - the point is that all
polynomials are expressible in terms of them.

We then consider the error in polynomial interpolation (Section 10.3), and find
an expression for this similar to that of the remainder term in Taylor series.

Lthe vector of plot points is usually much longer than the vector of interpolation points,
although they here are denoted in the same way.
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We end the chapter with interpolation with trigonometric functions in Sec-
tion 10.4. In this setting the basis functions are on the form sin(27nt/T), or
cos(2mnt/T), and defined on an interval [0, T'.

In the next chapters we will use interpolating polynomials to derive numerical
methods for the derivates, and integrals, of functions.

10.1 Interpolation on canonical form

When the basis functions are ¢;(x) = 2’ the interpolating polynomial takes the
form
Pn(@) = g+ 1@ + @ + -+ ez (10.6)

This is called the canonical form of the interpolating polynomial. The matrix
form in Equation 10.4 now takes the form

Iz 99(2) Ty Co f(x)
1 xf eoay ¢ f(zq)
1 zy a3 - b ey | = | flay) (10.7)
1 Ty x% x:ﬁ Cn f(xn)

The left side matrix is a square vandermonde matrix. From Example 4.3 we
know that these are invertible. Equation 10.7 therefore has a unique solution
for ¢, and we can conclude that there is a unique interpolating polynomial.
The function in Listing 10.1 plots this: It takes the vectors x = (x4, zq, ..., 2,,)
and f = (y9,y1,-.-»¥,) as input, finds the coefficients ¢ = (¢, ¢y, ..., ¢,,) of the
polynomial interpolating in these points, and repeats what we did in Section 2.4
to plot this. Since we are only interested in the solution to the system Ve = f,
it is more efficient to do as in the code, instead of computing ¢ = V1.

Listing 10.1 Code for finding points of the interpolating polynomial, adapted
to canonical form

def points_canonical(xsp, fsp):
numpoints = xsp.shape[0] - 1
n = np.arange(0,numpoints+1) .reshape((1,-1))
c = np.linalg.solve(xsp**n, fsp)
x = np.linspace(xsp[0,0], xsp[-1,0], 100).reshape((-1,1))
p = x%kn Q@ c
return x, p

Some comments on this code are needed:

e The code assumes that xsp and fsp are column vectors, and have equal
number of components.

e x*xn computes a vandermonde matrix where the generators are listed in
the column vector x, and the powers in the row vector n.
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e The coeflicients c of the interpolating polynomial are found by solving
Equation 10.7.

e x is a column vector with plot points, and which covers the interpolation
points.

e The code x**n @ c computes the expression in Equation 10.5, returning
a column vector with values of the interpolating polynomial.

The code above makes priority of simplicity rather than efficiency and memory
usage. A Vandermonde matrix can be computed with about n? operations
on a computer (see Exercise 10.1). In Section 3.1 we saw that about ~ %n?’
operations are required in order to solve a general system with n equations and
n unknowns. In other words: It is more demanding to solve the system than
computing the matrix for the system.

Once the plot points have been obtained it is easy to plot the interpolating
polynomial for a function over a given interval.

Example 10.1. Suppose we want to find the polynomial passing through the
three points (0,1), (1,3), and (2,2). In other words, we want to find a polyno-
mial p so that

p(0) =1, p(1)=3, p2)=2 (10.8)

Since there are three points we assume a quadratic polynomial p(x) = ¢y +c;x+
cyx?. Inserting in Equation 10.8 we get the three equations.

1=p(0)
3=p(1) =co+c; +cy,
2 =p(2) = cy+ 2¢; + 4c,.

Co»

Solving these gives ¢y =1, ¢; = 7/2, and ¢y = —3/2, so that p is given by

plz) =1+ gx — %3:2.

A plot of this polynomial is shown in Figure 10.1. The code verifies that the
computation above gives the same plot as points_canonical.

xsp = np.array([[0], [1], [2]])

fsp = np.array([[1],[3],[2]11)

X, p = points_canonical (xsp, fsp)
plt.plot(x,p)

plt.plot (x,1+7*x/2-3xx*%2/2,'—-")
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3.00 A — -
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1.00 A

0.00 0.25 050 0.75 1.00 1.25 150 1.75 2.00

Figure 10.1: Three interpolation point and the corresponding quadratic inter-

polation polynomial.

&

If we instead of the interpolation points are given the function itself, we can plot
one or several interpolating polynomials together with the help of Listing 10.2.
The code takes as input a function points_p_n which computes the plot points.
At start we set this to points_canonical. In the next section we will replace

this with another method for computing the plot points.

Listing 10.2 Code for the plotting the interpolating polynomials

def plot_p_n(f, a, b, nvals, points_p_n):
x=]

for n in nvals:

xsp = np.linspace(a, b, n + 1).reshape((-1,1))

X, p = pOintS_p_n(xsp, f(XSp))

plt.plot(x, p, '--', label = f'p_{n}"')

plt.plot(x, f(x), '-k', label = 'f')
plt.legend ()

In Figure 10.2 we have used this code to plot the interpolating polynomials ps,

ps, and py, for f(z) = cos(2nz), given a uniform partition of [0, 1].

plot_p_n( lambda x: np.cos(2*np.pi*x),
0, 1, [2,3,4,5], points_canonical)
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1.00 A
0.75 A
0.50 A
0.25 A
0.00 A
—0.25 ~
—0.50 A
—0.75 ~

—1.00 A

Figure 10.2: The interpolating polynomials p,, ps, and p,, for f(x) = cos(27x).
f is also shown.

10.2 Interpolation on Newton form

Let again z,z,, ..., z,, be interpolation points. We say that the polynomial p,,
is on Newton form if it is written on the form.

Pn(®) =co+ ¢ (z —20) + (T — 70) (T — 79) + ...

+e,(r—x0) (T —2) (2 —2, 1) (10.9)

The Newton form has some advantages compared to the canonical one. The
interpolation conditions now take the form

f(xg) = ¢
f(xq) = ¢+ ¢ (zy — 20) (10.10)
f(xn) = + Cl(xn - xO) + Cn(xn - xO) (xn - xnfl)v
or on matrix form:
1 0 0 Co f(z)
Loy —m 0 ol (e (10.11)

1 LTy — g - (xn_xo)'“(xn_xn—l> Cn f(xn)
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This is a triangular system, and if the interpolation points are distinct, all
components on the diagonal will be nonzero. The determinant of the matrix is
then also nonzero, sa that the matrix is invertible. Equation 10.11 thus has a
unique solution (¢, ¢q, ..., ¢, ). In other words, the Newton form is unique..

Triangular systems are simpler to solve than general systems. To see this, denote

n
the triangular matrix by A, let A = (aij)i o be the components of A, and let
Ac = f be the system we want to solve. It is clear that we can find ¢, from the
first equation, since this only says that ¢, = f,, (recall that ay, = 1). Suppose
we have found ¢y, ¢y, ..., ¢,_; from the k first equations. Equation k + 1 says
that

ApoCo + Qg1 €y + -+ + Qg1 Cr1 + GiC =
We can write this as

1
Cr = a (fk T QppCo T Ap1Cp — T ak(kfl)ckfl) (10.12)
(the diagonal element ay;, = x;, —x, is nonzero, so this expression gives meaning).
We can therefore find ¢;, from equation k + 1 in the system. This method to
solve a triangular system is called forward substitution: We first find ¢, use this
to find ¢;, then use these to find ¢,, and so on.

Using Equation 10.12 to find ¢, requires k£ subtractions and & multiplications.
If we sum over all k£ we get

24446+ +2n=2(1+2++n)=n(n+1)~n?

operations (we approximate with n? since n? is the dominating term here). In
addition we have ~ n?/2 operations to find the numbers xz; — ;. Together this
gives 3n? /2 operations. This is a great reduction when we compare with ~ %n?’
operations for the canonical system. By adapting the form of the interpolating
polynomials, we thus get computation reduction for our method. The learning
outcome for the newton form is thus that it can be smart to look at other ways
to represent polynomials.

In Listing 10.3 we computed values of the interpolating polynomial using the
Newton form, analogous to Listing 10.1 for the canonical form. The first for-
loop applies forward substitution to find ¢y, ¢y, ..., c,,.
Example 10.2 (The Newton form for n = 0, 1, and 2). If there is only one
interpolation point x,, the Newton form becomes p,(z) = ¢,. We get that
¢y = f(zy), so that
po(@) = f(z).

With two points z;, and z; the newton form becomes p,(x) = ¢y + ¢;(x — zy).
We get the equations

f(zo) = ¢

f(@1) = co+ e (21 — 70)
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Listing 10.3 Code to find values of the interpolating polynomial, adapted to
Newton form

def points_newton(xsp, fsp):
numpoints = np.shape(xsp) [0] - 1
x = np.linspace(xsp[0], xsp[-1], 100).reshape((-1,1))
V = np.ones((100, numpoints + 1))
¢ = np.zeros((numpoints+1,1))
c[0,0] = fsp[0,0]
for k in range(1,numpoints+1):
s = fsplk,0]
P = il
for r in range(0,k):
s =s - cl[r,0]*p
p = px(xsplk,0] - xspl[r,0])

clk,0] = s/p
V[:, k1] = V[:, [k-1]]*(x - xsp[k-1,0])
p=Vaoc

return x, p

which have the solution

fl@y) — fl
¢ = flzg), o =L =S (10.13)
Ty — To

This gives

_ f(@y) — flzo)

pi(z) = flzo) + PE——

which simply is the secant of f through z, and z;, see Figure 10.3. For compar-
ison, the first order Taylor polynomial of f gives the tangent at the point.

(iC - xO)v

If we add yet another point z, we get a quadratic interpolation polynomial:

pa(x) = ¢+ ¢ (z — x) + o2 — 20) (2 — 7y)
If we insert z = z, and z = z; we get the equations
f(xo) = Co»
flay) = co+ ey — ),

These are the same equations we solved for n = 1, so ¢, and ¢; must be given
by Equation 10.13 also when n = 2. If we insert « = z, we get

f(x9) = co + ¢ (2 — 2g) + co(T9 — ) (T3 — 79),
which gives

Cy =

Flag) = flag) — oL () — o)

(Tg — x0) (T2 — 71)
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After some simplification this can be written

flag)=flxy) _ flz)—flzo)

To—Tq 1 —Tq
= . 10.14
Co e ( )

The interpolating polynomial is now a parabola, see Figure 10.3.

plot_p_n(np.exp, 0, 2, [1,2], points_newton)

S -—-p2 .
p_2 7’

—_f .

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

Figure 10.3

&

Example 10.3. Let us return to Example 10.1, where the interpolation points
were (0,1), (1,3), and (2,2), and make the computations on Newton form. We
write the interpolating polynomial as

pa(x) = o + 1@ + cpz(x —1).
If we insert the points we get the three equations
1= p(0) = ¢y,
3=p(1) =co+cy,
2=p(2) = ¢y +2¢; + 2c¢,,
which have the solution ¢y, =1, ¢; = 3—¢, = 2, and ¢, = (2—¢y—2¢,)/2 = —3/2,

so that the Newton form of the interpolating polynomial is

3
po(z) =14 22 — ix(m —1)



144 CHAPTER 10. INTERPOLATION

&

More generally we see from the triangular system in Equation 10.10 that the
equation obtained from the insertion = z;, only involves the points (z, f(z,)),
(@1, f(z1))s s (@, f(zy)). Thus, ¢, will only depend on these points. It is
therefore usual to write

e = flzgy oz (10.15)
for k=0, 1, .., n, so that the Newton form
Pa(®) =cg+ (. —x) + -+ ey (z—z0) (T —20) (T —Tpyq) (10.16)
can be written

Pu(®) = flxg] + flzg, 21)(T — 20) + fl20) 71, T (T — 7)) (T — 79)

ot flrgw e w20 @ —2) (@ —z). 0T

Note that the interpolating polynomials p,, and p,,_; satisfy

pn(x) = pn—l(x) + f[xO’ ,l‘n](l' - '1:0) (JC - mn—l)'

Figure 10.4 shows the interpolating polynomial p,, for different values of n for
the function f(z) = sin(z). We see that the approximation becomes better
when we increase n.

plot_p_n(np.sin, 0, 4, [1,2,3,4], points_newton)
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0.50 A

0.25 -

0.00 A

—0.25 A

—0.50 ~

—0.75 A

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

Figure 10.4: Interpolation of f(z) = sin(z) with polynomials of different degrees.
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Example 10.4. We interpolate the function f(xz) = v/x in the points x;, = i,

for : = 0,1,2,3. The Newton form becomes
ps(x) = cg + gz + cox(z — 1) + czz(x — 1) (z — 2),
and the interpolation conditions give

0= co,

1=c¢y+ecy,
\/§ZCO+201+2c2,
\/§ZCO+301+602+603.

If we solve this system we get
=0, ¢ =1, ¢=—1—-v2/2), ¢3=0B+V3-3V2)/

Figure 10.5 shows the interpolating polynomial.

plot_p_n(np.sqrt, 0, 3, [3], points_newton)

6.

1759 ___ ,3

—f
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1.25 4
1.00 A
0.75 A
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0.0 0.5 1.0 1.5 2.0 2.5

3.0

Figure 10.5: The function f(z) = /z (solid line) and the cubic interpolant in

the four points 0, 1, 2, and 3.

&

If interpolation is used the right way, it will usually give a good approxima

tion to

the underlying function. As the distance between neighbouring points decrease
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(either by increasing the number of points, or by moving the points closer to
each other), one can expect that the approximation gets better. But we know
that there exist functions for which Taylor polynomials are bad approximations,
and the same thing can happen for interpolation. We can get this problem when
the derivative of the function gets very large, as the following example shows.

Example 10.5. The Runge function is defined by f(x) = 1/(1 + 2?) on the
interval [—5,5]. The interpolants of degree 10 and 20 are shown in Figure 10.6.

plot_p_n(lambda x: 1/(1+x**2), -5, 5, [10,20], points_newton)
plt.axis([-5,5,-0.5,2])

Figure 10.6: Interpolation of the Runge function f(x) = 1/(1 + 22) on the
interval [—5, 5].

Observe what happens when the degree increases: The error then gets less in
the middle of the interval, but larger near the end points. We will analyse what
goes wrong in Section 10.3.

&

The Newton- and canonical forms are just two ways to write the interpolating
polynomial - many other variants exist also. One of these is the Lagrange formen,
which we will consider in Exercise 10.5.
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10.3 The interpolation error

In the previous section we saw examples where the interpolating polynomial p,,
becomes a better approximation when we increase n, but we also saw examples
where the opposite happens. We will now give a mathematical explanation of
why this happens.

We shall explain that the error in polynomial interpolation can be expressed in
a way similar to the remainder term in Taylor series, which says that if fisn+1
times continuously differentiable, then for any x there is a number £ € [a, x] so
that ( i
z—a)"”
——— fnHb(g), 10.18
T e (10.18)
If z is near a, and the derivative f(®*1) is not very large, the remainder will be
small, and p is therefore near f. In other words: If the derivatives of f are not
very large, the Taylor polynomial p will be a good approximation to f, at least
near a.

f(z) =p(x) +

Theorem 10.1. Let 2y, xq,...,x, € [a,b] be distinct interpolation points, and
suppose that the function f: [a,b] — R is (at least) n + 1 times continuously
differentiable. Let p, be the unique interpolating polynomial of degree < n in

the points xq,zq, ..., x,. Then

Mn+1 (b B a)n+1

— < 10.1
(@) = pal)] < =220 (10.19)
for all x € [a,b], where M, ., = max,y |fr D).
Proof. Let x € [a,b]. We claim that there is a point y € [a, b] so that
()
— = 10.20
@)= pala) = TR Q@) (10.20)
where @,, is the degree (n + 1) polynomial
Qu(@) = (x —zp)(x —31) - (T — ).
If = is one of the points z(, z, ..., x,,, then both sides of Equation 10.20 are 0,
so that the identity is automatically true. Suppose then that z is NOT one of
the points zy, z4, ..., z,,, and define the function
f T)—pPplT
o) = 1) —p ()~ L= ) for s € fai)
Qn(x)
Then ¢ has zeros in the n + 2 distinct points z,zg, z,..., 2, (this is Exer-

cise 10.11). By the mean value theorem it follows then that there exist n + 1
points in the interval (a,b) where ¢’ equals 0. By the same arguments, there
must exist n points where (¢')" = ¢” equals 0. Continuing this way, we find
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that the function ¢V has at least one zero y € (a,b). Since pslnﬂ) =0 and
QY = (n 4 1)! (this is Exercise 10.12), we get

f(2) —pu(2)
Qn ()

Reorganising this equation we get Equation 10.20.

0= (y) = fOH(y) — (n+ 1)L

If we replace | £V (y)| on the right hand side in Equation 10.20 with its max-
imum, we get

M
o < n+1 )
@)= pa(a)] < 52 1Qu(a)
Since each of the terms (z — xy), ..., (x — z,,) can be at most b — a (because the
points x, 2y, ¥y, ..., z,, all lie in [a, b]), we see that |Q,,(x)| < (b—a)™" for all x.
This proves Equation 10.19. O

Since the faculty (n + 1)! gets very large when n increases, we see that the
interpolation error decreases when n grows, AS LONG AS M, ., does not grow
too fast!

Example 10.6. In Figure 10.4 we interpolated the function f(z) = sin(z) on
the interval [a, b] = [0, 27]. If we choose n+1 uniformly distributed interpolation
points zy,xy,...,x,, we get an interpolating polynomial of degree < n. We
know that the derivatives of f are either 4 cos(x) or 4 sin(x), and none of these
functions obtain values larger than 1. Therefore, M, ; < 1 for all n. We
therefore get

(271_)71+1

(n+ 1)

Since (n + 1)! grows much faster than (27)"™! when n grows, the error will go
quickly to 0 when n grows. &

[f(x) = p,(2)] <

Example 10.7. Let f be the Runge function from Example 10.5, given by
f(z) =1/(1 + 2?) for z € [-5,5]. A slightly technical computation shows that

M, ., =~ (n+ 1)! on the interval [—5,5]. The error estimate in Equation 10.19
therefore says that
Mn+1(b - a)n+1 n+1 n+1
|f($)—17n(1‘>|§w~(b—a) = 10",

which is a very large number when n is large. The error estimate thus DOES
NOT guarantee that the interpolation error is small when n is large. And, as
we saw in Example 10.5, the error is actually quite large. &

10.4 Interpolation with trigonometric functions

We shall now interpolate with trigonometric functions, rather than with poly-
nomials. Trigonometric functions can be thought of as the building blocks of
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sound. Think of a sound as a mathematical function which returns its ampli-
tude at a given instance in time. A sine wave on the form sin(27t/T) (T is the
period of the sine wave) in particular makes a distinct sound it may be possible
to match with a key on a piano. And adding many sine waves with different
periods together, it turns out that more complex sounds can be obtained. We
will therefore illustrate interpolation with trigonometric functions in terms of
applications to sound.

Sound on a computer is represented as numbers between —1 and 1, called sound
samples. In many applications sound is represented by 44100 samples for each
second, also called the sampling frequency, denoted freq_s.

The sounds we consider will be periodic. If a sound repeats 440 times per second
we say that its frequency is f = 440Hz. The period is then T=1/freq, and the
number of samples per period is freq_s/freq (which may not be an integer).
In the following we will plot the sound samples against time. First we will plot
sounds over one period.

freq_s = 44100

freq = 440

T= 1/freq

samples_per_period = int(freq_s/freq)

t = np.linspace(0,T,samples_per_period) .reshape((-1,1))

The interpolating function p will agree with the function (denoted as before by
f) at a subset of the plot points. We pick M = 2N +1 function values uniformly
on [0,T7], so that ¢, = kT /M, 0 < k < M. We set

£= (f(0-T/M), f(1-T/M), .. F(M —1)T/M)).

N=20
M=2*N+1
tsp = np.linspace(0,T-T/M,M) .reshape((-1,1))

We will consider the square wave defined by

)= 1 for0<t<T/2
Sl for T/2<t<T.

The following function returns samples of the square wave at concrete instances
in time in one period.

def square_wave(t, T):
return 2x(t < T/2).astype(int) -1

We obtain the samples of the square wave at the interpolation points and the
plot points as follows.
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fsp = square_wave(tsp, T) # samples from one period
f = square_wave(t, T) # plot points

Let us now use the M = 2N + 1 trigonometric functions
{1} U {cos(2mnt/T),sin(2mnt/T)}1_,

as a basis for interpolation. Since

e’ = cost+isint e " =cost —isint

1, . . 1, . )
cost = = (e +e %) sint = ?(e’t —e )
i

we may as well use
{627Tint/T}nN:_N (1021)

as a basis for interpolation instead. It turns out that these functions, which are
complex, will simplify things a lot. We have the following result:

Theorem 10.2. The unique function interpolating f at the points {kT / M}t
using the basis from Equation 10.21 is

N
p(t)= Y c,erm T, (10.22)
n=—N

where the c,, can be found from

1
(Cos ey CN» C_py Cq) = MFMf’ (10.23)

where F); is the DFT matriz from Ezample 2.6. Moreover, p(t) is a real
function.

The proof is a bit technical, so we defer it to the end of the section. Let us
first consider how this result can be implemented. The theorem says that the
coefficients of the interpolating function can be obtained as

c = np.fft.fft(fsp, axis = 0)/M

We want the components in ¢ to come in the same order as (c_y, ..., €_1, Cgy -+ Cx )5
so we swap the two halves of this vector:

¢ = np.block([ [c[(N+1):,:1] , [cl:(N+1),:11 1)

Equation 10.22 can now be written as a matrix-vector product, and we obtain
plot points of p with the following implmentation.

n = np.arange(-N,N+1) .reshape((1,-1))
p = np.real( np.exp(2*np.pi*1j*n*t/T) @ c )

We can plot this together with the square wave itself as follows.
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plt.plot( t, p)
plt.plot( t, f)
plt.legend([£"£f(t), M={M}",'£(t)'])

1.0 1 A96u6v~—-—v=qﬂvﬁ
0.5 1
0.0 -
—0.5 A
—-1.04 — f(t), M=41 I\VAUAVAVAVI\VI\VAVA
— f(t)

0.0000 0.0005 0.0010 0.0015 0.0020

In order to listen to a set of samples as a sound we need the following function

def audiowrite(filename, f, freq_s):
ofile = wave.open(filename, 'w')
ofile.setsampwidth(2)
ofile.setframerate(freq_s)
ofile.setnchannels (1)
max_amplitude = 2**15-1
f=max_amplitudex*f
f=f.astype(np.uint16)
ofile.writeframesraw(f.astype(np.uinti16).tobytes())
ofile.close()

We now generate sounds corresponding to a sine, a square wave and its inter-
polant (we set the sounds to last three seconds).

numsec=3

t = np.linspace(0,numsec,samples_per_period+numsec*freq)
sine = np.sin(2*np.pi*freqg*t)

£
£

f.reshape(-1)
np.tile(f, numsec*freq)



152 CHAPTER 10. INTERPOLATION

p = p.reshape(-1)
p = np.tile(p, numsecx*freq)
p = p/np.abs(p) .max()

The periods of the square wave and its interpolant were tiled so many times
that it lasts the given number of seconds. The sound samples of the interpolant
were scaled so that they are between -1 and 1, as is required for sound samples
on a computer. This was necessary since the plot showed that the values of the
interpolant exceeded 1, although the square wave did not.

Finally we write sound data to file:

audiowrite('sine.wav', sine, freq_s)
audiowrite('square.wav', f, freq_s)
audiowrite('interpolant.wav', p, freq_s)

You can now listen to the three generated files in your favourite audio player.

Proof. (of Theorem 10.2). The interpolation conditions are

N
> e, ™M = f(kT /M), (10.24)
n=—N

where 0 < k < N. This corresponds to the matrix equation

C.N
£2mi0(=N)/M p2mi0(~1)/M | ,2mi00/M 20N/ M .
E2mL(=N)/M . 2mil(-1)/M | ,2mil0/M . 2milN/M cy ;
: . : : . : o '
2mi(M—1)(—N) 27mi(M—1)(—1) 27mi(M—1)0 2mi(M—1)N .
e M e M e M e M :
CN
Using Equation 2.11 we get
€
e2mi00/M . 2mON/M | 2mi0(=N)/M _ 2mi0(—1)/M .
£2mi10/M E2mIIN/M | 2mil(=N)/M . 2mil(=1)/M en .
: : : : cn |
2mi(M—1)0 2mi(M—1)N 2mi(M—1)(—N) 2mi(M—1)(—1) .
e M e M M M :
€1
Using that e2™(-mk/M — o2mi(M=—nk/M e et
Co
e2mi00/M . 2mON/M  2mi0(M—N)/M o2mi0(M—1)/ M .
e2m10/M . 2milN/M  2mil(M=N)/M . 2mil(M—1)/M . ;
: : : . : C_N o
2mi(M—1)0 2mi(M—1)N 2mi(M—1)(M—N) 2mi(M—1)(M—1) .
e M (& M M cee M .

€1
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M = 2N + 1 implies that M — N = N + 1, so that this can be written as

Co
o200/ M o201/ M £2mi0(M—1)/M
e2mil-0/M e2mil-1/M e2mil(M—1)/M exv | .
: : : C_N '
E2mi(M—1)0/M  2mi(M—1)1/M . 2mi(M—1)(M—1)/M
€1

From Example 4.4 we see that the matrix on the left side is M Fy;'. Multiplying
with F; on both sides we get Equation 10.23.

Finally, let us comment on why p(t) must be real. Since f is real it follows that
c_, =G, (see Exercise 2.13), so that

CneQﬂ'int/T + c_n627ri(7n)t/T _ 2m(cn627rint/T).

Since also ¢ is real, it follows that Equation 10.22 also evaluates to something
real. O

Exercises

Exercise 10.1. In this exercise we will look at code which computes the matrix
we need to find the canonical form of the interpolating polynomial. Listing 10.2
computed the Vandermonde matrix with the code

p = np.arange(0,n+1) .reshape((1,-1))
A = X*k*p

Compare this with the following alternative code:

A[:,0] = np.ones((n+1,1))
for k in range(1l,n+1):
Al:, [k1] = AL:, [k-11]*x

Which of the two alternatives is to prefer? Justify your answer, and what
assumptions you make.

Exercise 10.2. In this exercise we will consider another proof of the fact that
the interpolating polynomial is unique .

(a) Suppose that there exist two quadratic polynomials p; and p, which in-
terpolate f in the three points x,, x; and x,. Consider the difference
D = py — p;- What are the values of p in the interpolation points?

(b) Use the observation in (a) to show that p; and p, must be equal.
(¢) Generalise the results from (a) and (b) to polynomials of degree n.

Exercise 10.3 (Horner’s rule). A direct computation of Equation 10.6 in a
point = requires n multiplications and n additions, as well as computation of
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the powers (n — 1 multiplikasjoner). In total this is 3n — 1 operations. Let us
rewrite Equation 10.6 to

P(T) = o+ (¢ + o + 302 + - cpz™ 1) (10.25)

Inside the parentheses on the right side here there is a polynomial of degree
n— 1 (which we call p,,_;), which in the same way can be expressed in terms of
a polynomial of degree n — 2 (p,,_5), and so on. We have that

pu(®) = c¢gt+ap,_4(z)
pn71<‘r) = G + TPy 2 (:E)
pn7.2<37) = c+ xl?nf?)(ﬂ?)

plix) = Cp +.xp0(z)

po(z) = Cn

To compute p,,(z) we start from the last equation, and continue upwards to the
first equation. This algorithm is also called Horner’s rule.

(a) Write an implementation of Horner’s rule.
(b) How many arithmetic operations are required by Horner’s rule?

(c¢) Explain how you can adapt Horner’s rule to the Newton form in Equa-
tion 10.9.

Exercise 10.4. We interpolate the function f(z) = 2% with a polynomial p; of
degree < 3, in the points 0, 1, 2, and 3. What is p5(4)?

Exercise 10.5 (Lagrange form).

We have the data

(a) Write the cubic polynomial which interpolate in these points as
p3(x) =co(z —1)(z =3)(x —4) + cyz(z —3)(z —4)
+cyz(x — 1) (z —4) + cgz(x — 1) (z — 3),
and find the coefficients from the interpolation conditions. Dette This is
called the Lagrange form of the interpolating polynomial.
(b) Find the Newton form of the interpolating polynomial .
(c) Verify that the solutions you found in (a) and (b) are equal.
Exercise 10.6 (Interpolation with a set of data).

(a) We have the data
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These are points on the line y = 2 — . Find the Newton form of the
quadratic interpolating polynomial and compare. What is the difference?

(b) Suppose we interpolate f with polynomials of degree < n in the points
Zg, -, T,. Show that if f is a polynomial of degree < n, then the in-

terpolant p,, will be identical to f. Why does this explain the result in
(a)?

Exercise 10.7. Suppose we have the data

(Ovyo)’ (1,:111)7 <2>y2>7 (3,3/3) (10'26)

where y; = f(i) are values of an unknown function f. In this exercise we
will find expressions for approximations to f in different points by using cubic
interpolation.

(a) Find the line p; which interpolates the two midpoints in Equation 10.26,
and use p,(3/2) as an approximation to f(3/2). Show that

P (3/2) = %(yl +yy).

(b) Find the cubic polynomial p; which interpolates the data Equation 10.26,
and use p4(3/2) as an approximation to f(3/2). Show that

—Yo +9y; + Y2 — y3

pa(3/2) = —

Exercise 10.8 (Taylor series and interpolation). Our basis for interpolation
has been the knowledge of function values f(x),..., f(z,,). Taylor polyno-
mials can be seen as an alternative to this, with this knowledge replaced by
f(a), f'(a), ..., f™(a). Let the basis functions ¢,(z) be

{1,z —a,(z—a)? .. (x—a)}
The polynomial we seek is then
p(@) =cote(z—a)+-+c,(z—a),
but now the interpolation conditions instead take the form

p(a) = fla) p'(a) = f'(a) p"(a)=f"(a) - p'"(a) = f™)(a).
(10.27)
Show that ¢, = f*)(a)/k!, so that we obtain the Taylor polynomial

fla) + f'(a)(x — a) /11 + f"(a)(z — a)* /2 + -+ + f*)(a)(z — a)" /n]

Exercise 10.9. The previous exercise shows that the interpolation conditions
can be values of derivatives, rather than a set of function values. This exercise
will show that we also can have a mix of the two.
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(a) Suppose that f is differentiable in x,, and that z,, z,, and x4 are distinct.
Find out if there exists a unique cubic polynomial p; so that

p3(zg) = f(20), p3(z1) = f(29), pé(xl) = f(z1), p3(xs) = f(29).

(b) Can you generalise this result to cases where some of the derivatives in
the interpolation points also are known? Can you relate this to Taylor
polynomials?

Exercise 10.10. We approximate f(x) = e* with an interpolating polynomial
p,, in the points
0,1/n,2/n,...,(n—1,n),1.

How large must n be in order for the error |f(z) — p,,(z)| to be less than 0.001
for all z € [0,1]7

Exercise 10.11. Show that ¢(t) in the proof for Equation 10.19 fulfills
P(x) = ¢(zg) = d(zy) = = P(z,) =0
Exercise 10.12. We have seen that

Qn(7) = (2 —zo)(x — 1) - (2 — )

is central in the Newton form, and in the proof of Equation 10.19. In the next
chapters we will differentiate and integrate this interpolating polynomial, and
we will therefore need to defferentiate and integrate @,, as well.

(a) Show that Q™+ /x) = (n + 1)!

(b) A special case we will consider is when the x,’s are a uniform partition,
i.e., z; —x,_; = h for all i. Compute f:ﬁ Q,(z) dz and f:f Q5 (z) dz when
the partition is uniform.

@ Hint

Integration by parts will be of help here.

Exercise 10.13. Fill out the code below so that it generalises the code devel-
oped in Section 10.4.

import numpy as np
import matplotlib.pyplot as plt

def plot_trig_approx(f, Nvals):

def triangle_wave(tvals, T):
return np.abs(t - T/2)*4/T - 1
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plt.subplots(1,1)
plot_trig_approx(triangle_wave, [5,10,20])
plt.legend()

plt.show()

The input should be a function func, and a vector Nvals containing different
values for N. The function and all the interpolants should all be plotted all
together. Run the code for the listed code for the triangle wave, and compare
the resulting plot with that of the square wave
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Chapter 11

Numerical differentiation

Differentiation is a basic operation in mathematics, with many applications.
It is therefore important to have good methods for computing and applying
derivatives. You have probably learnt the basic rules of differentiation in school
- symbolic methods suitable for pen and paper calculations. These are of lim-
ited value on a computer, since many programming languages do not support
symbolic computation.

Another thing is that a function may only be known in an isolated set of points,
such as measurements of the position of a car with a GPS unit. Suppose we
want to find the speed of the car. If the position of the car is known at all
time instances (as a mathematical function), then this can be found by means
of symbolic differentiation. But if the position is known for some points in time
we have to appeal to other methods.

The solution is numerical methods which approximate the derivative by means
of suitable combinations of known function values. Let us start by formulating
this as a general algorithm: Suppose f is known at the points

wi@ — 2h,a — h,a,a+ h,a + 2h, ...
(so, h is the “resolution” for known values of f).

1. Pick a subset of n + 1 of these points near a, and write these as

a+ mgh,a 4+ myh,a + myh, ...,a +m,h, (11.1)
where my, ..., m,, are integers.
2. Find the polynomial p, (z) interpolating f in the n + 1 points in Equa-

tion 11.1.
3. Use p;,(a) as an approximation to f’(a).

We will also call this the point method based on the points in Equation 11.1.

Point methods can be used for higher order derivatives as well, by using pglm(a)

159
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as an approximation to f(k>(a). We define the truncation error in this approxi-
mation as

Ex(fia,h) = f¥(a) = pi’ (),
i.e., the error resulting from differentiating the interpolating polynomial rather
than the function itself. The goal is to get this error as small as possible.

The simplest point methods base themselves on two known function values only,
and in Section 11.1 we will see how this has a natural relation to the definition
of the derivative. After this we will see how point methods with more points
can produce better approximations. The methods for numerical integration in
Chapter 12 will be derived and analysed the same way as the differentiation
methods in this chapter.

In this chapter we will write M, = max, |f* (z)| (when f is k times differ-
entiable), where the maximum is taken over an interval that should be clear
from the context. In the notation p,, and E}(f;a,h) it should be clear from the
context what the numbers m, are, even if they are not part of the notation.

11.1 The Newton quotient

The derivative of f in a point a is defined as

oy — i JL@tR) = fla)
f(a)—hmf.

lim (11.2)

We will assume that f is differentiable in a, i.e., this limit exists. For a fixed
h # 0 the approximation
fla+h)— f(a)
h
to f’(a) is called the Newton difference quotient, or simply the Newton quotient.

(11.3)

If we use the point method based on the points a and a + h we get the line p;
through (a, f(a)) and (a+ h, f(a+ h)), i.e., the secant through these. This can

be written L
pile) = fla) + O gy

The derivative of py, i.e., the slope of the secant, is precisely the right hand side
in Equation 11.3. The Newton quotient thus coincides with the point method
based on a and a + h (see Figure 11.1).

The truncation error for the Newton quotient is

fla+h)— f(a)
- :

Let us take a closer look at this. From Taylor’s formula with remainder (Equa-
tion 10.18), we get that

E\(fia,h) = f'(a) —

Flath) = Fla) + hi'(a) + o7 (6y), (114
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Figure 11.1: The secant (in red) of a function (in black) in the points a and
a + h, as well as the tangent in a (blue).

where &, € [a,a + h]. Reorganising this we get the following expression for the
truncation error:

fla+h) = fa)

h
"(a) — =——f . 11.5
7'(a) ) 21" () (11.5)
If the second derivative is continuous, the extreme value theorem says that the
function |f”| has a maximum on the interval [a, a + h], which we denote by M.

From this we get the following error estimate.

Proposition 11.1. Suppose f has continuous second order derivatives near a.
Then the truncation error of the Newton quotient satisfies

h
|[E1(f;a, )| < My, (11.6)

where M, = max_, |f"(z)].

When h is small, max, e, o4 [f” ()] is close to [f”(a)|, so that the actual error
is close to |f”(a)|%4. Consider the function f(z) = sinz at the point a = 0.5.

We have f”(z) = —sin(x), so that for small h the error in the Newton quotient
is about #2021 s 0.24h.

It is common also to the worse bound M, = max_ g |f”(x)| = 1, rather than
MaX,e(q q4p) |7 (). This gives the bound |E;(f;a,h)| < 0.5k for the Newton
quotient, which is an overestimate of the error with a factor of about 2. In
error estimates it is common to miss a bit, and “exaggerate” how large the
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error can become. The central point here is that we have estimated something
unknown (the error E;) with something computable (the right hand side in
Equation 11.6).

The error e in our numerical methods will usually be on the form e = KhF,
where h is the precision in the method, and the constant K and the exponent
k are unknown. We then say that y is polynomial in x, with constant K and
exponent k. A loglog plot can help us find out if there are such relations between
h and e, and if so help us estimate the concrete values of K and k. If we plot
h against e it is not so easy to grasp K and k from the plot, since the curves
ascend quickly. A trick can then be to take logarithms, which gives

loge = log K + klogh.

In other words, if we plot the logarithm of the error against the logarithm of h,
we obtain a line where

o the slope of the curve gives us the exponent k, and
o the intersection with the y-axis is in log K, so that we can find K from
this intersection.

We write plt.loglog(h,e) to plot log h against loge. plt.loglog has a syntax
similar to that of the plt.plot-command.

Figure 11.2 shows a loglog plot of h against the truncation error, together
with the upper bound M,h/2 for the error. Here we set M, = 1, so that we
again produce an overestimate. A better estimate could be obtained by finding
max,, | f”(z)| over a small interval near a instead, but if you do this you will see
that the two curves lie on top of one-another.

f = np.sin

fd = np.cos

a=0.5

h = 10**(-np.arange(0,6,0.1) .reshape(-1,1))

efh = fd(a) - (f(a+h)-f(a))/h

plt.loglog(h, np.abs(efh), 'k.', h, h/2, 'r')

plt.legend(['Error', 'Bound on error'])
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Figure 11.2: The truncation error of the Newton quotient when f(z) = sinx at
the point & = 0.5, for h € [1075,10°]. The plot is logarithmic.

The plot looks like a line with slope 1. Since the plot is logarithmic, this agrees
with the approximation |E;(f;a,h)| ~ &|f”(a)| for the truncation error, since
we obtain by taking logarithms in this that

log |E{(f;a,h)| =~ log h + 10g(0.5) + log(sin(0.5))
~ log h — 0.6203.

This agrees well with the point where the line hits the y-axis. &

11.2 The symmetric Newton quotient

The Newton quotient was based on the points f(a) and f(a+h). Let us instead
consider the points f(a), f(a —h), and f(a+ h). Using the Newton form of the
interpolating polynomial we get from Equation 10.13 and Equation 10.14 that

po(a) = fla—m) + OO 0y .
g LoD Z2HO 2 =) (0 —a).

After some computation we get

pya) = (11.8)
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We leave the details in Equation 11.7 and Equation 11.8 to Exercise 11.4. Equa-
tion 11.8 gives the slope of the secant through the points a — h and a + h, and
is called the symmetric Newton quotient. This is illustrated in Figure 11.3,

1.4
1.2
1.0
0.8 1
0.6 1 a-h)
0.4 1

0.2 A
a-h a a+h

0.0 T T T T T T
0.00 0.25 050 0.75 1.00 1.25 150 1.75 2.00

Figure 11.3: The secant based on a — h and a + h (in red) of a function f (in
black), as well as the tangent in a (in blue). The parabola interpolating f in
a—h, a, and a + h are also shown (in black)

The truncation error of the symmetric Newton quotient can be analysed in the
same way as the Newton quotient. We now evaluate the Taylor polynomial at
two points, and include a quadratic term instead:

flat h) = f(@) + /(@b -+ 55" (@h* + & (e )b

1

Fla—h) = f(@) ~ f(@)h + 5" (@)h? — £ " (ea) Y

where ¢; € [a,a + h], ¢y € [a — h,a]. Subtracting these we get

f(a+h)_f(a_h) ’ _ 1 m Va
o = f'(a) = P (er) + 17 (e2))-

If we take the absolute value of both sides and use the triangle inequality we
get that

By (Fra ) = | 20207 () + £ ea)] < o ny + Tty = g,
AR FT “ Q=1 T s T
The approximation will in particular be exact for quadratic polynomials, since
these have a third derivative equal to 0 (so that Mz = 0). The truncation error
is therefore 0 for these. The approximation is not exact for cubic polynomials.
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11.3 A point method for the second derivative

To derive a point method for the second derivative, we will use the same points
as for the symmetric Newton quotient, This gives the same interpolating poly-
nomial as in Equation 11.7. After some computation we find that

Pi(a) = fla+h)— 2‘2(;) + fla—h) (11.9)

As above we can find the truncation error by evaluating the Taylor polynomial
in the same points, but we now also include a cubic term,

Flath) = fla) + F'(@)h+ 3 f(@h? + f"(@)h? + o f00) (e, b

2 6
/ 1 ” 1 Y 1 v
fla—=h) = fla) = f(a)h+ 5 f"(a)h* — = " (a)h® + 570" (),

and instead of subtracting the two we now add them together. We then get

1 . 1 .
fla=h)=2f(a) + fla+h) = f"(a)h? = S f)e)h' + 5 ) (ey) 1.
Dividing with h? on both sides we get the truncation error

fla=h)=2f(a) + fla+h)

By fGa,h)| = -

—f"(a)

on the left side, and on the right side we get

h? h? h?
M4ﬂ + M4ﬂ = M4E.

11.4 More general point methods

For point methods with more points one can also do as above - i.e., combining
Taylor series evaluated in the known points so that one on the left side gets
an expression for the truncation error. We need the following result, which
uses linear algebra to derive the general point method based on f(a + myh),
fla+mqh), ..., fla+m,h).

Theorem 11.1. Suppose we know n+1 function values { f(a+m;h)}1,, where
mg = 0 and mgy, mq, ..., m,, are distinct integers (we assume in particular that
f(a) should contribute). Let p,, be the interpolating polynomial of f of degree
< n in the points {a + m;h}] . Then we have that

Wpn @/ rmy w3 e mi\ T fa+mh) = fa)
Wpl(a)/2 | | e mg e m || flatmah) = fla) | gy )
hp (a) m, ml - mp flatmyh) — f(a)
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You are not supposed to remember this result! The point is that we from
this actually can read out, and write code to code to find the approximations
pSP (a) to all the derivatives! We obtain the approximations by solving a system

involving a Vandermonde matrix.

Proof. p,, equals its own Taylor series of degree < n om a, i.e., that

(n)
Pn (a
pol®) = p(@) + @) —a) + -+ D g apn
Evaluating this in = a + m;h we get that
Py (a)

flatmih) = f(a) + p(@myh -+ oo+ P,

which can be written

hp),(a)
fatmh)— f(a) = (m, m2 - my)| WP (@2
hrpl! ).(a)/ n!
for i =1,2,...,n qw assemble this to
my w3 e mp (hipn (a)/1! fla+mh) = f(a)
my my oy || 2pY(a)/2t | | fladmah) = fla) |
m, muh? - ml hopt™ (a) /! fla+m,h)— f(a)

The matrix on the left side is an invertible Vandermonde matrix. Multiplying
with its inverse on both sides gives the needed expression. O

Let us consider some examples.

Example 11.1. Let us consider point methods based on the three points a,
a — h, and a + h. This corresponds to setting n = 2, m; = —1, my, = 1.

Equation 11.10 gives
( h(a) ) _ (m m%)l (f( —h)— a>> _ ( 1)1 (f(a—h)—f(a)>
h?p5(a)/2 my  m3 fla+ ) f(a) 1 fla+h)— f(a)
1 (-1 1\ (f(a M

T2 ( 1 1) ( fla ) (a—h) 2f(a>+f(a+h> -
This can be rewritten to
h) — —h
pita) = LOT R —Fa=h)

P(a) = f(a—h)—ZJ;L(;L)—&-f(a—i-h)

S
~
|
/\
S
~— — /\/\
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We see that this coincides with the point methods from Equation 11.8 and
Equation 11.9. &

Example 11.2. Let us consider point methods based on the five points a, a—2h,
a—h,a+h,and a+2h. Weset n =4, m; = -2, my=—-1,mg=1,my =2.
Equation 11.10 gives

R @/ g mdmd mh\ T f(a—2h) — f(a)
h2p512)(a)/2! | my m3 m3 mj fla—h)— f(a)
h?’pf)(a)/i’)! | ms m% m§ m% fla+h)— f(a)
h4p514)(a)/4! my My My My fla+2h) — f(a)

2 4 -8 16\ ' /f(a—2h)— f(a)

-1 1 -1 1 fla—h)— f(a)

111 1 1 fla+h)— f(a)

2 4 8 16 fla+2h) — f(a)

It is smart to find the inverse matrix symbolically here:

vV = Sym.MatriX([[—2,4,—8,16] ,[-1,1,-1,1]1,[1,1,1,1]1,[2,4,8,16]1]1)
V.inv ()

i 2 2 _ 1
T T
B o G T
T A
24 6 6 24

The expression above therefore becomes

1/12 —2/3  2/3  —1/12\ /f(a—2h)— f(a)
—1/24 2/3  2/3 —1/24| | fla—h)— f(a)
-1/12 1/6 —1/6 1/12 fla+h)— f(a)

1/24 —1/6 —1/6 1/24 ) \f(a+2h) — f(a)

Evaluating the first row we get

fla—2h) — f(a)
hpj(a) = (1/12 —2/3 2/3 —1/12) ;EZ;Z;:;EZ;
fla+2h) — f(a)

fla—2m) 2f(a—h)  2f(a+h) f(a+2h)7(1 2 2 1

B3t )/

12 3 3 12
_ fla—2h) —8f(a—h) +8f(a+h)— fla+2h)
12

Dividing by h we get

, _ fla—2h) —8f(a—h)+8f(a+h)— f(a+2h)
py(a) = 12h .




168 CHAPTER 11. NUMERICAL DIFFERENTIATION

Table 11.1: Truncation errors for different A for the three methods we have
considered.

h Newton Symmetric Newton Four point method
0.100000  2.541321e-02 1.461906e-03 2.921795e-06
0.010000 2.411734e-03 1.462630e-05 2.925195e-10
0.001000  2.398590e-04 1.462637e-07 5.773160e-15
0.000100  2.397274e-05 1.462736e-09 7.516210e-14
0.000010  2.397147e-06 1.750344e-11 5.476064e-12
0.000001  2.396897e-07 7.476686e-12 7.476686e-12

11.5 Summary

Let us return to the function f(z) = sin(x), at the point a = 0.5. Since the
derivative is f'(x) = cos(x), and f’(a) ~ 0.8775825619, it is easy to check the ac-
curacy in the methods we have derived. The errors with h = 107!,1072,...,107¢
for three of the methods are shown in Table 11.1.

Each time h is divided by 10 we see that

o for the Newton quotient, the truncation error is reduced by a factor of
about 10. This is as expected since the truncation error was shown to be
M,k

o for the symmetric Newton quotient, the error gets reduced by a factor of
about 100. This is as also expected since the truncation error was shown
to be M3%2.

o for the four point method, the error gets reduced by a factor of about 10000.
This follows from that the truncation error satisfies |E;(f;a,h)| < %’*h‘*,
which we state without proof.

Let us also make loglog plots of the truncation errors. For this we will also
include the second derivative, which had a truncation error bounded by M. 4}{—;.
We will also use that M, ~ (sina)® near a. The truncation error bounds are
plotted against each other as follows.
a=0.5
h = 10**(-np.arange(0,6,0.1))
plt.loglog(h, np.abs(np.sin(a)*h/2),

h, np.abs(np.cos(a)*h**2/6),

h, np.abs(18+*np.cos(a)*h**4),

h, np.abs(ap.sin(a)*h**2/12))
plt.legend(['Newton','Symmetric Newton',

'Four points', 'second derivative'])
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100 i
10—3 i
10—6 i
1072 -
10-12 4
107 1 —— Newton
10718 4 Symmetric Newton
1 —— Four points
10 i —— second derivative

10°° 1073 1074 1073 1072 107! 100

Figure 11.4: loglog plot of the estimates of the truncation errors for the four
methods we have considered, for f(x) = sinz in x = 0.5, and for h € [1076,10°].

Note that, if |F, (f;a, h)| ~ Ch?, we have that
log|E,(f;a,h)| ~ plogh +logC.

Our methods have truncation errors proportional to h, h%, and h*. This is why
we see lines with slopes 1, 2, and 4 in the loglog plot.

Exercises

Exercise 11.1 (Left sided Newton quotient). An alternative to the Newton
quotient in Equation 11.3 is the left sided variant

f/(a)% f(a’)_i(a_h)

Show that this coincides with the point method based on a and a — h.

Exercise 11.2. Write a program which computes the Newton quotient for the
function f(x) = e® ina = 1, and uses h = 107% for k = 1, 2, ..., 14. Also compute
the error. Does the approximation and its error behave as Proposition 11.1
predicts?

Exercise 11.3. When deriving the truncation error in Equation 11.6, it was
not obvious what the degree of the Taylor polynomial in Equation 11.4 should
be. In this exercise you will see what happens when one decreases the degree of
the Taylor polynomial.
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(a) Redo the Taylor expansion in Equation 11.4 again, but this time use a
Taylor polynomial of degree 2. Try from this to derive a formula for the
error corresponding to Equation 11.5.

(b) Repeat (a), but use a Taylor series of degree 0, i.e., a constant.

(¢) Why can you conclude that the first order Taylor polynomial and the
formula for the error in Equation 11.5 is best?

Exercise 11.4. Show that Equation 11.7 Equation 11.8 are correct.
Exercise 11.5. Show that the symmetric Newton quotient in x = a
(a) equals f’(a) when f is a quadratic polynomial f(x) = bz? + cx + d.

(b) equals the average of the two asymmetric quotients

flat+h) — fa) fla) = fla—h) (11.11)

fola) = 22 fil) = B9 =

Exercise 11.6. In this exercise we consider some other possible approximations
to the derivative.

(a) Find an approximation to f’(a) which only uses the values f(a—h), f(a),
and f(a+ 2h).

(b) Find an approximation to f’(a) which only uses the values f(a), f(a + h),
and f(a+ 2h).

Exercise 11.7. This exercise illustrates another method way to derive methods
for numerical differentiation.

(a) Suppose we want to derive a method for approximating f’(a) on the form
fla)~=cifla—h)+ceyfla+h), c,e5€R
We want the method to be exact when f(z) =1 and f(z) = . Use these
requirements to compute ¢; and c,.

(b) Show that the method in (a) is exact for all polynomials of degree one,
and compare it with the methods we have derived in this chapter.

(c¢) Use the methods in (a) and (b) to derive a method for approximating
f"(a),
f"(a) = ey fla—h) +cyf(a) +esfla+h), cp,cp05 ER,

demanding that the method should be exact for f(x) = 1, 2, and 2. Do
you recognise this method?

(d) Show that the method in (c) is exact for all cubic polynomials.

Exercise 11.8. In this exercise we will compare the symmetric Newton quotient
with the two asymmetric Newton quotients.
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(a) Plot the graph of the function

—22 4+ 10z —5

fla) ="

over the interval [0, 6], together with the three secants corresponding to
the three approximations to the derivative from (a) (use a = 3 and h = 2).
Can you from this decide which approximation is best?

(b) Compute the three approximations to the derivatives in (a) numerically
for f(x) with a = 3 and h; = 0.1 and hy = 0.001. What are the relative

errors?
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Chapter 12

Numerican integration

In numerical differentiation known function values are used to find approxima-
tions to the derivative. In numerical integration the same information is used to
find approximations to the integral. These methods are useful when the function
is only known at isolated points, or when it is difficult or impossible to compute
the integral by hand.

In Chapter 11 we explained a general algorithm for deriving methods of numeri-
cal differentiation. The corresponding algorithm for numerical integration is as
follows:

¢ Find the polynomial interpolating the function in a suitable set of points,

e use the integral of this polynomial as an approximation to the integral of
the function.

e analyse the truncation error in a way similar to that of numerical differ-
entiation.

We start this chapter by revisiting the definition of the integral (Section 12.1).
Then we look at the simplest method for numerical integration, the midpoint
method (Section 12.2). In Section 12.3 we will then formulate the general algo-
rithm stated above in more detail, and look at some important special cases.

12.1 Definition of the integral

The integral of a function f: [a,b] — R is interpreted as the area under the
graph, where the positive values of f have a positive contribution to the area,
and the negative values have a negative contribution (see Figure 12.1). The
standard notation for the integral is

/a ' o) de.

173
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Before we continue we must introduce a concept which we will use several times
in our definition of the integral.

Figure 12.1: The area under the graph of a function.

Definition 12.1 (Partition). Let a and b be two real numbers with a < b. A
partition of [a,b] is a collection of numbers {zy, x;, ..., 2, } so that

a=2y<x < Ty < T, 1 <z, =0

The partition is said to be uniform if x;, —x, ; = (b—a)/n for i =1, .., n. The
distance between the points, h = (b — a)/n, is then called the step length of the
partition.

If I = {xy,2q,...,2,} is a partition, we let the size of the partition be |II| =
max;_; ,|z; —x; 4], i.e. the largest distance between neighbouring points. If
IT is uniform, |II| = (b —a)/n.

To define the integral one uses so-called Riemann sums, which are approxima-
tions to the area under the graph. We choose a partition II = {z, z{, ..., z,} of
[a, ], and find the maximum and minimum of f on each sub-interval [z, ;,z;],
m; = min f(z), M,= max f(x) fori=1,2,...,n.
r€lT;_q1,x;] w€lw; 1,7

The min and the max here may or may not exist. Continuity of f will secure
this, however. Approximations to the integral can be obtained from two different
piecewise constant functions, both being constant on each sub-interval [z, _;, z;):
The first equals m; on this sub-interval, the second equals M, (see Figure 12.2).
We sum up the areas under the two, and end up with the two approximations

I(II) = Z m(z; —x; ), () = Z M;(z; —x;_4). (12.1)

The first approximation is in general too small, the second too large. The
integral is obtained by letting the size of the partition go to zero.
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Figure 12.2: Inscribed (left) and circumscribed (right) piecewise constant func-
tions for a partition (top) and a finer partition (bottom).

Definition 12.2 (The integral). Let f be a function defined on the interval
[a,b]. If

sup I(IT) and infI(IT)

I II

exist (where the infimum and supremum are taken over all partitions of [a, b])
and are equal, we say that f is integrable, and we define the integral of f over

[a, b], j: f(z) dx, as the common value of the two.
The construction of the integral is illustrated Figure 12.2, where we see how the

piecewise constant approximations become better as the partitions get finer. It
turns out that the following holds

Theorem 12.1. Any continuous function is integrable.
Proof. Let II,, = {x, ..., x, } be partitions of [a,b] so that the size of the par-

titions go to 0, the size of a partition being the largest distance between neigh-
bouring points x;_; and z;. We have that

) < [ ' faydr <T(1,). (12:2)

Assume that € is given. Since f is continuous on [a,b], it is also uniformly
continuous on [a,b]. Due to this, and since the size of the partitions goes to 0,
there exists an N so that, for n > N, |f(z) — f(y)| < €/(b—a) for x,y in the
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same sub-interval of IT,,. In particular this means that M, —m; < ¢/(b—a), and
we get

_ n € €

I(1L,)—I(IL,) = Z(Mi*mi)(xi*%fl) < b— (=) = b_ (b—a) =e.
=1 a a

The result now follows from Equation 12.2. O

The integral has a property which is very useful when it comes to numerical
computation:

Theorem 12.2. Let f: [a,b] — R be continuous, let II,, = {zy,...,z,} be a
partition of [a,b], and let t; be a number in [x,_,,x;] for every i = 1, .., n.

Then the sum
n

Z ft) (@ —x;q) (12.3)

will converge to fab f(z)dx as the “size” of the I, goes to 0.

Thus, in general we can derive methods for numerical integration by splitting
[a,b] in small sub-intervals, and add together contributions from each sub-
interval.

Proof. We have that
I(IL,) < Z ft) (@ — 2, ) < I(IL,)
The result follows by combining this with Equation 12.2. O

Different choices for the ¢; in Theorem 12.2 give rise to various methods for
approximating the integral. We could for instance choose ¢; as the maximum or
the minimum on each sub-interval, but the problem with this is that it can be
both hard and time-consuming to find maxima and minima, even for a computer.
We could also choose t; equal to one of the end points x; ; or z;, but it turns
out that better choices exist, as we will see.

12.2 The midpoint method

An even better choice for the ¢; turns out to be the midpoint ¢, = (z; + x,_;)/2
on each sub-interval. With this choice Equation 12.3 gives the approximation

1

Q

-" fllag +a,0)/2) (2 — ). (12.4)
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Definition 12.3 (The midpoint method). Let f be a function which is inte-
grable on the interval [a, b], and let {z,;} , be a partition of [a, b]. The midpoint
method approximates the integral of f with

b n
[ @) Lygh) =S Flai ), (12,5

where ;_y 5 = (7,4 +2;)/2=a+ (i —1/2)h.

We can think of this as a constant approximation on each sub-interval, where the
constant is the value in the midpoint. The method is illustrated in Figure 12.3
for the cases with one and five sub-intervals.

]

X172 X1/2 X372 Xs/2 X772 Xg/2
(a) (b)

Figure 12.3: The midpoint method with one sub-interval (Figure 12.3a), and
five sub-intervals (Figure 12.3b)}.

An implementation of the midpoint method can be as follows.
def midpointn(f, a, b, n):

h=(b -a)/n

return h*sum( f(a + h/2 + np.arange(0,n)*h))

The midpoint method gives only an approximation, and will produce a small
error. As in Chapter 11 we shall estimate how large this error can be. This
can be done in two steps. First we analyse the error in the case of only one
sub-interval. This is called the local error. Then we find an estimate for the
general case with many sub-intervals. This is called the global error.

12.2.1 The local error

The error in the midpoint method with one sub-interval only is

b
fo / F@)dz — f(m)(b—a), (12.6)
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where m = (a+b)/2. If we use a Taylor expansion of f around the midpoint m
we get
(z —m)?

fla) = f(m) + (z —m) f'(m) + ————f"(£),

where ¢ is a number between m and z, which depends on x. Integrating this we
get
b b
[ trds= [ (fom)+ @ —m g +

#/(m) b1
2

b
@ —m)?] + 2 / (z— m)2"(€) da

— fm)(b—a) + 43

b
1 "
— fm)b—a)+ 5 [ (o= m?s(©)da,
a
where the term in the middle was 0. This leads us to the expression

b
5[ @ mrre s

1Bl = -3

b
/ f(@)dz — f(m)(b—a)

Some more calculations give

Bl =3 /ab@c —m)2(€) de| < ;/b (2~ m)2f"(©)] dr
-5/ a—m? 1) do
< ]\;[Q/ab(x—m)de
= 25l —mp,
= 2 (b= m)? (0~ m)?)
S20-ay,

where M, = max,,4|f”(2)|. The inequality on the first line holds because,
when we move the absolute value inside the integral, the function we integrate
becomes non-negative everywhere. This means that areas where the integrand
originally was negative, now become positive, so that the second integral is
larger than the first.

The equality on the second line holds since (x —m)? is never negative, and the

inequality on the third line holds since we replace |f”(£)| with its maximum
on the interval [a,b]. On the fourth line we simply compute the integral of
(x —m)?. Then we insert the limits. The last line follows from that (b —m)3 =
—(a—m)3 = (b—a)?/8. We have thus proved the following lemma.
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Lemma 12.1. Let f: [a,b] — R be a continuous function, with continuous
first- and second order derivatives. The error in the midpoint method with one
sub-interval is then bounded by

b
t/f@Mm—ﬂmWFﬂ)SQ@w—@i

where m = (a + b)/2.

The important thing in Lemma 12.1 is the factor (b — a)3. This implies that, if
we halve the with of the intervals, the error in the method will be reduced with
a factor of 8.

12.2.2 The global error

Let us now see consider the error resulting from adding together contributions

from many sub-intervals. [a, b] is partitioned into n sub-intervals, all with width
h=(b—a)/n. With

b n T, n
Iz/ﬂwm=2/ f@)de, L) =3 f@ )b,
a i=1 Yz, q =1

the total error in the midpoint method is

if@ﬂdxfﬂmUﬁh>,

Immm—§XZf

i

where the expression inside the parenthesis is the local error on the interval
[z, 1,x;]. We therefore have

u—ammn=§:(/imex—ﬂalmm>
i=1 Tiq
< Z / i f(@)dz — f(z;_1/9)h
i=1 [VT; 4
n_p3 ;
<D g

Il
—

K2

where Méz) =MaX,clp | o] f”(x)|. In the first inequality the triangle inequality
was applied, while we in the second inequality have used Lemma 12.1. We can
simplify Equation 12.7 further by using the maximum over the entire [a,b],
instead of over [z;_;,z;]: For all i we have that

m%nmvwmmwmb%

z€[T; 1,2, z€[a,b
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so that Equation 12.7 simplifies to

SN R h3
I — I 4(h)| < Z — MO < Z oM = 5 Mo (12.7)

Since h = (b —a)/n, we get hn = b — a. Inserting this in Equation 12.7, we get
the following estimate for the global error.

Theorem 12.3. Suppose that f: [a,b] — R and its first two derivatives are
continuous. Then the error in the midpoint method is bounded by

2

[~ L] < (b— ) oM, (128

12.2.3 The step length

We want to approximate the integral, and let us say we want the error in the
approximation to be smaller than some ¢ > 0. We can use the error estimate in
Equation 12.8 by requiring that

h2
(b—a)— max M, <e

24 zela,b]
which easily can be solved for £,
24e
h< |—————.
—\ (b—a)M,

If we can compute or estimate M,, the maximal value of the second derivative,
we can insert this in the expression above, and find an upper bound for h which
guarantees the error in the integral becomes less than e.

12.3 General method for deriving numerical in-
tegration methods

There also exist many other methods for numerical integration. The following

b
algorithm for deriving approximations to I = fa f(z)dzx is a direct parallel to
that of numerical differentiation.

1. Let n,k > 1. Split the interval [a, b] into nk equally large sub-intervals
a=2) <X < Ty << Tpp_q <Tpp =>.

Set h = (b—a)/n.
2. For each sub-interval J;, = [33@71),@, ], find the polynomial p, ; of degree
k which interpolates f in the k4 1 points {z(;_1)x, ., ;. }-
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3. Use f Pri(7)dr as an approximation to f f(z)dz, and add these to-

mzi/mwm

i=1J,

gether ‘to obtaln

This algorithm is also called the Newton—Cotes method. With help of the anal-
ysis in Chapter 10 we can estimate the error in this method:

Theorem 12.4. Let n,k > 1 and let f: [a,b] — R be a function with k + 1
continuous derivatives. Then the error in the Newton—Cotes method of order k
with step length h = (b — a)/n satisfies

(b )M +1 +
[T —I(h)| < Wﬁk L (12.9)

Proof. Choose a sub-interval J;, and let p; ; be the polynomial of degree < k
interpolating f in the points zy, ..., T(;11)k (as describes in the general algorithm
of numerical integration). From Theorem 10.1 we know that for z € J;

M4 k+1 M1 4
— . < . — . = — +1
‘f(x) pk,z($)| = (k+ 1)| (I(l+1)k xzk) (k + 1)|
Therefore
b n n
=1 =| [ f@rdo =3 [ prito)ds Z/ — ppala) de
a i=17J; i=1

<3 [ 1) = sl

S MkJrl k
< +1
< Z/J ot 1)1 h*t dx

_ My
(k+1)!

(From the first to the second line we use the triangle inequality, then we inserted
the error estimate for the interpolant, and then we integrated the constant
M., /(k+ 1)IhE*L) If we now insert h = (b —a)/n we get Equation 12.9. [

From the error estimate Equation 12.9 we see that, to decrease the error, we can
increase k, decrease h (i.e., increasing n), or a combination of the two. What
combination is the most effective depends on how large the factor M, _; is for
different k.

In the next sections we will consider the cases k = 1, which gives the trapezoidal
rule, and the case k = 2, which gives Simpson’s method.
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12.4 The trapezoidal rule
We know that the line which interpolates f in the two points z; ; and z; is

flx;) — flz;_y)

Ty

p1i(x) = flz;) + (x—2;q).

— T

If we apply this in the general algorithm we get the trapezoidal rule; as we see
from Figure 12.4 the approximation in each sub-interval J; is a trapezoid. We
then get the approximation

[ eyt = L 10,

Yi—1

Adding the contributions from all sub-intervals we get the approximation
n
flziy) + flzy)
Foapl) = 30 L= I ),
i1

Since z; is both the end of one interval and the beginning of the next for i # 0, n,
this can be written as

Livap(h) =h (‘f(a);f(b) - il f(:ci)> : (12.10)

Xo X1Xo X1 X2 X3 Xa X5

(a) (b)

Figure 12.4: The trapezoidal rule with one sub-interval (Figure 12.4a), and 5
sub-intervals (Figure 12.4b)}.

If we apply Theorem 10.1 with k£ = 1 we get the following error estimate.

Theorem 12.5 (Error estimate for the trapezoidal rule). Let f: [a,b] — R be
a two times continuously differentiable function. The error in the trapezoidal
rule with step length h is then bounded by

(b - a)MQ h2.

5 (12.11)

|I - Itrap(h)l <
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With some more computation one can show that the trapezoidal rule has an
error at most %h{ i.e., six times lower than the right hand side in Equa-
tion 12.11 (see Exercise 12.9). The error estimate given by Equation 12.11 is
thus an over-estimate. The constant factor % is not particularly important; the
important thing in Equation 12.11 is

o the factor h?, which means that if we for instance halve h, the error will
be reduced by a factor of 1/4.
¢ the factor M,, i.e., the error estimate depends on the seconds derivative.

An implementation of the trapezoidal rule can be as follows.

def trapezoidaln(f, a, b, n):
h=(b-a)/n
return h*x( (f(a) + £(b))/2 + sum( f(a + np.arange(1l,n)*h)))

12.5 Simpson’s method
For k = 2 we approximate with a quadratic polynomial on each sub-interval

J;. The method in this case is called Simpson’s method, and is illustrated in
Figure 12.5.

/

Xo X1 X2Xo X1 X2 X3 X4 X5 Xe

(a) (b)

Figure 12.5: Simpson’s method with one sub-interval (Figure 12.5a), and three
sub-intervals (Figure 12.5b)}.

In Exercise 12.12 you will be asked to show that the Newton form of the poly-
nomial interpolating f in a, m = (e +b)/2, and b is

pale) = ey + LT gy JZ2H O () o m),
where h = (b —a)/2, and that
’ h
[ patarde =5 (5@ + asm) + 1(0).
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Table 12.1: Truncation errors for three of the methods we have considered, for
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different numbers of sub-intervals.

n Midpoint  Trapezoidal Simpson

2 8.829660e-03 1.760413e-02 1.839786e-05

4 2.195332e-03 4.387233e-03 1.143445e-06

8  5.480824e-04 1.095951e-03  7.136556e-08
16 1.369738e-04 2.739342e-04  4.458792e-09
32 3.424052e¢-05 6.848020e-05 2.786502¢-10
64 8.559946e-06 1.711984e-05 1.741507e-11
128 2.139975e-06  4.279947e-06 1.088685e-12
256  5.349931e-07 1.069986e-06 6.772360e-14
512 1.337482e-07 2.674964e-07 3.774758e-15
1024  3.343705e-08 6.687411e-08  3.330669¢-16

This is Simpson’s method with one sub-interval. If we add together contributions
from all sub-intervals we get

L n—1 n
Igimp (h) = 3 (f(a) + f(b) +2 Z f@g) + 42 f(xZil)) ; (12.12)
=1 =1

where now h = (b —a)/(2n) If we insert k¥ = 2 in Theorem 10.1, we get the
following error estimate for this method.

Theorem 12.6 (Error estimate for Simpson’s method). Let f: [a,b] — R be a
four times continuously differentiable function. The error in Simpson’s method
with step length h is then bounded by

(b — a)M3 h3.

|I_ISzmp(h>| < 6

(12.13)

Simpson’s method is much used. Since it is based on quadratic polynomials, it
must be exact for such polynomials. It is in fact exact for all cubic polynomi-
als also (see Exercise 12.10). There are sharper error estimates for Simpson’s
method than this (see Exercise 12.11, which goes a bit outside the curriculum).

An implementation of Simpson’s method can be as follows

def simpsonn(f, a, b, n):
h = (b - a)/(2%n)
return hx( f(a) + £(b) + 2*sum( f(a+2*h*np.arange(l,n) )) \
+ 4xsum( f (at+th+2*h*np.arange(0,n))))/3

In Table 12.1 we have listed errors in the approximations to fol cos dr =sinl ~
0.8414709848 obtained by the three methods we have considered. The interval
[0, 1] has been split into 2% sub-intervals of equal length, for k =1, 2, ..., 10,

Each time h is halved we see that
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e For the midpoint method the error is reduced about a factor of 4. This
confirms what we derived in in Theorem 12.3.

o For the trapezoidal rule the error is also reduced about a factor of 4, but
the error is actually twice as big when compared to the midpoint method
(even if we now use two function values in each sub-interval to estimate the
integral!). This can also be seen from the error estimate in Equation 12.11,
since 1/12 is twice as big as 1/24 in Equation 12.8.

e For Simpson’s method, the error is reduced by a factor of about 16.

Exercises

Exercise 12.1. In this exercise we will use the definition of the integral on the
function f(z) = e on the interval [0, 1].

(a) Write and run a program that computes I and I for a uniform partition of
10 sub-intervals (let the method take take the number of sub-intervals as
argument). What is the error from the exact value I = e—1 = 1.718281828
of the integral?

@ Hint

Instead of a for-loop here you can use the sum-command when you add
together the contribution from the sub-intervals.

(b) Write a program which finds how many sub-intervals that are needed to
compute I with an error less than 3 x 1073.

Exercise 12.2. Find an approximation to

7/ .
/ TRY dw = 0.526978557614 ...
h 1+=z

using the midpoint method with 6 sub-intervals.
Exercise 12.3.

(a) Test the midpoint method with 10 sub-intervals on the integral

1
/ eFdr=e—1.
0

(b) Find a value h which guarantees that the absolute error is less than 10710,

Exercise 12.4. Repeat the previous exercise, but instead with the integral

6
/ Inz dz =1n(11664) — 4.
2

Exercise 12.5. Repeat Exercise 12.2 and Exercise 12.3 for the trapezoidal rule.
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Exercise 12.6. How many function evaluations are needed to compute the

integral
/ Voda
b 1+2z

with error less than 10710 for
(a) the trapezoidal rule,
(b) The midpoint method,
(¢) and Simpson’s method?
Exercise 12.7. Repeat Exercise 12.2 and Exercise 12.3 with Simpson’s method.

Exercise 12.8. We want to write a method for numerical integration on the
form

b
/ f() dz ~ wy f(a) + wyf((a+ b)/2) + wy f(b),

where the w; are to be decided. Show that, if the method is exact for the three
polynomials f(x) = 2* for i = 0,1, 2, then the method coincides with Simpson’s
method.

Exercise 12.9. Let m = % be the midpoint of the interval [a, b], and consider

the following application of integration by parts:

_/ab(x_m)f/@) dz = —[(x—m)f(w)}z+/bf(x) dz
=) - /f
/f )dz — b—a)f()

This shows that the local error in the trapezoidal rule can be written as

b
L:—/ (x —m)f'(z)dx. (12.14)

(a) Apply integration by parts to Equation 12.14 to show that

L= /ab (c+ %(:E—m)Q) ' (x) de. (12.15)

where C' is a constant (we will get back to how we can choose C).

(b) Show that, with C' = —(b — a)?/8, we have that C + (z —m)? < 0
for € [a,b]. Show also that, with this choice of C, it follows from
Equation 12.15 that |L| < Ma-a?,
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(c¢) Use (b) to show that the global error in the trapezoidal rule is < (b —
2
a)%MQ.

To simplify notation in the next exercises we define m = a + h, and b = a + 2h.
We also define

q(z) = (z —a)(x —m)(z —b),

and p,(z) as the quadratic polynomial interpolating f in a, m, and b.

Exercise 12.10. In this exercise we will look at different ways of proving that
Simpson’s method is exact for all cubic polynomials.

(a) Verify that Simpson’s method is exact for f(x) = 2 for i =0, 1, 2, 3.
(b) Use (a) to show that Simpson’s method is exact for any cubic polynomial.

(¢) Could you come to the same conclusion as in (b) by considering the error
estimate given by Equation 12.137

(d) Explain that ¢ is anti-symmetric about m, and that, if f is a cubic poly-
nomial, then f — p, is a multiple of ¢. Why does exactness of Simpson’s
method for cubic polynomer follow from this?

Exercise 12.11 (A sharper error estimate for Simpson’s method). In this ex-
ercise we will prove a sharper error estimate than Equation 12.13 for Simpson’s

method. We let . .
E:/ f(zx) da:—/ po(z) dx

be the error in Simpson’s method with one sub-interval.

(a) Show that fab zq(x) = — 135 (b — a)®, and that (zq(z))® = 4!,
(b) Consider the continuous function
E
¢(x) = f(x) = po() — kq(w) — ————wq(x),
[, za(z) dx
Show that
wﬂg)szug+1m—é%Lf (12.16)

(b—a)>’

and that fab ¢(z)dx = 0. Finally, explain that ¢(a) = ¢(m) = ¢(b) = 0.
(c) Show that there exists a k so that Lm ¢(x)dx = 0.
For the last part of the exercise we let k be defined as in (c).
(d) Show that ¢ has at least five different zeros in [a, b].

(e) Rolles theorem says that, for a continuous, differentiable function defined
on [a,b] so that ¢(a) = ¢(b) = 0, there exists a point ¢ € (a,b) so that
¢’(c) = 0. Use Rolles theorem to show that there exists a £ € (a,b) so
that ¢ (&) = 0.
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(f) Explain that, with ¢ as in (e), we get that E = —f4)(£)(b — a)®/2880. It
follows that the error for one interval is < M, (b—a)?/2880. Since we have
contribution from n such, we get the upper bound

nM,(2h)° /2880 = (b — a)M,(2h)* /2880 = M, (b — a)h* /180

for the error. This is considerably better than the global error estimate
given in Equation 12.13.
Exercise 12.12.
(a) Show that the Newton form of the polynomial interpolating f in a, m =

(a+b)/2, and b is

pa(e) = fla) 4 TV gy JOZ2NETO) () —m),

where h = (b—a)/2.
(b) Show that fapr(;v) dz =2 (f(a) + 4f(m) + f(b)).

@ Hint

Compute fab(a: —a)(x —m) dx first, see Exercise 10.12.

Exercise 12.13. On the interval [z;_;,z;] the trapezoidal rule uses only the
function values f(z;_;) and f(z;). On the next interval the function values f(z;)
and f(z;,,) are used. All function values, except the first and last, therefore
occur twice in the sum to the right in Equation 12.10. Function evaluations
can be costly - they can for example stem from sensors which are expensive to
use. Rewrite Equation 12.10 in such a way that we repeat repeating function
evaluations.

Exercise 12.14. Suppose we know n+ 1 function values { f(a+kh)}}_,. Show
that

h'py (a)/1!
) 2 (a) /2!

i3
|

a+nh
/ p,(x)dx =hn | f(a) + ( ng :H
hpu () /n!
Also show that, for n = 2 and n = 3, we get in particular

h

a+2h
[ bl o= 5@ + a5+ b + flat 20)

a+3h 34
[ pule)do = (F@) + 3F(at )+ 3F(a+ 20) + Fla-+ 3h).
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@ Hint

hpl () /1!

2,(2) |
Theorem 11.1 gives us an expression for h=pn .(a) /2!

hrp (a) /n!
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Augmented matrix, 45

Basis, 67, 70
standard, 68
Block matrix
definition, 39
determinant, 96
in proof of the spectral theorem,
125
write a subspace as a null space,
79

Change of coordinate matrix, 76
Characteristic

equation, 99

polynomial, 99
Coefficient matrix, 31
Column space, 70
Column vector, 23
Component-wise, 7
Condition number, 128
Cramer’s rule, 97

Determinant, 82
DFT matrix, 29
Diagonal matrix, 25
Diagonalisable, 107
Dimension, 72

Echelon form, 44
reduced, 45
Eigen
-space, 109
-value, 99
-vector, 99
Elementary
matrix, 47
row operation, 46

Equilibrium, 105
Error
absolute, 127
relative, 127

Factorisation
Schur, 125
Farkas lemma, 56
Fourier
basis, 68

Gaussian elimination, 43

Hilbert matrix, 28
Horner’s rule, 154

Identity matrix, 25
Index of nilpotence, 63
Inverse, 58
left, 57
right, 57
Invertible, 58
Invertible matrix theorem, 50, 58, 68,
87
Isomorphism, 74

Leading one, 43
Length
complex, 13
real, 12
Linear
combination, 65
dependence relation, 65
independence, 65
transformation, 35
Linear differential equation
Higher order, 118
Linear system of differential equations

191
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First order, 111 np.cos, 9
Loglog plot, 162 np.diag, 25
np.exp, 10
Magnification factor, 89 np.eye, 25
Matrix, 23 np.fft.fft, 30, 150
idempotent, 110 np.linalg,norm, 13
nilpotent, 63 np.linalg.cond, 130
Minor, 82 np.linalg.det, 83
np.linalg.eig, 102
Null space, 70 np.linalg.inv, 59
np.linalg.matrix_ power, 63
Ones matrix, 25 np.linalg.solve, 63
Operation count np.linspace, 5
definition of determinant, 83 np.log, 10
Gaussian elimination, 51 np.max, 6
Horner’s rule, 154 np.maximum, 10
Matrix multiplication, 42 np.min, 6
Triangular systems, 141 np.minimum, 10
Orthogonal, 12 np.ones, 25
Orthogonally diagonalisable, 124 np.prod, 6
Outer product, 33 np.real, 150
np.reshape, 28
Parallellepiped, 90 np.shape, 24
Pivot np.sin, 9
Column, 45 np.sqrt, 9
element, 45 np.sum, 6
row, 45 np.vdot, 15
variable, 45 np.zeros, 25
Projection, 16 plt.loglog, 162
Projection matrices, 36 plt.plot, 38
Proof by contradiction plt.semilogx, 131
All bases have the same number of plt.semilogy, 131
vectors, 72 scp.hilbert, 28
Eigenvectors for distinct eigenval- sym.Matrix, 45
ues are linearly independent,
105 Rank, 72
Reduced echelon form is unique, Rotation matrix, 36
73 Row space, 70
Proof by contrapositivity Row vector, 23
Condition for linear independence,
66 Scalar product
python complex, 14
np.abs, 9 real, 12
np.arange, 5 Schwarz’ inequality, 18
np.block, 11, 38, 150 Span, 65

np.conj, 15 Square wave, 149
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Subspace, 69

The spectral theorem, 126
Transpose, 24
Triangle inequality, 18
reverse, 19
Triangle wave, 157
Triangular
lower, 84
upper, 84

Vandermonde matrix
definition, 29
determinant, 96
generators, 29
in interpolation, 137
in numerical differentiation, 166
in plotting polynomials, 38
inverse, 61

Vector product, 92

Vectorisation, 9

Volume, 89

Zero matrix, 25
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