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Vectors
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Creating vectors with Python
import” humpy as np
a = np.array([2,4,6,8,10,12,14,16])
a
array([ 2, 4, 6, 8, 10, 12, 14, 16])
np.linspace(0,1,6)

array([0. , 0.2, 0.4, 0.6, 0.8, 1. 1)
np.arange(1,7)

array([1, 2, 3, 4, 5, 6])
np.arange(1,7,2)

array([1, 3, 5]) steq lengde



I(ofon—lllo+asjw.' bla. fr a lage of sett med indefser inn jen vekbor
a: b Ca,a+l,a~2,--) alle heltall ; La,b) (b ikke wie)

a:b:h * (Ca,othas2h,..) alle tall i[a,8) (4 ikkemed)
al0:6]

array([ 2, 4, 6, 8, 10, 12])
al0:6:2]

array([ 2, 6, 10])
al3:]

array([ 8, 10, 12, 14, 16])
al-1]

16



np.max(a)

16

np.min(a)

2

np.sum(a)

72
np.prod(a)

10321920



Vector addition- and subtraction are defined
component-wise Uke wange komponentor

Lo @ =@a,,80,,%) | B =Cbirbzrnbs) | € shalar
Vi definerer :

—;*’?: (a, ‘f‘éf,az*éz)m? An+ &n’)

7 T = Ca-b)y Qa-byyery An=bn)
‘67"’ = (éa"fa.?’..,? 't'an>
.Et-z‘,% Ran 0953 vt kﬂmp/PkSp.



(a) The sum of two vectors

(b) The difference between two vectors
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Figure 2: Multiplication of a vector with a scalar



Example with a = (1,2,3), b =(4,5,6), and t = 2

FaT= L2, +(4,56)=(Cl+¢,2+ 5,3+¢)=(5,7, 1)
R-F: (123)-4,5.6) = (1-4 ,2-5_3%-6) =(-3,-3,-3)
€9 2 24,29 = (2-1,2:2.,2-30=(2,4,6)



Example with Python

a = np.array([1,2,3])
b = np.array([4,5,6])
t = 2
a + b

array([5, 7, 9]1)
a-b

array([-3, -3, -3])

t*a

array([2, 4, 6])

Deviation between mathematical notation and python:

at+t

array([3, 4, 5])



Vectorised functions
Hors £ o en funksjo pa R elley € :
‘/ek‘f‘arl'gerfageh avr { ex definert fJ ﬁeh eller d:h veo/
£0a,%,08,) = (£0) 1€, )
for alle ae ®"/¢c”

De £leste Funk sjoner i )Dyfhan cektoriseres.
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Examples of vectorised functions
np.sqrt(np.array([1,4,9,16]1))

'((X');'V;
array([1., 2., 3., 4.])

np.abs(np.array([-2,-1,1,2]))

‘C&)zgﬁlay([z, 1, 1, 21)

np.sin(np.array([0,np.pi/2,np.pi,3*np.pi/2,2*np.pil))
€=l X o ([ 0.0000000e+00, 1.0000000e+00,

1.2246468e-16, -1.0000000e+00,
-2.4492936e-16])

np.exp(np.log(np.array([1,2,3])))

array([1., 2., 3.])
np.log(np.exp(np.array([0,1,2])))

array([0., 1., 2.]1)



.chlg7 = Xy

£0ay) = x7

Vectorised binary functions S
His £ er en Funksjon p R xR eflar €x€ (

o -F()(,g?’ )(‘f'y)

Vek+or79erfmgew ar f er dafinef{' pg /QMKIR” eller (fh»\’['" U't‘e)
£0%, %) = (£Ca,s6), £(a,,82) 50y € (nsbn))

Vek‘farl'serfngven o -(-O(,y?: Xty ‘alley— sammen mel
a'e{—?nisjozaeﬂ a0 wkﬂrqddr;}m eveL .



Examples of vectorised binary functions

-
‘3:((,2,3) L-:_(‘f,§,é>
np.maximum(a,b)
—GCX:l/)lqu CX,y)
array([4,”5, 6])
np.minimum(a,b)
¢ - b C‘\/r
#C{qgr;g;([f? 2, 31)
axb
€ 224 (1 4, 10, 18])
ax*xb
7 F e
F"‘ngré(y([ 1, 32, 729]) egentlig iRke defmed
T_, 4 & b
'('(?'T): —a :(allpaz 1"")0” )
- 5 _
= (11,2°,3%)=(132,729)



Proposition
We have that
1. a+ b=Db+a
2. (a+b)+c=a+(b+c)
3. s(a+b)=sa-+sb
4. (s+t)a= sa+ta,
where a, b, and ¢ are vectors, and s and t are scalars.

Bevis for 3° s(34F) = S((amyan) € (4, 5a])

= 5 Caredyvrer anrh)
= (S'(q'-(-l,"),)...,S(ay,ﬂ‘bh))
= (5‘“,“'5’Lr')’"7 SAnt+S bM)

= (58,90y50) + C5hy g9 Sha) .
f(a,'n--7Qu7 +$(b, ‘)"')*11') = 5? +5’L " OK



Be s fr 4., ko'lpdm’ﬂ"‘lfff Crok @ vise dof VS eg HS har samme
kam,;onenfer)

VS : komponent ¢ er (s+€)a;

(ke e¢qensk
- , C9enskap ved de reel
HS: kowlooncvrl‘ i (sa er Ssa: tall P e ree (Q

komponent ¢ L3 e ta:

komf""?”7 [ SA+ET e Sa; + ta;



How to find the expression for a line between two points
L;’njen gycnnom to P“"h-her ?. g ?Z_ har thingsaek'l‘ar )‘?,_-'3?,

- - —m
L,’n]m lkan pamwe:z“r-r’serfs ved g(é') = X, ""é’CX?_—X,)
Y o)= X, ?(/7=2 £330 =Xs



Length and scalar product in R”

Let a,b € R™

» The length of a is defined as

la| = +/a® + a5+ +a2.
» The scalar product a - b is defined as

We say that a and b are orthogonal if a- b = 0.



Example with a = (1,—4,9) and b = (2,3, —6)

(&)= (Cl,-9, 0] = Vizs (4174 9= < Vivw~sr 47 - 1249
= 792

Pl =((2.3,- 67 =127+ 5° +¢-¢) = Vrea r30=100 = 2

.
Wbz (1,4,49)(2.3-6)c1-2 4(-%)3 +9-(-¢)
= 2 -l2 -5 = Ly,

0 -

$8 & o9 b er ikke ortogonale



Computing length in Python

a=np.array([3,4])
np.linalg.norm(a)

5.0

This can also be programmed as follows

np.sqrt(np.sum(np.abs(a)**2) )

5.0
Her er "0ppln¢9d i andre po‘f'eﬂs” we Rtorisert.



Proposition (Properties of the scalar product)

For all vectors a, b, ¢ in R™, and scalars s, we have that

1. a-a=|al?

2. a-b=D>b-a,
3.c-(a+b)=c-at+c-band(a+b)-c=a-c+b-c,
4. (sa)-b=a-(sb) =s(a-b)

Bevis foprste dof pda 3 -
/s : _C:"(T+FZ) = (Crr"; Cﬂ) o (a,—rb,,...,q,,-\-h)

= C qu*—bl’) + % Ca (qV\+ b“')

\ - Ga, +Cbi+ ot cha, ~Cab,
Like:



Hs: c-a+c-b = Ce,, 4G ) (a5 ,a,,)+(c., 7C"> (4

=Ca, +tcqa, + C,h t+Co k

127 73”

Bers to Y.
(s_ef)_g = (Sa,,n.,s'a,.')'('é,,m)zq)‘-‘— Sa, by + -+ Sa,
R (sV) = (ayaera)Csbpmrshs) = sa,d+ 4 50,4,
) =~ s(ab+~+anh) = sab, -~ +5sa,d,
Alle tve ble Uk ]



Length and scalar product in C"

More generally, if a,b € C™:
P The length of a is defined as

a| = Vl]ay [* + ag]? + - + |ay |2
» The (complex) scalar product a - b is defined as
a-b=ab +-+ayb,.

2?\’ - 4,8 e o, T Hior.,ciy detinerer & med als ved;T
= [a,[2+...+[a,,lz 1/0,2'+ '---(-a,,g‘ bl komP/‘ekﬂ‘ hW.S a;
er 0’27"7 og Ui ol atf /eugO'P ske!
vare & pasf‘f‘ﬁ/ 5“"¢Vra/;p‘




Med der e deﬁ’nis)owﬁtfa’r o q%

[2°= & o

)
Som or kom,od'ifbe/—/— meo’ JeT V‘f?(le Hf#e//ef‘ aa-ﬁyn:/,
¢2=~1  19-(-1y)
aA-0= aa = (X—f-fg)()(_;y)

— 2 2
= [a]



Proposition (Properties of the complex scalar product)
Assume that a,b,c € C", and that s € C. If a- b is the complex
scalar product we have that

2. a-b=>b-a,
3.c-(a+b)=c-at+c-band(a+b)-c=a-c+b-c,
4. (sa)-b=s(a-b) anda-(sb) =35(a-b),
U ke
def
‘.% — —_—
Bess T G-F = a b+ + and
- S S —_— — _/_.
F-ad = ba +-—+4dnd, = ba +o-a4 b ay



Bevis o 4., del 7

Vs : ao(;'l?): a,(—;’éﬁ 4 -+ a, (sb,)

:algél -+ - 3



Example with a = (23,1 +i,3), b = (1 + 2i,—1,2 — )

{Z_[Z_L/ \-1-‘27/’:5
/l-l-«[ :( %" (__I-)z:__/
(3 /:7 2-317 5

ITA’/'J/f‘/*ZH":/Va? lf(=m=%

a'?:aczfazl;'ta)bj
=2i ([-2i) + Ct+i)(~7) +3-(24)
=2 -dit - -+ 413
= Z2i+4Y - —~] + L+3/

— Cl 4_¢{;



a = np.array([2j,1+15,3])
b = np.array([1+2j,-1,2-1j])
np.vdot(a,b)

(9-43)

np.sum(np.conj(a)*b)

(9-4j)
Som er def konjugerte at det v (ki Hdlgere |

Dete skyldes ot def {wunes fo Rakurierende
Jefiwisiner ac def komplebse slkalavprogubtet



How to find an expression for the plane passing through a
given point (x, Yy, Zy), and which is orthogonal to a given

vector n = (a, b, c).

(X,?,Z) [j'gje_v- y /@ffe ’/ane'f' /'M’f 0364”’ AVIS (X,c/,zwf(xo,%,&\/

er offogoﬂa/ P; n

O - ((’(1912’) - ()(oo,‘/algo)‘) . qu 5,C 7
S (x-Xo,g—fj,,a—é.W'(d,ng)
S alx-x) + b (g-y,) +c(2-2)

Ran §lsives:
ax t byt Cz2 = A Xt byt €26
d

aX-’-ég—c-ca =d



A g?neralisatgn of Pythagoras tt1eorem >7-3 =o
Hos o q b er or‘l"ogona/e sa ¢4
TV

- > 2

12+F%= (R+TY)- (24T )= QX +=-b+1TA «
2-
2

Hois o seffer n=2 o= (a,0) b= (0,4) C="a+73 =(a,})
(d] =~ a 18t=4 -
ar'f‘ogona/& let=¢
(®+T = (FP+ I3 sjerda at “=za +4,
’\L”)o"'émlsw hatej‘
Som es Pythagoras.
7 e —(’o'l/).

Generalisering til n dimensjoner (og kcwiplelw



Projection

p = %b is the unique point on the line between 0 and b so that
a — p and p are orthogonal. p is also the closest point to a on this
line. It is also called the projection of a onto the line.

The decomposition

a-b a-b
e ()

splits a in a sum where one vector is parallel to b, and the other
orthogonal to b. This is also called an orthogonal decomposition.

np.vdot(b,a)*b/np.linalg.norm(b**2)

array ([ 0.14002801+3.080616187,
-1.26025208-0.56011203j,
3.08061618-0.1400280131)



Figure 3: Projection of the vector a onto the vector b in the plane.



PrOOf a.+ ? = C—g. er of"f‘osonq/ fa 72— C—g e

o'e"/' Sammme S ow at
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¥

Som eV det Samme Soln C = Q- ; S&’é oAt
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Som or N@rmest @ :

For se C : parallell wed Z,, 09 ?
- 2 2
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Example with a = (10,5), b = (2,4)
TI%=2"+4" = 4 +/¢ = 20
R-E=-(10,5)(2,¢) =10-2+ 5-4 =20+%20 =90

roj_ 2. B 14

Prejipa = b = 5 (24) =2(2,4) = 14,8)

?R-pro\fz,? - C10,5) ~(4,8) = Clo-y,5-3)=(6,-5)

Dertor or (10,5)= (4,%) + (5,— 3) en ortogona/ dokomposigjhv
Y

. av
pr "J‘; ?\-pm\)g



Observations from the figure
La @ vere vinkelen gennom < oo T

V-’ har a? {Ph’j?ql = tos O (ka‘ft"‘/hypohﬂll97

[T/

{1
37 o 12T ) pm Os6 < T
Jl?/z ‘[ = :-z:zz (2] an

e @ zuz e

De‘/'{lplqw g |&Tl=|=2) 'T/‘”e

Utledning av +r7(90n0me7'-m'sk 7deﬁ7‘;7‘r7‘ :
ceft @ =(cos®, 5in8,) . b=(cosb,\snb.) ., 6=6,-6
Do or 139/5/ N /F"/:'/7 ?-7: 50, 050, +5mnB sin O,

to50,cos O, +5nb, sinb,
Uke | kjﬂﬂL '/‘V;gahomp'hﬂfsk { dentited,

(- [-cs = tes (6, -8,)



Some important results

Proposition (Schwarz’ inequality)

We have that |a - b| < |a||b| for all vectors a,b € C™. We have
equality if and only if either a or b are parallel, or at least one of a
and b is 0.

Proposition (The triangle inequality)
We have that |a 4+ b| < |a| + |b| for all vectors a,b € C™. We
have equality if and only if either a = sb for an s > 0, or at least

one of a and b is 0 (The shortest distance to a point is a straight
line).



Proofs
Bevis Schuwarz - (% 8/ < (& (T i planet fplger a o
(T-D/=(3 (Tlcs® o 0 lesolst.
Mer generelt brukes v Pythagoras:
[af = /?-Praj_p'?/z PVDJ a/ Pm/f 3|
Ta kvadrat-rpfle,

(&= [projd/~ [d2 p/ _ (23]

U
12118/ 2 )01 & (23 < |2 |7/

- -

LikheT ; Schwarz alikhet: nfr minst-en qr @, b er _g

2

Hois bdde @ og Y er 0 -
Ghhet kanndr 3 fro/_;s’

Deﬁ‘c’ 5/?/0/ W ors og bare hefs & oy T o parv/lefle



Beos trekantualikheten
[R4F) = (@432 T)

= AX-a+ '3\-7+f-? «T-3

N (- S I R T
= (° + 2Re(2.2) +(2)°

< (2* + 2 (]T) « | T°

Schwavz

= [+ 2 rjn'l"/ + [/
= Clal+1T])

Toa koodvratrotey, : [T+2/ = (@]+ 12/ LY of skulle uise.
Likhet : ndr minst en av a o9 T oer 5

Begggq:?; ME ha lkhet T Schwarz uliklet

= ?, T paro(leffe 75'_0, T;;?
M ®9s7 hq Pe (a-0)=/2-Z/
P 2
;{799a (s @/
Re(RGTN = Re(51T1) = (2(*Re5 =[5 @17

S5& Chkhet kun wa [a\/z/?e; = (s i dAn
Re § = [S’/

Skjevr kll]\ H&r s e reel| 65 PcSi'f;'l/‘.
=



