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Vectors
En vektor er en samling au tall halt komponenter

listeti en gilt rekkefolge
Vektorer Sma bokstauer fet skuift pit overrightarrowaoverrightarrowbldots
komponenter Sma bokstaver a1a2ldotsan er Romponentene ioverrightarrowa

Viskal sepal bade

Vektorer med reelle homponenter
mathbbRn

Vertover med n komplekse komponenter

mathbbCnoverrightarrow0 Vektoren der alle komponenter er 0



Creating vectors with Python

a = np.array([2,4,6,8,10,12,14,16])
a

array([ 2, 4, 6, 8, 10, 12, 14, 16])
np.linspace(0,1,6)

array([0. , 0.2, 0.4, 0.6, 0.8, 1. ])
np.arange(1,7)

array([1, 2, 3, 4, 5, 6])
np.arange(1,7,2)

array([1, 3, 5])

importnumpy as

upsteglengde



a[0:6]

array([ 2, 4, 6, 8, 10, 12])
a[0:6:2]

array([ 2, 6, 10])
a[3:]

array([ 8, 10, 12, 14, 16])
a[-1]

16

Kolon notasion bla for a cage of self med inderser inn i envento
ableftaa1a7ldotsright alle he tall leftabright b ikkemed

abhleftaaha2hldotsright alle tall i leftalright 6 ikkemed



np.max(a)

16
np.min(a)

2
np.sum(a)

72
np.prod(a)

10321920



Vector addition- and subtraction are defined
component-wise like mange

komponenterLaoverrightarrowalefta1a2ldotsanrightoverrightarrowbleftb1b2ldotsbnright leftarrow skalar
Vi definerer

overrightarrowaoverrightarrowblefta1b1a2b2ldotsanbnright
overrightarrowaoverrightarrowblefta1b1righta2b2ldotsanbn

toverrightarrowaleftta1ta7ldotstanright
overrightarrowaoverrightarrowb I l kan ogsa were komplekse



(a) The sum of two vectors

(b) The difference between two vectors



Figure 2: Multiplication of a vector with a scalar



Example with a = (1, 2, 3), b = (4, 5, 6), and 𝑡 = 2
overrightarrowaoverrightarrowbleft123rightleft456rightleft142536rightleft579rightoverrightarrowaoverrightarrowbleft123rightleft456rightleft142536rightleft333righttoverrightarrowa2cdotleft123rightleft212223rightleft246right



Example with Python
a = np.array([1,2,3])
b = np.array([4,5,6])
t = 2
a + b

array([5, 7, 9])
a-b

array([-3, -3, -3])
t*a

array([2, 4, 6])

Deviation between mathematical notation and python:
a+t

array([3, 4, 5])



Vectorised functions
Huis f or en funks jor poi

mathbbR ellermathbbC
Vektorisevingen ar f er definert pi mathbbRn eller mathbbCn ved

flefta1a2ldotsanrightleftflefta1rightflefta2rightldotsfleftanrightright
for alle overrightarrowainmathbbRnmathbbCn

Defleste funksioner i Python oektoriseres



Examples of vectorised functions
np.sqrt(np.array([1,4,9,16]))

array([1., 2., 3., 4.])
np.abs(np.array([-2,-1,1,2]))

array([2, 1, 1, 2])
np.sin(np.array([0,np.pi/2,np.pi,3*np.pi/2,2*np.pi]))

array([ 0.0000000e+00, 1.0000000e+00,
1.2246468e-16, -1.0000000e+00,

-2.4492936e-16])
np.exp(np.log(np.array([1,2,3])))

array([1., 2., 3.])
np.log(np.exp(np.array([0,1,2])))

array([0., 1., 2.])

leftxrightsqrtx

leftxrightleftxright

leftxrightsinx



Vectorised binary functions

His f er on funksionpi mathbbRtimesmathbbR ellermathbbCtimesmathbbC beginmatrixsomfleftxyrightxyfleftxyrightxyfleftxyrightxyendmatrix
Vektoriseringer ar f ev definertpamathbbRntimesmathbbRn eller mathbbCntimesmathbbCn wed

fleftoverrightarrowaoverrightarrowbrightleftflefta1b1rightflefta2b2rightldotsfleftanbnrightright
Vektoriseringen on fleftxyrightxy faller sammen med

definisjonen ar vektoraddisjon over



Examples of vectorised binary functions

np.maximum(a,b)

array([4, 5, 6])
np.minimum(a,b)

array([1, 2, 3])
a*b

array([ 4, 10, 18])
a**b

array([ 1, 32, 729])

overrightarrowbleft456rightoverrightarrowaleft123right

fleftxyrightmaxleftxyright

fleftxyrightminleftxyright

fleftxyrightxy

egentlig ikke definentfleftxyrightxy

fleftoverrightarrowaoverrightarrowbrightoverrightarrowaoverrightarrowblefta1b1a2b2ldotsanbnrightleft142536rightleft132729right



Proposition
We have that

1. a + b = b + a
2. (a + b) + c = a + (b + c)
3. 𝑠(a + b) = 𝑠a + 𝑠b
4. (𝑠 + 𝑡)a = 𝑠a + 𝑡a,

where a, b, and c are vectors, and 𝑠 and 𝑡 are scalars.
Bevisfor 3 SleftoverrightarrowaoverrightarrowbrightSleftlefta1ldotsanrightleftb1ldotsbnrightright

slefta1b1ldotsanbnrightleftslefta1b1rightldotssleftanbnrightrightleftsa1sb1ldotssansbnrightleftsa1ldotssanrightleftsb1ldotssbnrightslefta1ldotsanrightsleftb1ldotsbnrightsoverrightarrowasoverrightarrowbn0k



Bevis for 4 Romponentus nokat rise at VS og 115 harsammeRomponenter

VS Romponent i er leftstrighta
like egenskap vedde reelle

tall.HSkomponent ii soverrightarrowa or sai
Romponent i toverrightarrowa er tai

Romponent i soverrightarrowatoverrightarrowa er saitai



How to find the expression for a line between two points

Lingen gjennom to punkter
overrightarrowx og

overrightarrowx2 har retringscektor overrightarrowx2overrightarrowx

Lingen kan parametriseres ved overrightarrowylefttrightoverrightarrowx1tleftoverrightarrowx2overrightarrowx1right
overrightarrowyleft0rightoverrightarrowx1overrightarrowyleft1rightoverrightarrowx1overrightarrowx2overrightarrowx1overrightarrowx



Length and scalar product in ℝ𝑛
Let a, b ∈ ℝ𝑛▶ The length of a is defined as|a| = √𝑎21 + 𝑎22 + ⋯ + 𝑎2𝑛.▶ The scalar product a ⋅ b is defined as

a ⋅ b = 𝑎1𝑏1 + 𝑎2𝑏2 + ⋯ + 𝑎𝑛𝑏𝑛.
We say that a and b are orthogonal if a ⋅ b = 0.



Example with a = (1, −4, 9) and b = (2, 3, −6)
leftoverrightarrowarightleftleft149rightrightsqrt12left4right292sqrt11681sqrt98sqrt2497sqrt2

overrightarrowbleftleft236rightrightsqrt2232left6right2sqrt4936sqrt497
overrightarrowacdotoverrightarrowbleft149rightcdotleft236right12left4rightcdot39cdotleft6right

2125464
sd overrightarrowa og

overrightarrowb er ikke ortogonale



Computing length in Python

a=np.array([3,4])
np.linalg.norm(a)

5.0

This can also be programmed as follows
np.sqrt(np.sum(np.abs(a)**2))

5.0

Her er opphaydi andrepoters vektorisert



Proposition (Properties of the scalar product)
For all vectors a, b, c in ℝ𝑛, and scalars 𝑠, we have that

1. a ⋅ a = |a|2,
2. a ⋅ b = b ⋅ a,
3. c ⋅ (a + b) = c ⋅ a + c ⋅ b and (a + b) ⋅ c = a ⋅ c + b ⋅ c,
4. (𝑠a) ⋅ b = a ⋅ (𝑠b) = 𝑠(a ⋅ b)

Bevis forste del poi 3

VSoverrightarrowccdotleftoverrightarrowaoverrightarrowbrightleftr1ldotsrnrightcdotlefta1b1ldotsanbnrighta1leftlceila1b1rightrceilldotsrnleftlceilanbnrightrceilc1a1r1b1ldotscnancnbn
Like



HS overrightarrowccdotoverrightarrowaoverrightarrowccdotoverrightarrowbleftr1ldotscnrightcdotlefta1ldotsanrightleftc1ldotscnrightcdotb1ldotsbn
c1a1ldotscnanc1l1ldotscnbn

Becis for 4

leftsoverrightarrowarightcdotoverrightarrowbleftsa1ldotssanrightcdotleftb1ldotsbnrightsa1b1ldotssanbn

overrightarrowacdotleftsoverrightarrowbrightlefta1ldotsanrightcdotleftsb1ldotssbnrightsa1b1ldotssanbnsleftoverrightarrowacdotoverrightarrowbrightslefta1b1ldotsanbnrightsa1b1ldotssanbn
Alle treble like



Length and scalar product in ℂ𝑛
More generally, if a, b ∈ ℂ𝑛:▶ The length of a is defined as|a| = √|𝑎1|2 + |𝑎2|2 + ⋯ + |𝑎𝑛|2.▶ The (complex) scalar product a ⋅ b is defined as

a ⋅ b = 𝑎1𝑏1 + ⋯ + 𝑎𝑛𝑏𝑛.
Hvorfor detinerer a medabsverdi

overrightarrowacdotoverrightarrowaa1overlinea1ldotsanoverlineanlefta1right2ldotsleftanright2 sqrta12ldotsan2 bor kompleket hris ai
ev det og in oil at lengde skat
ware en positiv storrolse



Med donnye definisjonenfar vi at

leftoverrightarrowaright2overrightarrowacdotoverrightarrowa
7somor kompatibelt med det reelle filfellet og for n

iy f ig

acdotaaoverlinealeftxiyrightleftxiyrightx2y2
a2

i21



Proposition (Properties of the complex scalar product)
Assume that a, b, c ∈ ℂ𝑛, and that 𝑠 ∈ ℂ. If a ⋅ b is the complex
scalar product we have that

1. a ⋅ a = |a|2,
2. a ⋅ b = b ⋅ a,
3. c ⋅ (a + b) = c ⋅ a + c ⋅ b and (a + b) ⋅ c = a ⋅ c + b ⋅ c,
4. (𝑠a) ⋅ b = 𝑠(a ⋅ b) and a ⋅ (𝑠b) = 𝑠(a ⋅ b),

likeBevis2 overrightarrowacdotoverrightarrowb
det

a1overlineb1ldotsanoverlinebn

overrightarrowbcdotoverrightarrowaoverlineb1overlinea1ldotsbnoverlineqnoverlineb1overlineq1ldotsoverlinebnoverlineqn
overlineb1overlineoverlinea1ldotsoverlinebnoverlineoverlineanoverlineb1a1ldotsoverlinebnan



Bevis for 4 del 2

VSoverrightarrowacdotleftsoverrightarrowbrighta1overlineleftsb1rightldotsanoverlineleftsbnrighta1overlinesoverlineb1ldotsanoverlinesoverlinebnoverlineSlefta1overlineb1ldotsanoverlinebnrightoverlinesleftoverrightarrowacdotoverrightarrowbright



Example with a = (2𝑖, 1 + 𝑖, 3), b = (1 + 2𝑖, −1, 2 − 𝑖)
left12iright25left1right212i24left1iright2leftsqrt12i2right22

left2iright25left3right29

leftoverrightarrowarightsqrt429sqrt15 leftoverrightarrowbrightsqrt515sqrt11

overrightarrowacdotoverrightarrowba1overlineb1a2overlineb2a3overlineb32ileft12irightleft1irightleft1right3cdotleft2iright2i4i21i63i2i41i63i94i



a = np.array([2j,1+1j,3])
b = np.array([1+2j,-1,2-1j])
np.vdot(a,b)

(9-4j)
np.sum(np.conj(a)*b)

(9-4j)

som er detkoniugerteatdetvifikktidlige.rs

Dette skyldes at det tinnes to konkurverende

definisioner ar det komplease skalarproduktet



How to find an expression for the plane passing through a
given point (𝑥0, 𝑦0, 𝑧0), and which is orthogonal to a given
vector n = (𝑎, 𝑏, 𝑐).
leftxyzright ligger i dette planet has ogbarehis leftxyzrightx0y0z
er outogonalpd

overrightarrown

0leftleftxyzrightleftx0y0z0rightrightcdotleftabcright
leftxx0yy0zz0rightcdotleftabcright
aleftxx0rightbleftyy0rightcleftzz0right

Ranskrives

axbyczax0by0cz6
axbyazd



A generalisation of Pythagoras theorem overlineoverrightarrowacdotoverrightarrowboverline00
His overrightarrowa og

overrightarrowb er ortogonale safer
leftoverrightarrowaoverrightarrowbright2leftoverrightarrowaoverrightarrowbrightcdotleftoverrightarrowaoverrightarrowbrightoverrightarrowacdotoverrightarrowaoverrightarrowacdotoverrightarrowboverrightarrowbcdotoverrightarrowaoverrightarrowbcdotoverrightarrowb

0

leftoverrightarrowaright2leftoverrightarrowbright2
Slik at overrightarrowaoverrightarrowb2overrightarrowa2overrightarrowb2 nor

overrightarrowa og
overrightarrowb er

ortogonale.Hoisasetter a2 overrightarrowalefta0right i overrightarrowbleft06right n overrightarrowcoverrightarrowaoverrightarrowbleftabright
overrightarrowbbleftoverrightarrowarighta

leftoverrightarrowcrightlangle
ortogonale

overrightarrowaoverrightarrowb2overrightarrowa2overrightarrowb2s er da at c2a2b2
hypotenusbatet

batetSomor Pythagoras

Generalisering til n dimensioner og komplekse tall



Projection

p = a⋅b|b|2 b is the unique point on the line between 0 and b so that
a − p and p are orthogonal. p is also the closest point to a on this
line. It is also called the projection of a onto the line.
The decomposition

a = a ⋅ b|b|2 b + (a − a ⋅ b|b|2 b)
splits a in a sum where one vector is parallel to b, and the other
orthogonal to b. This is also called an orthogonal decomposition.
np.vdot(b,a)*b/np.linalg.norm(b**2)

array([ 0.14002801+3.08061618j,
-1.26025208-0.56011203j,
3.08061618-0.14002801j])



Figure 3: Projection of the vector a onto the vector b in the plane.

ominus



Proof at overrightarrowpcoverrightarrowb er ortogonal pal
overrightarrowacoverrightarrowb er

det samme som at

0leftoverrightarrowacoverrightarrowbrightcdotoverrightarrowboverrightarrowacdotoverrightarrowbcleftoverrightarrowbright2
som er det samme som cfracoverrightarrowacdotoverrightarrowbleftoverrightarrowbright2 slik at

overrightarrowpfracoverrightarrowacdotoverrightarrowbleftoverrightarrowbrightoverrightarrowb som er det in skulle from til

overrightarrowP or den unike vektoren pi linga gjennom 0 og
overrightarrowt

som er normest overrightarrowa
parallel med og

overrightarrowPFor sinmathbbC

leftoverrightarrowasoverrightarrowbright2leftleftoverrightarrowaoverrightarrowprightleftoverrightarrowpsoverrightarrowbrightright2
ortogonalePythagoras

overrightarrowaoverrightarrowp2overrightarrowpsoverrightarrowb2geqoverrightarrowaoverrightarrowp2
Siden dette gielder for alle s overrightarrowP er det normeste punklet

til overrightarrowa pa linja



Example with a = (10, 5), b = (2, 4)
leftoverrightarrowbright2224241620
overrightarrowacdotoverrightarrowbleft105rightcdotleft24right10254202040

proj overrightarrowboverrightarrowafracoverrightarrowacdotoverrightarrowbleftoverrightarrowbright2overrightarrowbfrac4020left24right2left24rightleft48right
overrightarrowaprojoverrightarrowboverrightarrowaleft105rightleft48rightleft10458rightleft63right

Derfor or left105rightleft48rightleft63right en ortogonaldekomposis

projbeginmatrixoverrightarrowabendmatrix
au

overrightarrowa
overrightarrowa progbeginmatrixoverrightarrowaoverrightarrowbendmatrix



Observations from the figure
La theta wore vinkelen giennom

overrightarrowa og
overrightarrowb

V1 hav at fracleftProjoverrightarrowboverrightarrowarightleftoverrightarrowarightcostheta
11

batet hypotenus

0leqthetaleqfracpi2fracleftfracoverrightarrowacdotoverrightarrowbleftoverrightarrowbright2overrightarrowbrightleftoverrightarrowarightfracfracleftoverrightarrowacdotoverrightarrowbrightleftoverrightarrowbright2leftoverrightarrowbrightleftoverrightarrowarightfracleftoverrightarrowacdotoverrightarrowbrightleftoverrightarrowarightleftoverrightarrowbrightcostheta
Detfolger at leftoverrightarrowacdotoverrightarrowbrightleftoverrightarrowarightleftoverrightarrowbrightcostheta

Utledning ar trigonometrisk identitet
sett overrightarrowaleftcostheta1sintheta1right overrightarrowbleftcostheta2sintheta2right thetatheta2theta1
Daer leftoverrightarrowaright1 leftoverrightarrowbright1 I overrightarrowacdotoverrightarrowbcostheta1costheta2sintheta1sintheta2

costhetacdotcostheta2sintheta1sintheta2
like kient trigonometrisk identitet

leftcdotrightcdotcosthetacoslefttheta2theta1right



Some important results

Proposition (Schwarz’ inequality)
We have that |a ⋅ b| ≤ |a||b| for all vectors a, b ∈ ℂ𝑛. We have
equality if and only if either a or b are parallel, or at least one of a
and b is 0.

Proposition (The triangle inequality)
We have that |a + b| ≤ |a| + |b| for all vectors a, b ∈ ℂ𝑛. We
have equality if and only if either a = 𝑠b for an 𝑠 > 0, or at least
one of a and b is 0 (The shortest distance to a point is a straight
line).



Proofs
BevisSchwarz leftoverrightarrowacdotoverrightarrowbrightleqleftoverrightarrowarightleftoverrightarrowbright i planet folger free at

leftoverrightarrowacdotoverrightarrowbrightleftoverrightarrowarightleftoverrightarrowbrightcostheta og lefturightarrowthetarightleq1

Mer generelt braker in Pythagoras

overrightarrowa2leftoverrightarrowaprojoverrightarrowaright2leftprojoverrightarrowaright2geqprojoverrightarrowboverrightarrowa2
Takuadratrotter

overrightarrowageqprojoverrightarrowafracoverrightarrowacdotoverrightarrowboverrightarrowb2overrightarrowbfracleftoverrightarrowacdotoverrightarrowbrightoverrightarrowb
leftoverrightarrowarightleftoverrightarrowbrightgeqleftoverrightarrowacdotoverrightarrowbrightRightarrowleftoverrightarrowacdotoverrightarrowbrightleqleftoverrightarrowarightleftoverrightarrowbright

Likheti Schwarz alikhet nor minst en ar
overrightarrowaoverrightarrowl er

overrightarrow0
Hois bade overrightarrowa og

overrightarrowb er neqoverrightarrow0
likhet kunnaroverrightarrowaprojoverrightarrowboverrightarrowa
Dette skier has og bare his overrightarrowa og

overrightarrowb or parallelle



Ben's trekantalikheten

leftoverrightarrowaoverrightarrowbright2leftoverrightarrowaoverrightarrowbrightcdotleftoverrightarrowaoverrightarrowbrightoverrightarrowacdotoverrightarrowaoverrightarrowacdotoverrightarrowboverrightarrowbcdotoverrightarrowaoverrightarrowbcdotoverrightarrowbleftoverrightarrowaright2overrightarrowacdotoverrightarrowboverlineoverrightarrowacdotoverrightarrowbleftoverrightarrowbright2leftoverrightarrowaright22Releftoverrightarrowacdotoverrightarrowbrightleftoverrightarrowbright2leqleftoverrightarrowaright22leftoverrightarrowacdotoverrightarrowbrightleftoverrightarrowbright2

Schwarz
leqleftoverrightarrowaright22leftoverrightarrowarightleftoverrightarrowbrightleftoverrightarrowlright2

leftleftoverrightarrowarightleftoverrightarrowbrightright2
Ta koadratretter leftoverrightarrowa1overrightarrowbrightleqleftoverrightarrowarightleftoverrightarrowbright som a skulle vise

Likhet noir minst en au
overrightarrowa og

overrightarrowb er
overrightarrow0

Beggeneqoverrightarrow0 Ma ha likheti Schwarz alikket
overrightarrowa overrightarrowb parallelle 15.0

overrightarrowbsoverrightarrowa
Ma ogsa ha Re leftoverrightarrowacdotoverrightarrowbrightleftoverrightarrowacdotoverrightarrowbright

leftsoverrightarrowaright2overrightarrowboverrightarrowsa

ReleftoverrightarrowacdotleftsoverrightarrowarightrightRleftoverlinesleftoverrightarrowaright2rightleftoverrightarrowaright2Reoverlinesleftsrightleftoverrightarrowaright2

So likhet kun her leftoverrightarrowaright2Roverlinesleftsrightleftoverrightarrowaright2
Reoverlinesleftsright

skier kun nar s er reell og positive


