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Creating matrices with Python

A = np.array([[1,2,3]])
B = np.array([[1],[2],[3]])

» Ais arow vector (a 1 X 3-matrix),
» B a column vector (a 3 X 1-matrix).

Rows and columns will be indexed from 0 and upwards, as with
vectors:

Afl0,1]

2
B[1,0]

2



9 10 11 12
A = np.array([[1,2,3,4],[5,6,7,8],[9,10,11,1211)

1 2 3 4
The 3 x4-matrix A=15 6 7 8 |:

The dimensions of A:
m, n = np.shape(A)
m, n

(3, 4)

P a, . means the row vector obtained from row i in A,
> a. ; the column vector obtained from column j in A.

Ali,:]
Al:,]]

P Square brackets indicate the part of the matrix we want.
» Colon stands for “all components”.



Extracting a sub-matrix of a matrix:

To extract all components from row 1 and 3, which also are in
column 1, 3, and 4:

Alnp.ix_([0,2],[0,2,3])]

array([[ 1, 3, 4],
[ 9, 11, 12]])

Note the differences in the following two calls:

print (A[1,:])

[5 6 7 8]
print(A[L[1],:])

[[5 6 7 8]1]

The latter should be used if the result is to be used in matrix
computations.



The transpose

The transpose of the m X n-matrix A is the n X m-matrix with
component (i, j) being a; ;. We write A" for the transpose of A.

1 2 3 4 A
ForA=|5 6 7 8 | weget Al =
9 10 11 12 s 0 11
\4 8 12/
Matrices are easily transposed as follows:
A.T
array([[ 1, 5, 9],
[ 2, 6, 10],
[ 3, 7, 11],
[ 4, 8, 12]])

If A= A", Ais called symmetric.



Properties of the transpose
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Some useful matrices | O o
(O Z D |er diagoue/
o 1

P 0: The matrix with all zeros (c’, T8 dlagouds, med
P 1: The matrix with all ones. "2 Noo 1/ enae pe Magouq ler
P diag(a): The diagonal matrix with the vector a on the

diagonal.

» [ : The diagonal matrix with ones on the diagonal
I Jontitetsmateisen
These can be obtained as follows:

np.zeros((m,n)) # Creates an mxn matrix of zeros

np.ones((m,n)) # Creates an mxn matrix of ones

np.diag(a) # Creates a diagonal matrix with the compo:
# of a on the diagonal.

np.eye(n) # Creates an nxn identity matrix



Operations that give meaning both for vectors and
matrices:

np.max(A,axis=0)

array([ 9, 10, 11, 12])

np.min(A,axis=0)

array([1, 2, 3, 4])

np.sum(A,axis=0)

array([15, 18, 21, 24])
np.prod(A,axis=0)

array([ 45, 120, 231, 384])

Difference from vector version: operations are performed column
by column.



Matrix addition- and subtraction are defined
component-wise.
Hois A g B er L&y?e mxn sq detinerer o

a, + Ln Qizt+b,2 ----)

+B8 =
A qﬁ-l"'btl sz‘-"Lzz s *
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A-B : mxn—malrisen med iJ-Romponewt lik a;;
A matiise med kam/onmfer € a;;



Example

Compute?)(; f)m(ié ?)
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Vectorised functions for matrices.

sqrt, abs, exp, and log, are vectorised for matrices as well. The
same is the case for trigonometric functions:

. (0 w/2\ (sin0 sin(7/2)\ (0 1
S 3r/2) \sinm sin(3w/2)) \0 —1
np.sin(np.array([[0,np.pi/2], [np.pi,3*np.pi/211))

array([[ 0.0000000e+00, 1.0000000e+00],
[ 1.2246468e-16, -1.0000000e+00]1])



max and min are also vectorised for matrices.

A = np.array([[1,2,3],[4,5,6]])
B = np.array([[4,5,6],[1,2,3]1])
np.maximum(A,B)

array([[4, 5, 6],
[4, 5, 6]]1)

np.minimum(A,B)

array([[1, 2, 3],
[1, 2, 3]1)



Multiplication and taking powers:

AxB

array([[ 4, 10, 18],
[ 4, 10, 18]])

Ax*B

array([[ 1, 32, 729],
[ 4, 25, 216]])



Special Python syntax

P If Ais a matrix and b is a scalar, A + b in Python returns

/a’ll —|_b CL12 _|_b aln—I—b\
s +b a9 +0 -+ ay, +0

\aml_l_b amQ—I_b amn—l_b)

P 1/A returns the matrix with components 1/a,;.
P If Ais a column vector (a), B a row vector (b), a + b returns

[ap+by ap by o ap+b,\
ag+by as+0by - ag+0b,

\a,, +b, a,+b, - a_+b /

i.e., the matrix with components (¢, j) equal to a; + b,!



The Hilbert matrix

The Hilbert matrix H is the n X n-matrix with components
hyy = 1/(k+1-1),
where 1 < k,[ < n. In particular

/1 1/2 1/3 1/4\
1/2 1/3 1/4 1/5
1/3 1/4 1/5 1/6 |
\1/4 1/5 1/6 1/7)

To obtain this Hilbert matrix in Python: First write

H4:

y = np.arange(1,5)
y

array([1, 2, 3, 4])

to get a vector with 4 components (no interpretation in rows and
columns).



To reshape y to a row vector (a 1 X 4-matrix) or a column vector
(a 4 x 1-matrix):

y.reshape((1,-1))

array([[1, 2, 3, 411)
y.reshape((-1,1))

array ([[

(4]]1)
—1 here means that the number of rows/columns is calculated

automatically, from the requirement that there should be only one
row /column.

SRS



The Hilbert matrix is now

= y.reshape((1,-1))

1/(x + x.T - 1)

array([[1.

b

3

. 33333333,
.25 ,

lol o IOI —
N OO a

OOOO
[\)[\)OOO'I

, 0.33333333, 0.25
3333333, 0.25 , 0.2 i
.25 , 0.2 , 0.16666667
, 0.16666667, 0.14285714]

To reshape a row/column vector back to a vector (without
interpretation in rows/columns):

x.reshape(-1)

array([1, 2, 3, 4])




The Vandermonde matrix

The matrix
v | R Xy
\1 z - "/
is called a Vandermonde matrix, x, ..., x,, are called its
generators.

If we collect the generators of the vandermonde matrix in the
column vector x, and the powers 0,...,nn in the row vector p, we
obtain the Vandermonde matrix from

p = np.arange<o,n+1) .I‘eShape((l,_l))§
V = X**p



The discrete Fourier transform

Matrices can also have complex components: The DFT matrix,

F'y, is the N x N-vandermonde matrix with generators

DFT 5 thus has components e 2mikn/N \yhere 0 < k,n < N.

It can be obtained with the code

p = np.arange(0,N) .reshape((1,-1))
F = np.exp( —-2*np.pi*1j*p.T*p )

Here there is vectorised multiplication of a column vector with a
row vector in the exponent, giving us all possible values for £n.
The exponential function is also vectorised, i.e., e gives the
matrix with components (k,n) equal to e®+.



Definition of matrix-vector multiplication

Hw’s A er mxn oy X en seyleveRtr med g komponeﬂ‘f'elf',
Vi definerer

AR
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This means that the system

A11Ty TA1Ty T+ FA,T, = by
Up1Ty;  FA9Ty + +ag,r, = by (1)
App1Lq +am2x2 =+ +amn:€n — bm

more compactly can be written as Ax = b. A is called the
coefficient matrix of the system.

P Ax is defined if and only if the number of columns in A
equals the number of components in x,

P Ax then can be interpreted as m scalar products (between
the rows in A, and x).



Example

2 1 =2 3
Let us compute Ax when A=|3 0 —1]|andx=]|—1

7T —4 2 —2
(well-defined since the number of columns in A
equals the number of components in x).

/4;? = (Z ’ ’7-)( 3 2-3 +/-C-1) + (-2)-(-2)

3 o0 ~I|[=~1| = [ 33 +o0l-n+(-D-(2
AN 73+ (1) &) +2:(-2)

E-1 +7 q
940 +2 | = "
2 +4 - =



Definition of matrix-matrix multiplication

We want to solve Equation 1 for different right hand sides
b]_, coey bk

We seek a compact notation also for the collection of these
systems.

If Ais an m X n matrix, and X an n x k-matrix, we define AX as
the m x k-matrix

AX = (AX, AX., - AX,,)

Column 7 in the matrix equation AX = B is thus exactly the
system Ax, = b,.



Inner form of a matrix product

From the definition of the matrix-vector product:

n

(AX)ij = (AX:,j)i = Za’ifrxrj' (2)

r=1

which is how we normally compute the product of two matrices.



Example

Compute the matrix product

0 4 3\ (% 1
1 3) (41
2 —1
(9. y 3) 2\ [ 2:2 +Y4-4+32 2- (1) +4-1 + 3+¢-1)

L (*2 +(-N-Y +3-2 [«(-1) +(-D)-] +3.(-7)

- [T +16+¢ -2 +Y-3 26 -/
2 -4 +6 -1 -1-3 [ |y -5



Verification with Python

A = np.array([[2,4,3],[1,-1,3]])
np.array([[2,-1],[4,1],[2,-1]1])
A Q@B

vy)
I

array([[26, -1],
[ 4, -5]])



Interpretation in terms of the scalar product:

P Let A have rows a; and a,,
» B have columns by and b,

We compute

a,-by;: (24,3)-(2,42)= 2.2+4¢ +3.2= 4+16+6 =2(

= ~)

al ) b2 (Z,q,g.) ‘("l ,,,—’); Z‘C’I)—'-q'l ‘("3-(._)):—2 ‘t“t‘-.} -
a, by (1,-43)-(2,492) =12 t+tNY +3-2 = 2-916 =7

8y bo: (1,-1,3)-(=1,1,1) = [s¢) + (D] +3-(-D= 117373,



The outer product

Let a € R™ and x € R™ be column vectors. We have that

/Zl\

o/

T

[ Q1T QT
Aoy  Agdyg

\amajl AL

ax” is called the outer product of a and x.

a1 Ly, \

Ao

a

n

mxn

/



Properties of matrix multiplication

Let A, B, and C be matrices. The following hold

1. (AB)C = A(BC)

2. A(B+C)=AB+ AC

3. (B+(C)A=BA+CA

4. For all scalars s we have that s(AB) = (sA)B = A(sB).
5. If Aism xn then A, =Aand I A=A



Some observations

P If we multiply many matrices, 1. here implies that it does not
matter which “neighbouring matrices’ ' we multiply first.

P |t therefore does not matter where we set the parenthesis in
matrix multiplication.

P Therefore, the parenthesis are usually omitted, i.e., one writes

ABC instead of (AB)C = A(BC)).

» We can, however, not change the order of the matrices:
1 0 0 0y (0 O
0 O 1 0/ \0 O
0 0 1 0y (0 O
1 0 0 0/ \1 0/



Proofs:
[ La A rore mxk B kxL , C (xn
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Outer form of matrix multiplication

We use the notation a.,. for column r in A, and x,.. for row r in X:
We have that

AX = zk:a:rxr
r—1
spyle  rad R ;( )
Be,m’;: Z.q E-:. reaie 5¢g}c\rel?+ofen med en ener i komponert
J s °ja nuller ellors. N o i A
Setf 4=§0\:3é’; C| ) 7 2pyte



drekieer uwt matvion X
i rad ¢,

[ (—)



Proof:



Linear transformations and matrix multiplication

F : R™ — R™ is called linear it

1. F(a; +a,) =F(a;) + F(a,) for all a;,a, € R™,
2. F(ca) = cF(a) for all a € R", scalars ¢
Proposition

F : R™ — R™ is linear if and only if F(x) = Ax for all x € R" for
some m X n matrix A. More precisely,

A= (F(e;) F(ey) - Fle,)),

where e, was the column vector with 1 in component i, and 0
otherwise.

A  kalles Br matrises i/ /—;7



. - ~9 - o~
Proof: Vi har af X2 (x,y, ) = X8 T X8, + +X,€

- -
F(3)- E(x,,..,xq) = }—;(x,?,' +xz?&+ e e 1 )
= l?(x,i’",’\* F(X;?Z)-(- '---t-?(x.,'é:)
= x, ,i?("e"") +x2_{2[§:~)+~- 1+ Xu E(@)

det. axr mdtrise—veltor produktet x|
= (R PE)- ?@))( x)
matvisen +| F Ta

F(R)2AZ , med A= (F@) B(R) - F(&))

M3 ogsi ohse af F(R)= AR o linear :
F(R+R) = AR <R = AV +4X, = Fo) + BIR)
FCeR) = Alcx) = ¢(4%) = ¢ F(R)



The matrix of the projection operator

The projection operator proj, (a) = ﬁ‘o'—"gb is linear in a (follows

from properties of the scalar product). We compute the matrix of
projy,; s (3=

- e ek-'f by = N
roj Cx = o R _ -
f 1T (2 3* b= bt

{

. =2
A Cpri @ prog o prigss)
-1

(4% LT b5 F) =T (b k-b) =T L
vadvelde oo fmsekgfammzfn'sa.

Mer‘ 9enerc{{; ij’?? - ij_;x»

Iz



The matrix of a rotation

Consider the mapping F which rotates a vector in R? with angle 6.

We compute its matrix: €36 Y ~$tn8 sin T
] ,

& ( g, (D)) - [-unt

! > cos

tos® -~ simf
i De.rmea’ : A = (
. sing cos®
€2 - o -

.—?
e,-—)Q, qezé'—ez

Spefffng owm x-aksen : e, (}97 (-c;')

) (v
matrisen blir: ( é _,)



Plotting polynomials

P Matrix multiplication can be used naturally to plot
polynomials.

P The function plt.plot plots curves in the plane.

» Common syntax for plt.plot takes arguments x and vy,
containing the x- and y-coordinates of the plot points.

Let us plot the polynomials
¢1(z) =z G(z) = gs(z) = x

together, using m points in the interval |0, 1]:



X = np.linspace(0,1,m).reshape((-1,1))
plt.plot(x, x)

plt.plot(x, x**2)

plt.plot(x, x**3)

plt.legend(['q 1','q9_2','q_3'])

1.0 — 91
[ q_2
— q_3

0.8 A

0.6 -

0.4 A

0.2 A

0.0 - —




The plt.plot commands above can also be assembled into one
call:

plt.plot(x, x, X, X**2, X, X*%*3)



Stacking the polynomial coefficients in a vector:

Let the first polynomial be

q(r) = co +cyx+ -+, 2",

and plot points x{,..,z,,. We write

q1(T1) = ¢y + 2101 + -+ 2TC,

q1 (o) = ¢y + T9Cy + - + x5 C,

q(xr,.)=cy+ T, 00+ +xlc,.

By the definition of matrix-vector-multiplication:

(q1(2q)

d; (5’32)

\a1(2,,)/

(1
1 =z,
\1 =z

mn
i \

n
Lo

")
wm

where we recognise a Vandermonde matrix.

/20\

e/



Add another polynomial, ¢5(x) = dy + dyx + -+ d, x™:

/222?5\ /1 T ig\ (o

: B : : : dl . (4)

By the definition of matrix multiplication this can be assembled
Into

/C]1(f’31) %(%)\ /1 Ty - TT\ [ Co do\

Ql(%) (12(%) 1 x2 e Ty ¢, dy

) we)) N1 e ) \e, d

and in the same way if we have even more polynomials.




Computing the Vandermonde matrix:

p = np.arange(0,n+1) .reshape((1,-1))
V = X**p

We collect the coefficients of the three polynomials ¢, g5, and gs,
in column vectors q1, g2, and g3, and compute Equation 5:

ql = np.array([[0], [1], [0], [0]])
q2 = np.array([[0], [0], [1],[0]])
93 = np.array([[0], [0],[0],[1]])
Y =V @ np.block([ql,92,93])

This gives a matrix with three columns, where

P column 1 contains values for ¢,
» column 2 for ¢,,
P column 3 for ¢s.



Plotting the polynimials

plt.plot(x, Y)
plt.legend(['q 1','g 2','q 3'])

This is a new syntax for the plt.plot-function.



Block matrices

If we have four matrices A, B, C, D, we write

Al B
C|D
for the matrix where the components in these four matrices are

placed over, under, to the left, or to the right of each other as

indicated. Lines are used to separate the blocks. We call this a
block matrix.

What requirements are there on the matrices used to assemble a
block matrix?



Creating a block matrix:

np.block([[A,B], [C,D]])



Example




Verification

A = np.
B = np.
C = np.
D = np

array([[

.array(

»

W w weEk e
W w w e -

A\
“

“w
“w

»

array([[1,1,1]

array([[2,2],[

array([[3,3, 3]
[[4,4], [

np.block([[A,B], [C,D:

. )
»

“ »
»

A\ ]

-

wWw w w e -
D D P NDN
P P NN

-

,[1,1,11D)

2,2]1]1)

, [3,3,3],[3,3,3]11)
4,41,[4,411)

1)




What are the requirements for the product

(cio) (er)

of two block matrices to give meaning?

Can be computed as

np.block([[A,B],[C,D]]) @ np.block([[E,F],[G,H]])

Can also be computed with ordinary matrix multiplication:

AE + BG | AF + BH
CE+ DG | CF+ DH

np.block([[AGE +B@G,AQF+B@H] , [CGE+DQG,CQ@F+D@H] ] )



