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Matrices and matrix multiplication
vertikalt
horisontalt

Matriser skrives med store bokstauer Romponentene isma
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aij er komponenten i A fro rad i og style j
angir start sluttpamatrise
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radrelator Et horisontalt segment A leftbeginmatrixa11a12ldotsa1nendmatrixright
Spylevektor i vertikalt

leftbeginmatrixa11a21vdotsam1endmatrixright



Creating matrices with Python

A = np.array([[1,2,3]])
B = np.array([[1],[2],[3]])▶ 𝐴 is a row vector (a 1 × 3-matrix),▶ 𝐵 a column vector (a 3 × 1-matrix).
Rows and columns will be indexed from 0 and upwards, as with
vectors:
A[0,1]

2
B[1,0]

2



The 3 × 4-matrix 𝐴 = ⎛⎜⎝1 2 3 45 6 7 89 10 11 12⎞⎟⎠:

A = np.array([[1,2,3,4],[5,6,7,8],[9,10,11,12]])

The dimensions of 𝐴:
m, n = np.shape(A)
m, n

(3, 4)▶ a𝑖,∶ means the row vector obtained from row 𝑖 in 𝐴,▶ a∶,𝑗 the column vector obtained from column 𝑗 in 𝐴.
A[i,:]
A[:,j]▶ Square brackets indicate the part of the matrix we want.▶ Colon stands for “all components”.



Extracting a sub-matrix of a matrix:
To extract all components from row 1 and 3, which also are in
column 1, 3, and 4:
A[np.ix_([0,2],[0,2,3])]

array([[ 1, 3, 4],
[ 9, 11, 12]])

Note the differences in the following two calls:
print(A[1,:])

[5 6 7 8]
print(A[[1],:])

[[5 6 7 8]]

The latter should be used if the result is to be used in matrix
computations.



The transpose

The transpose of the 𝑚 × 𝑛-matrix 𝐴 is the 𝑛 × 𝑚-matrix with
component (𝑖, 𝑗) being 𝑎𝑗,𝑖. We write 𝐴𝑇 for the transpose of 𝐴.

For 𝐴 = ⎛⎜⎝1 2 3 45 6 7 89 10 11 12⎞⎟⎠ we get 𝐴𝑇 = ⎛⎜⎜⎜⎝
1 5 92 6 103 7 114 8 12⎞⎟⎟⎟⎠.

Matrices are easily transposed as follows:
A.T

array([[ 1, 5, 9],
[ 2, 6, 10],
[ 3, 7, 11],
[ 4, 8, 12]])

If 𝐴 = 𝐴𝑇 , 𝐴 is called symmetric.



Properties of the transpose

(𝐴 + 𝐵)𝑇 = 𝐴𝑇 + 𝐵𝑇(𝐴 − 𝐵)𝑇 = 𝐴𝑇 − 𝐵𝑇(𝐴𝑇 )𝑇 = 𝐴(𝑠𝐴)𝑇 = 𝑠𝐴𝑇
leftleftABrightTrightijleftABrightjiajibii leftATBTrightijleftATrightijleftBTrightijajbj



Some useful matrices

▶ 0: The matrix with all zeros▶ 1: The matrix with all ones.▶ diag(a): The diagonal matrix with the vector a on the
diagonal.▶ 𝐼𝑛: The diagonal matrix with ones on the diagonal

These can be obtained as follows:
np.zeros((m,n)) # Creates an mxn matrix of zeros
np.ones((m,n)) # Creates an mxn matrix of ones
np.diag(a) # Creates a diagonal matrix with the components

# of a on the diagonal.
np.eye(n) # Creates an nxn identity matrix

leftbeginmatrix100020004endmatrixrightor diagonal
diagonal med
therepadiagonaI3leftbeginmatrix100010001endmatrixright

Identitetsmathisen



Operations that give meaning both for vectors and
matrices:

np.max(A,axis=0)

array([ 9, 10, 11, 12])
np.min(A,axis=0)

array([1, 2, 3, 4])
np.sum(A,axis=0)

array([15, 18, 21, 24])
np.prod(A,axis=0)

array([ 45, 120, 231, 384])

Difference from vector version: operations are performed column
by column.



Matrix addition- and subtraction are defined
component-wise.
Huis A og B er begge men so definerer a

ABleftbeginmatrixa11b11a12b12ldots21b21a22b22ldotsvdotsvdotsendmatrixright
AB mXn matrisen med is komponent lik aijbij
tA matrisemed komponenter taij



Example

Compute 3 (1 42 1) + 2 (−1 2−2 1).

3leftbeginmatrix1421endmatrixright2leftbeginmatrix1221endmatrixrightleftbeginmatrix31343231endmatrixrightleftbeginmatrix2442endmatrixrightleftbeginmatrix31263endmatrixrightleftbeginmatrix2442endmatrixrightleftbeginmatrix321246432endmatrixrightleftbeginmatrix11625endmatrixright



Vectorised functions for matrices.

sqrt, abs, exp, and log, are vectorised for matrices as well. The
same is the case for trigonometric functions:

sin (0 𝜋/2𝜋 3𝜋/2) = (sin 0 sin(𝜋/2)
sin 𝜋 sin(3𝜋/2)) = (0 10 −1)

np.sin(np.array([[0,np.pi/2],[np.pi,3*np.pi/2]]))

array([[ 0.0000000e+00, 1.0000000e+00],
[ 1.2246468e-16, -1.0000000e+00]])



max and min are also vectorised for matrices.

A = np.array([[1,2,3],[4,5,6]])
B = np.array([[4,5,6],[1,2,3]])
np.maximum(A,B)

array([[4, 5, 6],
[4, 5, 6]])

np.minimum(A,B)

array([[1, 2, 3],
[1, 2, 3]])



Multiplication and taking powers:

A*B

array([[ 4, 10, 18],
[ 4, 10, 18]])

A**B

array([[ 1, 32, 729],
[ 4, 25, 216]])



Special Python syntax▶ If A is a matrix and b is a scalar, A + b in Python returns⎛⎜⎜⎜⎝
𝑎11 + 𝑏 𝑎12 + 𝑏 ⋯ 𝑎1𝑛 + 𝑏𝑎21 + 𝑏 𝑎22 + 𝑏 ⋯ 𝑎2𝑛 + 𝑏⋮ ⋮ ⋱ ⋮𝑎𝑚1 + 𝑏 𝑎𝑚2 + 𝑏 ⋯ 𝑎𝑚𝑛 + 𝑏⎞⎟⎟⎟⎠▶ 1/A returns the matrix with components 1/𝑎𝑖𝑗.▶ If 𝐴 is a column vector (a), 𝐵 a row vector (b), a + b returns⎛⎜⎜⎜⎝
𝑎1 + 𝑏1 𝑎1 + 𝑏2 ⋯ 𝑎1 + 𝑏𝑛𝑎2 + 𝑏1 𝑎2 + 𝑏2 ⋯ 𝑎2 + 𝑏𝑛⋮ ⋮ ⋱ ⋮𝑎𝑚 + 𝑏1 𝑎𝑚 + 𝑏2 ⋯ 𝑎𝑚 + 𝑏𝑛

⎞⎟⎟⎟⎠ ,
i.e., the matrix with components (𝑖, 𝑗) equal to 𝑎𝑖 + 𝑏𝑗!



The Hilbert matrix
The Hilbert matrix 𝐻𝑛 is the 𝑛 × 𝑛-matrix with componentsℎ𝑘𝑙 = 1/(𝑘 + 𝑙 − 1),
where 1 ≤ 𝑘, 𝑙 ≤ 𝑛. In particular

𝐻4 = ⎛⎜⎜⎜⎝
1 1/2 1/3 1/41/2 1/3 1/4 1/51/3 1/4 1/5 1/61/4 1/5 1/6 1/7⎞⎟⎟⎟⎠ .

To obtain this Hilbert matrix in Python: First write
y = np.arange(1,5)
y

array([1, 2, 3, 4])

to get a vector with 4 components (no interpretation in rows and
columns).



To reshape y to a row vector (a 1 × 4-matrix) or a column vector
(a 4 × 1-matrix):
y.reshape((1,-1))

array([[1, 2, 3, 4]])
y.reshape((-1,1))

array([[1],
[2],
[3],
[4]])−1 here means that the number of rows/columns is calculated

automatically, from the requirement that there should be only one
row/column.



The Hilbert matrix is now
x = y.reshape((1,-1))
1/(x + x.T - 1)

array([[1. , 0.5 , 0.33333333, 0.25 ],
[0.5 , 0.33333333, 0.25 , 0.2 ],
[0.33333333, 0.25 , 0.2 , 0.16666667],
[0.25 , 0.2 , 0.16666667, 0.14285714]])

To reshape a row/column vector back to a vector (without
interpretation in rows/columns):
x.reshape(-1)

array([1, 2, 3, 4])



The Vandermonde matrix

The matrix 𝑉 = ⎛⎜⎜⎜⎝
1 𝑥1 ⋯ 𝑥𝑛11 𝑥2 ⋯ 𝑥𝑛2⋮ ⋮ ⋱ ⋮1 𝑥𝑚 ⋯ 𝑥𝑛𝑚

⎞⎟⎟⎟⎠
is called a Vandermonde matrix, 𝑥1, … , 𝑥𝑚 are called its
generators.
If we collect the generators of the vandermonde matrix in the
column vector x, and the powers 0,…,𝑛 in the row vector p, we
obtain the Vandermonde matrix from
p = np.arange(0,n+1).reshape((1,-1));
V = x**p



The discrete Fourier transform

Matrices can also have complex components: The DFT matrix,𝐹𝑁 , is the 𝑁 × 𝑁 -vandermonde matrix with generators{𝑒−2𝜋𝑖𝑘/𝑁}𝑁−1𝑘=0 .
DFT𝑁 thus has components 𝑒−2𝜋𝑖𝑘𝑛/𝑁 , where 0 ≤ 𝑘, 𝑛 < 𝑁 .
It can be obtained with the code
p = np.arange(0,N).reshape((1,-1))
F = np.exp( -2*np.pi*1j*p.T*p )

Here there is vectorised multiplication of a column vector with a
row vector in the exponent, giving us all possible values for 𝑘𝑛.
The exponential function is also vectorised, i.e., 𝑒𝐴 gives the
matrix with components (𝑘, 𝑛) equal to 𝑒𝑎𝑘𝑛 .



Definition of matrix-vector multiplication
Huis A or men og

overrightarrowx en spylevektor med n komponenter
Videfinerer

Aoverrightarrowxleftbeginmatrixa11x1a12x2ldotsa1nxna21x1a22x2ldotsa2nxnvdotsam1x1am2x2ldotsamnxnendmatrixright
Veddefinisjonen an vektoraddision kan dette strives

xoverrightarrowa1x2overrightarrowa2ldotsxnoverrightarrowan der overrightarrowa1 en forstespyle i A
overrightarrowa2 er andre spyle i A

Kan ogsinskrives leftAoverrightarrowxrightiai1x1ai2x2ldotsainxn



This means that the system𝑎11𝑥1 +𝑎12𝑥2 + ⋯ +𝑎1𝑛𝑥𝑛 = 𝑏1𝑎21𝑥1 +𝑎22𝑥2 + ⋯ +𝑎2𝑛𝑥𝑛 = 𝑏2⋮ ⋮ ⋮ ⋮ ⋮𝑎𝑚1𝑥1 +𝑎𝑚2𝑥2 + ⋯ +𝑎𝑚𝑛𝑥𝑛 = 𝑏𝑚 (1)

more compactly can be written as 𝐴x = b. 𝐴 is called the
coefficient matrix of the system.▶ 𝐴x is defined if and only if the number of columns in 𝐴

equals the number of components in x,▶ 𝐴x then can be interpreted as 𝑚 scalar products (between
the rows in 𝐴, and x).



Example

Let us compute 𝐴x when 𝐴 = ⎛⎜⎝2 1 −23 0 −17 −4 2 ⎞⎟⎠ and x = ⎛⎜⎝ 3−1−2⎞⎟⎠
(well-defined since the number of columns in 𝐴
equals the number of components in x).

Aoverrightarrowxleftbeginmatrix212301742endmatrixrightleftbeginmatrix312endmatrixrightleftbeginmatrix231cdotleft1rightleft2rightcdotleft2right330cdotleft1rightleft1rightcdotleft2right73left4rightcdotleft1right2cdotleft2rightendmatrixrightleftbeginmatrix6149022144endmatrixrightleftbeginmatrix91121endmatrixright



Definition of matrix-matrix multiplication

We want to solve Equation 1 for different right hand sides
b1, ..., b𝑘:𝐴x1 = b1 𝐴x2 = b2 ⋯ 𝐴x𝑘 = b𝑘
We seek a compact notation also for the collection of these
systems.
If 𝐴 is an 𝑚 × 𝑛 matrix, and 𝑋 an 𝑛 × 𝑘-matrix, we define 𝐴𝑋 as
the 𝑚 × 𝑘-matrix𝐴𝑋 = (𝐴𝑋∶,1 𝐴𝑋∶,2 ⋯ 𝐴𝑋∶,𝑘)
Column 𝑖 in the matrix equation 𝐴𝑋 = 𝐵 is thus exactly the
system 𝐴x𝑖 = b𝑖.



Inner form of a matrix product

From the definition of the matrix-vector product:(𝐴𝑋)𝑖𝑗 = (𝐴𝑋∶,𝑗)𝑖 = 𝑛∑𝑟=1 𝑎𝑖𝑟𝑥𝑟𝑗. (2)

which is how we normally compute the product of two matrices.



Example

Compute the matrix product

(2 4 31 −1 3) ⎛⎜⎝2 −14 12 −1⎞⎟⎠
leftbeginmatrix243113endmatrixrightleftbeginmatrix214121endmatrixrightleftbeginmatrix2244322cdotleft1right413cdotleft1right12left1rightcdot4321cdotleft1rightleft1rightcdot13cdotleft1rightendmatrixrightleftbeginmatrix4166243246113endmatrixrightleftbeginmatrix26145endmatrixright



Verification with Python

A = np.array([[2,4,3],[1,-1,3]])
B = np.array([[2,-1],[4,1],[2,-1]])
A @ B

array([[26, -1],
[ 4, -5]])



Interpretation in terms of the scalar product:

▶ Let 𝐴 have rows a1 and a2,▶ 𝐵 have columns b1 and b2.
We compute
a1 ⋅ b1:
a1 ⋅ b2:
a2 ⋅ b1:
a2 ⋅ b2:

left243rightcdotleft242right224432416626
left243rightcdotleft111right2cdotleft1right413cdotleft1right2431
left113rightcdotleft242right12left1rightcdot4322464

left113rightcdotleft111right1cdotleft1rightleft1rightcdot13cdotleft1right1135



The outer product

Let a ∈ ℝ𝑚 and x ∈ ℝ𝑛 be column vectors. We have that

ax𝑇 = ⎛⎜⎜⎜⎝
𝑎1𝑎2⋮𝑎𝑚

⎞⎟⎟⎟⎠ (𝑥1 𝑥2 ⋯ 𝑥𝑛) = ⎛⎜⎜⎜⎝
𝑎1𝑥1 𝑎1𝑥2 ⋯ 𝑎1𝑥𝑛𝑎2𝑥1 𝑎2𝑥2 ⋯ 𝑎2𝑥𝑛⋮ ⋮ ⋱ ⋮𝑎𝑚𝑥1 𝑎𝑚𝑥2 ⋯ 𝑎𝑚𝑥𝑛

⎞⎟⎟⎟⎠
ax𝑇 is called the outer product of a and x.



Properties of matrix multiplication

Let 𝐴, 𝐵, and 𝐶 be matrices. The following hold
1. (𝐴𝐵)𝐶 = 𝐴(𝐵𝐶)
2. 𝐴(𝐵 + 𝐶) = 𝐴𝐵 + 𝐴𝐶
3. (𝐵 + 𝐶)𝐴 = 𝐵𝐴 + 𝐶𝐴
4. For all scalars 𝑠 we have that 𝑠(𝐴𝐵) = (𝑠𝐴)𝐵 = 𝐴(𝑠𝐵).
5. If 𝐴 is 𝑚 × 𝑛 then 𝐴𝐼𝑛 = 𝐴 and 𝐼𝑚𝐴 = 𝐴



Some observations

▶ If we multiply many matrices, 1. here implies that it does not
matter which ‘’neighbouring matrices’ ’ we multiply first.▶ It therefore does not matter where we set the parenthesis in
matrix multiplication.▶ Therefore, the parenthesis are usually omitted, i.e., one writes𝐴𝐵𝐶 instead of (𝐴𝐵)𝐶 = 𝐴(𝐵𝐶)).▶ We can, however, not change the order of the matrices:(1 00 0) (0 01 0) = (0 00 0)(0 01 0) (1 00 0) = (0 01 0) .



Proofs:
1 La A rare mtimesk B ktimesL cxn

leftleftABrightCrightijsum_s1LleftABrighti S Csjsum_s1lleftsum_r1kairbrsrightCsj
sum_s1csum_L1kairbrsesj

leftAleftBCrightrightijsum_r1kairleftBCrightrjsum_r1kairleftsum_s1Lbrscsjrightsum_r1ksum_s11airbrscsj
Derfor har leftABrightC og AleftBCright like komponenter slik at

leftABrightCAleftBCright
leftAmtimesnrightBevis for5 Skal vise at AInA

to Runnear rj

leftAInrightijsum_r1nairleftInrightrjaijleftInrightjjaijcdot1aij
Derfor har Afrac1 n og A like homponenter slik at AInA



Outer form of matrix multiplication

We use the notation a∶𝑟 for column 𝑟 in 𝐴, and x𝑟∶ for row 𝑟 in 𝑋:
We have that 𝐴𝑋 = 𝑘∑𝑟=1 a∶𝑟x𝑟∶.

retd 1 1spyle

Ben's La overrightarrowej rare spylevektoren med en ener i hompone

j og nuller ellers trekker at matriseA
1 style jSett Asum_j1kajoverrightarrowejleftright1



trekker at matrisenX
i rad eXsum_i1koverrightarroweixi

AXleftsum_j1kaijoverrightarrowejTrightleftsum_i1koverrightarroweichiiiright
sum_i1ksum_j1kaijoverrightarrowejToverrightarroweiXi

sum_i1kaijXi

leftright

overrightarrowejleft0ldots010ldots0rightleftbeginmatrix0vdots010vdots0endmatrixright
0 his ineqj
1 his ij



Proof:



Linear transformations and matrix multiplication

F ∶ ℝ𝑛 → ℝ𝑚 is called linear if
1. F(a1 + a2) = F(a1) + F(a2) for all a1, a2 ∈ ℝ𝑛,
2. F(𝑐a) = 𝑐F(a) for all a ∈ ℝ𝑛, scalars 𝑐

Proposition
F ∶ ℝ𝑛 → ℝ𝑚 is linear if and only if F(x) = 𝐴x for all x ∈ ℝ𝑛 for
some 𝑚 × 𝑛 matrix 𝐴. More precisely,𝐴 = (F(e1) F(e2) ⋯ F(e𝑛)) ,
where e𝑖 was the column vector with 1 in component 𝑖, and 0
otherwise.
A halles for matrisen til

overrightarrowF



Proof: Vi har at overrightarrowxleftx1ldotsxnrightx1overrightarrowe1x2overrightarrowe2ldotsx1overrightarrowen
overrightarrowFleftoverrightarrowxrightoverrightarrowFleftx1ldotsxnrightoverrightarrowFleftxoverrightarrowe1x2overrightarrowe2ldotsxnoverrightarrowenright

overrightarrowFleftxoverrightarrowerightoverrightarrowFleftx2overrightarrowe2rightldotsoverrightarrowFleftxnoverrightarrowenright
x1overrightarrowFleftoverrightarrowe1rightx2overrightarrowFleftoverrightarrowe2rightldotsxnoverrightarrowFleftoverrightarrowenright

def ourmatrise vektorproduktet

leftbeginmatrixoverrightarrowFleftoverrightarrowe1rightoverrightarrowFleftoverrightarrowe2rightldotsoverrightarrowFleftoverrightarrowenrightendmatrixrightleftbeginmatrixX1X2vdotsXnendmatrixrightmatrisen til
overrightarrowF

overrightarrowFleftoverrightarrowxrightAoverrightarrowx med AleftoverrightarrowFleftoverrightarrowe1rightoverrightarrowFleftoverrightarrowe2rightldotsoverrightarrowFleftoverrightarrowenrightright
Mdogsa vise at overrightarrowFleftoverrightarrowxrightAoverrightarrowx or linear

overrightarrowFleftoverrightarrowx1overrightarrowx2rightAleftoverrightarrowx1overrightarrowx2rightAoverrightarrowx1Aoverrightarrowx2overrightarrowFleftoverrightarrowx1rightoverrightarrowFleftoverrightarrowx2right
overrightarrowFleftroverrightarrowxrightAleftroverrightarrowxrightcleftAoverrightarrowxrightcoverrightarrowFleftoverrightarrowxright



The matrix of the projection operator

The projection operator projb(a) = a⋅b|b|2 b is linear in a (follows
from properties of the scalar product). We compute the matrix of
projb:

hits leftoverrightarrowbright1
pro overrightarrowekfracoverrightarrowekcdotoverrightarrowbleftoverrightarrowbright2fracbkleftoverrightarrowbright2overrightarrowbbkoverrightarrowb
A pros beginmatrixoverrightarrowe1projoverrightarrowe2ldotsprojoverrightarrowenendmatrix

leftbeginmatrixb1overrightarrowbb2overrightarrowbldotsbnoverrightarrowbendmatrixrightoverrightarrowbleftb1b2ldotsbnrightoverrightarrowboverrightarrowbT
raovektor

Mar generelf projoverrightarrowboverrightarrowa pros
overrightarrowa
fracoverrightarrowbleftoverrightarrowbright

Kalles projeksionsmatrise



The matrix of a rotation

Consider the mapping F which rotates a vector in ℝ2 with angle 𝜃.
We compute its matrix: costhetacosfracpi2sinthetasinfracpi2

overrightarrowe2rightarrowleftbeginmatrixcosleftthetafracpi2rightsinleftthetafracpi2rightendmatrixrightleftbeginmatrixsinthetacosthetaendmatrixright
Permed Aleftbeginmatrixcosthetasinthetasinthetacosthetaendmatrixright

overrightarrowe1rightarrowleftbeginmatrixcosthetasinthetaendmatrixright
17

updownarrow

e2

overrightarrowe1rightarrowoverrightarrowe1overrightarrowe2rightarrowoverrightarrowe2leftbeginmatrix10endmatrixrightrho1Speiling on x aksen leftbeginmatrix01endmatrixright

matrisen blit leftbeginmatrix1001endmatrixright



Plotting polynomials

▶ Matrix multiplication can be used naturally to plot
polynomials.▶ The function plt.plot plots curves in the plane.▶ Common syntax for plt.plot takes arguments x and y,
containing the 𝑥- and 𝑦-coordinates of the plot points.

Let us plot the polynomials𝑞1(𝑥) = 𝑥 𝑞2(𝑥) = 𝑥2 𝑞3(𝑥) = 𝑥3
together, using 𝑚 points in the interval [0, 1]:



x = np.linspace(0,1,m).reshape((-1,1))
plt.plot(x, x)
plt.plot(x, x**2)
plt.plot(x, x**3)
plt.legend(['q_1','q_2','q_3'])

Figure 1: Plot of the polynomials 𝑞1(𝑥) = 𝑥, 𝑞2(𝑥) = 𝑥2, and𝑞3(𝑥) = 𝑥3.



The plt.plot commands above can also be assembled into one
call:
plt.plot(x, x, x, x**2, x, x**3)



Stacking the polynomial coefficients in a vector:
Let the first polynomial be𝑞1(𝑥) = 𝑐0 + 𝑐1𝑥 + ⋯ + 𝑐𝑛𝑥𝑛,
and plot points 𝑥1,…,𝑥𝑚. We write𝑞1(𝑥1) = 𝑐0 + 𝑥1𝑐1 + ⋯ + 𝑥𝑛1 𝑐𝑛𝑞1(𝑥2) = 𝑐0 + 𝑥2𝑐2 + ⋯ + 𝑥𝑛2 𝑐𝑛⋮𝑞1(𝑥𝑚) = 𝑐0 + 𝑥𝑚𝑐1 + ⋯ + 𝑥𝑛𝑚𝑐𝑛.
By the definition of matrix-vector-multiplication:⎛⎜⎜⎜⎝

𝑞1(𝑥1)𝑞1(𝑥2)⋮𝑞1(𝑥𝑚)⎞⎟⎟⎟⎠ = ⎛⎜⎜⎜⎝
1 𝑥1 ⋯ 𝑥𝑛11 𝑥2 ⋯ 𝑥𝑛2⋮ ⋮ ⋱ ⋮1 𝑥𝑚 ⋯ 𝑥𝑛𝑚

⎞⎟⎟⎟⎠ ⎛⎜⎜⎜⎝
𝑐0𝑐1⋮𝑐𝑛

⎞⎟⎟⎟⎠ , (3)

where we recognise a Vandermonde matrix.



Add another polynomial, 𝑞2(𝑥) = 𝑑0 + 𝑑1𝑥 + ⋯ + 𝑑𝑛𝑥𝑛:⎛⎜⎜⎜⎝
𝑞2(𝑥1)𝑞2(𝑥2)⋮𝑞2(𝑥𝑚)⎞⎟⎟⎟⎠ = ⎛⎜⎜⎜⎝

1 𝑥1 ⋯ 𝑥𝑛11 𝑥2 ⋯ 𝑥𝑛2⋮ ⋮ ⋱ ⋮1 𝑥𝑚 ⋯ 𝑥𝑛𝑚
⎞⎟⎟⎟⎠ ⎛⎜⎜⎜⎝

𝑑0𝑑1⋮𝑑𝑛
⎞⎟⎟⎟⎠ . (4)

By the definition of matrix multiplication this can be assembled
into⎛⎜⎜⎜⎝

𝑞1(𝑥1) 𝑞2(𝑥1)𝑞1(𝑥2) 𝑞2(𝑥2)⋮ ⋮𝑞1(𝑥𝑚) 𝑞2(𝑥𝑚)⎞⎟⎟⎟⎠ = ⎛⎜⎜⎜⎝
1 𝑥1 ⋯ 𝑥𝑛11 𝑥2 ⋯ 𝑥𝑛2⋮ ⋮ ⋱ ⋮1 𝑥𝑚 ⋯ 𝑥𝑛𝑚

⎞⎟⎟⎟⎠ ⎛⎜⎜⎜⎝
𝑐0 𝑑0𝑐1 𝑑1⋮ ⋮𝑐𝑛 𝑑𝑛

⎞⎟⎟⎟⎠ , (5)

and in the same way if we have even more polynomials.



Computing the Vandermonde matrix:
p = np.arange(0,n+1).reshape((1,-1))
V = x**p

We collect the coefficients of the three polynomials 𝑞1, 𝑞2, and 𝑞3,
in column vectors q1, q2, and q3, and compute Equation 5:
q1 = np.array([[0],[1],[0],[0]])
q2 = np.array([[0],[0],[1],[0]])
q3 = np.array([[0],[0],[0],[1]])
Y = V @ np.block([q1,q2,q3])

This gives a matrix with three columns, where▶ column 1 contains values for 𝑞1,▶ column 2 for 𝑞2,▶ column 3 for 𝑞3.



Plotting the polynimials

plt.plot(x, Y)
plt.legend(['q_1','q_2','q_3'])

This is a new syntax for the plt.plot-function.



Block matrices

If we have four matrices 𝐴, 𝐵, 𝐶, 𝐷, we write( 𝐴 𝐵𝐶 𝐷 )
for the matrix where the components in these four matrices are
placed over, under, to the left, or to the right of each other as
indicated. Lines are used to separate the blocks. We call this a
block matrix.
What requirements are there on the matrices used to assemble a
block matrix?



Creating a block matrix:

np.block([[A,B],[C,D]])



Example

Let𝐴 = (1 1 11 1 1) 𝐵 = (2 22 2) 𝐶 = ⎛⎜⎝3 3 33 3 33 3 3⎞⎟⎠ 𝐷 = ⎛⎜⎝4 44 44 4⎞⎟⎠
What is then ( 𝐴 𝐵𝐶 𝐷 )?



Verification

A = np.array([[1,1,1],[1,1,1]])
B = np.array([[2,2],[2,2]])
C = np.array([[3,3,3],[3,3,3],[3,3,3]])
D = np.array([[4,4],[4,4],[4,4]])
np.block([[A,B],[C,D]])

array([[1, 1, 1, 2, 2],
[1, 1, 1, 2, 2],
[3, 3, 3, 4, 4],
[3, 3, 3, 4, 4],
[3, 3, 3, 4, 4]])



What are the requirements for the product( 𝐴 𝐵𝐶 𝐷 ) ( 𝐸 𝐹𝐺 𝐻 ) (6)

of two block matrices to give meaning?
Can be computed as
np.block([[A,B],[C,D]]) @ np.block([[E,F],[G,H]])

Can also be computed with ordinary matrix multiplication:( 𝐴𝐸 + 𝐵𝐺 𝐴𝐹 + 𝐵𝐻𝐶𝐸 + 𝐷𝐺 𝐶𝐹 + 𝐷𝐻 )
np.block([[A@E +B@G,A@F+B@H],[C@E+D@G,C@F+D@H]])


