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Gaussian elimination



A general system with 𝑚 equations and 𝑛 unknowns:𝑎11𝑥1 +𝑎12𝑥2 + ⋯ +𝑎1𝑛𝑥𝑛 = 𝑏1𝑎21𝑥1 +𝑎22𝑥2 + ⋯ +𝑎2𝑛𝑥𝑛 = 𝑏2⋮ ⋮ ⋮ ⋮ ⋮𝑎𝑚1𝑥1 +𝑎𝑚2𝑥2 + ⋯ +𝑎𝑚𝑛𝑥𝑛 = 𝑏𝑚 (1)

Chapter 2. we wrote this more compactly as 𝐴x = b,

der
Aleftbeginmatrixa11a12ldotsa1na21a22ldotsa2nvdotsvdotsvdotsam1am2ldotsamnendmatrixrightoverrightarrowbleftbeginmatrixb1b2vdotsbmendmatrixright



Procedure in Gaussian elimination
The system 𝐴x = b is solved by systematically eliminating
variables from left to right. Suppose that the variables 𝑥1, ..., 𝑥𝑛
have been eliminated. There are two possibilities:

1. 𝑥𝑛+1 does not appear in the remaining equations. Then 𝑥𝑛+1
has been eliminated as well, and we proceed with the
elimination of 𝑥𝑛+2.

2. 𝑥𝑛+1 appears in at least one of the remaining equations. We
do the following:
(a) Take one of the equations where 𝑥𝑛+1 appears, and place this

first among the remaining equations.
(b) Scale this equation so that there is a 1 in front of 𝑥𝑛+1. We

shall call this a leading one (there should be no contribution
left of 𝑥𝑛+1 in this equation).

(c) Add multiples of this equation to the other remaining
equations so that 𝑥𝑛+1 gets eliminated.

We have now eliminated 𝑥𝑛+1, and proceed with the elimination of𝑥𝑛+2.



A system with a unique solution−8𝑥2 +3𝑥3 = 64𝑥1 −3𝑥2 +2𝑥3 = 8𝑥1 −2𝑥2 +𝑥3 = 3 by our
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The augmented matrix
We will assemble both 𝐴 and b in the bigger matrix (𝐴 b), called
the augmented matrix of the system. For the example above:

𝐴 = ⎛⎜⎝0 −8 34 −3 21 −2 1⎞⎟⎠ b = ⎛⎜⎝683⎞⎟⎠ (𝐴 b) = ⎛⎜⎝0 −8 3 64 −3 2 81 −2 1 3⎞⎟⎠▶ An equation: a row in the augmented matrix.▶ A variable: a column in the coefficient matrix 𝐴.▶ Pivot row: A row with a leading one.▶ Pivot column: A column with a leading one.

utridet matrise



Gaussian elimination on matrix form

⎛⎜⎝0 −8 3 64 −3 2 81 −2 1 3⎞⎟⎠ ∼ ⎛⎜⎝1 −2 1 34 −3 2 80 −8 3 6⎞⎟⎠ ∼ ⎛⎜⎝1 −2 1 30 5 −2 −40 −8 3 6 ⎞⎟⎠∼ ⎛⎜⎝1 −2 1 30 1 −25 −450 −8 3 6 ⎞⎟⎠ ∼ ⎛⎜⎝1 −2 1 30 1 −25 −450 0 −15 −25⎞⎟⎠∼ ⎛⎜⎝1 −2 1 30 1 −25 −450 0 1 2 ⎞⎟⎠ ∼ ⎛⎜⎝1 −2 0 10 1 0 00 0 1 2⎞⎟⎠∼ ⎛⎜⎝1 0 0 10 1 0 00 0 1 2⎞⎟⎠
(2)∼ denotes one of the operations we performed.

dropp raviable likhetstegn Kan tall parenteser

radekeivalent med



Gaussian elimination with sympy.
C, cols = sym.Matrix([[0,-8,3,6],

[4,-3,2,8],
[1,-2,1,3]]).rref()

print(C)

Matrix([[1, 0, 0, 1], [0, 1, 0, 0], [0, 0, 1, 2]])

The same matrix was obtained. This is not obvious (there are
many different ways to bring a matrix to reduced echelon form).
Next week: Yes, the reduced echelon form is actually unique!



Gaussian elimination with the operations indicated
1. The first operation swapped row 1 and 3. Will write this as𝐼 ↔ 𝐼𝐼𝐼 .
2. The second operation subtracted 4 times row 1 in row 2. Will

write this as 𝐼𝐼 − 4𝐼 .
3. The third operation multiplied row 2 with 1/5. Will write this

as 𝐼𝐼 ⋅ (1/5).
⎛⎜⎝0 −8 3 64 −3 2 81 −2 1 3⎞⎟⎠ 𝐼↔𝐼𝐼𝐼∼ ⎛⎜⎝1 −2 1 34 −3 2 80 −8 3 6⎞⎟⎠𝐼𝐼−4𝐼∼ ⎛⎜⎝1 −2 1 30 5 −2 −40 −8 3 6 ⎞⎟⎠ 𝐼𝐼⋅(1/5)∼ ⎛⎜⎝1 −2 1 30 1 −25 −450 −8 3 6 ⎞⎟⎠𝐼𝐼𝐼+8𝐼𝐼∼ ⎛⎜⎝1 −2 1 30 1 −25 −450 0 −15 −25⎞⎟⎠ 𝐼𝐼𝐼⋅(−5)∼ ⎛⎜⎝1 −2 1 30 1 −25 −450 0 1 2 ⎞⎟⎠



𝐼𝐼+ 25 𝐼𝐼𝐼,𝐼−𝐼𝐼𝐼∼ ⎛⎜⎝1 −2 0 10 1 0 00 0 1 2⎞⎟⎠ 𝐼+2𝐼𝐼∼ ⎛⎜⎝1 0 0 10 1 0 00 0 1 2⎞⎟⎠ (3)



Elementary row operations
The system was thus brought to reduced echelon form with help of
elementary row operations:

1. Add a multiple of one row to another,
2. multiply a row with a constant ≠ 0,
3. Swap two rows.

We say that 𝐴 and 𝐵 are row equivalent (written 𝐴 ∼ 𝐵) if we
can transform 𝐴 to 𝐵 through a series of elementary row
operations. From the discussion above:⎛⎜⎝0 −8 3 64 −3 2 81 −2 1 3⎞⎟⎠ ∼ ⎛⎜⎝1 0 0 10 1 0 00 0 1 2⎞⎟⎠ .
Every matrix is row equivalent to a matrix on reduced echelon
form.



Expressing elementary row operations in terms of matrices
Proposition
Suppose 𝐵 is obtained by applying an elementary row operation to
the 𝑚 × 𝑛-matrix 𝐴. Then 𝐵 = 𝐸𝐴 where 𝐸 is the matrix
obtained by applying the same row operation to the identity matrix𝐼𝑚.

A matrix is called elementary if it is obtained by applying an
elementary row operation to the identity matrix.
Proof: Sett EImcoverrightarroweioverrightarrowejTineq

matrisemed c pdplass Cij

som identitetsmatrisen men med EijC
E fas fra Im ved I legge ti c ganger rad j til rad

LaoverrightarrowxinmathbbRmoverrightarrowx og Eoverrightarrowx er like untatti komponent c

der leftEoverrightarrowxrightiXicXj



HuisA er matrise A og EA er like untatti rad i
der leftEArightiaiaj

Altsa EA er matrisen der c rad legges til i rad i

der E er matrisen der c rad er lagt til irad i i Im

Tilscarende for radbytter og a gange en rad med en
skalar



Examples of elementary matrices

𝐸1 = ⎛⎜⎝ 1 2 00 1 0 0 0 1⎞⎟⎠ 𝐸2 = ⎛⎜⎝ 1 0 00 1 0 0 0 3⎞⎟⎠ 𝐸3 = ⎛⎜⎝ 1 0 00 0 1 0 1 0⎞⎟⎠
(4)▶ 𝐸1 corresponds to the row operation where we add 2 times

row 2 to row 1,▶ 𝐸2 to the row operation where we multiply row 3 with 3,▶ 𝐸3 to the row operation where we swap rows 2 and 3.



Row operations can be reversed
The reverse row operations of Equation 4 are▶ adding −2 times row 2 to row 1,▶ multiplying row 3 with 1/3,▶ swapping rows 2 and 3.
Corresponding elementary matrices

𝐹1 = ⎛⎜⎝ 1 −2 00 1 0 0 0 1⎞⎟⎠ 𝐹2 = ⎛⎜⎝ 1 0 00 1 0 0 0 1/3⎞⎟⎠ 𝐹3 = ⎛⎜⎝ 1 0 00 0 1 0 1 0⎞⎟⎠𝐹𝑖 reverses 𝐸𝑖 means that𝐹1𝐸1 = 𝐼3 𝐹2𝐸2 = 𝐼3 𝐹3𝐸3 = 𝐼3.



Verification
by using Python:
import numpy as np

E_1 = np.array([[1,2,0],[0,1,0],[0,0,1]])
F_1 = np.array([[1,-2,0],[0,1,0],[0,0,1]])
E_1 @ F_1

array([[1, 0, 0],
[0, 1, 0],
[0, 0, 1]])

with multiplication by hand:

EF1leftbeginmatrix120010001endmatrixrightleftbeginmatrix120010001endmatrixrightleftbeginmatrix111cdotleft2right210010001endmatrixrightleftbeginmatrix100010001endmatrixright



Factoring a matrix with elementary matrices
Proposition
For every matrix 𝐴 we can write𝐶 = 𝐸𝑘 ⋯ 𝐸2𝐸1𝐴
where 𝐶 is a matrix on reduced echelon form, and where𝐸1, 𝐸2, ..., 𝐸𝑘 are elementary matrices.

Bevis Alle matriser kan bringes til redusert trappeform
red hjelp an radoperas joner
La E1E2ldotsEk rare de tilsuarende elementare
matrisene Da er

CEkldotsEA



Solutions to a system are unchanged by elementary row
operations

Proposition
Assume a system is obtained from another by applying an
elementary row operation. Then the two systems have the same
solutions.

Proof: AoverrightarrowxoverrightarrowbRightarrowEAoverrightarrowxEoverrightarrowb
slik at losningen ar Aoverrightarrowxoverrightarrowb og so Ipses
det aye systemet EAoverrightarrowxEoverrightarrowb
Anta EAoverrightarrowxoverrightarrowEI Gang pi begge sider med

matrisen F som scraver til den reverse radoperasjone

FEAoverrightarrowxFEoverrightarrowbRightarrowAoverrightarrowxoverrightarrowl
In In

slik at
overrightarrowx loser dat gamle systemetogsa



A system with infinitely many solutions𝑥1 +𝑥2 +𝑥3 = 42𝑥1 −𝑥3 = 2.
trappeform

leftbeginmatrix11142012endmatrixrightpi2Isimleftbeginmatrix11140236endmatrixrightfracpileftfrac12rightleftbeginmatrix111401frac323endmatrixrightIfracpirleftbeginmatrix10frac12101frac323endmatrixright

reduserttrappeto
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serat x1

overrightarrowxleftbeginmatrixx1x2x3endmatrixrightleftbeginmatrixfrac12x31frac32x33x3endmatrixrightx3leftbeginmatrixfrac12frac321endmatrixrightleftbeginmatrix130endmatrixright



We observe:
leftright 11

Vi haren fri variabel leftx3right
V har uendelig mange psninger en for hvertcraig ar x3
X1 og x2 er pivotvariable Kan ultrykkes wed hjelp

au den frie variables



A system without solutions𝑥1 +𝑥2 = 23𝑥1 +3𝑥2 = 5

We observe:

trappeform

leftbeginmatrix112335endmatrixrightpi3pmleftbeginmatrix112001endmatrixrightpicdotleft1rightsimleftbeginmatrix112001endmatrixright
I 2pi

simleftbeginmatrix110001endmatrixright
redusert

trappeform
x1x20

0x10x21
01 som evumulig sa ingen Ipsning

Sista spyle i Aoverrightarrowb ev on pivotspyle
Siste rad sier do at 01 som en umulig



The three possibilities in the examples above
A system can have

1. a unique solution (the first example). Here we had only pivot
variables, and no pivot element in the last column.

2. infinitely many solutions (the second example). Here we had a
free variable, and no pivot element in the last column.

3. no solutions (the third example). Here we had a pivot element
in the last column.

We obtained a reduced echelon form in all examples.



These observations hold more generally
Proposition
Any system can be brought to reduced echelon form, and we have
the following possibilities:

1. The system has no solutions. In this case the last column is a
pivot column,

2. The system has solutions. In this case the last column is not a
pivot column and we have that
(a) when there are free variables the system has infinitely many

solutions (any value of the free variables give a solution),
(b) when there are no free variables (all columns except the last is

a pivot column) the system has a unique solution.



Invertible matrix theorem, first version
Theorem
The following are equivalent for an 𝑛 × 𝑛-matrix 𝐴:

1. 𝐴 is row equivalent with 𝐼𝑛.
2. 𝐴x = 0 has x = 0 as the only solution.
3. 𝐴x = b has a unique solution for all right hand sides b.
4. 𝐴 can be written as the product of elementary matrices.

This result will be extended later.
Proof:

identitetsmatrisen

1 3 Anta A Kan radreduseres til In

Vi loser Aoverrightarrowxoverrightarrowb ved a radreduseve Aoverrightarrowb
samme radoperasioner

leftAoverrightarrowbrightsimldotssimleftbeginmatrix16vdotsvdots01vdotsddots001endmatrixrightleftbeginmatrixb1b2vdotsbnendmatrixright
x1b1x2b2dette sier of



xnbn
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Gaussian elimination and complexity (not in the
curriculum)

Suppose we have a system with 𝑛 equations and 𝑛 unknowns. How
many operations (additions, multiplications, etc.) are needed to
solve the system/bring it to reduced echelon form?
Suppose for simplicity that the coefficient matrix 𝐴 is row
equivalent with the identity matrix.
Proposition (Number of operations in Gaussian elimination)
Suppose that 𝐴 ∼ 𝐼𝑛. About 2𝑛3/3 operations are required to
bring 𝐴 to reduced echelon form.

kkapprox2k2k2
22ldots2k22leftk1rightldots2n

122232ldotsn2approxn3k

leftbeginmatrix1o0001000d10000vdotsddotsddotsddotsvdotsvdots0vdotsldotsendmatrixright



Simultaneous solution of systems
Suppose we want to solve two systems 𝐴x = b1 and 𝐴x = b2
(same coefficient matrix, different right hand sides).▶ Bring 𝐴 to reduced echelon form, 𝐶,▶ apply the same row operations to b1 and b2, and get b′1 and

b′2: (𝐴 b1 b2) ∼ (𝐶 b′1 b′2)
(row reducing 𝐴, b1, and b2 separately can also be done by row
reducing (𝐴 b1 b2) as a whole).
From (𝐶 b′1 b′2) we find the solutions to the two systems.



First example revisited
Our first example solved the system 𝐴x = b1 where b1 = (6, 8, 3).
Using the same row operations we can simultaneously solve the
system 𝐴x = b2 where b2 = (1, 8, 2):

(𝐴 b1 b2) = ⎛⎜⎝0 −8 3 6 14 −3 2 8 81 −2 1 3 2⎞⎟⎠𝐼↔𝐼𝐼𝐼∼ ⎛⎜⎝1 −2 1 3 24 −3 2 8 80 −8 3 6 1⎞⎟⎠𝐼𝐼−4𝐼∼ ⎛⎜⎝1 −2 1 3 20 5 −2 −4 00 −8 3 6 1⎞⎟⎠𝐼𝐼⋅(1/5)∼ ⎛⎜⎝1 −2 1 3 20 1 −25 −45 00 −8 3 6 1⎞⎟⎠
880



𝐼𝐼𝐼+8𝐼𝐼∼ ⎛⎜⎝1 −2 1 3 20 1 −25 −45 00 0 −15 −25 1⎞⎟⎠𝐼𝐼𝐼⋅(−5)∼ ⎛⎜⎝1 −2 1 3 20 1 −25 −45 00 0 1 2 −5⎞⎟⎠𝐼𝐼+ 25 𝐼𝐼𝐼,𝐼−𝐼𝐼𝐼∼ ⎛⎜⎝1 −2 0 1 70 1 0 0 −20 0 1 2 −5⎞⎟⎠𝐼+2𝐼𝐼∼ ⎛⎜⎝1 0 0 1 30 1 0 0 −20 0 1 2 −5⎞⎟⎠
Thus,▶ 𝐴x1 = b1 as before has the solution x1 = (1, 0, 2),▶ 𝐴x2 = b2 has the solution x2 = (3, −2, −5).

1801

72cdotleft2right74



Skeleton for Gaussian elimination (not in the curriculum)
piv = np.zeros(m).astype(int) # Stores pivot positions
i, j = 0, 0
while i < m and j < n: # Start scan for next pivot

k = i
while k < m and abs(A[k,j]) < 10**(-6):

k += 1
if k == m: # Need to go to the next column

j += 1
else: # Found a nonzero in the current column

# The next pivot element is in row k. If k>i,
# swap row i and k.
# Create a leading one at pos. (i,j)
# Zero out col. j below row i.
piv[i] = j
i += 1; j += 1
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For a12 systemet has psning uandelig mange

Oppgave 8

leftbeginmatrix12042421436115endmatrixrightfracpi2Ileftbeginmatrix120400260013endmatrixrightsimleftbeginmatrix120400130026endmatrixright

III 21
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Spyle I og 3 or picrotseyler



Opp gave 10

leftbeginmatrix21816321425411230endmatrixrightIcdotleftfrac12rightsimleftbeginmatrix1frac12480frac12210142endmatrixright
IIII

simleftbeginmatrix1frac124801420frac1221endmatrixright
III
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Az2Ax3AyAzAleft2x3yright
Derfor er z2x3y2leftbeginmatrix142endmatrixright3leftbeginmatrix301endmatrixrightleftbeginmatrix298043endmatrixrightleftbeginmatrix1181endmatrixright
alternatio a


