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Gaussian elimination



A general system with m equations and n unknowns:

a1y +aTy  + Haq,r, =0b
Up1T7  +agoTy + +ay,T, = by (1)
Apy1Lq +am2x2 =+ +amnxn — bm

Chapter 2. we wrote this more compactly as Ax = b,

A, 4, - KX, — é,\
O’W A = aq_a Xz2 - - qZH é = éZ

Oy Qo - Cun Lm/



Procedure in Gaussian elimination

The system Ax = b is solved by systematically eliminating
variables from left to right. Suppose that the variables x, ..., x
have been eliminated. There are two possibilities:

n

1. x,,, does not appear in the remaining equations. Then z,,
has been eliminated as well, and we proceed with the
elimination of x,, 5.

2. x,.1 appears in at least one of the remaining equations. We
do the following:

(a) Take one of the equations where x,,. ; appears, and place this
first among the remaining equations.

(b) Scale this equation so that there is a 1 in front of z,,, ;. We
shall call this a leading one (there should be no contribution
left of =, ; in this equation).

(c) Add multiples of this equation to the other remaining
equations so that x,,_ ; gets eliminated.

We have now eliminated x,,, ;, and proceed with the elimination of

ajn_|_2.



A system with a unique solution
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The augmented matrix

We will assemble both A and b in the bigger matrix (A b), called
the augmented matrix of the system. For the example above:
utvidet mateise

0 —8 3 6 0 -8 3 6
A=14 =3 2| b=|8| (A b)=]4 -3 2 8
1 —2 1 3 1 —2 1 3

» An equation: a row in the augmented matrix.

P A variable: a column in the coefficient matrix A.
» Pivot row: A row with a leading one.

P Pivot column: A column with a leading one.



Gaussian elimination on matrix form
U’V'OPP m";45/w) (;ﬁhcfs‘f'?gh’ + /_ . (O fall -‘-pqhen?‘f’}ep-

0 —8 3 6 1
4 -3 2 8|~ 1|4
1 =2 1 3 0
1

~ | 0

0

1

~ | 0

0

1

~ |0

0

—2 1 3 1 -2 1 3
-3 2 8| ~10 5 -2 4
—8 3 6 0 -8 3 6

1
0 0 1
1 00
0 1 2

(2)

~ denotes one of the operations we performed.
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Gaussian elimination with sympy.

C, cols = sym.Matrix([[

»
»

-4

~ D O
|

N W 00

N W

W 00 O

»

E]).rref()

»

print (C)

Matrix([[1, O, O, 1], [0, 1, O, O], [0, O, 1, 211)

The same matrix was obtained. This is not obvious (there are
many different ways to bring a matrix to reduced echelon form).

Next week: Yes, the reduced echelon form is actually unique!



Gaussian elimination with the operations indicated

1. The first operation swapped row 1 and 3. Will write this as
I < I

2. The second operation subtracted 4 times row 1 in row 2. Will
write this as 11 —41.

3. The third operation multiplied row 2 with 1/5. Will write this
as I1-(1/5).

0 -8 3 6 1 —2 1 3
4 -3 92 8| 4 —3 92 8
1 -2 1 3 0 —8 3 6

1 2 3
II:J4IO 4
0 6
1118111_ 3111 —2 1
< 01—% % 01—%—%
0 0 —i —2 0 0 1 2
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Elementary row operations

The system was thus brought to reduced echelon form with help of
elementary row operations:

1. Add a multiple of one row to another,

2. multiply a row with a constant # 0,
3. Swap two rows.

We say that A and B are row equivalent (written A ~ B) if we
can transform A to B through a series of elementary row
operations. From the discussion above:

0 —8 3 6 1 0 0 1
4 -3 2 8| ~10 1 0 O
1 =2 1 3 0 0 1 2

Every matrix is row equivalent to a matrix on reduced echelon
form.



Expressing elementary row operations in terms of matrices

Proposition

Suppose B is obtained by applying an elementary row operation to

the m X n-matrix A. Then B = EA where E is the matrix
obtained by applying the same row operation to the identity matrix
I

m-

A matrix is called elementary if it is obtained by applying an

elementary row operation to the identity matrix.
T

Proof: Se## E = L, t CE:Z: P

mdtrise med < pd plass (45
5ow7 jdentitefsmatvisen , men meod E?j =<
E s oa T, ved 2 legge T7] C ganger hw’J'f:I rade

Lo 7eme: X Og E;: er Uhke ; untatt i komponeut <,
der (Ex), = X; Xy



HW’S‘A elfma‘frf:e: /4 o9 EA er [I'k.p' an+qﬁ‘ [ racd C‘)
d@/’ ('E’q)z‘r = aé.‘ + C aJ;:

Alsé: E A er matersen der c-ma"’. legges t:1 i rad ‘

der £ er matrisen de, C-radj er lagt F! 2
rad i 1 L,

Tilsoarende for radbyter , 03 & gange en yad med ey
S kalar. B



Examples of elementary matrices

1 2 0 1 0 0 1 0 0
El—(() 10) EQ—(O 10) Eg—(001)
0 0 1 0 0 3 0 1 0

(4)

P FE, corresponds to the row operation where we add 2 times
row 2 to row 1,

P FE, to the row operation where we multiply row 3 with 3,

P FE., to the row operation where we swap rows 2 and 3.



Row operations can be reversed
The reverse row operations of Equation 4 are

» adding —2 times row 2 to row 1,
» multiplying row 3 with 1/3,
P swapping rows 2 and 3.

Corresponding elementary matrices

1 —2 0 1 0 0
F=(0o 1 ol F,=[0 1 o0
0 0 1 0 0 1/3

I reverses I/, means that



Verification

by using Python:

import numpy as np
= np.array([[1,2,0],[0,1,0],[0,0,11])

= np.array([[1,-2,0],[0,1,0],[0,0,1]])
@ F 1

eI e
N e

array ([[

b b <4

J b

O~ O
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IOI IOI H

11)

with multiplication by hand:

12 ! -2 o f  [(2)+2/
E,E ;(CD / Oo)<0 f 0):_ ( d [
© 0 | 0O o

(o] o

b b



Factoring a matrix with elementary matrices
Proposition
For every matrix A we can write

C=E,F,E,A

where C' is a matrix on reduced echelon form, and where
by, B, ..., E, are elementary matrices.
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Solutions to a system are unchanged by elementary row
operations

Proposition

Assume a system is obtained from another by applying an

elementary row operation. Then the two systems have the same
solutions.

Proof: AX :f = 54;22 L7 :
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A system with infinitely many solutions
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A system without solutions
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The three possibilities in the examples above
A system can have

1. a unique solution (the first example). Here we had only pivot
variables, and no pivot element in the last column.

2. infinitely many solutions (the second example). Here we had a
free variable, and no pivot element in the last column.

3. no solutions (the third example). Here we had a pivot element
in the last column.

We obtained a reduced echelon form in all examples.



These observations hold more generally

Proposition
Any system can be brought to reduced echelon form, and we have

the following possibilities:
1. The system has no solutions. In this case the last column is a

pivot column,
2. The system has solutions. In this case the last column is not a

pivot column and we have that
(a) when there are free variables the system has infinitely many
solutions (any value of the free variables give a solution),
(b) when there are no free variables (all columns except the last is
a pivot column) the system has a unique solution.



Invertible matrix theorem, first version

Theorem
The following are equivalent for an n X n-matrix A:

1. A is row equivalent with I, .
2. Ax = 0 has x = 0 as the only solution.
3. Ax = b has a unique solution for all right hand sides b.

4. A can be written as the product of elementary matrices.
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Gaussian elimination and complexity (not in the

curriculum)

Suppose we have a system with n equations and n unknowns. How
many operations (additions, multiplications, etc.) are needed to
solve the system/bring it to reduced echelon form?

Suppose for simplicity that the coefficient matrix A is row
equivalent with the identity matrix.

Proposition (Number of operations in Gaussian elimination)

Suppose that A ~ I . About 2n3 /3 operations are required to
bring A to reduced echelon form.
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Simultaneous solution of systems

Suppose we want to solve two systems Ax = b; and Ax = b,
(same coefficient matrix, different right hand sides).

» Bring A to reduced echelon form, C,
P apply the same row operations to b, and b,, and get b] and

b’:
(A b, b2)N(C b/1 blz)

(row reducing A, by, and b, separately can also be done by row
reducing (A by by) as a whole).

From (C' b} bj) we find the solutions to the two systems.



First example revisited

Our first example solved the system Ax = b, where b; = (6,8, 3).

Using the same row operations we can simultaneously solve the
system Ax = b, where b, = (1,8, 2):

0 -8 3 6 1
(A b, b2)(4 3288)
1 —2 1 3 2

1 —2 1
IHA{II(432

0 —8 3

1 -2 1 3 9
HH Mo 5 —2 —4 0 g-9=0



1 -2 1 3 2
II8IT [ | 2 _4 | [4+8'0 =/

1 -2 1 3 2
I11-(—5) 5 A
) (O oy )
0 1 —5

Thus,

» Ax, = b, as before has the solution x; = (1,0, 2),
» Ax, = b, has the solution x, = (3, —2, —5).



Skeleton for Gaussian elimination (not in the curriculum)

piv = np.zeros(m) .astype(int) # Stores pivot positions
i, j =0, 0
while i < m and j < n: # Start scan for next pivot

k =1

while k < m and abs(A[k,j]) < 10**x(-6):
k += 1

if k == m: # Need to go to the next column
j+=1

else: # Found a nonzero in the current column
# The next pivot element is in row k. If k>i,
# swap row 1 and k.
# Create a leading one at pos. (i,j)
# Zero out col. j below row 1i.
piv[i] = j
i+=1; j += 1
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