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The inverse matrix
Let 𝐴 be square.▶ A system 𝐴x = b can be solved by Gaussian elimination.▶ If 𝐴 satisfies 1.-4. in the (first version of the) invertible matrix

theorem, we can consider the mapping b → x which sends a
given right hand side to the unique solution x. We show that
this is a linear transformation. Its matrix is denoted by 𝐴−1,
and is called the inverse of 𝐴:
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▶ If we have found 𝐴−1, we can solve any system 𝐴x = b
simply by computing x = 𝐴−1b.▶ 𝐴−1 is uniquely defined.▶ Since 𝐴−1𝐴x = x for all x, and 𝐴𝐴−1b = b for all b, we
have that 𝐴−1𝐴 = 𝐴𝐴−1 = 𝐼𝑛.▶ We say that 𝐴 is invertible when there exists a square matrix𝐵 so that 𝐵𝐴 = 𝐴𝐵 = 𝐼𝑛. Thus: 1.-4. imply that 𝐴 is
invertible.▶ When 𝐴𝐵 = 𝐼𝑛 we say that 𝐵 is a right inverse of 𝐴, and
that 𝐴 is a left inverse of 𝐵. 𝐴−1 is thus both a left and right
inverse of 𝐴.▶ If 𝐵𝐴 = 𝐼𝑛, 𝐴x = 0 has the unique solution x = 0, so that𝐴 satisfies 1.-4., and is thus invertible. But then 𝐵 = 𝐴−1,
which also is invertible and also satisfies 1.-4..▶ Similar reasoning holds if 𝐴𝐵 = 𝐼𝑛.▶ Thus, 𝐴 satisfies 1.-4. in the invertible matrix theorem if and
only if there exists a matrix 𝐵 so that 𝐴𝐵 = 𝐼𝑛 (i.e., 𝐴 has a
right inverse). 𝐵 is then automatically a left inverse as well.
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Theorem (Invertible matrix theorem)
The following are equivalent for an 𝑛 × 𝑛-matrix 𝐴:

1. 𝐴 is row equivalent with 𝐼𝑛.
2. 𝐴x = 0 has x = 0 as the only solution.
3. 𝐴x = b has a unique solution for all right hand sides b.
4. 𝐴 can be written as a product of elementary matrices.
5. 𝐴 is invertible.



Invertibility and elementary matrices▶ If 𝐴 is invertible we can write it as 𝐴 = 𝐸𝑘 ⋯ 𝐸1, where the𝐸𝑖 are elementary matrices▶ Write 𝐵 = 𝐹1 ⋯ 𝐹𝑘, where the 𝐹𝑖 are the reverse counterparts
of the 𝐸𝑖.𝐹𝑖 is the inverse of 𝐸𝑖 and 𝐵 is the inverse of 𝐴 since𝐵𝐴 = 𝐹1 ⋯ 𝐹𝑘𝐸𝑘 ⋯ 𝐸1 = 𝐼𝑛,𝐴𝐵 = 𝐸𝑘 ⋯ 𝐸1𝐹1 ⋯ 𝐹𝑘 = 𝐼𝑛,

InE2F2Inldots



Some properties of the inverse matrix▶ (𝐴−1)−1 = 𝐴▶ if 𝑠 ≠ 0: (𝑠𝐴)−1 = 𝑠−1𝐴−1
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Computing 𝐴−1
Apply the row operations not only on 𝐴, but also on the
augmented matrix (𝐴 𝐼𝑛).
If 𝐸𝑘 ⋯ 𝐸1𝐴 = 𝐼𝑛 we get 𝐴−1 = 𝐸𝑘 ⋯ 𝐸1, and𝐸𝑘 ⋯ 𝐸1 (𝐴 𝐼𝑛) = (𝐼𝑛 𝐸𝑘 ⋯ 𝐸1) = (𝐼𝑛 𝐴−1) .
From the result we can read out 𝐴−1 from the last columns.
Proposition
Suppose that 𝐴 is invertible. The reduced echelon form of(𝐴 𝐼𝑛) equals (𝐼𝑛 𝐴−1).
Alternative interpretation: when row reducing (𝐴 𝐼𝑛), we
simultaneously solve the systems𝐴x1 = e1 𝐴x2 = e2 ⋯ ⋯ 𝐴x𝑛 = e𝑛,
and since 𝐴x𝑖 = e𝑖 implies that 𝐴−1e𝑖 = x𝑖, column 𝑖 in 𝐴−1 will
be x𝑖:



Example

Find the inverse of 𝐴 = ⎛⎜⎝2 3 11 4 12 4 2⎞⎟⎠.

A

Inleftbeginmatrix231100141010242001endmatrixrightsimleftbeginmatrix141010231100242001endmatrixright
simleftbeginmatrix141010091120040021endmatrixrightsimleftbeginmatrix1410100100frac12frac14051120endmatrixright
simleftbeginmatrix1410100100frac12frac140011frac12frac54endmatrixrightsimleftbeginmatrix1410100100frac12frac140011frac12frac54endmatrixright

simleftbeginmatrix1401frac32frac540100frac12frac140011frac12frac54endmatrixright



simleftbeginmatrix1001frac12frac140100frac12frac140011frac12frac54endmatrixright
A1A1leftbeginmatrix1frac12frac140frac12frac141frac12frac54endmatrixright



Verification 1-2
With the built-in function for computing the inverse:
np.linalg.inv([[2,3,1],[1,4,1],[2,4,2]])

array([[ 1. , -0.5 , -0.25],
[ 0. , 0.5 , -0.25],
[-1. , -0.5 , 1.25]])

Symbolically:
sym.Matrix([[2,3,1],[1,4,1],[2,4,2]]).inv()⎡⎢⎣ 1 −12 −140 12 −14−1 −12 54 ⎤⎥⎦



Verification 3
With the method gaussian_elimination, which we
implemented:
matr = np.block([[np.array([[2,3,1],[1,4,1],[2,4,2]], dtype='float64'), np.eye(3)]])
gaussian_elimination(matr, verbose=False)
matr[:,3:]
array([[ 1. , -0.5 , -0.25],

[ 0. , 0.5 , -0.25],
[-1. , -0.5 , 1.25]])



Some of the elementary matrices

𝐸1 = ⎛⎜⎝0 1 01 0 00 0 1⎞⎟⎠ 𝐸2 = ⎛⎜⎝ 1 0 0−2 1 00 0 1⎞⎟⎠ 𝐸3 = ⎛⎜⎝ 1 0 00 1 0−2 0 1⎞⎟⎠
and𝐹1 = ⎛⎜⎝0 1 01 0 00 0 1⎞⎟⎠ 𝐹2 = ⎛⎜⎝1 0 02 1 00 0 1⎞⎟⎠ 𝐹3 = ⎛⎜⎝1 0 00 1 02 0 1⎞⎟⎠
With these we have that 𝐴−1 = 𝐸9 ⋯ 𝐸1, and 𝐴 = 𝐹1 ⋯ 𝐹9.



Example

Consider the system 𝐴x = b with 𝐴 = ⎛⎜⎝2 3 11 4 12 4 2⎞⎟⎠ from the

previous example, and where b = ⎛⎜⎝192126⎞⎟⎠. We found 𝐴−1 above.

Solution of the system is

x = 𝐴−1b = ⎛⎜⎝ 1 −1/2 −1/40 1/2 −1/4−1 −1/2 5/4 ⎞⎟⎠ ⎛⎜⎝192126⎞⎟⎠=
Gaussian elimination on the augmented matrix (𝐴 b) is to prefer,
since (𝐴 𝐼𝑛) has more columns than (𝐴 b).

leftbeginmatrix19frac212frac132frac212frac13219frac212frac652endmatrixrightleftbeginmatrix243endmatrixright



The Vandermonde matrix is invertible
We will prove by induction on 𝑛 that⎛⎜⎜⎜⎜⎜⎜⎝

1 𝑥0 𝑥20 ⋯ 𝑥𝑛01 𝑥1 𝑥21 ⋯ 𝑥𝑛11 𝑥2 𝑥22 ⋯ 𝑥𝑛2⋮ ⋮ ⋮ ⋱ ⋮1 𝑥𝑛 𝑥2𝑛 ⋯ 𝑥𝑛𝑛
⎞⎟⎟⎟⎟⎟⎟⎠ (1)

is invertible if the generators 𝑥0, 𝑥1, … , 𝑥𝑛 are distinct:





The Fourier matrix is invertible▶ Follows since it is a Vandermonde matrix in particular.▶ We have a general expression for its inverse, in contrast to the
Vandermonde matrix:

Let 𝐵 the matrix with components 𝑏𝑘𝑛 = 1𝑁 𝑒2𝜋𝑖𝑘𝑛/𝑁 . We
compute (𝐹𝑁𝐵)𝑘𝑙 =


