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Linear independence and bases. Basic definitions
Let {a,}*, be vectors in R™, and ¢y, ¢,, ..., ¢, be scalars.

» c,a, +cya, +--+c,a, is called a linear combination of
{a,}!

» The Span of {a,}I* ,, written Sp(ay, a, ...,an), is the
collection of av all linear combinations of {a;}" ;. We say
that the a, span R™ if Sp(a,,a,,...,a,) = IRm

P We also say that they are linearly /ndependent if every
b € Sp(ay,a,, ...,a,) can be written as a linear combination
of the a; in a unique way.



Proposition

The following are equivalent:
1. {a,}*, are linearly independent
2. ciay + cray + -+ c,a, = 0 always implies that

A relation on the form
cia; + cay +--+c,a, =0

is also called a linear dependence relation. In other words, if

c = (c¢q,...,c,), then Ac = 0 is a linear dependence relation
between the columns of A.
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Orthogonal sets of vectors are linearly independent.
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Proposition

Row equivalent matrices share the same linear dependence
relations between columns. In particular, linear dependence
relations between columns in a matrix are preserved by elementary
row operations.
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Linear independence, span, and pivot elements 1.

P b is a linear combination of {a;} ;: we can find
Ti,To,..., T, SO that

ria,; + Tyay +--x,a, = b,

e., Ax = b has a solution, i.e., the last column in the
augmented matrix (A b) is not a pivot column.

P b can be written as a linear combination of {a,} ; in a
unique way: requires in addition that all columns in A are
pivot columns.

» {a,}" , span R™: Ax = b has always a solution, i.e., all rows
in A are pivot rows. (this implies that that the last column in
(A b) never becomes a pivot column).

» |n a reduced echelon form: pivot columns are linearly
independent. The other columns can be expressed in terms of
these. This therefore also applies for the matrix itself - the
pivot columns are linearly independent, and the other columns
are linear combinations of these.



Linear independence, span, and pivot elements 2.
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The following hold
» If{a,}" , span R™ then we have that n > m.
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» If{a,}!" | are linearly independent we have that n < m.
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Bases

A basis for R™ is a linearly independent set of vectors which span
R™ . Bases are denoted by A, B, €, and so on. From the result
above: a basis for R™ has exactly m elements. R™ has in
particular the simple basis consisting of

AN (0\
0 1 0
0 0 0

0 0 0
\0/ \0/ \1/

We will denote this by &, and call it the standard basis.



Proposition (Invertible matrix theorem)

The following are equivalent for an n X n-matrix A:
1. A is row equivalent with I, .
2. Ax = 0 has the unique solution x = 0.
3. Ax = b has a unique solution for all right hand sides b.
4. A can be written as a product of elementary matrices.
5. A is invertible.
6. The columns of A are a basis for R™.

Proof: § er det samme som af alle »ader oq Sey/er
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Example: Find a linearly independent subset

We have the vectors

0 1 1 —2
1 2 0 4
We show that these span R? by row-reducing to echelon form:
& ! - /| 2 0 ¢ (¢ 2 o 7
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We observe that:

P In the echelon form we see that all rows are pivot rows, so

that the four vectors span R>.

P The first three columns are pivot columns, so that these are

linearly independent.

P The fourth vector can be expressed with the other three

columns since it is not a pivot column.

» a,, a,, a; are both linearly independent and span R® (i.e., a

basis)
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Example: Expand to a basis
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Subspaces
A set U C R™ so that

1. ifuy,u, € U, then alsou; +u, € U
2. if u € U, then also cu € U for all scalars c.

Examples of subspaces:

» Span(ay,...,a,): Span of the vectors {a,} ;.

» ColA: The column space of A: the span of all the columns in
the matrix the pivot columns of A are a basis for Col(A).

» RowA: The row space of A: the span of all the rows in the
matrix the pivot rows of A (the rows with a leading one) are a
basis for Row(A),

» NulA: The null space of A: the collection of all vectors x so
that Ax =0

» A': The orthogonal complement of the set A.

A =L P 7-3 =0 Vel ¢
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» A basis for a subspace: a linearly independent set of vectors
which spans the whole subspace.
P Any subspace of R™ has a basis.

From the reduced echelon form of A it follows that

P the pivot rows of A (the rows with a leading one) are a basis

for Row(A),
P the pivot columns of A are a basis for Col(A).

Since bases of R have exactly m vectors, a subspace of R can't
have bases with more than m vectors.



Example

We find bases for the row space, column space, and null space of
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In this example there were

» two free variables,
P a null space of dimension two.

More generally it is the case that the number of free variables
always equals the dimension of the null space.



All bases for a subspace have the same number of vectors.

» The number of vectors in a basis is called the dimension of
the subspace.

» When a matrix is on reduced echelon form we see that the
dimension of both the row space and the column space equals
the number of pivot elements.

P This common dimension of Col(A) and Row(A) is called the
rank of the matrix, written rank(A).
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Example: Rank one-matrices T(=)=0
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A= bpa/) = av

Proposition
Let A be an m X n-matrix. Then we have that

rank(A) 4+ dim(Nul(A)) = n.

In the previous example: the rank was 1, and the dimension of the
null space was n — 1. This agrees with the proposition, since
1+ (n—1)=n.
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The reduced echelon form is unique.
Proof:
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