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Linear independence and bases. Basic definitions
Let {a𝑖}𝑛𝑖=1 be vectors in ℝ𝑚, and 𝑐1, 𝑐2, ..., 𝑐𝑛 be scalars.▶ 𝑐1a1 + 𝑐2a2 + ⋯ + 𝑐𝑛a𝑛 is called a linear combination of{a𝑖}𝑛𝑖=1.▶ The Span of {a𝑖}𝑛𝑖=1, written Sp(a1, a2, ..., a𝑛), is the

collection of av all linear combinations of {a𝑖}𝑛𝑖=1. We say
that the a𝑖 span ℝ𝑚 if Sp(a1, a2, ..., a𝑛) = ℝ𝑚.▶ We also say that they are linearly independent if every
b ∈ Sp(a1, a2, ..., a𝑛) can be written as a linear combination
of the a𝑖 in a unique way.



Proposition
The following are equivalent:

1. {a𝑖}𝑛𝑖=1 are linearly independent
2. 𝑐1a1 + 𝑐2a2 + ⋯ + 𝑐𝑛a𝑛 = 0 always implies that𝑐1 = 𝑐2 = ⋯ = 𝑐𝑛 = 0.

A relation on the form𝑐1a1 + 𝑐2a2 + ⋯ + 𝑐𝑛a𝑛 = 0

is also called a linear dependence relation. In other words, if
c = (𝑐1, ..., 𝑐𝑛), then 𝐴c = 0 is a linear dependence relation
between the columns of 𝐴.
Proof: 1 2

Anta leftoverrightarrowairighti1n er lineart narhengige og anta

at coverrightarrowa1c2overrightarrowa2ldotscnoverrightarrowa1overrightarrow0 1

en losning er at r1r2ldotsr10



Siden overrightarrow0 kan shrines unikt slik
siden xiaixii1n or lineart narhengige

50 folger at c1c2ldots0 er denunike psningen do I

og 2 Felger

2 1 Anta kontrapositirt at 1 er usant det

vil si at leftairighti1n er line art avhengige

Da finnes en relator
overrightarrowb som Kan skives pi to forskjellig

water
overrightarrowbc1overrightarrowa1ldotsrnoverrightarrowan
overrightarrowbd1overrightarrowa1ldotsdnoverrightarrowan

Trekk disse fro huevandre
overrightarrow0leftc1a1rightoverrightarrowa1ldotsleftc1dnrightoverrightarrowan

Sett tkfkdkoverrightarrow0toverrightarrowq1ldotstnoverrightarrowan devikkealle Ei er 0
Deteksisterer altsa leftr11ldotsrnright s.a

t i tn
overrightarrow01overrightarrowa1ldotsc4overrightarrowa4overrightarrow0 slik at 2 ikke er san

Det folger at 2 1 ikkel ikke 2



Orthogonal sets of vectors are linearly independent.
119 al e kkeoverrightarrowai

Anta r1overrightarrowa1ldotsrnoverrightarrowanoverrightarrow0 der overrightarrowai er ortogonale

Ta skalarproduktmed overrightarrowai pi begge sider

leftroverrightarrowa1ldotsanoverrightarrowanrightcdotoverrightarrowai0
C1leftoverrightarrowa1cdotoverrightarrowairightldotsCi1leftoverrightarrowai1cdotoverrightarrowairightCileftoverrightarrowaicdotoverrightarrowairightCi1leftoverrightarrowai1cdotoverrightarrowairightldotsCnleftoverrightarrowancdotoverrightarrowaright

0 0 neq0 oG

Cileftoverrightarrowaioverrightarrowairight0

Cileftoverrightarrowdiright20ci0
Det felger at r1r2ldotsrn0 1
slik at leftoverrightarrowairighti1n er line art warhengige



Proposition
Row equivalent matrices share the same linear dependence
relations between columns. In particular, linear dependence
relations between columns in a matrix are preserved by elementary
row operations.

Proof: Vi antar at AsimB Da er BEkldotsEzEAElementar
Vivet tra for at Axoverrightarrowb og EAoverrightarrowxEoverrightarrowb har de
Samme Ipsningene

Sett overrightarrowboverrightarrow0cdotDeltaa far is
Aoverrightarrowxoverrightarrow0 og inAoverrightarrowxoverrightarrow0 har de samme

Ipsningence

Lin athengignetsrelasjon
mellow spylene i A
siden A og EA har de samme lineare arhengighetsrelastone
sa hav agsa A og B def leftBEkldotsEzEAright

Lin arhengighetsrelasion
mellowspylene i EA



Linear independence, span, and pivot elements 1.▶ b is a linear combination of {a𝑖}𝑛𝑖=1: we can find𝑥1, 𝑥2, ..., 𝑥𝑛 so that𝑥1a1 + 𝑥2a2 + ⋯ 𝑥𝑛a𝑛 = b,
i.e., 𝐴x = b has a solution, i.e., the last column in the
augmented matrix (𝐴 b) is not a pivot column.▶ b can be written as a linear combination of {a𝑖}𝑛𝑖=1 in a
unique way: requires in addition that all columns in 𝐴 are
pivot columns.▶ {a𝑖}𝑛𝑖=1 span ℝ𝑚: 𝐴x = b has always a solution, i.e., all rows
in 𝐴 are pivot rows. (this implies that that the last column in(𝐴 b) never becomes a pivot column).▶ In a reduced echelon form: pivot columns are linearly
independent. The other columns can be expressed in terms of
these. This therefore also applies for the matrix itself - the
pivot columns are linearly independent, and the other columns
are linear combinations of these.



Linear independence, span, and pivot elements 2.
Proposition
The following hold▶ If {a𝑖}𝑛𝑖=1 span ℝ𝑚 then we have that 𝑛 ≥ 𝑚.▶ If {a𝑖}𝑛𝑖=1 are linearly independent we have that 𝑛 ≤ 𝑚.

Proof:

Sett Aleftoverrightarrowa1ldotsoverrightarrowanright A er mtimesn
med overrightarrowai som spyler



Bases
A basis for ℝ𝑚 is a linearly independent set of vectors which spanℝ𝑚. Bases are denoted by 𝒜, ℬ, 𝒞, and so on. From the result
above: a basis for ℝ𝑚 has exactly 𝑚 elements. ℝ𝑚 has in
particular the simple basis consisting of

e1 = ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
100⋮00
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ , e2 = ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

010⋮00
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ ,..., e𝑚 = ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

000⋮01
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ .

We will denote this by ℰ, and call it the standard basis.



Proposition (Invertible matrix theorem)
The following are equivalent for an 𝑛 × 𝑛-matrix 𝐴:

1. 𝐴 is row equivalent with 𝐼𝑛.
2. 𝐴x = 0 has the unique solution x = 0.
3. 𝐴x = b has a unique solution for all right hand sides b.
4. 𝐴 can be written as a product of elementary matrices.
5. 𝐴 is invertible.
6. The columns of 𝐴 are a basis for ℝ𝑛.

Proof: 6 er det samme som at alle rader og styler
how pivotelement som en det samme som



Example: Find a linearly independent subset
We have the vectors

a1 = ⎛⎜⎝021⎞⎟⎠ a2 = ⎛⎜⎝112⎞⎟⎠ a3 = ⎛⎜⎝120⎞⎟⎠ a4 = ⎛⎜⎝−234 ⎞⎟⎠ .
We show that these span ℝ3 by row-reducing to echelon form:

leftbeginmatrix011221231204endmatrixrightsimleftbeginmatrix120421230112endmatrixrightsimleftbeginmatrix120403250112endmatrixrightsimleftbeginmatrix120401120325endmatrixrightsimleftbeginmatrix1204011200511endmatrixright

Trenger ikke bringe helt til redasert trappeform

pivotrader 123pivotspyler Sayle 1 2,3



We observe that:▶ In the echelon form we see that all rows are pivot rows, so
that the four vectors span ℝ3.▶ The first three columns are pivot columns, so that these are
linearly independent.▶ The fourth vector can be expressed with the other three
columns since it is not a pivot column.▶ a1, a2, a3 are both linearly independent and span ℝ3 (i.e., a
basis)

Bringer til reduserttrappeform overrightarrowc3overrightarrowc4overrightarrowc1overrightarrowc2

leftbeginmatrix12040112001frac115endmatrixrightsimleftbeginmatrix1204010frac15001frac115endmatrixrightsimleftbeginmatrix100frac185010frac15001frac115endmatrixrightser at overrightarrowC4frac185overrightarrowC1frac15overrightarrowl2frac115overrightarrowr3
Derforer ogs'a overrightarrowa4frac185overrightarrowa1frac15overrightarrowa2frac115overrightarrowa3
Sjekk

frac185leftbeginmatrix021endmatrixrightfrac15leftbeginmatrix112endmatrixrightfrac115leftbeginmatrix120endmatrixrightleftbeginmatrixfrac15frac115365frac15frac225frac185frac2endmatrixrightleftbeginmatrix23yendmatrixright



Example: Expand to a basis
We expand

a1 = ⎛⎜⎝321⎞⎟⎠ a2 = ⎛⎜⎝ 6  − 13 ⎞⎟⎠
to a basis for ℝ3:
Skrive ned radoperasionene
trenger ikke go helt til redusert trappe form

leftbeginmatrix362113endmatrixrightutildeIleftrightarrowpileftbeginmatrix132136endmatrixrightsimpi2Ileftbeginmatrix130736endmatrixrightfracpisim3Ileftbeginmatrix130703endmatrixrightfracpileft7rightrleftbeginmatrix130103endmatrixrightsim3pileftbeginmatrix130100endmatrixright
utrid med leftbeginmatrix001endmatrixright til en basis for

mathbbR3



To reverse rad operasioner i motsatt rekkefalge

leftbeginmatrix130010001endmatrixrightfracpi23pileftbeginmatrix130010031endmatrixright simleft7rightleftbeginmatrix130070031endmatrixright
31

simleftbeginmatrix136070361endmatrixrightI2Isimleftbeginmatrix130210361endmatrixrightIleftrightarrowfracpirleftbeginmatrix361210130endmatrixright

overrightarrowa3overrightarrowq1overrightarrowq2
Vi legger til overrightarrowa3leftbeginmatrix100endmatrixright og for basisen

leftleftbeginmatrix321endmatrixrightleftbeginmatrix613endmatrixrightleftbeginmatrix100endmatrixrightright



Subspaces
A set 𝑈 ⊆ ℝ𝑚 so that

1. if u1, u2 ∈ 𝑈 , then also u1 + u2 ∈ 𝑈
2. if u ∈ 𝑈 , then also 𝑐u ∈ 𝑈 for all scalars 𝑐.

Examples of subspaces:▶ Span(a1, ..., a𝑛): Span of the vectors {a𝑖}𝑛𝑖=1.▶ Col𝐴: The column space of 𝐴: the span of all the columns in
the matrix the pivot columns of 𝐴 are a basis for Col(𝐴).▶ Row𝐴: The row space of 𝐴: the span of all the rows in the
matrix the pivot rows of 𝐴 (the rows with a leading one) are a
basis for Row(𝐴),▶ Nul𝐴: The null space of 𝐴: the collection of all vectors x so
that 𝐴x = 0▶ 𝐴⟂: The orthogonal complement of the set 𝐴.

Aleftoverrightarrowboverrightarrowbcdotoverrightarrowa0foralloverrightarrowainAright



For vise at A ev underron

Md vise at overrightarrowu1overrightarrowu2inAfrac1 nai overrightarrowu og
overrightarrowu2 evi Afrac1

leftoverrightarrowa1overrightarrowu2rightcdotoverrightarrowaoverrightarrowacdotoverrightarrowaoverrightarrowu2cdotoverrightarrowa000
derfor er ogs'a overrightarrowu1overrightarrowu2inA

leftroverrightarrowurightcdotoverrightarrowacleftoverrightarrowucdotoverrightarrowarightccdot00
deutor or ogsa coverrightarrowuinAfrac1
Merk NalleftArightleftRowArightfrac1

71



▶ A basis for a subspace: a linearly independent set of vectors
which spans the whole subspace.▶ Any subspace of ℝ𝑚 has a basis.

From the reduced echelon form of 𝐴 it follows that▶ the pivot rows of 𝐴 (the rows with a leading one) are a basis
for Row(𝐴),▶ the pivot columns of 𝐴 are a basis for Col(𝐴).

Since bases of ℝ𝑚 have exactly 𝑚 vectors, a subspace of ℝ𝑚 can’t
have bases with more than 𝑚 vectors.



Example
We find bases for the row space, column space, and null space of𝐴 = ⎛⎜⎝2 1 3 81 3 −1 44 −3 11 16⎞⎟⎠.

leftbeginmatrix21381314431116endmatrixrightsimleftbeginmatrix13142138431116endmatrixrightsimleftbeginmatrix13140550019150endmatrixrightsimleftbeginmatrix131401100000endmatrixrightsimleftbeginmatrix102401100000endmatrixright

Forste to rader er pivotrader leftleftbeginmatrix1024endmatrixrightleftbeginmatrix0110endmatrixrightright
er en basis for RowA



Forste to spyler er pivotspyler leftleftbeginmatrix214endmatrixrightleftbeginmatrix133endmatrixrightright
even basis for ColA

En generell relator begincasesx1x2x2x4endcases
i nullrommet mg filfredsstille

x12x34x9X 2x34x40
0 X2X3x2x3

Dettegir

overrightarrowxleftbeginmatrixx1x2x3x1endmatrixrightleftbeginmatrix2x34x4x3x3x4endmatrixrightx3leftbeginmatrix2110endmatrixrightx4leftbeginmatrix4001endmatrixright
Rightarrowleftleftbeginmatrix2110endmatrixrightleftbeginmatrix4001endmatrixrightright en en basis for NutA



In this example there were▶ two free variables,▶ a null space of dimension two.
More generally it is the case that the number of free variables
always equals the dimension of the null space.



All bases for a subspace have the same number of vectors.▶ The number of vectors in a basis is called the dimension of
the subspace.▶ When a matrix is on reduced echelon form we see that the
dimension of both the row space and the column space equals
the number of pivot elements.▶ This common dimension of Col(𝐴) and Row(𝐴) is called the
rank of the matrix, written rank(𝐴).

Proof: Anta Spleftoverrightarrowq1overrightarrowa2ldotsoverrightarrowanrightSpleftoverrightarrowl1overrightarrowb2ldotsoverrightarrowbkright
der nk

Sepa aubildningen overrightarrowFmathbbRnrightarrowmathbbRk definert red

overrightarrowFleftc1c2ldotscnrightleftd1d2ldotsdkright
nor coverrightarrowa1r2overrightarrowa2ldotsrnoverrightarrowand1overrightarrowb1d2overrightarrowb2ldotsdkoverrightarrowbk

Denne er veldefinent siden xioverrightarrowaixii1n er lineartnarhengige

og xioverrightarrowbixii1k er lineartuarhongigo
overrightarrowF er definect pi hele mathbbRn



overrightarrowF er oga injektic
overrightarrowF or linear ranskeligere

overrightarrowF leftr1ldotscnrightrightarrowleftd1ldotsdkrightRightarrowr1overrightarrowa1ldotsrnoverrightarrowandoverrightarrowl1ldotsdkoverrightarrowbk
lefte1ldotsenrightrightarrowleftf1ldotsfkrightRightarrowvarphi1overrightarrowa1ldotsvarphinoverrightarrowanf1overrightarrowb1ldotsfkoverrightarrowlk

Legg sammen

leftr1e1rightoverrightarrowa1ldotsleftrnvarphinrightoverrightarrowanleftd1f1rightoverrightarrowb1ldotsleftdkfkrightoverrightarrowbk
overrightarrowFleftc1e1ldotscnenrightleftd1f1ldotsdkfkright

overrightarrowFleftoverrightarrowroverrightarrowerightoverrightarrowdoverrightarrowf
FleftoverrightarrowcrightoverrightarrowFleftoverrightarrowerightVihar defer vist forate del our Gnearitet

overrightarrowF kandeuforattrykk.es med en ktimesn matrise A
slik at overrightarrowFleftoverrightarrowxrightAoverrightarrowx A er ktimesn

Siden nk har A en spyle som ikke or en pivotspyle
har en auhengighetsrelasion mellow spylene i A

x1overrightarrowa1ldotsxnoverrightarrowanoverrightarrow0 Men do er Aoverrightarrowxoverrightarrow0 do overrightarrowxneq0



Example: Rank one matrices overrightarrowFleftoverrightarrowxrightoverrightarrow0
Siden ogsa overrightarrowFleftoverrightarrow0rightoverrightarrow0 notsier dette at

overrightarrowneqer injektiv
Det folger at nk slik at del er like mange
vektover i de to basisene

Eksempel Rang 1 matriser

aoverrightarrowainmathbbRmoverrightarrowbinmathbbRn Da or

overrightarrowaoverrightarrowbT1leftbeginmatrixa1b1ldotsa1bnvdotsvdotsamb1ldotsambnendmatrixrightleftboverrightarrowaldotsbnoverrightarrowarightleftbeginmatrixa1overrightarrowbTvdotsamoverrightarrowbTendmatrixright
leftoverrightarrowaright at basisforColA

leftoverrightarrowbTright or basis for
Row 11IT

t
has derfor rang 1

Alle rang 1 matrises ban skrives pa foramen overrightarrowaoverrightarrowb
La overrightarrowaxi were en basis for COCAI Do kan in skrive

wedgeleftb2brightarrowright
overrightarrowbT



Proposition
Let 𝐴 be an 𝑚 × 𝑛-matrix. Then we have that

rank(𝐴) + dim(Nul(𝐴)) = 𝑛.
In the previous example: the rank was 1, and the dimension of the
null space was 𝑛 − 1. This agrees with the proposition, since1 + (𝑛 − 1) = 𝑛.
Proof:

Aleftbeginmatrixboverrightarrowaldotsbnoverrightarrowaendmatrixrightoverrightarrowab

n spyler pivotsoyler frie variable
dim Nul Alrank 1

Derfor nranhAdimleftNdAright



The reduced echelon form is unique.
Proof:

Anta for motsigelse at c og C2 er to forskjellige

reduserte trappeformer for matrisenA
Vi hat at C1simC2RightarrowC og Cz hav de samme

lineare auhengighetsrelasjononemellomspylonesi.me

1 Viser foret c og G hav de Samma posisionene for
pivotsayler
Huis ikke Finnes en forete indoks k slik at
spyle k or pivotspyle i C1 man ikke i C2

har linear auhengighetsrelasion mellow
disse spyleno i 2

hav ingen slik arhengighetsrelasion i c
Motsigelse siden C C2



2 De resterende spylene kan skrives som
linearekombinasjoner an pivotsoylene
Siden C og Ca har de samme linear auhengighetsrelasjone

og has de samme pivotspylene so or ogsa disse
soylene like



Eksamen 2025 aus attende

Oppgave 4

Aleftbeginmatrix42414117133315endmatrixrightsimleftbeginmatrix11714241433315endmatrixright
I

4Ileftbeginmatrix117106241833315endmatrixrightfracpi3Isimleftbeginmatrix1171062418062418endmatrixright

I

III II

simleftbeginmatrix11710624180000endmatrixrightsat at soyle log 2 blir pivotspyler
slik at

leftleftbeginmatrix413endmatrixrightleftbeginmatrix213endmatrixrightright er en basis for ColleftAright

6 Setter inn en siste spyle

leftbeginmatrix110060001endmatrixrightfracpifracpileftbeginmatrix110060061endmatrixrightsim3pmleftbeginmatrix110060331endmatrixright
41

simleftbeginmatrix110420331endmatrixrightnIleftrightarrowpileftbeginmatrix420110331endmatrixright
my spyle

Kan utride med leftbeginmatrix001endmatrixright til basisen leftleftbeginmatrix413endmatrixrightleftbeginmatrix213endmatrixrightleftbeginmatrix001endmatrixrightright



Konteeksamen 2025 ausluttende

Oppa4 a Nallrommet til Aleftbeginmatrix21871034431813endmatrixright
leftbeginmatrix21871034431813endmatrixrightsimleftbeginmatrix10342187431813endmatrixrightsimleftbeginmatrix103y01210363endmatrixrightleftbeginmatrix103401210000endmatrixright

nullion AoverrightarrowXoverrightarrow0 x13x34x40x13x34x4
x22x3x4X22X3X40

overrightarrowxleftbeginmatrixx1x2x3x4endmatrixrightleftbeginmatrix3x34x42x3x4x3x4endmatrixrightx3leftbeginmatrix3210endmatrixrightx4leftbeginmatrix4101endmatrixright
leftleftbeginmatrix3210endmatrixrightleftbeginmatrix4101endmatrixrightright er en basis for null rommet

b Utoid til basis for mathbbRy
Irightharpoonup2I

leftbeginmatrix34211001endmatrixright
IG II

3I

leftbeginmatrix10213401endmatrixright
leftbeginmatrix10010401endmatrixrightfracpi4fracpifracpisptildefracpi00leftbeginmatrix1000010004100101endmatrixrightfracpi2Ipi3Ileftbeginmatrix1000210034100101endmatrixright1114 11

overlinecoprod

leftbeginmatrix1000010000160001endmatrixrightIleftrightarrowpisimleftbeginmatrix3410210010000101endmatrixright

nye spyler



Vikanutude basisen til

leftleftbeginmatrix3210endmatrixrightleftbeginmatrix4101endmatrixrightleftbeginmatrix1000endmatrixrightleftbeginmatrix0001endmatrixrightright


