A FAMILY OF HILBERT-TYPE INEQUALITIES

OLE FREDRIK BREVIG

This project is related to the following question: Fix a positive real number a.
What is the smallest real number C, > 0 such that the inequality
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holds for every sequence of real numbers a = (a1, as, .. .)? In the range 0 < a < 1it
has been known for over a century that C, = 2/a. I have investigated this family
of inequalities in a series of recent papers due to their relevance for problems in
operator theory and spectral analysis. For example, I can prove that C, = 2/«
holds for 0 < a < 1.5 and that C, = 2/a does not hold for o > 1.7.

The two main techniques used to estimate C,, are classical: The Schur test and
Euler-Maclaurin summation'. Take a look at the material in Chapter 10 of [3] and
Chapter 11.5 of [2]. You can also check out my first paper on the topic [1].

This is a project for those that prefer concrete computations over abstract theories.
The first part of the project will be devoted to studying the two main techniques.
The second part is to investigate inequalities such as the family presented above.
The scope is fairly flexible and can be adjusted according to the student’s ability and
ambition. It may even be possible to go beyond the state-of-the-art and establish
new results of sufficient interest to warrant publication in a peer-reviewed journal.

Recommended previous knowledge. MAT1000, MA1120, MAT2400. Basic
programming skills (e.g. Python/SciPy) may come in handy.
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IEuler invented this summation method in order to obtain so precise numerical estimates for
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the slowly convergent series Zn>1 n—12 that he was able to guess that its sum is % Euler then

proceeded to prove his guess rigorously, thereby solving the Basel problem and becoming famous.
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