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Introduction and summary

We construct a Bayesian nonparametric frame-
work for estimation and inference for stationary
Gaussian time series with expectation zero; de-
trending can be used to deal with series with re-
gression type of trends. The idea 1s to use the
frequency representation

C(h) = 2 / " emih (W),

to build a nonparametric envelope around a para-
metric covariance function by putting a prior on
a family of spectral measures. The general work-
flow can be summarised as

m(C()  w(C()]data)
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w(F(-)) — w(F(-)]|data)

In particular, we establish Bernshtein—von Mises
type of results, 1in the sense that the posterior has
the same limit distribution as the empirical ana-
logue 1n (1). To achieve this we will: (1) use a
piecewise constant prior, and (1) work under an
alternative contiguous measure; both are needed
to simplify the construction and associated deriva-
tions and conditions.

Nonparametrics inference

Let Y7,....,Y, be a series generated by a model
with spectral measure /°. The empirical
R o /2]
Fn(t) - Z [n(zﬂ_j/n)a
j=0

with I,,(w) = | >, Yiexp{iwt }|*/(27n), has limit

AN

V(B (t) — FO()) —g W(2r /O | fow)dw), (1)

see e.g. Ibragimov (1963) for details.

The piecewise constant priors

Let) =wy < w; <--- <w,y, = mbea growing
partition, then a piecewise constant prior on the
spectral density (Figure 1) results 1n the prior

Z (ij — wj)f]-, with 1.1.d. f]‘ ~ T

1 wy<t}

Fy(t) =

on the spectral measures, for ¢ = w; and with
linear interpolation between these points.
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Figure 1: Samples from the prior with centred around an AR(2) with
o =1and p = (0.3,0.2) and two types of concentration.

Bernshtein—von Mises for time series
Let B,(t) = «/n(F,(t) — F,(t)), then the goal is
to obtain stmple conditions that secure

B,(t) | data —4 W (2w /Ot folw)dw) (2

in probability.

Air pollution

As an 1llustration we consider hourly measurements

of fine particulate matter (PMs 5), a type of air pol-
lutant referring to tiny particles, or droplets, 1n the
air that are two and one half microns or less 1n

width. Exposure to fine particles can cause short-
term effects, like eye, nose, throat and lung irrita-
tion, long-term exposure can affect lung function
and has also been shown to be related to asthma

and heart disease. For health reasons, government
regulations typically restrict the daily average emis-
sion to 25-35 pg/m’.

PM, 5 at Alnabru (April 2012)
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Figure 2: Observed and prognosis (made 24h in advanced) of PM5 5 at
Alnabru (Norway),

The Norwegian Institute for Air Research (NILU)
in collaboration with the Norwegian Meteorologi-
cal Institute (MET) makes prognosis/forecasts for
different kinds of air pollution. In particular they
make prognosis for PMs 5 (Figure 2) using the cur-
rent history and computer simulations. These fore-

cast can be used to predict periods with potential
high emissions, enabling the legislature to take ap-
propriate actions in advanced. There are certain
systematic biases in the prognosis, however, which
may be corrected using a stochastic model.

residual PM, 5 at Alnabru (April 2012)
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Figure 3: The difference between observed and prognosis (made 24h in
advanced) of PM> 5 (from Figure 2) seems to be sufficiently stationary.

Here, we will focus on the probability that at least
one of three following PMs, s measurements will
exceed the critical value of 25 11g/m’, by construct-
ing a posterior tor

1 — PT{YnH <a,Y,o<a,Y,3< a\ da,tak}

with a = log(25), Y; = PM5:S + ¢ and data; =

{Y,, ...
velope around the simple AR(1) model (Figure 4).

Y, 11}, by placing a nonparametric en-

< posterior for 1 out of 3 above 25ug/m®
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Figure 4: Empirical periodogram and samples from posterior (left), and
posterior density for threshold probability and density based on mle for
an AR(7) (AIC winner), normal approximation and delta method (right).

FOCUS DRIVEN STATISTICAL
INFERENCE WITH COMPLEX DATA

Contiguity
Let P, and (),, be two sequences of probability
measures defined on the same measurable space

(€2, A,) forn > 1. Then P, and @), are said to
be mutually contiguous if, for every sequence of
sets A, € A, P.,(A,) = 0< Q.(A,) — 0.
Why Contiguity?

Working under an alternative measure may sim-

plify derivations and conditions. As an example,
letd € Rand 7(s|Y,...,Y,) be the posterior of
s = +/n(0 — Oy, then asymptotic normality of
the posterior follows if

/ m(s|Yy,...,Y,) — ko(sk)|lds = 0 (3)
o

in P,-probability, where ¢(-) is the standard nor-
mal. Then, if P, and (),, are contiguous, and (),
1s sufficiently simpler, we may benefit by work-
ing under (),, to also prove (3) in P,-probability.

From dependence to independence

It P, 1s the probability measure associated with
. Y,,, 1t follows from Choudhuri
et al. (2004) that there exist an contiguous mea-

the series Y7, ...

sure (), (Figure 5) which is such that
w(F, | Y,....Y,) =a(F, | Lw), ..., Ly(wn))

under (),,, where [,,(w;) ~ f°(w;)E; are indepen-
dent and E; ~ Exp(1).
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Figure 5: The spectral measures of the two contiguous measures Fj,
and (). In particular, the log-likelihood under (),, 1s exactly equal to
the so-called Whittle approximation.

Conditions for Bernshtein—von Mises
Therefore, by working under ()),, (as illustrated in
Figure 5) we may apply results from Hermansen
and Hjort (2015) to derive simple conditions for
Bernshtein—von Mises type of results for time se-
ries. In addition to standard regularity assump-
tions, we need that the number of windows m,, 1n
the piecewise constant prior (Figure 1) satisfies

mn/v/n — 0 and +/n/m- — 0
1n order to secure the limit (2).
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